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ABSTRACT

This dissertation considers optimization problems on a Riemannian matrix manifold M C R™*"

with an additional rank inequality constraint. A novel technique for building new rank-related
geometric objects from known Riemannian objects is developed and used as the basis for new
approach to adjusting matrix rank during the optimization process.

The new algorithms combine the dynamic update of matrix rank with state-of-the-art rapidly
converging and well-understood Riemannian optimization algorithms. A rigorous convergence anal-
ysis for the new methods addresses the tradeoffs involved in achieving computationally efficient and
effective optimization. Conditions that ensure the ranks of all iterates become fixed eventually are
given. This guarantees the desirable consequence that the new dynamic-rank algorithms maintain
the convergence behavior of the fixed rank Riemannian optimzation algorithm used as the main
computational primitive.

The weighted low-rank matrix approximation problem and the low-rank approximation ap-
proach to the problem of quantifying the similarity of two graphs are used to empirically evaluate
and compare the performance of the new algorithms with that of existing methods. The experi-
mental results demonstrate the significant advantages of the new algorithms and, in particular, the
importance of the new rank-related geometric objects in efficiently determining a suitable rank for

the minimizer.
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CHAPTER 1

INTRODUCTION

In recent years, substantial progress has been made on the theory, design and efficient imple-
mentation of effective algorithms to solve optimization problems with constraints that specify a
Riemannian manifold. Such problems are found in a wide variety of areas, but of particular in-
terest in this dissertation are those involving matrix manifolds, e.g., the Grassmann manifold, the
compact Stiefel manifold, symmetric positive definite matrices, symmetric positive semidefinite
matrices with fixed rank, along with associated products and quotient manifolds. There are many
important matrix-based optimization problems that have an additional constraint related to the
rank of the optimal solutions [Marl1]. These problems have been solved, for the most part, in an
ad hoc manner. This dissertation investigates optimization problems that involve a rank inequality
constraint on a union of Riemannian manifolds. New algorithms are proposed, the theoretical prop-
erties that influence their convergence are analyzed and the efficiency and effectiveness of careful
implementations on selected problems are demonstrated.

This chapter is organized as follows. In Section 1.1, an overview of optimization problems with
rank constraints and a brief history of research on methods for solving rank-constrained optimiza-
tion are given. Rank-constrained matrix approximation in two common constrained optimization
problems is presented in Section 1.2. The chapter closes in Section 1.3 with an overview of the

remainder of the dissertation.

1.1 The Problem of Rank-constrained Optimization
Euclidean rank-constrained matrix optimization problems have the form
min f(X) subject to X € M<y, (1.1)

where f : R™*" — R is a smooth objective function and M<, = {X € R™"|rank(X) < k},
i.e., the set of matrices of rank at most k, In general, (1.1) is an NP-hard problem [VB94]. There

are special cases, though, where an exact solution can be found, e.g., using the singular value



decomposition (SVD) [HJ90]. However, for many applications where the dimensions m and n are
large or where there are significant time constraints, e.g., real-time or near real-time problems,
calculating the SVD is impractical. Hence, a number of algorithms have focused on approaches
that are faster than the SVD-based algorithm and require less memory, making them more suitable
for such applications, see [DM05, DV06, DKMO06, AMO7].

Recently, optimization on manifolds has attracted significant attention as a general approach
to reduce the dimension of optimization problems compared with solving the original problem in
their ambient Euclidean space. Attempts have been made to understand (1.1) by considering a
related but simpler problem

i (). (1.2)

where M, = {X € R™*"|rank(X) = k}, [Ye05, ABGO7, MMBS13, JBAS10b, LKLS13]. Since M,
is a submanifold of R™*™ of dimension (m + n — k)k, (1.2) can be solved using techniques from
Riemannian optimization applied to matrix manifolds [AMS08|.

However, a disadvantage of (1.2) is that the manifold My, is not closed in R”*" which com-
plicates considerably the convergence analysis and performance of an iteration. The solution may
be on the boundary of My, e.g., a singular matrix; or a convergent sequence {X,} generated by
some optimization algorithm may include a singular matrix. Furthermore, simply approaching the
boundary causes the smallest singular values become very small, leading to numerically undefined
Hessian matrices precluding the use of some algorithms with superlinear or quadratic convergence,
e.g., RTR-Newton algorithm [ABGO07, Bak08].

Fortunately, the difficulty of (1.2) disappears when we consider the optimization problem (1.1)
since the set M« is the closure of the set Mj,. However, M<;, is not a manifold, the gradient is
not defined at singular points with rank(X) < k since the set M<y, is no longer smooth at those
points. Hence, algorithms for smooth manifolds are not applicable on M« directly.

To overcome this problem, alternating between fixed-rank optimization and a simple update to
the rank has been employed in many papers [JBAS10a, MS13, MV14]. The optimization scheme
is most often started with a rank-1 problem and after solving the associated local optimization on
the fixed-rank manifold, a new problem is considered on a fixed-rank manifold with rank, typically,
incremented by 1. However, this scheme is usually not efficient. Solving the optimization on each

fixed-rank manifold is often computationally demanding if simple manifold algorithms are used



and finding an optimal point on the current fixed-rank manifold may not be required or useful if
the optimal for the problem is considerably distant from that point. A combined perspective on
applying a state-of-the-art Riemannian optimization algorithm to sufficiently reduce the local cost
function and altering rank appropriately and rigorously is needed.

A family of random multistart-type algorithms, called Alternating Projections with Backtrack-
ing and Randomization, has been developed to solve the structured low-rank approximation prob-
lems arising in computational statistics [GZ13, GZ14]. This method can be viewed as a global
random search extension of the alternating projection method. However, it has some shortcom-
ings. First, it targets specifically the structured low-rank approximation problems. Second, there
is no rigorous understanding of how to choose the values of parameters p (backtracking) and ¢
(randomization) in the algorithm. Third, it does not increase the rank.

Very recently, a more global view of a simple basic line-search method on M}, along with
a convergence analysis has developed independently in [SU14|. The analysis generalizes ideas
from the Euclidean projected gradient algorithm combined with an idea inspired by retraction on
Riemannian manifolds in a manner similar to the discussion later in this dissertation. It is shown
that the tangent cone of M}, at the problematic singular points has a useful characterization, that
supports the definition of line-search schemes using gradient-related search directions on tangent
cones to achieve linear or sublinear convergence. Based on the explicit characterization of tangent
cones, they extend the Riemannian optimization techniques from the smooth manifold of fixed rank
to its closure. In [UV14], a rank-adaptive optimization strategy where local optimal solutions of
some smaller rank are used as a starting point for an improved approximation with a larger rank
is proposed. However, the rank increment is still a small fixed number each time, i.e. the rank is
increased by 1 or 2 each time, which is not efficient and a convergence analysis is not given.

This dissertation addresses combining rank inequality constraints with a matrix manifold con-
straint in a problem of the form

X]é%ngk f(X) (1.3)

where M<j, = {X € M|rank(X) < k} and M is a submanifold of R™*". Typical choices for M

Rmxn

are the entire set , a sphere, symmetric matrices, elliptopes, as well as spectrahedrons. The

approach developed provides a more sophisticated use of higher order information, the geometry of



the manifolds involved, and extensions to recent advances in Riemannian optimization algorithms

[Hual3].

1.2 Motivation and Applications

The rank-constrained optimization problems in the form of (1.1) have numerous applications
and arise in diverse areas such as signal and image processing [MK97, JHSX11], system identification
[FHBO04, Mes98|, computational finance [Wu02, ZWO03], low dimensional embedding [LLR95]. Brief

introductions to two common constrained optimization problems are given in the following sections.
1.2.1 Weighted Low-rank Approximation

Approximating a given data matrix with a matrix of acceptably low-rank is an important
problem in data analysis. It is widely used for mathematical modeling and data compression. The
rank constraint is related to a constraint on the complexity of a model that fits the data. In some
cases, the deviation between the observed matrix and the low-rank approximation is measured
relative to a weighted norm. Zero weights can be taken into account when some entries of the data
matrix are missing or unknown. More generally, weights may be introduced in response to some
external estimate of the noise variance associated with each measurement. For a 2-D filter design
problem [LPW97], the matrix to be approximated is obtained via a sampling procedure and the
number of samples and/or the expected variance vary among the entries. Setting the weights can
discriminate between the important and unimportant elements of the data.

Finding a low-rank matrix which is an approximation to the given matrix with respect to a
certain weighted norm is an optimization problem called weighted low-rank approximation and is
formulated as: given a real matrix R € R"*" a positive definite symmetric weighting matrix
W e R™X™M and a positive integer k < min(m,n), find an m—by—n matrix X, with rank at most
k that approximates R as closely as possible

Xi = argmin IR — X|%, (1.4)
XeR™X" rank(X)<k

where the weighted norm of an m—by—n matrix A is defined as ||A||%, = vec{A}T Wvec{A} and
vec{A} stands for the vectorized form of A, i.e., a vector constructed by stacking the consecutive

columns of matrix A in one vector. If the weight matrix W is an identity matrix, then the problem



(1.4) reduces to the well-known unweighted low-rank approximation problem. In practice, X, is
not always required. It is often the case that a matrix X that approximates R well-enough with
rank even lower than that of X, is taken as the solution to the problem. The methods discussed
in this dissertation are motivated, in part, by this practical consideration.

Unlike the unweighted low-rank approximation problem, the weighted low-rank approximation
problem has received less attention in the literature. The few reasonable algorithms available at
present are the alternating projection algorithm of [LPW97], gradient-based optimization methods
developed in [MMHO3] and a method due to Brace and Manton [BMO06] that was presented as
a heuristic but that is derived and analyzed rigorously in this dissertation using recent advances
from [Hual3|. There are some algorithms for specific weighting matrices. For example, EW-TLS
[PRO2b] and GTLS [VV89] are used to solve weighted low-rank approximation problem when the

weighting matrix W has a specific block diagonal structure.

1.2.2 Graph Similarity

When studying graphs and their structures, a common requirement is the ability to compare two
graphs and quantitatively assess their similarity, i.e., given two graphs, answer the questions“How
similar is each vertex in the first graph to each vertex in the second graph?” and “What is the best
match for each vertex in the first graph to a vertex in the second graph?”. One solution to these
problems is the computation of a similarity matrix S. Graph similarity has applications in diverse
fields such as image processing, biological networks, social networks and chemical compounds.

Certainly, the meaning of “similarity” is particular to the application. Many kinds of similarities
have been considered, see [PDGM10] for more details about classification of similarity metrics. A
large class of similarity algorithms take a very local perspective on similarity; namely, two nodes
of two different graphs are considered “similar” if their neighboring nodes are “similar”. This is a
cyclic definition, and very naturally leads to iterative updates by which similarity scores between
graph elements propagate to neighboring elements on each iteration. Blondel et al. in [BGH"04]
give such an iterative method to define a similarity matrix. However, when the graphs are large,
their algorithm becomes computationally expensive.

The use of low-rank approximation to estimate the similarity matrix has been considered.

Ideally, the problem would be formulated as: given adjacency matrices A € R™*™ and B € R™*"



of two graphs G4 and Gp with m and n nodes respectively, find an m—by—n matrix S, with rank

SBlondel

at most k that approximates the real similarity matrix as closely as possible

Sy = argmin |S — gBlondel . (1.5)
SER™X™||S|| p=1,rank(S)<k

where ||Al|p = \/Zgl >_j—1lai;|* denotes the Frobenius norm of a matrix A € R™*". However,
the similarity matrix SB"4¢! is not known and this formulation is not possible. Therefore, alternate
definitions that in some sense are consistent with the similarity matrix SBdel are proposed and
associated algorithms derived. In [FNDOS8], Fraikin et al. approach the similarity matrix defined
by Blondel et al. by a rank—k matrix with & identical singular values. Cason et al. in [CAD13]
consider two kinds of low-rank approximations of the similarity matrix by using truncated SVD
with either k nonzero identical singular values or at most k nonzero, not necessarily identical,

singular values. More detail on these approaches is given in Chapter 5.

1.3 Research Overview and Thesis Statement

The main goal of this dissertation is the development, analysis and evaluation of a novel ap-
proach to optimization problems with rank inequality constraints combined with matrix manifold
constraints, i.e., with constraint set M«y. This approach exploits the fact that M« is the union
of fixed-rank manifolds, i.e.,

Mg ={X e Mrank < k} = | | M,, (1.6)
0<r<k
where M, = {X € M|rank(X) = r} is assumed to be a manifold, and so each major step of the
approach can exploit state-of-the-art rapidly converging Riemannian optimization algorithms on
M, and a dynamic update of the rank r using a line search.

This dissertation asserts the following thesis:
1. The geometric structure of the set M« supports the

e identification of specific relevant geometric objects on each fixed-rank manifold M,;

e development of a novel rank-related vector that defines a search direction on tangent

cones;

e definition of a novel rank-related retraction that facilitates the change from one fixed-

rank manifold to another one.



2. These objects, direction and retraction can be used to develop a novel approach to solve

optimization problems with rank inequality constraints.

3. The approach can exploit existing Riemannian optimization algorithms and the associated

superlinear convergence and efficiency.

4. A systematic convergence theory for this approach can be developed that relates the behavior
of the algorithms with respect to rank and cost function value, the parameter choices, con-
vergence rate for solving the exact optimization problem, and convergence rate for solving an

associated approximate optimization problem.

5. The efficiency and effectiveness of the approach can be demonstrated using two key applica-

tions of rank-inequality constrained optimization.

The remainder of this dissertation is organized as follows. Chapter 2 reviews important concepts
for Riemannian manifolds and key optimization algorithms. In Chapter 3, a new approach to
solve optimization problems with rank constraints is proposed and theoretical support is given.
Chapter 4 discusses the application of the algorithms based on the new approach to weighted
low-rank approximation problems of the form (1.4). In Chapter 5, the application of low-rank
approximation of graph similarity matrix is discussed. Finally, Chapter 6 formulates the conclusions

of this dissertation, summarizes the main contributions and indicates avenues for future research.



CHAPTER 2

REVIEW OF RIEMANNIAN OPTIMIZATION
BASICS

This chapter reviews some important definitions and concepts of Riemanian manifolds that are
extensively used in the dissertation. Additionally, the Riemannian optimization algorithms of

interest are identified and characterized briefly.

2.1 Riemannian Geometry

Optimization on Riemannian manifolds (also called Riemannian optimization) concerns finding
an optimum (global, or more reasonably, local) of a real-valued function f defined over a (smooth)
manifold, and appears in a wide variety of computational problems in science and engineering.
Roughly speaking, a manifold is a set endowed with coordinate patches that overlap smoothly.

Optimization on manifolds is usefully thought of as unconstrained optimization on a constrained
space. The ideas of algorithms for unconstrained optimization on a Euclidean space have been
adapted for optimization on manifolds. This required the careful reconsideration of many basic
definitions, constructs and algorithmic techniques that cannot be extended simply from Fuclidean
space to a manifold. For example, addition of two points in Euclidean space is well-defined but
does not extend to two points on manifold, in general.

A manifold is a topological space that resembles Euclidean space near each point. More pre-
cisely, each point of an d-dimensional manifold has a neighborhood that is homeomorphic to the
Euclidean space of dimension d. In Riemannian geometry, a smooth manifold of dimension d is
defined as a set M that locally looks like a d-dimensional Fuclidean space but can be very differ-
ent globally. Since optimization generally requires taking derivatives and gradients of a function,
calculus on M must be performed. Therefore, a smooth structure on M that allows us to do the
calculation is required. A Riemannian manifold is a real smooth manifold equipped with an inner

product on the tangent space at each point that varies smoothly from point to point.



In this chapter, some ingredients of Riemannian manifolds and associated basic computations
are reviewed followed by a summary of key Riemannian optimization algorithms. More detail can

be found in [AMSO08] and [Hual3].

2.1.1 Tangent Space and Tangent Vector

For a smooth manifold M, the most intuitive way to define tangent vectors, i.e., directions of
motion, is to use curves. Let ()

ViR M:t—= ().

be a smooth curve on M. Given a smooth function f on M, the function fo~y :t+— f(vy(t)) is
a smooth function from R to R with a well-defined classical derivative. This approach, combining
curves and smooth functions on differentiable manifolds, allows the definition of a tangent vector.
Let F, (M) be the set of smooth functions defined on a neighborhood of = € M, a tangent vector

is defined as follows.

Definition 1. (Tangent vector). A tangent vector &, to a manifold M at a point x is a mapping

from Fp(M) to R such that there exists a curve v on M with v(0) = x, satisfying

d(f(r(1)))

fxf :’Y(O)f = di 0.
t=

for all f € Fp(M). Such a curve v is said to realize the tangent vector &,. The point x is called
the foot of the tangent vector &,.

The tangent space to M at x, denoted by T,M, is the set of all tangent vectors to M at z. It
is a linear space, i.e., closed under linear combination, with the same dimension as the manifold.
The tangent bundle TM is defined as the union of the tangent spaces at all elements of M:
TM:= ] T,M.
reM
A smooth wector field is a smooth mapping & : M — TM that assigns to each point x € M a

tangent vector &, € T, M, i.e.,
EM—->TMz— €, € T,M.

The set of all smooth vector fields on M is denoted by x(M).



2.1.2 Riemannian Metric

The tangent space can be viewed as a vector space that approximates the manifold locally. A
Riemannian metric defines angles and vector length in any tangent space of M.
A Riemannian metric g is a correspondence between each point x € M and an inner product

2 TeM X TpM — R. The following equivalent notation is used throughout this dissertation

92(§,¢) = 9(§,¢) = (& Q)a = (£, C)

to denote the inner product of two elements &, of T, M and the subscript z is dropped when
context makes it clear. The notation, flat b, is also used in the later sections. {b denotes a function
from T, M to R that is & = g(£,n) for all n € T, M. This inner product, defined at each point
on the manifold, turns each tangent space into an abstract Euclidean space capable of supporting
a wide variety of algorithms. A Riemannian manifold is the combination (M, g).

Since a Riemannian metric provides an inner product on the tangent space, the norm induced

by this inner product can be used to define a distance metric on M as follows:

d(z,y) = 1nf{/ Voo G ))dt} 1nf{/ 0 |gw)dt}

where v is a curve on M with v(0) = z and (1) = y. This definition of distance on the manifold

allows a definition of neighborhoods on the manifold. The open ball of radius ¢ around z, denoted
Bs(x), is
Bs(x) ={y € M :d(z,y) < d}.

Finally, the idea of a neighborhood is used to define local minimizers for a function on a manifold.
Given a function f: M — R, a point z* is a strict local minimizer if there exists some § > 0 such

that
f(z®) < f(y) forall y € Bs(x™).

2.1.3 Affine Connection, Geodesics, Exponential Mapping and Parallel
Translation
Many algorithms in optimization require second-order information. In general, this second-
order information is obtained by taking the derivative of one vector field with respect to another.

In a Euclidean space, taking the derivative of one vector field along another one, i.e.,

t~>0 t

(2.1)

10



always returns a vector field. On a general Riemannian manifold M, however, for vector fields &, 7
on M, (2.1) need not be a vector field on M even if all the operations in the expression of the
limit are well-defined. Therefore, the principle of taking derivatives of vector fields on manifold is

generalized to the so-called affine connection.

Definition 2. (Affine Connection). Let F,(M) be the set of all smooth functions in x € M,
X(M) be the set of all smooth vector fields on M. Then the affine connection is a smooth mapping,
denoted by

Vi x (M) x x(M) = x(M) = (&) — Ven

that satisfies the following properties: for all f,g € Fp(M),a,b € R and n,&,( € x2(M),
1. Vintrgck = fVE + gVl : F(M)-linearity in the first argument n;
2. Vp(a& +bC) = aVy€ + bV, ( : R-linearity in the second argument &;

3. Vo (f&) = (nf)é+ fVy€ : Product rule/Leibniz’s law.

Note that nf denotes the application of the vector field n to the function f. For any smooth
manifold M, there are an infinite number of affine connections. For a Riemannian manifold (M, g),

there exists a unique affine connection that satisfies two additional conditions:

L. symmetry: (V& — Ven)f =n(&f) — €nf);

2. compatibility with Riemannian metric: (g(n,§) = g(V¢n,€) + g(n, V&),

for all n,£, ¢ € xz(M). This affine connection V, called the Riemannian connection or Levi-Civita
connection of M.

A straight line in Euclidean space can now be generalized to a geodesic on a manifold. Let
(M, g) be a Riemannian manifold with connection V. The parameterized curve 7 : (a,b) — M is
called geodesic if and only if it is a curve with zero acceleration:

. D?
Vi ¥(t) == @’Y(t) =0
for all ¢ in the domain of . Note that different affine connections produce different geodesics.
When the affine connection is the Riemannian connection, by virtue of its compatibility with the
metric g, one of geodesics is also a length minimizing curve. This is consistent with the straight

line in Euclidean space. In this dissertation, we only consider the Riemannian connection.

11



Given a point x € M and a tangent vector n € T, M, there is a unique geodesic v(¢; z,n)
satisfying 7(0) = x and 4(0) = £. In addition, the geodesic also satisfies the homogeneity property
~v(t; x,an) = y(at; x,n). This unique curve defines the mapping

Exp, : T,M — M : 5+ Exp,n = v(1;z,n)

called the exponential mapping at x. If the domain of Exp, is all of T, M for all z € M, the
manifold M (endowed with the affine connection V) is termed geodesically complete. Exponential
mapping gives a method to relate tangent vectors of = to elements in the neighborhood of z. For
optimization algorithms, that may move around in the tangent space 1, M in order to select its
next point in M, the Exponential mapping is one way to map the chosen tangent vector back to
manifold.

In many situations, e.g., for some Riemannian optimization algorithms, it is necessary to com-
pare or combine tangent vectors in different tangent spaces. Since the affine connection provides
the idea of differentiating tangent vectors in different tangent spaces, it can also be used to define
moving a tangent vector from one tangent space to another. In a Euclidean space the simplest
such motion is parallel translation that is simply moving the root of the given vector to any other
point in the space to yield a parallel vector field. For a Riemannian manifold parallel translation
produces a suitably generalized notion of a parallel vector field along a single curve. A vector field
& on a curve v satisfying %5 = V43¢ = 0 is called parallel. Given a € R in the domain of v and
$y(a) € Ty(a)M, there is a unique parallel vector field £ on v such that £(a) = &,(4). The operator

P;"_a sending &(a) to £(b) is called parallel translation along . In other words, we have

D t<—a _
—(PIg(a) = 0,

If V is the Riemannian connection, the resulting parallel translation is an isometry.
2.1.4 Riemannian Gradient and Riemannian Hessian

Gradient-based optimization requires the notion of a gradient as the direction of steepest ascent
of an objective function. Newton’s method, requires additionally second-order information, the
Hessian. In case of manifolds, these concepts have been generalized to the Riemannian setting as

follows.

12



Definition 3. (Riemannian gradient). Let f be a function defined on a Riemannian manifold
(M, g). The Riemannian gradient of f at x, denoted as gradf(z), is the unique tangent vector in
T, M satisfying

(gradf(z),§)e = Df(2)[¢], VE € TaM, (2.2)
where the directional derivative is denoted Df and the definition of a tangent vector identifies

Df(x)[g] =&

Definition 4. (Riemannian Hessian). Given a real-valued function f on a Riemannian manifold
(M, g), the Riemannian Hessian of f at a point x in the direction of n € T, M, denoted Hess f(x)[n],
1s the unique linear mapping

Hessf(z): T,M — T, M

that satisfies
Hessf(z)[n] = Vygradf(z), (2.3)

for all n € T, M, where V is the Riemannian connection chosen for M.

From the symmetric property of Riemannian connection, we know Hessian is a self-adjoint

operator with respect to the Riemannian metric, i.e.,

(Hessf(x)[n], §)a = (n, Hessf (2)[¢])e,

for all &, € T, M.
2.1.5 Retraction and Vector Transport

Computationally efficient Riemannian optimization algorithms have been derived, analyzed and
implemented in recent years by generalizing the notions of the Exponential mapping and parallel
translation to retraction and vector transport respectively. The idea of retraction used here and in
the analysis of the Riemannian optimization algorithms of interest is due to Shub [Shu86] (see also

[ADM*02]).

Definition 5. (Retraction). A smooth mapping R : TM — M is said to be a retraction on M if,

for every x € M, let R, denote the restriction of R to T, M with the following properties.

1. R.(0;) = x, where 0, denotes the zero element of T, M.

13



2. With the canonical identification To, T, M ~ T, M, R, satisfies DR;(0;) = idp s, where
idt,m denotes the identity mapping on Ty M.

Retraction provides a potentially more efficient way to map a tangent vector in T, M to an
element in a neighborhood of x than the more constrained special case of the Exponential mapping.
By creating a correspondence between the manifold and the tangent plane, a retraction also can

be used to ”lift” a function f defined on a manifold to the tangent plane as follows:

Jo : ToM =R f(Rx(n))

A vector transport is a map from one tangent space to another tangent space that is potentially

more efficient than parallel translation.

Definition 6. (Vector Transport). Vector transport on a manifold M is a smooth mapping
TMSTM — TM : (12, &) = Ty (§x) € TM

satisfying the following properties for all x € M.

1. (Associated retraction) There exists a retraction R, called the retraction associated with T,

such that the following diagram commutes

T
(M &) —— T (&)
R
N —— m(T),(&))
where (Ty, (&) denotes the foot of the tangent vector Ty, (&2).

2. (Consistency) To,&x = & for all & € Tx M.

3. (Linearity) Ty, (a&y + b(y) = aTp, (&2) + 0T, (C2)-

Vector transport is called isometric if it also satisfies

9R(n.) (ngx’ 7;71 Cx) = gx(f:z:a C:z:)

14



An important class of vector transports is vector transport by differentiated retraction which is

a vector transport given by

7:71 & = DR (n2)[&als

ie.,

d

zziRz i 18y )
Tnobe = (n+£)t:0

where R is a retraction.

2.2 Riemannian Optimization Algorithms

The concept of optimization on manifolds can be traced back to the work of Luenberger [Lue72,
Lue73| in the early 1970s and earlier where he views equality constraints as defining a surface in
R™ and describes an idealized line search along geodesics on the surface. However, this approach
is not computationally feasible, in general, and was not pursued largely for that reason. More
importantly however, as has been shown recently in great detail, for many optimization algorithms
on manifolds, an approximation of the geodesics is enough to guarantee the desired convergence
properties.

The idea of carefully considering efficient computation has been investigated in several spe-
cific contexts. Gabay [Gab82] proposed a Newton method on embedded submanifold of R™ in
1982. He uses projective methods to compute a gradient vector tangent to the submanifold,
computes a minimum in R" along this direction, then projects the minimum point back onto
the submanifold. Smith [Smi93] analyzed the optimization of differentiable functions on general
Riemannian manifolds in 1993, generalized three algorithms (steepest descent, Newton’s method
and conjugate gradient method) onto Riemannian manifolds and proves their convergence. Many
other efforts have also attempted to keep the computation required at acceptable levels, see
[DPMO02, EAS98, MM02, OW00, Man02, HT04].

While Riemannian Newton-like algorithms are able to achieve superlinear and quadratic con-
vergence, there are some disadvantages: first, the Newton iteration requires the exact solution of a
linear system at each step, which increases the computational cost. Second, there is no guarantee
that the algorithm will converge to a local minimum. Without appropriate checks, it will converge

to the closest critical point, which might be a local maximum, local minimum, or a saddle point.
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Finally, the method may not even converge to stationary points, unless it satisfies some strong
conditions, like the convexity of the cost function.

In 2008, the dissertation of C. Baker tames Riemannian Newton-like methods by developing a
complete convergence theory, implementing a numerical library and analyzing the performance of
a Riemannian trust-region family of methods (RTR-Newton) [Bak08] and [ABG07]. Riemannian
trust-region methods construct a quadratic model of the objective function f around the current
iterate and produce a candidate new iterate by (approximately) minimizing the model within a
region where it is ”trusted”.

Baker’s approach follows the ”lift-solve-retract” procedure to solve the constrained problem.
First, a retraction R is chosen on the Riemannian manifold M and used to ”lift” the cost function
f on M to a cost function fm = f o R, on the tangent space T, M for any point x € M. Since
T, M is an Euclidean space, a quadratic model (trust-region subproblem) is then defined on T, M
and a minimizer of the subproblem (or at least a point that sufficiently reduces the cost function)
is computed by the ”inverse-free” truncated conjugate-gradient method [Ste83]. This minimizer
is then retracted back from T, M to M using R,. This point is a candidate for the new iterate,
which will be accepted or rejected depending on the quality of the agreement between the lifted
cost function f and the function f itself. The approach requires the exact second-order term,
i.e., the Hessian of f, or more usefully the action of the Hessian on a tangent vector (or a very
good approximation) which may not be acceptable in terms of computational cost. Huang’s work
described below provides a solution to this computational cost difficulty.

The book by Absil et al. [AMSO08] provides an excellent introduction to the area including
a computationally-oriented description of the geometry of manifolds through the dissertation of
Baker.

More recent efforts have concentrated on considering generalizing methods based on line-search-
based Euclidean algorithms that achieve superlinear and quadratic convergence to a Riemannian
setting in a systematic manner. For example, besides the Newton methods, quasi-Newton methods
are extensively used on optimization problems in Euclidean spaces. They achieve superlinear con-
vergence without computing the Hessian or a good approximation of the linear system defined by
the Hessian. One of the most successful of these is the Broyden-Fletcher-Goldfarb-Shanno (BFGS)

method and the associated restricted Broyden Family of methods.
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In 2011, C.-H. Qi proposed and analyzed an approach to generalize BFGS method on Rieman-
nian manifolds and developed the convergence analysis in her dissertation [Qill]. The Riemannian
generalization of the BFGS method combines the retraction-based ideas above with vector trans-
port, which is used to connect different tangent spaces. The basic step is the following: given a
smooth cost function on a Riemannian manifold M with Riemannian metric g, the Riemannian
BFGS (RBFGS) defined the search direction p, € T, M at iteration k as the solution to the
equation Bgpy = —gradf(x), where By is a linear operator that approximates the action of the
Hessian in an appropriate direction and that is updated on each iteration. (As with Euclidean
BFGS a version that propagates the inverse of By is also developed.) The new iterate point
is generated by an appropriate line search method with step size oy, i.e., xp11 = Ry, (aipr)-

The most important aspect of the Riemannian BFGS algorithm is the manner in which B
is updated since the classical update formulas used in Fuclidean spaces have no meaning in a
Riemannian manifold setting. Qi proposes the following update formula for B based on the vector
transport 7" with associated retraction R to define a linear operator Bgy1 : Ty, M — Ty, M,

s Busu(Bisk) | iyl
Bk-l-l:Bk— N kb ) b k?
(Bksk) Sk Y. Sk

where a” denotes the flat of @ and A* denotes the adjoint operator of A, s, = Towpe (QkDE)s Yk =

gradf(z41) — Taup, (grad f(zy)) and By = Tewps, © Bro T h . The update formula for, Hy = B,;l is

Qgpk

(ﬁzyk)bsk _ SIJQ(?‘N[kyk) Sky]Z(?:[}Zyk)S?c s?ﬁsk

Hip1 = Hi —
Y sk " Ui (y2.51)2 AT

where Hy = Toypy © Hi 0 ’Tojkék This approach offers the advantage that it is not necessary to solve
a system of equations. Qi’s dissertation includes a generalization of the Dennis and Moré condition
to the Riemannian setting. However, Qi’s convergence analysis is restricted the approach of BFGS
on Riemannian manifold based on exponential mapping and parallel transport.

Ring and Wirth [RW12] improved on Qi’s work with an approach to generalize BFGS to a
Riemannian manifold in 2012. They consider an infinite dimensional manifold and prove superlinear
convergence under some specific assumptions [RW12, Corollary13]. While not requiring exponential

mapping and parallel vector transport, the analysis requires the use of a differentiated retraction

as the vector transport which is usually computationally expensive.
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Most recently, W. Huang’s dissertation [Hual3] takes a very large step forward in the un-
derstanding and design of Riemannian quasi-Newton methods and computational efficiency for
both line-search based algorithms and trust-region-based algorithms. Huang proposes a systematic
generalization of three well-known unconstrained optimization approaches from Euclidean spaces
to Riemannian manifolds: the Broyden family of methods, the symmetric rank-one trust region
method and the gradient sampling method for both continuous and partly smooth cost functions.
The dissertation includes a complete convergence theory, a comprehensive implementation strat-
egy for library design (demonstrated by an implementation to support the empirical studies of the
dissertation) and strategies for large scale problems for an appropriate subset of the methods.

As in the Euclidean case, the Riemannian Broyden family is defined by taking a linear com-
bination of the Riemannian Davidon-Fletcher-Powell (DFP) and the Riemannian BFGS methods

based on a parameter ¢,. Huang gives the formula of the important updates step as follows

- Bsi(Bisk)  wy

2 b
Bit1 =By — —=—— S Org(sk, Besk) vy,
(Bksk) Sk Y. Sk
— Yk _ kak 2 N —1 . . .
where v = Ten) B and By, 7'3%% o B o 7;%%, Ts is an isometric vector transport.

When ¢, = 0, the Riemannian Broyden family of methods reduce to Riemannian BFGS methods.
The restricted Riemannian Broyden Family is defined by convex combination and the update
preserves the positive definiteness of the Hessian approximation when suitable restrictions are
placed on the step size and vector transport. When the combination is not convex the family
becomes the entire Riemannian Broyden Family. In the latter case, convergence behavior and the
choice of ¢ is more involved as in the Euclidean case. The well-posedness of the Broyden Family
(restricted and not restricted) and the convergence rate as a function of ¢ are analyzed.

The convergence theory includes several novel extensions. Riemannian Dennis and Moré condi-
tions are developed that subsume that of Qi and characterizes the required correspondence between
the action of By and the true Hessian to ensure superlinear convergence for optimization problems
and the related, more general, problem of finding zeros of Riemannian vector fields. The theory also
introduces a key result that allows superlinear convergence of the restricted Riemannian Broyden
Family while avoiding the unacceptably large computational load of the differentiated retraction
required by Ring and Wirth. This is the notion of the locking condition that specifies the rela-

tionship between the vector transport used to the differentiated associated retraction. The locking
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condition and Riemannian Wolfe conditions are key to guaranteeing both superlinear convergence
and well-posedness of the Riemannian Broyden Family. In general, the theory weakens the re-
quirements on retraction and vector transport, thus subsumes the earlier Riemannian BFGS work
of [Qill] and [RW12], and extends significantly the understanding of Riemannian quasi-Newton
methods.

In Euclidean spaces, the symmetric rank-1 (SR1) method is a member of the Broyden Family
defined by a nonconvex combination. The update in SR1 method does not preserve the positive
definiteness and was for a long time considered to be an ineffective method. However, the SR1,
in fact, has a key difference from the Broyden Family updates: it provides better approximation
of the action of the Hessian on the entire space, i.e. not just in the single search direction of
Broyden’s methods. As a result, SR1 underwent a revival for Euclidean optimization. Huang’s
dissertation generalizes this to the Riemannian setting and proposes combining Riemannian SR1
with a Riemannian trust-region method that makes use of all the directional information of Hessian
approximation. The Riemannian symmetric rank-one trust region methods (RTR-SR1) is an effi-
cient way to solve the problems. Its convergence analysis in the Riemannian setting when restricted
to the Euclidean setting actually extends the Euclidean results in the literature. It also provides a
way to avoid requiring the locking condition since a line-search approach is not taken.

For large scale problems, saving storage is required for a practical algorithm. Huang develops,
analyzes and empirically evaluates limited-memory versions of RTR-SR1 and RBFGS, that only
store a few vectors that implicitly represent the update Bg. The exploitation of these methods for
large problems are crucial when considering the problems in this dissertation.

Finally, to solve the optimization of partly smooth functions, Huang also generalized the gra-
dient sampling methods from Euclidean spaces to Riemannian manifolds. We do not review this
method here since the functions considered in this dissertation and the approaches taken do not
require considering nonsmooth situations. However, as noted below, methods for partly smooth
cost functions may be useful when attempting to exploit higher order information in ways different
than those pursued in this dissertation.

The exploitation of these state-of-the-art optimization algorithms in the solution of rank-
inequality constrained problems of the form (1.1) introduced in Chapter 1 on the fixed-rank mani-

folds is a main motivation for this dissertation.
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CHAPTER 3

RANK INEQUALITY CONSTRAINED
OPTIMIZATION METHODS

The main approach to solving optimization problems with rank inequality constraints and its

analysis are presented in this chapter.

3.1 Problem Statement and the Tangent Cone

Combining rank inequality constraints with a matrix manifold constraint results in a problem
of the form

(i f(X) (3.1)

where M« = {X € M|rank(X) < k}. M is a submanifold in R"™*". The problem (3.1) does not
require the cost function defined on M, however, it is assumed throughout that it is since many
applications give such a cost function [MMHO03, CAD13].

The Euclidean metric
gP(A,B) = (A, B)p :=tr(ATB), for all A, B € R™*", (3.2)

where “tr” denotes the trace of a matrix, is the simplest metric for R™*". The metric on M is
taken to be endowed from g¥(A, B) to turn the manifold M into a Riemannian manifold (M, g).

The set M<;, usually does not have a manifold structure. Generally speaking, any X € M«
with rank less than k& does not have a tangent space (see Section 4.3). However, for every point
in M«y, a tangent cone, an extension of the tangent space, always exists. The tangent cone T,Z
of a set Z C R? at a point & € Z consists of all rays that originate from x that can be written as
the limit of a sequence of secants defined using a sequence of points z; € Z \ {x} that converges to
x. Specifically, a sequence of points z; € Z \ {x} that converges to = defines a sequence of secants
r; originating at x and passing through x;. The limit rays of the sequence of secants are elements
of the tangent cone at x. Note that for a given sequence of secants there may be more than one

limit ray. These objects, which are generalizations of tangent spaces to smooth submanifolds, were
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first used by Whitney [Whi92] to study the singularities of real analytic varieties, and also play a
fundamental role in geometric measure theory. Here they are used to study the set M«y.
According to [OWO04], the tangent cone to M« at a point X € My, is equal to the set of all

smooth admissible directions for M« at X, i.e.

4(0) : v is an smooth curve on M« with (0) = X,
Tx./\/lgk =
and 7 (t) € M<y,for all t >0

Given an inner product in M, the normal cone can be defined. Under the inner product (-, -)p,
the set
NxMcp :={( € TxM:((,§)r <0,V E € Tx My},

is the normal cone to My, at a point X € M.

Remark 7. The tangent cone of M<y, k < min{m,n} is not a convex set and it is not closed

under the operation of vector addition, see examples in Chapter 4.

Since a tangent cone at a point in the set M« is not necessarily closed under addition, the
properties of a manifold clearly break down. These points of M<;, at which there a tangent space
does not exist are those matrices with rank r < k. Note that these matrices are elements of the
manifold M, = {X € M|rank(X) = r} and the tangent space T’x M, is a subset of the tangent
cone T'x M«j. Therefore, general Riemannian optimization algorithms cannot be reliably applied
directly to M<y.

The set M<y, is equivalent to Urgk M,. If M = R™" then M, is a manifold (see e.g.,
[AAM14]). In order to avoid abusing the notation, R7"*™ denotes M, when M is R™*™. In general,
it is unclear whether M, is a manifold or not. In this dissertation, the following is assumed for the

manifold M.

Assumption 1. The Riemannian manifold M C R™*™ with Riemannian metric (-,-)p satisfies

the following properties:
(A.1) M, ={X € M|rank(X) = r} is a manifold;

(A.2) the closure of M, is a subset of or equal to M<,;
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(A.1) of Assumption 1, of course, must be checked for any particular problem. It is true for
all of the problems considered in this dissertation. Note that M, is the intersection of M and
R™*™. A sufficient condition for M, to be a manifold is that the pair M and R]**" intersect
transversally [GP10, Chapter 1]. (A.2) of Assumption 1 is not a strong assumption. For example,
one frequently encountered situation is that M is a closed subset of R™*™. (A.2) of Assumption
1 is true since the closure of M, is a subset of or equal to the intersection of two closed sets,

Rgxn ={X € R™"|rank(X) < r} and M [Mun00].

3.2 A Tangent Cone Descent Algorithm

The literature on optimization on manifolds is large and growing, see Section 2.2 in Chapter 2.
Since we assume each fixed-rank M, is a manifold, those algorithms can be applied directly for a
specific choice of . The remaining issue is how to change from one fixed-rank manifold to another
fixed-rank manifold. Line-search methods (or steepest descent methods) on a fixed-rank manifold

M, C M are based on the update formula

Xny1 = Rx, (tnPry, M, (10)), (3-3)

where ¢, > 0 is a step-size, n, € Tx, M, Pry m, : Tx, M — Tx, M, is a projector. Therefore,
Pry m, (nn) is a search direction on the tangent space Tx, M,. R is a retraction of M,, which
takes vectors from the tangent space back to manifold [AMSO08].

For any point X € M« with rank less than k, the tangent space does not exist but a tan-
gent cone always does. Although the definition of tangent cone to a closed set at a point looks
complicated, it has a simple explicit characterization for some particular M<y, see [SU14] (where
M = R™*") and [CAD13] (where M is a sphere). Let X € M« have rank r < k. The tangent
cone Tx M« contains the tangent space TxM,. What is more, if » < k, it also contains the
curves approaching X by points of rank greater than r, but not beyond k. Therefore, from the

orthogonal decomposition and semi-continuity of matrix rank, we have
TxMcp =TxM, + {nk—r € Nx M, NTxM|rank(nx_,) < k —r}. (3.4)

Given this structure of tangent cone at points with rank r < k, the projection of a tangent vector

n € TxM onto it can be calculated. We consider a general line-search method on M<;, C M,

Xnt1 = Rx, (tnPry, M, (), (3.5)
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where 1, € Tx, M, Pry mo, @ Tx,M — Tx, Mcy is a projector. Therefore, PTnggk(Tln)
provides a search direction in the tangent cone Tx, M« at X,, that allows us to move to another
fixed-rank manifold. That is, for an iteration X,, € M<j, has rank r < k, any search direction
Pry Mo, (nn) of the form (3.4) will increase, maintain or decrease the rank for the next iterate by
rank(ng—_,) < k — r. Rank decrease only happens at intersection points of a curve on the M, and
the boundary of M,., say M,._1. Therefore, a choice to lower rank results from a decision made in
the selection of the step size for line search methods or trust region methods.

A retraction that takes vectors from tangent cone T x M« back to M<j, can be defined in a
manner that is rank-related (see Section 3.4). Given an iterate X,, € M« with rank r < k, a rank-
increasing step is taken by determining a rank-related direction vector (see Section 3.4) nx,, 7 with
r < 7 < k based on the projection, and given, e.g., the step size that satisfies appropriate conditions.
The next iterate X,,41 € Mz C Mcy, is computed by applying the rank-related retraction.

In [SU14], Schneider and Uschmajew, independently of this dissertation, defined a gradient-
related line search method for problem (1.1). The idea is similar to the approach described above
when M = R™*". They use search directions in the tangent cone at points with rank less than
k and a generalized retraction [SU14, Definition 2.4] to get the next iteration in M<y. They use
a practical retraction defined as the best approximation by a matrix of rank at most k in the
Frobenius norm, i.e.

Xnt1 = Rx,(§) € argmin [|Y — (X, + §)||r.
YeMcy

This is significantly simpler than the retractions discussed in Section 3.4.

Schneider and Uschmajew prove the convergence of their gradient-related projection methods
on Mcy, based on Lojasiewicz inequality [SU14, Theorem 3.9]. However, the convergence result
relies on the assumption, often satisfied in practice, that the limit points have rank k. Under this
assumption, a line-search method on ngxn is ultimately the same as a line-search method on R}"™".
Linear convergence is nearly always observed in their numerical experiments, but the rates in their
theorem are not explicit, i.e., it is between sublinear and linear. What is more, they do not provide

an efficient way to update the rank. So essentially their algorithm is a steepest descent approach

on M, that ignores rank decreases and does not carefully handle rank increases.
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3.3 Motivation for a New Approach

In practice, it is not easy to give a best choice of the constraint k. If k is taken too small,
the resulting minimizer of the optimization problem may not be an acceptable solution to the
associated application problem, e.g., the matrix may not be approximated well enough. Therefore,
there is pressure to choose a sufficiently large k£ based on application-related knowledge or intuition.
However, large k£ may increase unacceptably the computational cost since there is a tendency to
use all of the degrees of freedom available to reduce the value of the cost function, e.g., larger
rank approximations of a matrix tend to be better. This can happen even if the minimizer of the
optimization problem has a rank significantly lower than the constraint k due to finite precision
effects on rank estimation.

The first key factor of the efficiency of any algorithm for these optimization problems is therefore
to be able to assess when increasing rank does not suitably increase the quality of the approximation
and similarly to know when decreasing rank does not introduce unacceptable approximation error.
A rigorous rank adaptation strategy must allow both of these considerations to be assessed efficiently
and thereby to solve an associated approximate optimization problem.

The second key factor of the efficiency of any algorithm is a superlinear convergence rate that
is, preferably, provable. Specifically, the analysis should identify aspects of the problems (exact
or approximate) and algorithms that prevent or support the exploitation of recent algorithmic
and theoretical advances in high-performance Riemannian optimization algorithms. Section 3.4

describes a fairly straightforward algorithmic approach that addresses all of these issues.

3.4 A Modified Riemannian Optimization Algorithm

As mentioned above, the basic approach has two components per major step. The first is, given
a current point X with rank r, apply one of the efficient superlinearly convergent Riemannian
optimization algorithms briefly reviewed in Chapter 2 using the necessary Riemannian geometric
objects (tangent space, Riemannian gradient, retraction, Riemannian Hessian etc.) on the fixed-
rank manifold M, to produce a sequence of rank r matrices.

Due to (A.2) of Assumption 1, the matrices in the sequence on M, might indicate convergence
to a lower rank matrix, i.e., on a different submanifold. Therefore, the nearness to a lower rank

matrix is monitored while producing the sequence. If a matrix is close enough to matrices of lower

24



rank, the iteration on M, is stopped and a rank adjustment is considered. Otherwise, the sequence
continues until an approximate optimal solution X on M, is found, or a matrix at which the cost
function has been reduced sufficiently from its value at X. A rank adjustment is then considered in
the second component of the step. Note that the rank adjustment procedure is the same for both
of these cases.

A rank adjustment decision considers the following two functions, one is the extension of (3.1)

on M, the other is the restriction of (3.1) on a fixed-rank manifold M,.
frM—=R: X — fr(X), (3.6)

so that f = fp we assume the extension is well-defined) and

‘Msk (

fr My =>R: X — f.(X), (3.7)

so that f, = f|am,. Not all functions can be arbitrarily extended, but the extension and restriction
of (3.1) are well-defined in all applications discussed in this dissertation.

Incrementing the rank is based on the angle between the gradient of fr, denoted by grad fr(X),
at the approximate optimal point X on the manifold M and the gradient of f,, denoted by
grad f,(X), at the approximate optimal point X on the specific rank manifold M,. The angle
between them is § = Z(grad fr(X}), gradf, (X)) = arccos ”<gradfF(X:)’gradfr(X:»”, which is shown

grad fr (X7)|lllgrad f- (X )

in Figure 3.1. If the angle is greater than some given angle 6y (e; = tan(fp)) and the difference

between ||gradfr(X})| and ||gradf,(X;)| is larger than a threshold eq, the rank is increased but,
of course, not beyond the boundary value of k.

Note the two parameters, €; and €2, only provide information about increasing rank. The
strategies of rank reduction will be discussed later since in the neighborhood of a point, there exists
only points with rank equal to or greater than the rank of current point. Therefore, the local

information cannot be used to reduce the rank.
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Figure 3.1: The plot of full gradient of a point on M, gradfr(X), and the local gradient of a
point on a fixed-rank manifold M,, gradf,(X). 6 is the angle between the two gradients and
grad fp(X) — gradf,(X) represents the difference between ||grad fr(X)|| and ||gradf,(X)].

The two parameters €;, €2 are important for finding the exact/approximate solutions and con-
trolling the computational efficiency of the method. A smaller ¢; value makes it easier to increase
rank per iteration. The smaller €5 is, the stricter the accuracy of the approximate local minimizer
required. In particular, convergence to critical points of (3.1) is obtained if €3 is set to be zero.

Furthermore, there is a relationship between the two parameters. e; can be seen as ey scaled
by the norm of local gradient. Therefore, when €s approaches zero, €; is not necessary approaching
zeros since the norm of local gradient might be also small. Therefore, in real applications, €2 can
be chosen small when €7 is not.

When the rank is increased, a rank-related retraction R is required to determine the next point

in the iteration.

Definition 8 (Rank-related retraction). Let X € M,. A mapping Rx : TxM — M is a rank-
related retraction if, Vnx € TxM, (i) Rx(0) = X, (i) 36 > 0 such that [0,6) 3 t — Rx(tnx) is
smooth and Rx(t'nX) € M; for allt € ]0,0), where 7 is the integer such that r <7, nx € TxM<s,
and nx ¢ TxMi_1, (iii) %Rx(tﬁxﬂtzo =Nx.
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Note Ry is not necessarily a retraction on M since it may not be smooth on the tangent bundle

TM = Uxem TxM. The following lemma is used to show a rank-related retraction always exists.

Lemma 9. Let X € M be a matriz of rank r. For any 7 that satisfiesr <7 < k, nx € TxM<;

but nx ¢ TxM<s_1, there exists a smooth curve (t),t € [0,6),6 > 0 satisfying
1. 4(0) = X;

2. 4~(0) = nx;

3. the rank of y(t) is equal to 7 for all t € (0,0).

Proof. For any point X € M,, assuming there is a matrix AX such that rank(X + AX) =7 and
X 4+ AX € M;, consider the differential equation on the manifold Mz C M

(1) = P Mo (3.8)
7(0) =X + AX.

where PTW)M; : TypyMs<i = Ty M5 is a projector. By the analysis in [Hai01], there exists a
unique solution v(t) € Mz C M to equation (3.8) for a given initial value v(0) = X + AX and
rank(v(t)) = 7.

Next, we need to show such a AX exists. Note that by definition of nx, a curve 5(t) € M<;
exists such that 4(0) = X, %'}(O) = nx and nx € TxM<s, nx ¢ TxMc<i_1. Therefore, there
exists a § > 0, such that for t € (0,0),rank(5(¢t)) £ 7 and there must exist a sequence {t;},t; — 0
such that rank(5(¢;)) = 7. Obviously, lims, 07 (t;) = (0) = X. Set AX; = 7(t;) — X, to define a
sequence AX; — 0 such that rank(X + AX;) = 7.

On the other hand, considering AX = 0, on the full manifold M the equation

do(f) =
{gg0sromen

has a unique solution vy(t) € M.

Based on [Haill, Theorem 3.3 (dependence on initial value)] and the construction above, we
have a sequence v;(t) € M, where 7;(t) is the solution of the equation %’y(t) = P, Ma7x5
rank(7;(t)) = 7 such that vy(t) — 7o(t) for each ¢t € (0, ), which implies rank(yo(t)) < 7, Vt € (0,9).

Finally, to see the rank of «y(¢) can only be equal to 7, assume first that there exists a sequence

{t;} € (0,0), t; — 0, rank(vy(¢;)) = 7 and consider the following equation on M; C M

%Py(t) =P VMl
{ o o
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Based on [Hai01], there is a unique solution y(t) € Mz C M,t € [t;,) for each t; and rank(y(t)) =
7. As t; — 0, the rank is fixed, i.e., rank(v(t)) = 7,Vt € (0,0), which is the desired result.

If the sequence {t;} above does not exist, there must exsit a ¢ such that for ¢ € (0,9),

— (1) € TxyMci
Z ’Y X <7 1

and this implies
d
dt’
that contradicts the assumption nx ¢ TxM<s_;. Therefore, there must exist a curve v(t) € M

(0) =nx € TxM<i

with constant rank 7 for all ¢ € (0,0). O

Remark 10. In fact, care must be taken because the rank of y(t) can be any number as long as it is
greater than or equal to the constant T = r+ Ar (assuming 7 is less than min(m,n)). For example,
if M =R™" given X = U,D,V,l' € My, nx = [U, U,] [é g] Pﬁ;] , where rank(E) = Ar,
obviously, nx € Tx M<z but nx ¢ TxM<z_1. The function v(t) can bngm'tten as follows and its

rank is greater than r:

D, 0 0 D, 0 0 %
V) =[Ur Uar U] |0 0 0| +t|0 Dar 0| +Lmxn ¢ |V
0 00 0 0 0 Vi

The existence of such curves with rank 7+ Ar means that when building the desired retraction it
18 necessary to make sure that the minimum rank is used to avoid excessive rank increase. While
using the minimum rank increase is convenient, but not crucial, to proving convergence, it is very

important for the computational efficiency of the resulting algorithms.

In general, for any nx € TxM, there exists 7 such that ny € TxM<z but nx ¢ TxM<ig
since ) C TxM<y C--- C TxMc<ningmny = Tx M. We call such a vector a rank-r-related vector
and denote it by 7nx 7. The choice of 7 is important since we want neither the rank increased
too conservatively, i.e., only increased by a small amount, nor too aggressively, i.e., increased to
the upper bound k directly. A reasonable 7 can be obtained such that the angle between the full
gradient, gradfr(X), and the rank-7-related vector, nx 7, is less than a certain value 0. Assume

€4 = tan(#), it is related to parameter €y, i.e., it cannot go beyond €. By adjusting the value of ey,

we are able to control the rank increment. The larger 7 we want, the smaller ¢, is set.
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Since for any point X € My, the tangent cone always exists, the projection of the full gradient

onto it is well-defined. This motivates one way to obtain a rank< 7-related vector.

Definition 11. Let X € M be a matriz with rank r < 7. nx 7 s a rank - < 7-related vector at X

if nx 7 € TxM<i. Moreover, if nx s ¢ TxM<z_1, then it is a rank-F-related vector at X.

Given £ € Tx M, one practical way to obtain a rank-< 7-related vector nx 7 is
nx,;i € Prymo (§) = argmin [|§ —nl|F, (3.11)
ne€Tx M<;
where Pty pm; : Tx M — TxMci is a projector.

Schneider and Uschmajew define a general retraction from the tangent cone to the set M«
[SU14, Definition 2.4]. They claim for every tangent vector nx € TxM, there exists an analytic
arc v : [0,€) — M such that nx = 4(0). However, as stated in Remark 10, the arc 7 is not unique.
If M =R"™" the arc vy is chosen with rank 7 and nx satisfying Lemma 9, then their definition is
similar to Definition 8. Furthermore, if M = R™*™ and 7 = k, Definition 11 is equivalent to the
definition in [SU14, Corollary 3.3]. However, as noted earlier for efficiency and numerical flexibility
the rank-related retraction and vectors are preferred, especially when k is large.

Figure 3.2 shows the idea of rank-7-related vector and rank-7-related retraction. Given a tangent
vector £ € TxM, nxi € TxM; is a rank-r-related vector satisfies Definition 11. Rx(nx ) is a
rank-r-related retraction.

Given a rank-related vector and retraction, the next point in the iteration is taken to be X ¢, =
Rx(t*nxﬂz), where nx 7 is a rank< 7-related direction vector and ¢* is the step size chosen using

the well-known Riemannian form of Armijo’s back-tracking procedure.

Definition 12. (Armijo Point [AMS08]) Given a cost function f on a Riemannian manifold M
with retraction R, a point X € M, a tangent vector n € Tx M, and a scalar & > 0,6,0 € (0,1),

the Armijo point is n* = t4n = B™am, where m is the smallest nonnegative integer such that

f(X) = f(Rx(8™an)) =z —o(gradf(X), 3™ an)x.
The real t4 is the Armijo step size.

When the sequence of matrices produces by the iteration on M, indicates by the rank and

singular values of the matrices in the sequence that r should be decreased, a direction vector nx 7 is
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Figure 3.2: The plot of rank-related vector and rank-related retraction. M is a submanifold of
R™>" - M,., Mz are rank-r and rank-7 manifolds respectively. X € M,, gradfr(X) € TxM, nx i
is a rank-r-related vector and Rx(nx,#) € M; is a rank-7-related retraction.

not required. The following two ways are considered for rank reduction, depending on whether the
rank has been increased or not in any of the previous iteration. If the rank has not been increased in
any previous iteration, given a new rank 7 < r, the next iterate X,,¢,, is constructed by a projection
of X defined by

Xpew € argmin | X — X||p. (3.12)
XGMS;‘

One practical way to find # is by examining the numerical A-rank of thin SVD of X defined in
Algorithm 1 below.

We point out that each iterate is represented by three factors (see Chapter 4). Thus, the
computation of SVD is avoided, which makes the realization of Algorithm 1 more efficient. If the
rank has been increased before, for example, assume the latest rank increment was from X; to
Xi+1, then the next iterate Xy, satisfies f(Xpew) — f(Xi) < o(f(Xit1) — f(X;)), and the new
rank 7 = rank(Xpey). In this case, the iteration is updated based on the earlier information, i.e.,
the difference of the function values when the rank increased, which is more efficient than the simple

truncation.
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Algorithm 1 Determine the A,, numerical rank r
Require: An matrix X € R™*" and a threshold A,,.

Ensure: Rank r.

1: Find the singular values 01 > 02 > -+ Opinfm,ny = 0 of matrix X;
2 r=1;

3: for i =2,--- ,min(m,n) do
4. if 0;/01 > A, then
5 r<r+1;

6: end if

7

. end for

The modified Riemannian optimization approach is given by Algorithm 2.

For each application problem, the associated cost functions, the particular manifolds and, most
importantly, the representations chosen are vital considerations in making this approach compu-
tationally efficient. For example, there is no need to repeatedly compute the SVD of a series of
matrices. These crucial aspects of the success of the proposed approach are considered in the

discussions of the application problems.

3.5 Convergence Analysis

The convergence properties of the Riemannian optimization algorithms used on each manifold
M, are understood and well-developed elsewhere [AMS08, Bak08, Hual3, Qill]. However, given
the added complexity of the rank changing discretely, the task of proving that the superlinear
convergence is maintained for the rank inequality constrained problem requires additional theory.

This section presents the analysis of the convergence properties of Algorithm 2.

3.5.1 Convergence Analysis for Exact Solution

For the convergence analysis, the concepts of a stationary point on M<;, and a radially L-C 1

function are required.

Definition 13. (/CAD13, SU14]) A point X € M<y, is a stationary point of the cost function f if

the gradient grad fr(X) belongs to Nx M<y, the normal cone to M<y, at X, i.e.,

gradfp(X) € NxMcp = {0 € TxM :((,§)r <0,V § € Tx My} (3.13)
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Algorithm 2 Modified Riemannian Optimization Algorithm

Require: A real-valued fuction f defined on M<y; A retraction R on a fixed-rank manifold and a
rank-related retraction R, initial iterate X € Mcp, €1 >0, €2,€[0,1), €3,€4,Ag € (0,1);
Ensure: Sequence of iterates {X,,}.
1: Find the rank r by Algorithm 1 with input X, and Ag;
2: Set Xo to be one of the solutions of argminy ¢, || X — Xo|?.
3: forn=0,1,2,... do
4:  Apply a Riemannian algorithm (e.g. one of GenRTR [ABGO07], RBFGS [RW12, Hual3],
RTR-SR1 [Hual3]) for cost function f, over M, with initial point X,, and stop at X, € M,,
where either ||gradf,(X,)|| < e3 (flag < 1) or X, is close to M<,_; (flag + 0);
if flag =1 then
if ||grad fr(X,) — grad f,(X,)| > max{e ||grad f,(X,)|, €2} then
Set # and 1* to be r and gradf,(X,) respectively;
while [grad fr(X,,) — 7*|| > ea|ln*|| do
Set 7 to be 7 + 1 and n* to be a rank-r-related vector of gradfF(Xn) at Xp:
10: end while

11: Obtain X, 41 by applying an Armijo-type line search algorithm along n* using a rank-
related retraction;

12: else

13: If €3 is small enough, stop. Otherwise, €3 < Te3, where 7 € (0, 1);

14: end if

15.  else {flag =0}

16: If the rank has not been increased on any previous iteration, reduce the rank of X,, based

on (3.12) while keeping the function value decrease, update r, obtain next iterate X, 1;

17: Else reduce the rank of X,, such that the next iterate X1 satisfies f(X,11) — f(X;) <
c(f(Xit1) — f(X;)), where 7 is such that the latest rank increase was from X; to X1,
0 < c < 1. Set r to be the rank of X,,;1;

18:  end if

19: end for
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Given a sequence {X;}i—o1,.. € M, we say that X is an accumulation point or a limit point
of the sequence if there exists a subsequence {Xj, }i—01,.. € M that converges to X. The set of

accumulation points of a sequence is called the limit set of the sequence.

Definition 14. ([AMS08]) Let f be defined as the pullback of f through a retraction R, i.e.,
fiTM = R: & foR(E).

The function f is radially Lipschitz continuously differentiable (radially L-C' function) if there
exist real Srr, > 0 and drr, > 0 such that, for all X € M, for all {£ € TM with ||£]| = 1, and for
all t < dgrp, it holds that

L P (rE)lrmt — o Fx (7)o < Bt (3.14)

To support the flexibility to choose from different Riemannian optimization algorithms on the
fixed-rank manifold (see Step 4 in Algorithm 2), it is assumed that all of the conditions in the
relevant convergence analyses that ensure that iterates on the fixed-rank manifold converge globally

are met.

Assumption 2. The algorithm chosen in Step 4 has the property of global convergence. In other
words, let {Z,} denote the sequence generated by the algorithm and f be a nonincreasing func-
tion on {X,}. If the limit points of {Z,} are not rank deficient, i.e., ranks stay at r, then
liminf,_, ||grad f-(Z,)|| = 0.

Additionally, when considering an increase in rank, the analysis is on the manifold M. There-

fore, it is assumed the lifted function on TM satisfies the following property.

Assumption 3. Let f be a continuously differentiable function bounded below in D = {X €
M f(X) < f(Xo)}, D is compact. f: TM =R : € froR(E) is a radially L-C* function with
sufficient large dgy, defined in Definition 14 such that for any X,Y € D, ||R)_(1(Y)|| < ORL-

Lemmas 15, 16 and 17 are used to show the convergence properties of Algorithm 2 in Theorems

18 and 19.
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Lemma 15. Let X* be a matrix with rank r. Let R?(fﬁl) be the set of all matrices with rank less

than r. Then,
Edist(X*,R”*" )= min || X* - X||r >0, (3.15)
S(T 1) XERZL(XTL )
<(r—1

where Edist(X*,]Rg(fﬁl)) denotes the distance between X* and ]Rg(fﬁl) in Buclidean space.

Proof. Tt is obvious that R;n(jﬁl) is a closed set. Since the rank of X* is r, X* ¢ R;n(fﬁl). Thus,

Edist(X*,RZ;" ) = min  [|X* - X|[|F >0, (3.16)
= XeRg(Xr’jl)

where Edist(X*, Rz(fﬁl)) denotes the distance between X* and Rg‘gﬁl) in Euclidean space.

O]

Lemma 16. Let X € Mcy, be a matriz with rank k, then Tx M, = Tx My, i.e., on the boundary

the tangent cone is a tangent space.

Proof. Since X € My, with rank k is an interior point of the set Mcy, it implies Tx M; =
Tx./\/lgk.
O

Lemma 17. Let X € M be a matriz with rank r and grad fp(X) be the gradient of a cost function
fr at X on M. If nx s is a rank< 7-related vector of grad fr(X) at X with 7 > r then

(nx.7 grad fe(X)) = |Inx7||%
holds.

Proof. Assume 7nx 7 is a rank< r-related vector of gradfr(X) at X, it follows from Definition 11
that nxr € TXMSF.
Since the tangent cone is closed under multipliction by positive reals, tnx € Tx M<z, ¥Vt > 0

holds. Furthermore, by Definition 11, nx 7 € argmin, ety v, [|grad fr(X) — n(|r and therefore
d 2
7 leradfe(X) — tnxzlple=1 =0,

which implies

(nx.i,grad fe(X)) = (x5 nx7) = |nx.7l%
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The global convergence of Algorithm 2 is given in the following theorem. It is well-known that
an occasional steepest descent step is sufficient to guarantee global convergence in a Euclidean

setting [NWO06, p41]. This idea is adapted to the Riemannian situation.

Theorem 18. Let {X,,} be an infinite sequence of iterates generated by Algorithm 2. Suppose e3 =0
is chosen in Algorithm 2 and Assumptions 2 and 3 hold. Then liminf, o || Pry, m, (grad fr(Xn))|| =
0.

Proof. Assume {r,} is the rank sequence associated with {X,,}. If there exists a K > 0 such that
{rn}n=K K+1,. is a constant sequence, then the iterates remain on a manifold of matrices with
fixed rank, denoted it by r*. If r* is less than k, then the full gradient, grad fr(X,), on M must
converge as grad fp(X,) — 0. If this were not true, Algorithm 2 would increase the rank since this
would cause descent in the cost function, contrary to {ry},=r K+1,. is a constant sequence. The
conclusion holds.

If r* reaches k, Algorithm 2 stays on the fixed-rank manifold M} and since by Lemma 16,
Tx, M« = Tx, My, ie., the tangent cone is a tangent space and, based on convergence properties

of any of the Riemannian optimization algorithms on the fixed-rank manifold, it follows that

lim infgrad fi(X,) | =lim inf [[Pr, v eradf(X,)]
:hmngl{;o ||PTX”M§kgradfF(Xn)|| =0.

Now assume {7y, }p=K K+1,.. is not a constant sequence for any K > 0 and let the subsequence

{Xn, }njex denote the iterates that increase the rank, i.e., rank(X,, 1) > rank(Xy,). According

to Assumptions 2, the latest rank reduce iteration X, satisfies fr(Xy,;) — fr(Xm) < fr(Xp,) —
Jr(Xn;,,). From Step 17 of Algorithm 2, the following holds

C(fF(an) - fF(an+1)) < fF(XTLJ) - fF(Xm) < fF(XnJ) - fF(an+1)7 (3'17)

where ¢ € (0,1) is the coefficient defined in Step 17 of Algorithm 2. Therefore, {fr(X,,)} is
nonincreasing when the rank reduces and the function is bounded below. Thus, the sequence of
differences fr(Xp;) — fr(Xn,,,) must go to zero. What is more, from (3.17), fr(Xp;) — fr(Xn;+1)
must go to zero as well.

By definition of Algorithm 2 (Step 11),

fF(XTZ]) - fF(an+1) Z _Claanj <gra‘dfF(an)7n;;j>an'
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where o € (0,1), {n;, } is an infinite subsequence produced in Step 11 of Algorithm 2.
Contradiction is used to show (grad fr(Xn;), ;) x,, — 0. Suppose that (grad fr(Xn,), ;) Xn,

0, then it must be that {an;}, ¢ — 0, where K is a subsequence of K. The Qi ’s are determined

nj
from the Armijo rule, and it follows that for all n; greater than some 7, oy, ; = B™"i &, where My 18
an integer greater than zero, @ > 0 is a scalar. This means that the update %nj‘tj did not satisfy

the Armijo condition, hence

~ Oy - Ay - % ~ _
fe(Xn;) — fr(Rx, ( gj ) < —0 gj (gradfr(Xn;), ;) x,,, Vn; € K,n; > n.
Denoting
~ 77:;,] ~ a”g”n;JH
Ny = 7 and G, = —————,
sl " p

the rank-related retraction R is defined in Definition 8, the inequality above reads

Fin, (0) = i (@)

G

< —o(grad fp(Xn,), ;) X,,» Vnj € K,nj > n,

where fn(t) = fr(Rx(tn)) denotes a scalar function of , for all n € T x M. The mean value theorem

ensures that there exists t,,, € [0, &y,] such that
d - - = _
_afﬁnj (t)|t:tnj < _U<gradfF(an)777n]->ana vnj € ,Can] Z n, (318)

where the differential is taken with respect to the Euclidean structure on T anM. Since fr € C!
is compact in D and |n;, || < [[gradpf(Xn,)[|, ny, is upper bounded. Also, since {an, }njelﬁ — 0,

the convergence {dn,}, ¢ — 0 follows. Because fr € C', the gradient satisfies % fﬁnj (t)|t=0 =

nj

(grad fr(Xn,;), ﬁnj)an. From (3.18), the inequality

d ~
<gradfF(an)7ﬁnj>an - @fﬁnj (t)|t:tnj < (1 - 0) <gra’dfF(an)a ﬁnj>an (319)

holds. Based on the assumption of the contradiction proof, there exists a constant g > 0 such that

(grad fr(Xn; ), n;) X,, < —p. Since f is radially L-C?, there exists a constant C' > 0 such that

d = d = ~ d -
%fﬁnj (T)’T:tn]- - %fﬁnj (T)’T:O = H<gradfF(an)7nnj>an - afﬁn] (t)’t:tn]- H S Ctn]

By (3.19), it follows that
—Ctp; < —(1—0)p.
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However, limy,; o tn; = 0 since t,; € [0, dan;] and &, — 0, which implies y < 0 and the desired

contradiction. Therefore, the convergence
<gra’dfF(XTL])7 T]:L] >Xn — 0

n

follows. Based on Lemma 17, the convergence of (grad fr (X, ), n,’;j> x, — 0 gives n; — 0, which

means liminfy, oo || Pry, mo, (grad fr(Xn))|| = 0. -

The rank of matrices in the convergent sequence must satisfy certain properties. Intuitively,
a convergent sequence of matrices cannot have a limit point with rank higher than the ranks of
all X, beyond a certain point, i.e., it is not convergent if there is such a jump, this was shown
rigorously in Lemma 15. A sequence of matrices may have a limit point with lower rank, e.g., the
limit point as n — oo of {X,,} = < (1] gﬂ > is < (1] 8 ) . However, note that in this case the rank
never drops to r, for any X,, beyond sorgne point in the sequence. Therefore, it is not expected that
the ranks of the X, must eventually achieve the desired rank r,. Thus, a local or asymptotic rank

property must hold. Such a local rank property of the convergent sequence of Algorithm 2 to an

isolated local minima is given in Theorem 19.

Theorem 19. Suppose fr is a C? function, X, is a nondegenerate minimizer of fr on M, i.e.,
grad fp(Xx) = 0 and Hessfr(X,) is positive definite. Furthermore, it is an isolated minimizer of
f on Mcy. Let the rank of Xy be v« < k and denote the singular values of X, by 01 > o2 >
<o > oy, > 0. The value ea = 0 is used in Algorithm 2 to compute the sequence {X,}. There
exists a neighborhood Ux, € M such that if { Xy} C {Xn} is a subsequence with rank increasing,
i.e., rank(Xy, 1) > rank(Xy,), and {X,,} stay in Ux,, then if {Xy,} is a finite subsequence,
lim inf,, o |lgrad fr(X,)| = 0, else lim; .« |lgrad fr(X,;)|| = 0.
In addition, there exists K > 0 such that Vn > K, rank(X,) > ..

Proof. 1f {an} is finite, according to Assumption 2 and following the proof of Theorem 18, the
results can be obtained immediately.

Since fr is a C? function on M, gradfr(X) is a C' vector field on the Riemannian manifold
M. From [GQA12, Lemma 14.5], there exists a neighborhood Ux. of X, and Cpy, Cy > 0 such that
for all X € Ux,,

Codist(Xy, X) < |lgrad fr(X)|| < Cidist(X,, X). (3.20)
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By Theorem 18, the sequence { Xy, } satisfies that liminf, e [[Pry, mo gradfr(Xn;)| = 0.
Since X, is an isolated minimizer of f on My, there exists a neighborhood L?X* such that if
Xn, € Ux.,

jlggo dist (X, Xpn;) = 0. (3.21)

Thus, taking Ux, = L?X* ﬂZ;{X*, from (3.20), we can obtain if X,,; € Ux,,

Tim_{[lgrad fe(X,,,)]| = 0. (3.22)
J

Furthermore, since X, is an isolated local minimizer with rank r,, taking 0 < ¢ < Edist(X,, Rfﬁiﬁl),

where Edist(X,, RQ”(XTF_D) is defined in Lemma 15, there exists a neighborhood of X,

Bs(X.) = {X][|X = X[l < 6},

such that X,, € Bs(X,). If rank(X,,) < ry, based on Lemma 15, then it must be that || X, — X.||r >
Edist(X,, RZ"™ ). However, X,, € Bs(X.), which means [|X,, — X.[[r < § < Edist(X,,RZS" ), a

contradiction. Thus, there exists K > 0 such that Vn > K, rank(X,) > r.. ]

Theorems 18 and 19 show the global and local convergence analyses for Algorithm 2 when
€2 = 0. Note that for these theorems because €5 = 0, it is unlikely to stop updating rank. This is
the consequence when we try to obtain the exact solution. The basic result about the rank of the
matrices in a convergent sequence is generic. If the entire sequence is converging, i.e., not just a
subsequence, then eventually the rank of the matrices X, must remain at or above the rank of X,.

The best case, of course, is when rank(X,) = rank(X,) for n > ngy. In this case, the rate of
convergence is inherited from the Riemannian optimization algorithm for the fixed rank manifold
and can therefore be superlinear. When the ultimate convergent subsequence does not have rank
equal to that of X, the iteration does not necessarily inherit the convergence rate of the Riemannian
optimization algorithm for the fixed rank manifold.

Figure 3.3 gives an intuitive illustration of why the rank might increase while converging. No
matter how close the iterates are to the stationary point X, the angle between gradfr(X;) and
grad f,.(X;) is not approaching zero. In other words, only using angle is not enough to guarantee
fixed rank ultimately. In this case, the full gradient gradfp(X;) is pushing a rank increase based
on locally sound information but clearly globally, i.e., second order, ultimately misleading. Note

that eventually, after possibly repeatedly increasing the rank, grad fr(X;) points toward X, and a
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decrease in rank (possibly only in the limit) must take place. This indicates the clear danger, from
a complexity point of view, in using exact solution reasoning and only first order information. As
mentioned earlier, some sort of second order information could help address the problem. In fact,
if the angle threshold is set correctly relative to the spectrum of the Hessian at X,, assuming a C?
cost function, the problem with rank increase can be avoided. However, generically, at present the
complexity of the Hessian of fg is unacceptable and one adapted appropriately to a tangent cone
remains undeveloped and the subject of future work.

In the following convergence analysis, the approach of approximate optimization, as is done in
practice for virtually all numerical optimization, is shown to restore the expected result that the
iteration for the rank inequality constrained problem maintains the convergence rate of the fixed

rank manifold algorithm.

Figure 3.3: The plot of gradient of points on M, gradfr, and the gradient of points on a fixed-
rank manifold M., gradf,. The black dot line represents grad fr and the red dot line represents
gradf,., the curve represents a fixed rank manifold M,., the circles represent the level sets of fg,
X, represents a stationary point.

3.5.2 Convergence Analysis for Approximate Solution

In practice, the important behavior of the iteration is how quickly and reliably the size of the
gradient can be reduced. In this section, the behavior of the iteration when reducing the size of

the full gradient projected to the tangent cone, Pry ., (gradfr(X»)), is analyzed and shown to
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consistent with the behavior of the Riemannian optimization algorithm on the fixed rank manifold.
This allows the iteration to keep the rank of the approximate solution as small as possible even when
the true rank of the minimizer is larger and deals with the inevitable numerical noise affecting local
rank. The result is given in Theorem 20. This can be used in concert with knowledge of the cost
functions for problems discussed later to show that the value of the cost function at the approximate

solution is also acceptably close to the value at the minimizer.

Theorem 20. Let {X,,} be an infinite sequence of iterates generated by Algorithm 2. If ea > 0 is
used in Algorithm 2 and Assumptions 2 and 8 hold then

. . 1
lim inf {|Pry, me, (grad fe(Xa))| < ( L+ 6%> €2.

Proof. If there exists an infinite subsequence { Xy} from Algorithm 2 where the requirement on

Step 6 does not hold, due to ngadfp(f(nj) — gradfr()?n].)ﬂ > engradfr(f(nj)H and |]gradfF(an) —

grad f(Xp;)|| < e2, then
lirad fie(%e,) — gradfy (Ko )| = sin(6) grad fi (%o )| < e,

where 6 is the angle between grad fF(an) and gradf,(X,,) and tan(f) > €. Therefore,

J

1 1 :
lerad fr(X,,,)|| < sin(9)€2 = ( 1+ tan?(9)> €2 < <\/E> €.

If the subsequence is finite, then there exists a K such that the sequence {X,},n > K does not use

€2 and, therefore, by considering Xx to be the initial point of the iteration of interest the result

follows by Theorem 18. O

In addition to relating the parameters of Algorithm 2 to the size of the projected gradient, it is
also important to understand the effect of their values on the rank of the matrices in the sequence

produced by the algorithm.

Theorem 21. Suppose f € C? and let X, € My, be an isolated local minimizer with rank v

and the Riemannian Hessian of fr at X, Hessfr(X.), is positive-definite with minimal eigenvalue
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Amin > 0. Then for any v > 0, there exists a neighborhood U,, of X, such that for any X € U,,, the

full gradient is bounded below by

lgrad fe (X) |7 = (Amin = v) ]l F, (3.23)

where n = Exp)_(iX and Exp denotes the exponential mapping of M.

. . . - ' . . . o o
In addition, if there exists a U < Apmin such that eo in Algorithm 2 satisfies e < m()\mm

v)Edist(X,, N;) for some r < r, and the sequence {X,} generated by Algorithm 2 stays in Uy for

alln > N, where N is an integer, then the rank of X, eventually remains at least r.

Proof. From [AMSO08, Lemma 7.4.7], there exists a neighborhood U of X,, VX € U,

1
PY ™ grad fp(X) = Hess fr(X.)[1] + /0 (PY " Hess fp(v(7))[Y'(7)] — Hess fp[X][n])dr,  (3.24)

where Pg‘_T is the parallel translation, v is the unique minimizing geodesic satisfying v(0) = X*

and y(1) = X, n = Exp)_(iX = +/(0). Furthermore, according to [AMS08, Lemma 7.4.8 |,

1
| /0 (PY"Hess fr (7)) [7(7)] — Hess fe[X.] [n])dr||»

1
= || /0 (Pg<—7— o HeSSfF(’y(T)) o Ppy<—7 B HeSSfF[X*HU])dTHF (3.25)

< g(dist(X, X,))dist(X, X.),
where limgjg(x, x,)—0 €(dist(X, Xi)) = 0, dist(X, X,) represents the distance between X and X, on
M. Based on the definition of exponential mapping, dist(X, X,) = HEXP)_ci (X))l = |Inl|F holds

and
1
H/O (P9~ Hess fr (v(7)) [y ()] — Hess fe[X.][n])dr(|r < e(|In]l#)lnl £, (3.26)

where lim, .o &([[7]lr) = 0. Therefore, for any v > 0, there exists an €, > 0 such that n € U, :=
{Y|dist(X.,Y) < €,} implies e(||n]|r) < v. Since the parallel translation is an isometry, (3.24)
implies
1
lgrad fe(X)[[r = [[Hess fr (X.) 0]l F — H/O (PY~"Hess fr (v(7))[7 ()] — Hess fe[X.] [n])dr||»

> Aminlnlle = e(lInlle)lnll e
(3.27)

Thus, the following bound holds for any X € U,:

lgrad fe (X)[| 7 = (Amin = )[|7]] - (3.28)
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Next, we prove the rank of {X,} remains at least r eventually. Assuming for any v, the rank

of X, is less than r for all n > N, where N is an integer, Lemma 15 implies

dist (X, X.) > [ X, — Xa||p > Bdist(X., RZ" ), (3.29)

where dist(X,,, X.) denotes the distance between X,, and X, on M. Since dist(X,, X,) = HEXP)}i (X)) | =
7l 7, (3.29) implies

17l 7 > Edist(X., RZT" ). (3.30)

Let rank(X,) = 7. By assumption, # < 7. Assume the angle between gradf;(X,) and
grad fr(Xy,) is 0, then

€1

V1+ €

lgrad fr(X,,) — grad f7(X,)||F = sin(8)||grad fr (X,)||F > (Amin — v)Edist(X,, RTX™ ).

<(r-1)
(3.31)

The rank is increased on Step 6 in Algorithm 2 if

|grad fe(X,) — grad f3(Xn)||F > max{ei|[grad f7(X,)| , €2}

. - . . . . . o o
Thus, there exists a 7 € (0, Ayin) such that if X, € Uy, €3 in Algorithm 2 satisfies €2 < 7\/@()\111111

ﬁ)Edist(X*,R?(fﬁl)), then the rank of X,, will be increased to at least r for all n > N. O

Theorem 22 shows that when started close enough to X, a nondegenerate minimizer of fr, the
matrices in a sequence generated by Algorithm 2 with €2 > 0 remain in a neighborhood of X, and

eventually have fixed rank (not necessarily the rank of the X,).

Theorem 22. Let fr be a C? function and X, be a nondegenerate minimizer of fr on M with
rank (v < k), i.e., gradfr(Xy) = 0 and Hessfr(X.) is positive definite. Furthermore, it is an
isolated minimizer of f on Mc«y. Suppose €2 > 0 and Assumption 2 holds. Denote the sequence of
iterates generated by Algorithm 2 by {X,}.

There exists a neighborhood of X, Ux, , such that if D = {X € M|f(X) < f(Xo)} C Ux,;
D is compact; f: TM = R: & fpo R(€) is a radially L-C function with sufficient large gy
defined in Definition 14 such that for any X,Y € D, |R'(Y)| < 6rr, then there exists N > 0
such that

Vnj > N rank(X,,)=r and X, €Ux,.
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Proof. Assume { X, } C {Xp} is a subsequence with rank increasing, i.e., rank(Xy; 1) > rank(Xy,)
and { X, } stay in Ux,.

If {an} is a finite sequence, according to Assumption 2, we can obtain the results directly.

If { X,,; } is not a finite sequence, following the proofs in Theorem 19: there exists a neighborhood

Ux, of X, such that for X,,, € Ux,,

lim [|grad fi(Xa,)| = 0.
Jj—o00

Therefore, there exists a N > 0 such that for all X,,;, nj > N,

levad fi (X, )| < (F) .

Note by Step 6 in Algorithm 2, the ranks of {X,,,} are not increasing for n; > N. Combined with
Theorem 21 yields the result.
U

So by choosing an approximate solution approach with es > 0, r < r,, computational advantages
are gained. (Note 7, can be smaller or larger than k, the constraint on rank in the optimization

problem.) This is summarized in the the following corollary.

Corollary 23. (Convergence Rate). If all assumptions in Theorem 20 hold and there exists a K
such that all assumptions in Theorem 22 hold for {X,}, with n > K then

e The sequence {X,} enters a neighborhood Ux, and remains in that neighborhood so it is
known that dist(X,, X,) and |f(X.) — f(X)| are bounded based €1, €3 and Hess fr(X,).

o [|[Pry m., (gradfr(Xn))|| < 6 where & is based on €1 and es.

o The sequence converges on M., where r < r,, i.e., X, — X at the rate of the local Rieman-

nian optimization algorithm.

3.6 Summary of Algorithmic and Analysis Results

This chapter has defined and analyzed strategies for optimizing a function with a manifold and

rank inequality constraints. The main results are as follows.

1. The structure of the tangent cone and a related descent-based method have been described

and critiqued from the point of view of convergence rate and practical performance.

43



2. The differences in the methods by which rank is increased and decreased in descent-based

methods has been characterized.

3. Objects have been defined that are used to carefully update the rank, i.e., rank-related vector
and rank-related retraction; Rank-related vector and rank-related retraction support increas-

ing the rank appropriately and avoid excessive increase of rank in order to save computations.

4. An algorithmic approach for optimizing a cost function with rank inequality constraint has
been developed. Algorithm 2 provides strategy to update the rank carefully. Parameter €5 is
crucial in the sense that it provides a trade-off between the accuracy of solution and efficiency
of an algorithm. Setting ea = 0 results in an algorithm to find a minimizer to the optimization
problem; setting €2 > 0 results in an algorithm to find an approximate solution, i.e., one that
has a small gradient, is near a local minimizer, and has a cost function value that is close to

that at the local minimizer, most likely with a lower rank than the nearby local minimizer.

5. A convergence analysis for exact solutions has been completed that shows the following results.

({X,} denotes a sequence of iterates generated by Algorithm 2.)

e The global convergence analysis shows the infimum limit of ||Pr, ., (gradfr(Xy))ll

goes to zero as n goes to co;

)| = 0 with r, < k where X,

is assumed to be the unique minimizer in the neighborhood of X, and r, = rank(X,).

e The local convergence analysis shows lim;_,« ||grad fp (X,
e The local rank property shows that the ranks of all X,, are eventually greater than or

equal to 7.

6. A convergence analysis for approximate solutions has been completed that shows the following

results.

e The global convergence analysis shows the infimum limit of ||Pr, ., (gradfr(Xy))ll
stays small based on given parameters ¢; and e;. By assumption, the minimizer X,
should be close to a matrix with low-rank. Therefore, it is desired to ignore small
singular values and consider approximate solution that has lower rank than X, but is
near X,. It follows that ||Pry ., (gradfr(Xy,))| is not expected to converge to zero
if such an approximate solution to the optimization problem is required. The global

convergence analysis shows that Algorithm 2 with e > 0 has the desired property.

e The local convergence analysis shows that the ranks of {X,,} are fixed eventually. Pa-
rameter €s is used to determine whether the rank is increased. Theorem 21 shows that e
can be used to adjust the accuracy of the approximate solution. Theorem 22 proves that

the iterates in the sequence eventually have a fixed rank r. Therefore, the convergence
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rate is dependent on the local Riemannian algorithm. In addition, if r < r,, then ex-
isting local convergence analyses of Riemannian optimization algorithms are applicable,
e.g., RTR-Newton, RBFGS, RTR-SR1.
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CHAPTER 4

WEIGHTED LOW-RANK APPROXIMATION

In this chapter, the modified Riemannian optimization method is adapted to the weighted low-rank
approximation problem and its performance evaluated. In Section 4.1, the specific formulation of
the weighted low-rank approximation problem of interest is given. Some relevant existing manifold
algorithms are reviewed in Section 4.2. Section 4.2.3 reviews some algorithms for the unweighted
and weighted problems that have structure. Section 4.3, the Riemannian geometry of the problem
is presented along with the geometric objects required by the proposed algorithm. Finally, the pro-
posed algorithm is empirically evaluated, including comparisons to competing manifold algorithms,

in Section 4.4.

4.1 Problem Formulation

The weighted low-rank approximation problem determines a matrix approximation X of a given
data matrix R that comes as close as possible with respect to a certain weighted norm:

argmin |R — X%, f(X)=|R— X||} = vec{R — X} Wvec{R — X} (4.1)
XEMSk

where R € R"™*™ is given and W € R™"*™" ig a positive definite symmetric weighting matrix and
vec{A} denotes the vectorized form of A, i.e., a vector constructed by stacking the consecutive
columns of A in one vector. The minimizing X in (4.1) is the best rank k,0 < k < min(m,n), ap-
proximation of R under the norm || -||y. Note that for this problem M = R™*™ not a submanifold.

Given the constraints, this is a nonconvex optimization problem. When the weighting matrix
has significant structure, there may be analytical insight into the form of the minimizer that can be
exploited algorithmically. For example, for the more common weighted norm || X||5; = tr{XT M X},
where tr{-} is the trace operator and M € R™*" is symmetric positive definite. In this case, the
matrix W is in fact a block diagonal matrix with blocks M. This has another common special

case when M = I. Such problems can often exploit approaches related to truncated factorizations.
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Examples of algorithms for such structured problems are briefly reviewed in Section 4.2.3 but are

not pursued further in this dissertation.

4.2 Related Work and Historical Context

In this section, two manifold-based optimization approaches for finding locally optimal solutions,

starting from a given initial approximation are reviewed.

4.2.1 Alternating Projections Method

Since any m-by-n matrix with rank at most k£ can be expressed as the product of two matrices
of dimension m-by-k and k-by-n, suppose X = UVT, U € R™**¥ vV € R"™* then (4.1) turns into
the following parameter optimization problem

argmin ~ |R—UVT||%, |R—UVT|% =vec{R - UVTY I Wvec{R - UVT}. (4.2)

UecRmxk yVcRnxk
A well-known possibility for iteratively solving the weighted low-rank approximation problem is
the alternating projections procedure [LPW97, WAKO97]. It is started from an initial guess of one
of the parameters U or V. Fix a value for U and minimize over V, then fix V', minimize over U,
repeat until the product UVT converges. It can be shown that, in general, X = UV’ converges to
a local minimum of (4.1) [Kri06] and that the local convergence rate is linear. In practice, however,

the method can be rather slow.

4.2.2 Double Minimization Method

Manton et al. present in [MMHO03] a novel reformulation of (4.1) and derived a general frame-
work for minimizing a cost function on a Grassmann manifold. They reformulate (4.1) as a double

minimization problem

min min  ||R — X% (4.3)
N e R X (n—k) X € RmMXn
NTN =1 XN =0

They showed that if N and X are the minimizing arguments of the two minimizations in (4.3),
then X is the solution of (4.1); the restriction X N = 0 enforces the constraint rank(X) < k since
every column of N must belong to the null space of X. Moreover, the inner minimization, call it

f(N)7
JON) = min_ [|R— X} (4.4)

X e R™M XN
XN =0

47



has a closed form solution, given by
f(N) =vec{ R} (N @ I;)((N @ I,)TW YN @ I,)] YN @ I,,)T vec{R}, (4.5)

where ® is the Kronecker product. The cost function f(N) depends only on the range space (i.e.,
the column space) of N, rather than on the actual value of N. That is, f(NO) = f(IN) for any

(n=k)x(n=k) " The outer minimization can therefore be performed over

orthogonal matrix O € R
a smaller space than {N : NTN = I}. In fact it is sufficient to minimize f(N) as a function
on the Grassmann manifold (the collection of all subspaces of a certain dimension, [EAS98]). A
method that combines steepest descent and a Newton-type algorithm was derived in [MMHO3]
for minimizing f(N). They show that given N that minimizes f(N), the solution to the original

problem (4.1) is the unique matrix X satisfying
vec{X} = vec{R} — W H(N ® I;)[(N @ L)WY (N @ I,,,) H(N ® I,,)Tvec{R}. (4.6)

Later, Brace and Manton [BMO06] used the same transformation of the problem and applied a heuris-
tic version of Riemannian BFGS that was motivated by maintaining low computational complexity
through the suppression of vector transport. An interesting relationship with the Riemannian
Broyden Family [Hual3] and these two methods is discussed later in Section 4.3.8.

The main problem with the reformulated weighted low-rank approximation is the complexity of
the form and computation of the cost function f(N) in (4.5) and recovering the final approximating

matrix X in (4.6).
4.2.3 Some Algorithms for Structured W

There are many methods that address matrix approximation problems where the matrix W has
significant structure. An important theoretical tool for some of these problems is the truncated
factorization. The (generalized) singular value decomposition, when truncated to the leading k
terms, provides an optimal approximation in terms of Frobenius norm and the matrix 2-norm.
This is referred to the Eckart-Young-Mirsky Theorem [EY36] (see for example the GTLS algorithm
of van Huffel and Vandewalle [VV89]). These methods have an advantage when the matrix is not
too large and most of the singular values / vectors are needed.

In [ZSJC12], the authors parameterize the approximation matrix X = LR, with L an m x k

matrix, R an n X k matrix. An iterative algorithm based on least-squares estimation is proposed
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and has been successfully used for exploiting structure, such as Hankel and Toeplitz matrices, and
positive semidefiniteness. While this effectively lowers the dimension of the search space, it suffers
from linear convergence. Second-order methods like Newton’s methods cannot be applied easily.
This is essentially the method of Section 4.2.1 applied to a problem where W = I.

For W = I, a dynamical system low-rank approximation has been proposed by Koch and Lubich
[KL07]. This method consists of finding a low-rank matrix on the fixed-rank manifold My, for which
the authors derive differential equations for the factors that define the rank-k approximation. By
numerically integrating this set of differential equations, the rank can be dynamically reduced.
However, the large-scale systems involving PDEs are usually expensive to solve and they did not
provide a way to increase the rank.

The total least square problem with elementwise weighting (EW-TLS) [PR02al, is the weighted
low-rank approximation problem with the weighting matrix W has block diagonal structure

Wi

W =
Wh

B

where W; € R™*™ and the approximation matrix X satisfies X [ 7
—dn—k

} = 0, where B € Rkx(n—Fk),
This weighted low-rank approximation problem can be rewritten as follows:

n
min <mm (m—&ﬁm%&—&o, (4.7)

BceRkEX(n—k) \ XcRmXn £

i=1
where R;, X; € R™ are the i-th column of R and X, respectively, W; is the i-th block in the
weighting matrix W. The problem (4.7) can be solved partially by minimizing analytically with

respect to X. In this way the following equivalent unconstrained optimization problem is derived
B, = argmin g(B), (4.8)
B
where
n
g(B)=> R Z"(zW,Z")'ZR;, Z =[BT -IJ. (4.9)
i=1

Given an optimal solution B,, X can be obtained using the expression:

X = R+ AX,
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where

RTZT(zwrZ2T)=tZw,
AXT = — :
RIZT(zw,ZzT)~tzw,

Premoli and Rastello proposed an iterative algorithm [PR02a] to solve this special case. The
algorithm is proven to be locally convergent with a super linear convergence rate [MRP*06]. How-
ever, it is not globally convergent and simulation results suggest that the region of convergence to
a minimum point can be rather small.

For many applications where the data matrix is large, calculating the SVD can be impractical
and other approximate methods must be considered. Baker et al.[BGV12] considered the problem of
restricting explicitly the amount of storage available to store an approximate factorization based on
a dominant space that is updated as new information becomes available. This can be applied in the
generic situation where new columns of the “matrix” correspond to observations of an environment
over time that are not stored or where an extremely large matrix is available on very slow, very
remote storage and the restricted storage is relatively small and associated with the computational
platform used to compute the approximation. The latter case is clearly relevant to the analysis
of large-scale data analysis and has the significant advantage of allowing multiple read-only passes
through the stored data.

An alternative to Baker et al. for large data is given by randomized or stochastic algorithms
that select a subset of the rows and/or columns of the large data matrix, possibly by taking
multiple passes through the data. The appropriate decomposition, e.g., eigenvalue or SVD, is used
to approximate that of the large data matrix, see the recent survey by Halko et al. [HMT11].

Baker et al., Halko et al. and related approaches are all motivated by very large data and
the resulting storage constraint. For this dissertation, it is assumed that, while possibly large, the
matrices involved are not large enough to restrict access to read-only.

The modified Riemannian optimization method provides another way to solve low-rank approx-
imation problem. The algorithm has the following potential advantages: first, the problem can be
solved without considering reformulation; second, the computation time required is often less than
other algorithms, especially when m and n are large, due to the exploitation of state-of-the-art
Riemannian optimization algorithms; third, even when the rank constraint & is chosen too large,

the algorithm allows an approximate solution of the optimization problem with a reasonable rank.
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4.3 Differential Geometry

In this section, the differential geometric objects used in the modified Riemannian optimization
method applied to the weighted low-rank approximation problem are considered. Specifically, the
tangent and normal spaces, the Riemannian metric, the orthogonal projections, retraction, rank-
related retraction and the Riemannian Hessian are characterized. These objects are the building
blocks of the modified Riemannian optimization methods described in Chapter 3.

Recall, the Riemannian manifold comprising m X n matrices is denoted M = R™*" the sub-
manifold of matrices with rank r is denoted M, and M<;, = Urgk M, is the set of manifolds
defined by the rank inequality constraint. Using the SVD, each fixed-rank manifold M, has the

equivalent characterization
M, ={UDVT .U € St(m,r),V € St(n,r), D = diag(o1,...,0,),00 > --- > o, > 0},

where St(m, k) = {X € R™*|XTX = I} is the compact Stiefel manifold, I}, € R¥** is an identity
matrix and diag(oq,...,0,) denotes a diagonal matrix with o1,--- , 0, on the main diagonal.

The representation X = UDVT X € M, is not unique. The factorization X = (UP)(PTDQ)(VQ)7,
for any orthogonal matrices P, Q € R™*" where PT D(Q) is a real nonnegative diagonal matrix is also
an SVD. Therefore, the effect of the choice of U, V and D on the representation of the tangent
vector X and the determination of the factors Uy, Vi and D, for the next iteration X, = Rx(X)
must be considered. The benefit of representing X using the factor U, V and D and updating them

directly is avoiding the need to compute an SVD of the iterate X when moving on M,..

4.3.1 The Tangent Cone

The tangent cone is characterized in Proposition 24 in a manner that is computationally advan-
tageous for the algorithms of interest in this dissertation. The tangent cone has been considered
when the embedding space is R™*" independently in [SU14] and their characterization is the same
as the one used here. Cason et al. in [CAD13] considered the special case of the unit sphere defined

by the Frobenius norm in R™*",
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Proposition 24. Let X € M<y, with rank r < k, the tangent cone to M<y, at a point X is

UAVY +U.BVY + U .CVI +U. EVY :
T)(Mgk L=
A,B,C,E are arbitrary matrices, rank(E) < k — r,

A B][vT
; e ol ] ]
A, B,C, E are arbitrary matrices, rank(F) < k —r

In general, the tangent cone is not closed under the operator of addition. For example, suppose

a matrix X = Uk_lZVkiil has rank k& — 1, then the tangent cone to M« at X has the following

A Bl [VY
v w2 2

where A € R(k—l)x(k—l)’B c R(k—l)x(n—k—i—l)’c c R(m—k—l—l)x(kz—l)?E c R(m—k+1)x(n—k+1) 454

structure

rank(E) < 1. Construct the following two matrices,

ot 08 o) BF)

C diag(1,0,...,0)| [VL,,
B A B Vi,
Zy = [Up—1 Up-11] {C’ diag(0,...,0, 1)] [VkT—IJ_] '

While both Z; and Z, are in the tangent cone Tx M«y, Z1 + Z3 is not.

It is not difficult to show that the normal cone to M« at a point X is
U. E| V,ﬂ :

Nx./\/lgk L=
E, =0ifr <k, F| arbitrary if r = k.

0 o][vr
. v vy g vg)
E, =0if r <k, FE| arbitrary if r = k.
4.3.2 Gradients of Interest
M, is a smooth fixed-rank manifold and the tangent space is V X = U, D,.V,I' € M, [Van13],

U, AV +U,BVY + U, CVT
T)(MT L= 3
A, B, C are arbitrary matrices,

_ U, U] [é ﬂ [“;ﬂ :

A, B,C are arbitrary matrices
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and the normal space to M,. at the point X = UTDTVTT e M, is

U, EVY -
NXMT = )

F is an arbitrary matrix,

0 o] [vT
oo g Vi)

= [Ur Urd] 0 E| |V
F is an arbitrary matrix

where U, and V| are any orthogonal complements of U, and V, respectively.
M, becomes a Riemannian manifold with the choice of a Riemannian metric, in this case, the

metric is inherited from M and is

9x (&) == (&, m)r = vec{¢} vec{n} with X € M, and &,n € TxM,.

The resulting Riemannian gradient is the orthogonal projection onto the tangent space of the

gradient of f seen as a function on R™*",

The orthogonal projection onto the tangent space at X = U,D,V,I' € M, is
PX : Ran — Tx./\/lr

Z — PxZ =UU0Yzv,vI +U,Ur 2V, VY + U UL zV, v

(4.10)
=UU'7z + zv,vl —u.Uur zv, v,k
and the orthogonal projection onto the normal space at X = U,.D,V,I € M, is
Py : R™™ — NxM,
Z — PxZ = (I, - U, UNZ(I, — V; V). (4.11)

Note the simplification in notation in that the subscript X indicates the element of the manifold
that defines the tangent space.

Consider the following two function fr and f,:
frM—=R: X ||R-X|},

friM, -R: X —||R—X|3.

The cost function for the rank inequality constrained problem is then f = fp|a < and fr =

frlm, = flm,-
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Since the Euclidean gradient of the cost function fr is Vfr = —2vec ! (Wvec{R — X}), the
projection of the gradient onto tangent space, i.e., the Riemannian gradient on fixed-rank manifold
M,, is

gradf, := Px(— < fr)-

Note that Wvec{R — X} is a vector, and it must be reshaped as a matrix. The expression
vec ' (Wvec{R — X}) is used to represent this matrix formation, where the mapping vec(A4) — A

is dentoed by vec™!.

4.3.3 Retraction onto a Fixed-rank Manifold

Two kinds of retraction are required for the proposed Riemannian optimization algorithm:
retraction onto the fixed-rank manifolds and a rank-related retraction. In this section, retractions
on the fixed-rank manifold M, and their relationship to the representation using the three factors
(U,D,V) for X € M, are discussed.

Given a specific triple (U, D, V) for an X € M, according to [KL07, Proposition 2.1], there
exists a unique representation (U, D, V) of any X € TxM, that can be computed efficiently and
satisfies

X =Upv' +uDvT +UDVT, (4.12)
Ut =0,vTv =o. (4.13)

A method for computing (U, D, V) is discussed in Section 4.3.4.

Once the matrices U, D,V are known, a retraction can be applied to determine X4. There are
several retractions related to the compact Stiefel manifold and projections that can be considered
as a building block for a retraction on M, based on the three-factor representation of X [AO13].
Three retractions on M, are considered: the three-factor SVD-type retraction, the three-
factor QR-type retraction and the three-factor polar-type retraction.

The three-factor SVD-type retraction is a projective retraction defined as

Rx(X) = argmin ||Y — (X + X)||F,
YeM,

where || - || denotes the Frobenius norm [AM12]. Let 01(A),- - - , Omin(m,n)(A) denote the singular

values of an m x n matrix A in decreasing order. By Proposition 6 of [AM12] whenever X is
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sufficiently small for || X|| < 0,.(X)/2 to hold, Rx(X) exists, is unique, and

Rx(X) = ZUiUz’Uia (4.14)
i=1
where X + X = [ul e Umin(m,n)] diag(o1,-+ , Omin(m,n)) [vl e vmin(m,n)]T is the SVD. Van-

dereycken [Vanl3, Algorithm 6] shows that the SVD-type retraction can be computed efficiently as

follows:
Rx(X)=U.D, V] (4.15)
where
VD = QuR,,
_[D+D RY
UsDsVy = [ R, 0 ] ;

Uy = [U Qu] Us(:,1:7),

Dy =Ds(1:r,1:7),

Vi=[V QVi(;,1:7),
The algorithm requires the computation of two QR factorizations (one of an m x r matrix and
one of an n x r matrix) the SVD of a 2r-by-2r matrix and 4mr? + 4nr? operations in two matrix
multiplications yielding O((m + n)r?) + O(r3) operations where the coefficient of the first term
depends on the method used to determine the QR factors.

Since the decomposition of X = UDVT is not unique, ideally the result of retraction, i.e.,
U+D+Vf = Rx(X), should not depend on the particular (U, D, V) triple used. The three-factor
SVD-type retraction is clearly invariant with respect to the choice of factors.

If the assumptions on D in the triple (U, D, V') are relaxed to require only nonsingularity and
X is specified by the associated unique triple (U, D, V') then a retraction that is independent of
the choice of (U, D,V) can be defined in terms of the polar decomposition [AO13, MS13]. The

retraction is defined as
Rx(X)=U,D, VI, U, =uf(U+U), Dy=D+D, Vi=uf(V+V)

where uf{-} denotes the orthonormal factor of the polar decomposition. This retraction requires

the computation of two QR factorizations (one of an m X r matrix and one of an n X r matrix)
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and SVD’s of two r x 7 matrices for O((m +n)r?) + O(r3) operations with coefficients smaller than
the three-factor SVD-type retraction. So there is some benefit with respect to computational cost,
however, this is only true on steps where estimates of the singular values of D, are not needed for
rank adjustment, e.g., while the iteration remains on M,..

If the matrices D and D are required to be nonnegative diagonal matrices the retraction must
be modified. If this can be done with an acceptable increase in computational complexity then
rank adjustment using Algorithm 1 can be done more often.

The three-factor Polar-decomposition-type retraction that imposes the diagonal require-
ment is defined

Rx(X)=U.D, VI (4.16)

where

UsDsVE =D+ D using SVD,

Uy = uf(U+U)Us,

Dy = Ds,

Vi =uf(V+V)Vs
and the symbol uf(-) denotes the orthogonal component of the polar decomposition. This retraction
requires the computation of two QR factorizations (one of an m x r matrix and one of an n x r
matrix) and SVD’s of three r x r matrices, and 2mr?+2nr? operations in two matrix multiplications
yielding O((m + n)r?) + O(r3) operations.

Three-factor retractions that require fewer computations but that are not guaranteed to be
invariant to the choice of (U, D, V) are also possible. Empirical evidence presented later in this
dissertation demonstrates that this invariance is not necessary to achieve superlinear convergence
but sufficient conditions on a three-factor retraction for superlinear convergence are not yet known
and is the subject of future research.

The three-factor QR-type retraction I is defined as

Rx(X)=U.D,V]. (4.17)
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where

UsDsVE =D+ D using SVD,
Uy = qf(U+U)Us,
D+ = DS7
Vi =qf(V+V)Vs,
and the symbol ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.
This saves SVD’s of two 7 X r matrices. Note that D and D, are diagonal matrices.
A second three-factor QR-type retraction can be defined that avoids the SVD. The QR-type

retraction II is defined as
Rx(X)=U.D;V]. (4.18)

where

Uy =qf(U+),

D, =D+ D,

Vi =af(V+V),
and the symbol ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.
Note that this defines a retraction even if D and D, are not diagonal matrices. If they are

constrained to be diagonal then D must then also be a diagonal matrix. This is discussed in

Section 4.3.4.
4.3.4 Computing (U,D,V)
Given the triple (U, D, V), the triple (U, D, V) that satisfies
X =UDpv'+UDV" +UDVT,

can be computed efficiently [KL0O7, Proposition 2.1] and, if necessary, can be constrained so that
D is a diagonal matrix.
Since U € St(m,r),V € St(n,r) and the form of the tangent space at a point S is
TsSt(n,r) = {SQ+ S, K : QF = -, K e RO—*7},
it follows that
X =UQy +U Ky)DVT + UDVT + UD(VQy + VL Ky)T

' (4.19)
=UQuD + D+ DOV + U, KyDVT + UDKEVT,
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where Qg = —QU,Q‘T/ = —Qy, Ky € R Ky e RTXT gre arbitrary matrices, and the
subscript L indicates a matrix with the maximum number of columns orthogonal to the matrix
argument.

In order to get explicit forms of U and V, the matrices Q, Qy, Ky, and Ky are needed. By
equation (4.19), the following hold

QuD+ D + DOl =UT XV, (4.20)
Ky =UTXvD™!, (4.21)
KL =D 'UTXv,. (4.22)

If U = U, Ky and V = V| Ky then D is unique but not necessarily diagonal [KLO07]. This is
easily derived from (4.21) and (4.22) it follows that

U=U Ky =U,U'XvD =1 -vUu")XvD™!

V=ViKy =V, VIXTuD =1 -vvh)XTup~!
and from (4.20)
D=UTXV.

So given the m x n matrix X the triple (U, D, V) is uniquely defined [KLO07].

If D is assumed diagonal then D must be diagonal if D is required to be diagonal. This can be
achieved using nonzero Q and Qy-. Specifically, if D and D are diagonal then U and V are unique
and easily computed. In the following, we seek the expression of (U .D, V) with D is a diagonal
matrix.

Since Q and Qy are skew matrices their main diagonals are 0 and from (4.20) a diagonal D

follows

D = diag(UTXV), (4.23)

and therefore

Z :=QuD+ DO =UTXV - D. (4.24)
Multiplying (4.24) on the right by D1, yields

Qu+DolDpt = zDp™t, (4.25)
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Adding (4.25) to its transpose, since Qp + QF; = 0 and QF, = —Qy, yields
—DQyD '+ D 'QyD=D"1Z" + ZzD™ !

Since D and D~! are diagonal matrices, assuming diag(D) = {a;},diag(D~!) = {b;}, the element
in the 4,7 position of matrix DQy D~ is [DQyD™1];; = a;b;(Qv)i;. Using vp to represent the
vector comprising the diagonal elements of D, vp—1 to represent the vector comprising the diagonal
elements of D~!, then DQy D~ = (vpv]_,)oQy and D~'Qy D = (vp-1v}) o Qy, where o denotes

the Hadamard product of two matrices. It follows that

(vp-1vh —vpvh ) o Qy =D 12z + ZD7L (4.26)
and by similar analysis for

(vp-1vh —vpvpH-1) o Qu =D Z+ 7' D7, (4.27)

Explicit expressions for 2y and Qy follow from these equations. Therefore, given X , solving (4.27)

and (4.26) gives Q and Qy respectively and U, D, V', can be computed from (4.21), (4.22), (4.23).
These approaches to computing the triple (U , D, V) assume X is computed explicitly. It is an

open question if the triple can be computed without forming X. This of course depends on the

definitions used by the various Riemannian optimization algorithms on M, for the direction vector

X.

4.3.5 Rank-related Retraction

In order to change the rank, a rank-related retraction that satisfies the properties in Definition
8 of Chapter 3 is required. This is discussed in this section by first, constructing a rank-r-related
vector and then using it to generalize the fixed-rank retractions.

Consider the manifold M = R™*" the full gradient grad fr(z*) of a point * = U,.D,V,.I on M

can written as

T
gradfe(a®) = [Ur Uy [é g} [‘V/TJ

From the structure, the increased rank depends on the term E. Given 7, according to Definition

11 in Chapter 3, the search direction is chosen to be

n* = argmin ||grad fr(z*) — n||2. (4.28)
nETMS;
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Note that n* is not unique.
An example of a choice that satisfies (4.28) can be defined by taking the SVD of E, finding the

largest Ar terms, and writing n* as

A DBy DB v
77*: [UT Unar U(r+Ar)L] Cl EAT 0 TVET
Cs 0 0 V(rJrAr)J_ (4'29)
A By [VE
- vl [

where 7 = r + Ar < k. Based on this construction, it is clear that gradfr(z*) and n* are not
approximately orthogonal to each other. Furthermore, since n* have the structure shown in (4.29),

for X = U,.D,V,T', it can be written

D, orxAr g7 V!
X = [Ur Ua, U(T+AT)L] 0Ari<r OAT’E(AT‘ OATT(TL*?N’)~ TVET
Om=Pxr gm=r)xAr m=x(m=7) | VI |
D; OFx (n—7) VFT
= [UF Ur ] 0(m—7) x7 O(W—F)X(”—f)] [V;SJ

Therefore, given X € M, and n*, the rank-related retractions versions of the three-factor retractions
discussed earlier can be constructed.

Since n* can be written
n* = UsDiVi + Us DV + UsDi V5, (4.30)
Ul'Uz =0,VIV: =0. (4.31)
and the decomposition (4.30) is given by
U = Us UL Vi D5t = (Ly — UsUT )" ViD; Y,
D = Ui Vs, (4.32)
Vi = Vel VI T UDE T = (L, = ViV i U=D; T,
the Polar-decomposition-type rank-related retraction is defined

Rx(n*) = Uy DLV, (4.33)
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where
Uy = uf(Us + Up)Us,
Dy = Dg,
Vi =uf (Vi + Vi)Vs,
D; + D7 = UsDgV¥,
where the symbol uf(-) denotes the orthogonal component of the polar decomposition.

The SVD-type rank-related retraction is defined as

Rx(n*) = Z Ui V;, (4.34)
i=1
where X +n* = [ul e umin(mm)} diag(o1,+ , Omin(m,n)) [vl e vmin(m,n)]T is the SVD with

singular values in decreasing order.

Defining U, = U, D and f/p = V. D allows n* to be rewritten in the form
"= UpVi + UrDiVi + UiV, (4.35)
Uruo, =0,vIv, =0 (4.36)
and the decomposition (4.35) rewritten as
Up = Us L UfLn Vi = (I = UzU7 )0 Vs,
DF = UFTU*Vf: (4.37)
Vo = Vel VA T Us = (I, = ViV ) T U;.

Therefore, the retraction (4.34) can be efficiently computed by

Rx(n*) = Uy Dy V4, (4.38)
where
QuRy = Uy,
QuRy =V,
~ - T
UsDV, = [D” guDr }H ;

Uy = [Ur Qu]U(G:1:7),
Dy = Dy(1:7,1:7),

Vi=[Vi Qu]Vi(:;;1:7),
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_ Dr OT‘XAT
and r=r1r-+ AT, U'F - [UT UAT], Df = |:0A7“><7" OArxAr:| ) ‘/f = [‘/;“ VAT] .

Similarly, given n* in the form of (4.30), the QR-type rank-related retraction I is defined

as

Rx(n*) = UsDy V4, (4.39)
where

Uy = qf (U + Uz)Us,

Dy = Ds,

Vi =qf (Vi + Vi)V,

D; + Dy = UsDsVy
where the symbol ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.

If »* is given in the form of
77* = UfoV;.T + UFD;V;T + UfDFVf, (4.40)

where Dj is a diagonal matrix, then we have the the QR-type rank-related retraction II:

Rx(n*) = Uy DLV, (4.41)

where
Uy = qf(Us + Us),
D = D;j + Dy,
Vi =qf (Vi + Vi),
where the symbol ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.

The computation of U, D,V in (4.40) is the same as discussed in Section 4.3.3.

4.3.6  Vector Transport on Fixed-rank Manifold

Vector transport is critical to the success of Riemannian optimization algorithms such as Rie-
mannian quasi-Newton methods. It is used to compare tangent vectors in different tangent spaces
and to transport operators on one tangent space to another tangent space. Vector transport can
be represented by a matrix. Given two points X; and Xs on a fixed-rank manifold M,., the cor-

responding tangent spaces are Tx,, Tx,. Huang in [Hual3] proposes some methods to construct
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isometric vector transports 7 from X; to Xo as the direct rotation [DK70] from T x, M, to T x, M,,
restricted to act on Tx, M,. This section presents the application of those techniques to M.

Note that the tangent space on the fixed-rank manifold has the following structure,
UAVT +U.BVY +U,, CVT .
TxM, =
Ae Rrxr7 Be Rrx(n—r)’ C e R(m—r)xr'

It is a (m 4+ n — r)r-dimensional subspace of R™". An orthonormal basis of Tx M, denoted by Bx

is given by

{Ulese] )V ri=1,--+ ,r,j=1,--- 1}

U{U(eje] )WWEi=1,--- n—rj=1,---,1}

U{UL (e )WV vi=1- m—rj=1,--- 1}
where (eq,--- ,e,) is the canonical basis of R”, (é1,--- ,éy,_,) is the canonical basis of R™~" and
(€1, ,€n—y) is the canonical basis of R"™". The columns of Bx are thus chosen as the ”"vec” of

the basis elements.
Let Bx, and Bx, be orthonormal bases of Tx, M, and Tx, M,. The direct-rotation vector

transport from X7 to Xs is then given by
T = Bx,Uj B, (4.42)

where B)T(1 Bx, = UpP, is the unique polar decomposition. The operator defined by (4.42) is called
a vector transport by direct-rotation based on tangent space.

If the codimension, (m — r)(n — r), is sufficiently smaller than the dimension, (m +n — r)r, an
orthonormal basis for normal space NxM, can be efficiently constructed. The normal space on

the fixed-rank manifold M, has the following structure,
Ny M, = {UMELVTE L E, € RW—T)X("—’“)}.
Using Nx to denote the orthonormal basis of Nx M., it is given by
{UJ_éiéjVE:'l‘Il,"' ,m—r,j=1-- n—r}

The columns of Nx are thus chosen as the ”vec” of the basis elements.
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Let Nx,, Nx, be orthonormal basis of Nx, M, and Nx, M,. The direct-rotation vector trans-

port from X; to X3 is then given by

T = (Inn — Qx,Q%,) + Qx, UL Q%,, (4.43)

where Q§1Q x, = UgyF, is the unique polar decomposition, Qx,,Qx, are orthonormal basis of
Tx, M, o (Tx,M, NTx,M,) and Tx, M, & (Tx, M, N Tx,M,), which can be obtained by or-
thonormalizing (I — Nx, N};I)N x, and (I — N XzN};Q)N x, respectively. The operator defined by
(4.43) is called a vector transport by direct-rotation based on normal space.

For weighted low-rank approximation, it is often assumed k& << min(m,n) and vector transport
by direct-rotation based on normal space is not computationally reasonable so direct-rotation by
tangent space is the preferred form in the remainder of the discussion.

Vector transport by the differentiated retraction of (4.16) and (4.18) can also be derived. Similar
to the idea in [MS13, Section 3.4], the following Proposition states the differentiated retraction of
(4.16).

Proposition 25. Let X = UDVT € M,, &,n € TxM,. Assuming & and n have the following

structure
¢=U,DvT +uD, VT +UDV{,
n=UyDVT + UDVT + UDV,F
then the vector transport by the differentiated retraction of (4.16) is
Toé = Tgr, (U1 (D+ D) (uf (V4 Vo))" +uf (U+Us) Dyuf (V4 Vo) +uf(U+Us)(D+D2)(Ty, (V1)
(4.44)

where T, (U1) is a vector transport by differentiated retraction of (4.16) on the Stiefel manifold

[Hual3, Lemma 10.2.1] and uf(-) denotes the orthogonal factor of the polar decomposition.
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Proof. Based on the definition of the vector transport by differentiated retraction and the polar-

decomposition-type retraction (4.16), the following hold

d
Thé = aRx(an)h:o
d . . . . . .
= @[ f(U+Us +tU1)(D+ Dy +tDy)uf(V + Vo + tVl)THt:o
_4ad
Cdt

) . d ) ) ) )
+uf(U+ U + tUl)a[(D + Dy + tD)Juf(V + Vo + tV1) T =0

. . . . d . .
+uf(U + U +tUy) (D + Dy + tDl)%[uf(V + Vo 4+ tV)] T |i=o

[uf(U 4 Uy 4+ tU)|(D + Dy + tD)uf(V + Va + tV1) T |10 (4.45)

Since U € St(m,r),V € St(n,r) according to the vector transport by differentiated retraction on
the Stiefel manifold [Hual3, Lemma 10.2.1], for Uy, Us € TySt(m,r), it follows that

d

a[ FU + Uy + )] 1=0 = T, (U1), (4.46)
and for Vi, Vs € Ty St(n,r),

d . . .

%[ fV +Va+ tVi)li=o = Ty, (V1) (4.47)

where
Ty, (U1) = DRy (U2)[U1]
= Duf(U + Uz)[U7]
= Ry (U2)Q + (I = Ry(U2)(Ru (U2))") U1 ((Ry (U2)) " (U + Us)) Y,
and R is (4.16), vec{Q} = ((Ry(U))T(U + Us) & (Ry(U2))T(U + Us))~'vec{(Ry(U2))TU, —
UL Ry (Us)}, @ is the Kronecker sum, ie., A B=A®I+1® B.
Substituting (4.46) and (4.47) into (4.45), yields

Toé = Ty, (U1)(D+ Do)uf(V+ Vo) +uf (U +Uz) Dyuf (V +Va)T +uf (U +Uz)(D+ Do) (Ty, (V1))
O]

Similarly, the following proposition derives the vector transport by differentiated retraction of

(4.18).
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Proposition 26. Let X = UDVT € M,, &,n € TxM,. Assuming & and n have the following
structure

¢=uU,DvT +uD,vT +UDV{,

n=UDVT + UD,VT + UDVF
then the vector transport by the differentiated retraction of (4.18) is

Tol = To, (U)(D+ D) f(V + V)" + ¢ f (U + Ua) Drgf(V + Vo) +qf (U + Uz)(D + D2) (T, (V1)

(4.48)
where Ty, (Uh) is a differentiated retraction on the compact Stiefel manifold [AMS08, Example 8.1.5]
and qf(-) denotes the @Q factor of the QR decomposition with nonnegative elements on the diagonal

of R.

Proof. Based on the definition of the vector transport by differentiated retraction and the QR-type
retraction (4.18), the following hold

d
Tyé = %RX("? + &) |t=0
d

:%[

_ %[qf(U + Uy + tU)|(D 4 Dy 4+ tDy)gf(V + Va + tV1) T |10 (4.49)

) . d ) ) ) )
+qf(U+ Uy + tU1)$[(D + Dy +tD)]af(V 4+ Vo + tV1)Ti—o

. . . .. d . .
+qf (U + Us + t00)(D + Dy + D) [af (V + Va + 71)] 1o

qf(U + Us + tU1)(D + Dy + tDl)Qf(V + Vo + tVl)T”t:O

Since U € St(m,r),V € St(n,r) according to the vector transport by differentiated retraction on
the compact Stiefel manifold [AMS08], for Ui, Us € TySt(m,r), it follows that

d . . .
@[Qf(U + Uz + tU1)]|t=0 = Ty, (Un), (4.50)
and for Vi, Vs € TySt(n,r),
d . . .
%[Qf(v + Vo + tVi)l[e=0 = Ty, (V1), (4.51)

where

Ty, (Ur) = DRy (Us)[U7]
= Dqf (U + Uy)[U1]
= Ry (U2) pskew (Ru (U) UL (Ru (Ua) T (U + U))™1)

+ (I — Ry(Uz) Ry (U2)")Ur (Ry (U2)" (U + U2)) ™,
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and pgkew (B) denotes the skew-symmetric term of the decomposition of a square matrix B into the

sum of a skew-symmetric term and an upper triangular term, i.e.,

Bi,j ifi>j
(Pskew(B))ij =14 0 if i =7,
—Bjﬂ' ifi < J-

Substituting (4.50) and (4.51) into (4.49), yields
Ty€ = Tir, (UD)(D + D2)a f (V +V2) T +¢f (U +U2) Drgf (V +V2)" +af (U +U2) (D + Da)(Ty, (V1))
O

4.3.7 Action of the Hessian on a Fixed-rank Manifold

To use the second order information, the action of the Hessian on a vector is required.

Proposition 27. For any X = UDVT € M, and n € TxM,, the action of the Riemannian

Hessian of a cost function f at X on the direction vector n satisfies

Hess f,(X)[n] = vygrad f(X) = Px(Dgrad f.(X)[n]),
where
Dgrad f,.(X)[n] = —2[U (UTnV D HUT + UUTnV D HTUT Jvec ™ (Wvec(R — X))
— 20U )vec }(Wvec(R — 1)) — 2vec L (Wvec(R —n))VVT
— 2vec H(Wvec(R — X)[VL(DUTpv ) TVT + V(D UV V]
+ 22U, (UTnpv D HYUT + UUTnv D™ HTUT [vec ™ (Wvec(R — X))VVT
+ 20U vee L (Wvec(R — n))VVT
+ 20U vec Y (Wvece(R — X)) VLD UTyv)TVT + V(D YuTyv V).
Proof. The gradient of f at X on M, is given by:
gradf,(X) = Px(—2vec ' (Wvec{R — X}))
= 2UUT (vec ™ (Wvec{R — X})) — 2(vec (Wvec{R — X}))VVT (4.52)
+ 20U (vec H(Wvec{R — X}))VVT
where vec™!(Wvec{R — X}) represents reshaping the vector Wvec{R — X} as an m x n matrix.

Since M, is a Riemannian submanifold of a Euclidean space, according to [AMSO08, (5.15)] ,

Hessf,(X)[n] = Vygradf,(z) = P,(Dgradf.(z)[n]), (4.53)
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where Dg(z)[H] is a directional derivative of g at x along H. Differentiating (4.52) according to

(4.53) yields a matrix representation of the action of the Hessian of f, at X along 7.
Dgradf,.(z)[n] = —2(UUT) (vec L (Wvec{R — X})) — 2UUT (vec ™ (Wvec{R — 1}))
—2(vec *(Wvec{R — n}))VVT
—2(vec ' (Wvec{R — X}))(VVTY +2UUTY (vec H(Wvec{R — X}))VVT

T 2007 (vee ™ (Wyee{ R — n}))VVT + 2007 (vee™ (Wvee{R — X})(VVTY.
(4.54)

Next, (UUT) and (VVT) must be derived. Since U € St(m,r), U = UQy + U Ky, where
QF = —Qu, Ky € Rm=7)x7 it follows that
Uty =vut +UUT = (UQu + UL Ky)UT +UUQy + UL Ky)*

=UQu +Q)UT + U KyUT + UKL +UT

(4.55)
= U KyU" + UK UT
=vU, (UtxvpHo?t +vwtxvpHTut.
Similarly, (VVT) is ,
Vvt =v(D U XVOVE + V(DU X V)TV (4.56)

Substituting (4.55) and (4.56) into (4.54), yields
Dgradf,(X)[n] = —2[UL(UTnv D HYUT + UWUTnV D H)TUTJvec ™ (Wvec(R — X))
— 20U vec ™} (Wvec(R — 1)) — 2vec™ {(Wvec(R — n))VVT
— 2vec Y (Wvec(R — X))V (DUTyv ) T'VT + V(D UV ) VE]
+2UL (U D HUT + U(WTnv D HTU  vec™ (Wvec(R — X))VVT
+ 20U vec Y (Wvec(R — n))VVT
+ 20U vec {(Wvece(R — X)) V(D UV )TV + V(D 'UTyv V).

Finally, the action of the Hessian of a cost function f at X in the direction of 7 satisfies

Hess f,(X)[n] = vyerad f,(X) = Px(Dgradf,.(X)[n]).
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4.3.8 Some Observations and Improvements on the Methods using the Double
Minimization Modification
In Section 4.2.2, the novel reformulation of the weighted low-rank approximation problem (4.1)
as a double minimization problem (4.3) by Manton et al. [MMHO03] was given. This reformula-
tion allows them to minimize an associated cost function (4.5) on a Grassmann manifold. Two
algorithms are discussed in [MMHO3]: a linearly convergent steepest descent algorithm [MMHO3,
Algorithm 11] and a quadratic convergent Newton step algorithm [MMHO03, Algorithm 14]; and the
Riemannian gradient and Hessian required by the algorithms are also derived. The gradient of the
cost function f(NV) is
grad f =2NT(R - B)T A, (4.57)
where A € R™*("=%) and B € R™*" are the unique matrices that satisfy
vec{A} = [(N @ I,)TW YN ® I,,,)] 'vec{RN},
(4.58)
vec{B} = W lvec{ANT}.
The Hessian of f(NV) is
H=2{I_y ® (R—B)N)"[(N & L,)"W YN @ I,)] "' (In_y ® (R — B)Ny)
— (In-s® (R= B)N)T[(N @ I,)"W Y (N & Iy)] YN @ I,)TW YN, @ 4)C
—CT(N, o ATW N L[N @ L)W YN @ L) ' (Ih—r ® (R— B)N,)

—CT(N, o ATW W N L[N @ L)W YN @ L) YN @ L)W H(N, @ A)C},
(4.59)

where C' € RF(n=k)xk(n—k) j5 the unique matrix satisfying for all K € RF*(n—k)
vec{ KT} = Cvec{K}. (4.60)

In the numerical study section [MMHO03, Section VI, since the Newton method is locally conver-
gent, its initial point is generated by several iterations of the globally convergent steepest descent
algorithm. For the steepest descent, they use a Riemannian version of the Armijo step-size rule.

Newton’s method requires the solution of a linear equation Hvec{K} = —vec{gradf} for the
matrix K € RF*("=k) where gradf and H are given by (4.57) and (4.59), respectively. No details
were given on the method used to solve this system. In order to provide the best possible per-

formance data for the Newton method of Manton et al., a version that employs the “inverse-free”
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truncated conjugate gradient method [Ste83] in the experiments presented below. The truncated
conjugate gradient method has been used extensively in Riemannian optimization algorithms, for
details see [Bak08] and [Hual3|.

To use the truncated conjugate gradient, the action of the Hessian on the Grassmann manifold
Gr(n,n — k) must be characterized in a computationally efficient manner as done in the following

Proposition.

Proposition 28. For any N € Gr(n,n—k) andn € TnyGr(n,n—k), the action of the Riemannian
Hessian of a cost function f at N on the direction vector n satisfies
Hessf(N)[n] = (I, — NNT)[-2(nNT + Nn")(X — B)TA — 2(I,, - NN")(vec™* (dvec{B}))A
+2(I, — NNT)(X — B)T (vec ! (dvec{A}))].
where

dvec{A} = (N @ I,) W YN & I,,)] "} [vec{(R — B)n} — (N ® L,)T W vec{AnT}],
dvec{B} = W (N @ I,,)dvec{ A} + W tvec{AnT}.
Proof. The vertical space of a Grassmann manifold Gr(n,n — k) is given by [AMSO08|
TnGr(n,n—k) = {N.K : K € RF*(n=h)y,
and the orthogonal projection onto the vertical space of Gr(n,n — k) at N is
PyZ =N, NT'7Z=(1-NN"Z, vZcR™",

Since the Euclidean gradient of the cost function f is 7 f(N) = 2(R— B)T A, where vec{ A}, vec{ B}
are defined in (4.58). The projection onto the vertical space of the Riemannian gradient on Gr(n, n—
k) is

gradf = 2(I, - NNT)(R - B)T A. (4.61)

The Riemannian Hessian is then computed by
Hessf(N)[n] = Py (Dgradf(N)[n]). (4.62)

Differentiating (4.61) according to (4.62) yields a matrix representation of the action of the Hessian

of f at N along 7.
Dgradf(N)[n] = —2(nNT + NnT)(X — B)TA — 2(I, — NNT)(vec ! (dvec{B}))A

+2(I, — NNT)(X — B)T (vec ™! (dvec{A})).
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where
dvec{A} = [(N @ L)) "W (N @ I,)] [vec{(R — B)n} — (N ® L,)T W tvec{AnT}],
dvec{B} = W (N ® I,)dvec{ A} + W tvec{AnT}.

O]

The efficient version of the Newton algorithm of Manton et al. with truncated conjugate gradient

is given in Algorithm 3.

Algorithm 3 Manton’s Newton Method with Truncated CG

Require: Data matrix R € R™*", weighting matrix W € R™"**™" rank specification k. Conver-
gence tolerance € > 0. Scalars a > 0, ¢, 3,0 € (0,1).
1: Choose starting point N; € R™*("=k) and Ny € R™ ¥ such that [Nl NLL]T [Nl NLL] =1.
Set ¢ = 1.

2: while ||grad f;|| > € do
3. Obtain K; € RF*("=%) by (approximately) solving
Hess f(N;)K = —grad f(N;) (4.63)
where f is given by (4.5).
4:  Select N;41 such that
FIN:) = f(Nig1) = e(F(Ni) = f (R, (1K), (4.64)

where tf‘ is the Armijo step-size for the given &,3,0. The retraction R is renormalizing
[Ni+1 Ni+1,L] by setting [NZ‘_;,_l Nz’+1,i] = qf(N; + tl‘-“Ni,lKi), where the symbol ¢f(-)
denotes the Q-factor of the QR decomposition of its matrix argument.

5. end while

(=]

: Compute

vec{X} = vec{R} — W YN ® I,)[(N ® L,)TW YN @ I,)] YN ® I,,,)Tvec{R}.

Since the computation of the Riemannian Hessian of this cost function is expensive, a Rieman-
nian BFGS-type algorithm for minimizing f(N) on the Grassmann manifold was derived by Brace
and Manton in 2006 [BMO06]. As in the Euclidean case, the advantage of a BFGS algorithm is
that, compared with the Newton method, is lower computational complexity. While BFGS has

superlinear convergence rather than quadratic, it is often significantly better than Newton in terms

71



of total computation time. An outline of the the Riemannian BFGS algorithm called the Improved

BFGS by Brace and Manton [BMO06, Algorithm 2] is given in Algorithm 4.

Algorithm 4 Manton’s Improved BFGS

RmXTL Rmn xmn

Require: data matrix R € , weighting matrix W € , rank specification k, conver-
gence tolerance € > 0. Scalars a > 0, ¢, 3,0 € (0,1).

1: Choose starting point Ny € R™*(n=k) and Ny € R™* such that [Nl NLL]T [Nl N,L] =1
Set the initial Hessian estimate to By = I € RF(n—k)xk(n—k) Qet j = 1.

2: while ||grad g;|| > € do

3:  Obtain p; by solving B;p; = —grad g;, where grad g; is defined in (4.57).

4:  Select N;41 such that

F(Ni) = f(Nig1) > e(f(N;) = f(Ru, (t'p2))), (4.65)

where tf‘ is the Armijo step-size for the given &,3,0. The retraction R is renormalizing
[Nis1 Nig1,1] by setting [Nip1 Niwr,1] = q¢f(N; + t{AN; 1 p;), where the symbol gf(-)
denotes the Q-factor of the QR decomposition of its matrix argument.

5 Set Ag = vec{grad gi+1 — Ni11,18rad g;}, As = vec{ N1 1 tipi}.

6:  Compute the BFGS update

AgAg” B B;AsAsT BF

Bit1 = B; )
1 + AsTAg AsTB;As

7. Seti=1i+1;
8: end while
9: Compute

vec{X} = vec{R} — W YN ® I,))[(N ® L,)TW YN @ I,)] YN ® I,,) T vec{R}.

Note that the algorithm does not use any explicit vector transport. This is motivated by Brace
and Manton heuristically in order to reduce the complexity of the iteration and its effectiveness was
explored only empirically. The Improved BFGS algorithm of Brace and Manton, also only requires
satisfying Riemannian Armijo conditions in the line search procedure, which does not guarantee
the search directions p; are descent directions.

Recent advances in the theoretical understanding of vector transport, however, allow an expla-
nation of this heuristic approach. The Improved BFGS algorithm of Brace and Manton is equivalent

to the intrinsic dimensional approach discussed in Huang’s dissertation [Hual3, Section 9.5], where
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the matrix representations of the vector transport in Step 6 of Algorithm 4 is an identity matrix.
So, in fact, vector transport is done implicitly since the bases of the tangent spaces are in fact
moved continuously and therefore transport by parallelization is performed.

Furthermore, in [Hual3, Algorithm 3], Huang also considered Riemannian Wolfe conditions in

the line search procedure, i.e.

(R(0po)las, > e2-5 1 (Rl0pi)) oo, (4.66)

dt
where 0 < ¢y < 1 is a constant, and shows that convergence of the Riemannian Restricted Broyden
Family, including RBFGS, can be guaranteed when they are used.

So Brace and Manton’s heuristic reduction of the computational complexity of their Riemannain
BFGS algorithms can be analyzed rigorously. More importantly for this dissertation, the rigorously
analyzed and efficiently implemented RBFGS algorithm of Huang’s dissertation [Hual3, Algorithm
3] with intrinsic dimensional approach and the specific “qf” retraction [Hual3, Equation (10.2.3)]

in each iteration can be used on the reformulated cost function of Manton et al. in the experiments.

4.4 Experiments

4.4.1 Test Problems

This section provides numerical experiments illustrating the performance of the modified Rie-
mannian optimization algorithm compared with the other approaches. The results presented are
obtained by implementing the different algorithms in Matlab (Version 7.10.0) on a Mac platform
with 2.4 GHz and 4 GB memory.

In Section 4.4.2, the default values of some parameters are given. In Section 4.4.3, the per-
formance for different values of parameters €; and e when approximating matrices with singular
values that have a clear gap and those that have an exponential decay are presented. In particular,
the choice of the parameters for solving the optimization problem to get close to the true rank of
the data matrix and for finding a lower rank but acceptable approximation. In practice, an upper
bound, k, on the rank of the approximating matrix is often given. The effect of different choices
of k are shown in Section 4.4.4 for low-rank data matrices and the results of different methods are
compared. In Section 4.4.5, structured weighting matrices, i.e., diagonal and block-diagonal, are
considered. The influence of the retraction and its invariance to the particular factors in the decom-

position X = UDVT, or lack of invariance, is presented in Section 4.4.6. Finally, the performance
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of different rank reduce methods are shown in Section 4.4.7 and the performance of different inner
algorithms are shown in Section 4.4.8.

As reviewed in previous sections, some of the other approaches reformulated the original problem
(4.1), the cost function used for each method is listed in Table 4.1. The choice of algorithm for

each approach is discussed below.

Table 4.1: Cost function used by the approaches.

Alternating Projections Method (APM) cost function (4.1)
Double Minimization Method (DMM) cost function (4.5)
EW-TLS Method cost function (4.9)
Schneider and Uschmajew’s Line-search Method (SULS) | cost function (4.1)
Modified Riemannian Optimization Method (MROM) cost function (4.1)

4.4.2 Algorithm Parameters and Notations

The parameters in the modified Riemannian optimization method (MROM), i.e., Algorithm
2, are set as follows. The Riemannian trust-region method (RTR-Newton) [Bak08] is used as the
inner algorithm in Algorithm 2. Unless stated otherwise, the parameters €; and €5 are v/3 and 10~4
respectively. Parameter €4 is 5. The initial stopping criterion, €3, on the fixed-rank manifold is 1
and the initial parameter for the rank detection in Algorithm 1 is Ay = 107°. Both the parameters
71 and 75 are 0.1. In order to avoid the effects of noise and get rid of small singular values, 1078 is
used as an upper bound of A. The polar-decomposition-type retraction and rank-related retraction
(4.16), (4.33) are used in the tests in Sections 4.4.3-4.4.5 since they are invariant to the choice of
factors in the decomposition of X = UDVT and efficient in computation.

Manton’s Newton method with truncated CG (Algorithm 3) has been observed to be consis-
tently faster than Manton’s improved BFGS method (Algorithm 4). Therefore, in the following,
Algorithm 3 is used when testing the Double Minimization Method (DMM). Additionally, the eval-
uation of cost function (4.5) in Algorithm 3 involves the inverse of the weighting matrix W. In
order to avoid the computation of the inverse, the Cholesky decomposition of the weighting matrix
W' is computed in preprocessing and the effect of the inverse determined by the solution of two
triangular systems.

The truncated CG iteration [AMSO08, Section 7.3.2] algorithm is used in both Algorithm 3 and

the inner iteration of the RTR-Newton method in Algorithm 2. The parameters 6 and k in the
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truncated CG iteration stopping criteria [AMSO08, (7.10)] are 1 and 0.1 respectively. The parameters
71 and 79 in the trust region update are 0.25 and 2 respectively. The initial trust region radius is
1. The Accelerated line search algorithm [AMS08, Algorithm 1] is used in Algorithm 2, Algorithm
3, and SULS. The constants o and S in the Armijo conditions for the line search in these methods
are 0.01 and 0.99 respectively.

For numerical simulated data, two default cases are used: (1) fully random m x n matrices
R of rank r, R = RiRL, where Ry € R™*" and Ry € R™ " are each generated according to a
Gaussian distribution with zero mean and unit standard deviation (with Matlab’s RANDN); (2)
random low-rank matrices with chosen singular values, R = U;SUS , where S is a diagonal matrix
with chosen singular values, U; € R™*" Us € R™ " are orthogonal matrices generated by Matlab’s
ORTH and RANDN. The initializations of each method are as follows. Algorithm 2 and SULS are
started with a randomly generated rank-1 matrix defined by [Uy, Do, Vp], where Dy is a random
number obtained by Matlab’s RAND and Uy € R™*! 1;; € R™*! are obtained by Matlab’s ORTH
and RAND. Algorithm 3 is started with a random n x (n — k) matrix and APM is started with a
random m x (m—k) matrix. Both are generated by Matlab’s QR and RAND. Other data generation
choices are explicitly noted when used.

Algorithm 2 and SULS, are stopped when the norm of the final gradient on the fixed-rank
manifold over the norm of initial full gradient is less than 10~® while Algorithm 3 and APM are
stopped when the norm of final gradient over the norm of initial gradient is less than 1077,

The reported time are wall clock times. Some machine independent values are also reported

[ R—X]lw
I Rllw

and the error ||R — X||p. All computations are in IEEE double precision. The notation used when

including final value of the cost function (4.1), the relative error, which is computed as

reporting the experimental results is given in Table 4.2.

4.4.3 Performance of Different Parameters

4.4.3.1 Performance of High Probability of Finding True Rank. The first set of ex-
periments evaluates the ability of MROM, implemented in Algorithm 2, to find the rank of a matrix
and an associated approximation for matrices where the spectrum has a clear separation defining
the rank. Of particular interest is the effect of the initial matrix on the rank and approximation

found.
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Table 4.2: Notation for reporting the experimental results.

R.err | relative error 1521w
[Blw
err error |R — X||r
SVerr | error between the given r singular values and the r singular values found by algorithm
f final value of the cost function (4.1)

9fr The norm of the final gradient on the fixed-rank manifold M,.
gfr0 | The norm of the initial full gradient

nf number of function evaluations

ng number of gradient evaluations

nH number of operations of the form Hn
nV number of vector transports

nR number of retraction evaluations

nR, number of rank-related retraction evaluations
time | average time (seconds)

The data matrices R are chosen as random 50 x 50 matrices with rank 5. The weighting matrices
W = UXUT, where U € R?00%2500 are random orthogonal matrices generated by Matlab’s QR
and RAND. The 2500 singular values of the weighting matrix are generated by Matlab function
LOGSPACE with condition number 100 and multiplying, element-wise, by a uniform distribution
matrix on the interval [0.5,1.5]. The upper bound on rank, k, is 50. Several initial rank ¢ matrix
Xéi) = (gi)D(()i)(VO(i))T, where Uoi) € R‘:’UXi,%(i) € R%%*% are random matrices generated with
Matlab’s RAND and ORTH, D(()i) is a random ¢ X ¢ diagonal matrix with uniformly distributed
diagonal elements.

Results reported in Table 4.3 and 4.4 are the average of 50 runs for different data matrices R,
weighting matrices W and initial points realizations with upper bound of rank detection A = 1078
and A = 0 respectively.

When A = 1078, the results show that for all initial points the true rank is eventually discovered.
When A = 0, the notion of numerical rank is essentially ignored which is much more restrictive
than is done in practice. While not all runs result in a rank of 5, all of the ranks accepted are
greater than or equal to 5, as desired when A = 0, and a high probability of finding 5 is seen over
all of the runs.

Therefore, A = 1078 is a reasonable value when finding the true rank while allowing some

influence of numerical rank. Also, although the value of the bound % is 50 (the highest possible),

76



the rank does not increase to 50 for any iteration of any run. When the initial rank is less than 5,
the rank of any iterate usually only increases to 7 (a small number of times to 9 or 10) and then
drops back quickly to 5. This implies even the value of & is chosen large, the rank is not destined to
increase to the upper bound k if the true rank is small, as often happens with other more simplistic

rank selection heuristics, and time and space efficiency is maintained.

Table 4.3: Approximation with different rank initial conditions. A = 107%. The subscript +k

indicates a scale of 10%*.
rank  R_err err f time(s) gfr 9fr/9fF0
x5 487215 4494 o5 11535, 34454 1.289 o5 1.640_gg
XV 5 13321, 2284 3.957_10 3.784.00 6.479_07  8.406_g
x5 282645 39135 6896 10 1.005,0 1.107 05 1.438_¢7
x5 33p1_15 4.646_0s 1.148_1; 2.735,00 1.294_o5 1.680_g
X 5 1921 g 567305 151445 425600 1.597_o5 1.980_gg

Table 4.4: Approximation with different rank initial conditions. A = 0. The number in the
parenthesis indicates the ratio of the numerical rank equals the true rank. The subscript +k
indicates a scale of 10%*.

rank R_err err f time(s) 9fr 9fr/9fr0
XV 5.04(49/50) 4.872_15 4.496_g5 1.153_3; 3.43% +00 1.290_05 1.641_gs
XV 51(47/50) 1.332_17 2293_gs 3.957_1» 3.813.00 6.517_07  8.456_g
x” 5 2.826_0s 3.913_05 6.896_19 1.000100 1.107_g5 1.438 7
XP 506 (47/50) 3.351_15 4.655_gs 1.148_3; 2730400 1.297_05  1.684_gs
X" 504 (49/50) 1.921 g9 5.673_gs 15143  4.267.00 1.598_05 1.980_gs

Next the advantages of the dynamical rank updating are demonstrated. The data matrices are
randomly generated 100x 100 matrices with rank 17. The weighting matrix W = diag{W1, -+, Wigo}.
Each W; = UiZiUf is a positive definite symmetric matrix, where U; € R'00>*100 j5 random orthog-
onal matrices generated with Matlab’s ORTH and RANDN, ¥; are diagonal matrices with singular
values generated with Matlab’s function LOGSPACE with condition number 100 and multiplying,
element-wise, by a uniform distribution vector on the interval [0.5, 1.5]. The rank upper bound, k, is
100. The deterministic rank increment strategy used in many papers alternates between fixed-rank

optimization and a fixed rank change. To avoid over-estimating the rank, the fixed rank change
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is usually a rank change of 1 or 2. In the following, MROM is compared with fixed rank changes
of 1, 2 and 4. All of fixed rank changes hit 17 exactly, so the rank change of 4, usually avoided
in practice, is an optimistic approach that is suitable for this problem. If MROM is competitive
or superior to the rank change of 4 then it is clear evidence of the robustness and effectiveness of
MROM.

For MROM, different values of ¢; are tested. For the fixed rank changes, a local minima on each
fixed-rank manifold is sought and the local iteration stopped when the norm of fixed-rank manifold
gradient is less than 1075,

Results reported in Table 4.5 are the average of 50 runs for different data matrices R, weighting
matrices W and initial matrices. Figure 4.1 shows the rank changes as a function of the iteration
numbers and the computational times for a representative single run. The results demonstrate that
different values of ¢ give different rank update patterns for MROM but all reach the same final
rank of 17 as desired. When reaching almost the same relative error and error, the computational
times of MROM are always less than than the practical fixed rank changes of 1 and 2. Furthermore,
when €1 = tan(70°), MROM increases the rank more aggressively than the optimistic fixed change
by 4. However, MROM does not require finding the an approximate minimizer on each fixed-rank
manifold and therefore does not expend unnecessary computational effort. Table 4.5 shows the
relative errors and absolute errors of the different methods are almost the same, but computational
cost of MROM with €; = tan(70°) is significantly less than the practical fixed rank changes of 1

and 2, and less than the optimistic fixed rank change of 4.

Table 4.5: Approximation with different rank update. e3 = 107°, A = 10~%. The number in the
parenthesis indicates the ratio of the rank increases to 17 is 44 out of 50. The subscript +k indicates

a scale of 10%*.
method rank f R_err err time(s) 9fr 9fr/9fr0
€1 = tan(60°)  17.18(44/50) 5.955_13 9.165_17 1.246_¢¢ 5.428,100 3.317_¢7 1.135_¢9
€1 = tan(?OO) 17 7.833_14 3.247_13 6.110_07 2.092+00 1.262_07 4.397_10
€1 = tan(80°) 17 1.613_14 1.347_11 1.971_07 3-343-1—00 4-114—08 1.430_10
rank-1 update 17 5.724_14 3.299_13 1.676_97 1.316401 3.854_03 1.354_19
rank-2 update 17 8.459_13 4.455_15 1.917_9s 7.497100 3.966_g7 1.374_q9
rank-4 update 17 1.148_19 1.246_15 2.975_p6 4.259400 6.992_¢7 2.431_¢9
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Figure 4.1: Different rank update.

4.4.3.2 Performance of Rank Approximation. In this set of experiments, data matrices
R with an exponential decay of singular values are considered. For such matrices, finding the rank
of R computationally is challenging. Although it is difficult to find the true rank, MROM, as
implemented in Algorithm 2, gives an efficient way to get a rank approximation consistent with
the precision specified by the choices of €; and ez. Consider a random 100-by-100 data matrix R
with singular values 2'7%,i = 1,2,---,100. This matrix has full rank analytically but it is very
ill conditioned and the numerical rank with singular values greater than 1078 is 27. In order to
compare the numerical error with the theoretical error, the weighting matrix W is taken as the
identity. The value of the upper bound, k, is 100, which is the size of the data matrix R. Since the
norm of initial full gradient is always between 2 and 10, €9 is initialized at 10, and decreased by a
factor of 10 for each experiment. For each e, three different values of €; — 0.5, 1, /3 — are tested.

Figures 4.2, 4.3 and Table 4.6 show the average of results for each (€1, €2) pair run 100 times

with different R, W, and initial X. The true error is |R — Xi||p = minnx)<, |R — X||r =

V(2772 4+ (2799)2 and is matched well by the computed errors. Furthermore, the rank esti-
mation is as expected given the design of Algorithm 2. When ¢5 is small, the algorithm is expected
to determine a rank close to the true numerical rank as determined by A. Approximate optimiza-
tion results when €5 is increased and an approximation is found that requires less space and time

at the cost of an increase, hopefully small, in the approximation error.
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In the results, for each €¢; and €3, the same rank is obtained over the 100 runs except when
€2 is very small. The results demonstrate that as desired when €3 is large, increasing the rank of
the approximation is made difficult. As the value of e decreases, the rank of the approximation
increases. Meanwhile, the values of relative error, error and cost function decrease. The rank
stops at 27 when e reaches 1078, Therefore, different values of €3 can be chosen depending on the

accuracy/time/space tradeoffs required in specific applications.

.
0 5 10 15 20 25 a0 0™ 10° 10* w0 107 0’
ranks relalive error

Figure 4.2: €5 versus rank approximation Figure 4.3: €2 versus relative error

4.4.4 Test of Different Values of the Bound &

Most of the current methods for weighted low-rank approximation are highly dependent on the
value of k. In the following, the performance of MROM, DMM as implemented in Algorithm 3,
SULS and APM for different values of k.

In [MMHO03], one of the advantages of DMM over APM is for low-rank approximation with singu-
lar values closely spaced. The first test in this section considers matrices of this type. The data ma-
trix R is chosen as a random 10x 10 matrix with chosen singular values {1, 1,1, 1, 1,0.99,0.99,0.99,0.99,0.99}.
The weighting matrix is chosen to be an identity matrix. All algorithms are required to find the
best approximation of R with rank r < k = 5.

The average results of 100 runs with different initial points are reported in Table 4.7. MROM
and DMM have similar times and significant time advantages compared with SULS and APM. So
MROM is competitive with DMM for such problems.

80



Table 4.6: Best rank approximation of modified Riemannian optimization method with RTR for
different €; and €3. €3 = 1073, A = 10~%. The number in the parenthesis indicates the ratio of the

rank increases to 27 are 85 out of 100. The subscript +k indicates a scale of 10%¥,

€9 €1 rank R_err err SVerr f time
10 0.5 1 5.000_g1 5.774_¢1 1.950_g7 3.333_¢1 8.454_2
1 1 5.000_g1 5.774_¢1 1.950_g7 3.333_¢1 8.436_¢2
V3 1 5.000_g1 5.774_¢1 1.950_g7 3.333_¢1 8.558_¢1
1 0.5 4 6.250_go T7.217_¢2 2.295_14 5.208_p3 1.339_¢1
1 3 1.250_g1 1.443_97 5.633_14 2.083_g2 1.160_¢
V3 2 2.500_g1 2.887_¢1 7.434_13 8.333_¢1 1.063_¢1
1071 0.5 7 7.813_03 9.021_¢3 2.645_15 8.138_¢5 1.737_¢1
1 5 3.125_g2 3.608_p2 2.486_15 1.302_p3 1.522_¢
V3 5 3.125_g2 3.608_p2 2.488_15 1.302_g3 1.768_¢1
1072 0.5 10 9.766_oq4 1.128_¢p3 2.724_15 1.272_¢g 2.240_¢
1 9 1.953_p3 2.255_p3 2.614_15 5.086_g5 2.218_¢3
V3 8 3.906_g3 4.511_p3 2.618_15 2.035_¢5 2.539_¢1
1073 0.5 13 1.221_¢4 1.410_04 2.748_15 1.987_ps 2.649_¢3
1 13 1.221_g4 1.410_g4 3.228_15 1.987_ps 2.979_¢1
V3 12 2.441 o4 2.819_¢4 3.485_15 7.947_pg 3.690_¢;
1074 0.5 16 1.526_¢g5 1.762_g5 3.196_15 3.104_19 3.102_¢3
1 15 3.052_g5 3.524_p5 3.201_15 1.242_g9 3.348_¢
V3 15 3.052_g5 3.524_¢p5 4.600_15 1.242_49 4.525_¢
107° 0.5 19 1.907_g¢ 2.202_g 3.673_15 4.851_15 4.209_¢3
1 19 1.907_g6 2.202_gs 4.555_15 4.851_10 4.762_¢1
V3 18 3.815_gs 4.405_pg 6.433_15 1.940—11 6.068_¢1
1079 0.5 22 2.384_og7 2.753_¢7 4.506_15 7.579_14 5.238_¢1
1 23 1.192_g7 1.377_g7 5.795_15 1.895_14 6.140_¢;
V3 22 2.384_og7 2.753_¢7 8.977_15 7.579_14 7.868_¢1
1077 0.5 25 2.980_08 3.441_ps 4.916_15 1.184_15 6.390_¢;
1 25 2.980_pg 3.441_pg 6.253_15 1.184_15 7.216_¢
V3 25 2.980_0g 3.441_ps 1.126_14 1.184_15 9.448_¢
1078 0.5 28 3.725_g9 4.302_¢9 5.814_15 1.850_17 7.630_¢1
1 27 7.451_g9 8.603_g9 7.246_15 7.401_17 T7.707_¢1
V3 26.85(85/100) 8.568_g9 9.894_g9 1.207_14 1.073_16 1.0214¢p
1072 0.5 28 3.725_g9 4.302_¢9 5.814_15 1.850_17 7.589_¢1
1 27 7.451_g9 8.603_g9 7.246_15 7.401_417 T7.673_¢1
V3 26.85(85/100) 8.568_g9 9.894_g9 1.207_14 1.073_16 1.0194¢p
0 0.5 28 3.725_g9 4.302_¢9 5.814_15 1.850_17 7.630_¢1
1 27 7.451 _g9 8.603_g9 7.246_15 7.401_17 T7.707_¢1

V3 26.85(85/100) 8.568_g9 9.894_g9 1.207_14 1.073_35 1.021.q0
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Table 4.7: Rank 5 approximation of a closely spaced data matrix. The subscript =k indicates a
scale of 10%%.

method f R_err err t

MROM 4.901,.99 7.035_¢1 2.214,09 6.285_qo
DMM 4.9014100 7.035_91 2.214.¢99 6.029_¢2
SULS  4.901.¢0 7.035_01 2.21d.00 5.739_01
APM 4.901400 7.035_p1 2.2144,00 8.405_g1

The next experiment considers 80 x 10 data matrices with rank 5. The weighting matrices
W = UXUT, where U € R™*™" is a random orthogonal matrix generated by Matlab’s QR
and RANDN. The mn singular values of the weighting matrix is generated by Matlab function
LOGSPACE with condition number 100 and multiplying, element-wise, by a uniform distribution
matrix on the interval [0.5,1.5]. Three values of k are considered for each method, one is less than
true rank, one equals the true rank and the other is greater than true rank.

Results shown in Table 4.8 are the average of 100 runs for different data matrices R, weighting
matrices W and initial points. The data show that when k is chosen less than the true rank, all
methods reach almost the same relative error and absolute error, but the time required by MROM
is less than the other three. As the value of k increases, MROM shows significant advantages.
It achieves good accuracy in the approximation with less computational time. Furthermore, for
MROM, as it is iterated based on the three factors U, D,V the singular values are immediately
available while, for the other three methods, an additional SVD is required.

For k = 7, the numerical rank of singular values greater than 10~ indicates MROM can obtain
the true rank more reliably than the other three methods. Therefore, MROM is more robust finding

the true rank with respect to the bound k.

4.4.5 Test of Different Weighting Matrices

Thus far all experiments have considered the weighted low-rank approximation with a full
weighting matrix W. In practice, as m and n grow, the complexity of the matrix W must reduce.
Two special cases: element-wise weighting, i.e., W is a diagonal, and column-wise weighting, i.e.,
W is block diagonal with blocks of dimension m x m, are considered.

DMM as implemented in Algorithm 3 does not scale well computationally as m and n grow

while k stays relatively small due to the fact that it works in a space of dimension min(m—k,n—k).
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Table 4.8: Approximation of 80-by-10 rank 5 matrices of different k. The number in the parenthesis
indicates the ratio of the final rank equals the true rank. The subscript £k indicates a scale of
10%F,

k method rank f R_err err t
k=3 MROM 3 8.8464101 3.513_01 3.257401 4.823_¢1
DMM 3 8.84641091 3.513_¢1 3.257401 4.706400
SULS 3 8.846401 3.513_01 3.257401 2.190400
APM 3 8.8464091 3.513_¢01 3.257401 5.000400
k=5 MROM 5 2.191_19 1.557_17 2.304_g9 6.890_0;1
DMM 5 1.606_15 1.324_g9 1.754_g7 4.3514¢p
SULS 5 2.147 19 4.874_¢s 9.914_¢s 1.045.09
APM 5 7.611_g9 2.895_g5 4.308_04 3.585100
k=7 MROM 5 1.799_91 1.346_1o 1.913_19 4.730_¢1
DMM 5 1.915_18 4.407_17 7.880_g9 2.182,¢9

SULS  7(0/100) 1.401_15 3.780_gs 1.029_g5 2.316.00
APM  7(0/100) 2.349_19 4.865_o7 9.074_g5 7.00200

This is independent of the structure of W. Therefore, DMM is not included in the discussion of
these experiments. The algorithm EM-TLS is added to the discussion since it specifically targets
block diagonal W.

4.4.5.1 Diagonal Weighting Matrix. The data matrices R are random 80 x 80 matrices
with rank r = 3,4, 5. The weighting matrices W are random diagonal matrices with singular values
drawn from a normal distribution having a mean 0 and variance 1. The bound k is set to r.
Table 4.9 shows the average results of 50 runs with different data matrices R, weighting matrices
W and initial points. The results demonstrate MROM and SULS have significant computational
advantages over APM. Furthermore, within almost the same computational time, MROM produces
a more accurate approximation than SULS.

Next, the experiments are repeated for data matrices with exponentially decaying singular
values. The data matrix R is a random m X n matrix with rank 10. The chosen singular values are
{1,471,472 ... /479}. The weighting matrix W is a diagonal matrix with singular values drawn
from a normal distribution having a mean 0 and variance 1. Table 4.10 shows the average results
with 100 initial points realizations.

The SULS method is clearly not robust. It cannot reach the stopping criterion for some initial

points (the number in the bracket shows the successful runs out of 100). The reported results are
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Table 4.9: Approximation of random data matrix with diagonal weighting matrix. The subscript
+k indicates a scale of 10%F.

r method f R_err err t
3 MROM 4.800_15 5.410_19 3.842_ps 1.196_¢1
SULS 1.580_13 7.967_g9 5.817_¢7 1.302_¢1
APM  1.954_g9 7.640_g7 5.619_¢5 1.935.00
4 MROM 2.334_59 1.992_15 1.912_79 1.335_¢1
SULS 3.141_13 8.512_g9 8.743_¢7 1.425_¢
APM  6.136_g9 1.059_gg 1.033_gs 3.088.00
5 MROM 1.924_15 2.814_19 3.475_ps 1.499_¢
SULS 5.862_13 9.639_g9 1.287_¢g 1.516_¢1
APM  2.545_g9 4.499_g7; 5.579_¢5 4.722.09

the average of the successful runs. MROM achieves an accurate approximation in less time than

the ALS or SULS, especially for large matrices.

4.4.5.2 Block Diagonal Weighting Matrix. The method EW-TLS is specifically de-
signed to efficiently solve the matrix approximation problem with a block diagonal weighting matrix
W = diag{W1,--- ,W,}. A key part of the success of EW-TLS is the generation of a particular
initial condition for the iteration to optimize the transformed cost function. In this section, MROM
is compared with EW-TLS and the two general methods SULS and APM.

In the experiments, each W; = UiZiUiT is a positive definite symmetric matrix, where U; €
R10%10 js random orthogonal matrices generated with Matlab’s ORTH and RAND, each ¥; is a
diagonal matrix with singular values generated with Matlab’s function LOGSPACE with condition
number 100 and multiplying, element-wise, by a uniform distribution vector on the interval [0.5, 1.5].
The data matrix R is a random generated 10 x 80 matrix with rank 4. The four methods are tested
for the values of the upper bound k = 3,4,5 which are respectively less than, equal to and greater
than the true rank. For the EW-TLS approach, the Matlab library function FMINUNC is used
to find the local minima. The termination criterion for FMINUNC requires that the norm of
final gradient over the norm of initial gradient less than 10~7. For each k and each method, the
experiment is repeated 100 times for different initial matrices generated randomly by Matlab’s
RAND and ORTH. Additionally, each method is run using the custom initial matrix generated by
the GTLS approximation [VV89].
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Table 4.10: Approximation of data matrix with exponential decay singular values and the weighting
matrix is diagonal. €; = 1,3 = 107%. The number in the parenthesis indicates the successful runs
out of 100. The subscript +k indicates a scale of 10%*.

m n method f R_err err t
20 20 MROM 9.935_39 4.370_15 4.343_15 7.628_¢1
SULS 8.038_16 3.760_ps 1.104_g7 9.062_¢;
APM 1.596_16 1.568_gs 4.503_pg 3.038_¢1
30 20 MROM 3.094_99 T7.588_15 7.985_15 6.706_¢1
SULS 6.909_16 3.419_03 8.873_ps 1.013400
APM 5.785_17 8731_¢9 2.092_g3 6.772_¢1
30 30 MROM 5.335_30 2.526_15 2.624_15 6.993_¢
SULS 4.804_16 2.937_gs 6.683_ps 9.606_¢1
APM 5.365_17 8.916_g9 1.850_ps 1.209409
40 30 MROM 1.591_39 1.325_15 1.320_15 6.320_¢1
SULS 5.734_16 3.291_¢pg 7.527_ps 8.192_¢3
APM 1.314_17 4.426_g9 8.535_g9 1.950400
40 40 MROM 4.942_39 1.801_15 1.916_15 8.053_¢1
SULS (70/100) 3.537_16 2.492_03 4.948 s 1.147100
APM 1.430_17 4.292_g9 7.519_g9 2.867100
50 40 MROM 3.388_30 1.890_15 1.946_15 7.021_¢
SULS (93/100) 3.331_16 2.420_0g 4.460_ps 1.892400
APM 7.233_18 3.086_g9 4.939_g9 4.041.¢9
50 50 MROM 1.455_99 3.578_15 3.699_15 8.044_¢1
SULS (96/100) 2.453_16 2.063_0s 3.562_ps 1.836.00
APM 1.260_17 4.131_g9 6.318_g9 6.1594¢9
60 50 MROM 3.598 o9 8.077_15 8.333_15 7.137_¢1
SULS (78/100) 7.917_14 6.493_0s 2.738_p7 1.852400
APM 4.058_18 2.299_g9 3.473_g9 8.019.q9
60 60 MROM 3.117_3¢9 2.043_15 2.121_15 7.504_¢
SULS (93/100) 2.059_13 1.298_g7 5.608_¢p7 1.653100
APM 5.193_18 2.431_g9 3.584_g9 1.087.01
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Table 4.11: MROM, SULS, EW-TLS and APM for block diagonal weighting matrix W with good
initial points and without noise. The subscript +k indicates a scale of 10%F.

method  k f R_err err time(s)
MROM 3 2931_91 8.54b_g2 2.534400 1.263_01
4 3.563_99 9.422_15 2.027_14 1.058_p2
5 T7.026_99 1.323_15 2.556_14 9.779_03
SULS 3 2931_91 8.54b_g2 2.534400 8.573_01
4 3.563_99 9.422_15 2.027_14 2.529_¢2
5 4.275_99 1.032_15 2.846_14 2.477_q2
EW-TLS 3 293101 8545 02 2534100 8392 01
4 3.743_96 3.054_14 1.323_12 3.195_p2
5 1.366_90 1.845_192 1.049_39 3.172_¢9
APM 3 2.931 01 854502 2534100 6.610 o,
4 4.355_99 1.042_15 2.292_14 5.582_¢p2
5 6.274_99 1.250_15 2.688_14 7.522_q9

The average results are presented in Table 4.11 and Table 4.12. From the tables, it is clear that
the EW-TLS approach is sensitive to the initial matrix and not only benefits from the use of the
GTLS-based initial matrix but often diverges when the GTLS-based initial matrix is not used. Even
for the EW-TLS successful runs, for any k£, MROM produces as good or better approximations using
approximately the same or less computational time and is therefore more robust and as efficient as
EW-TLS. Furthermore, since EW-TLS solves the original problem based on the local optimization
on a rank-k manifold, it is highly dependent on the upper bound k. If we want to use the algorithm
to find the true rank, we need to test different k, which is computationally costly. As with MROM,
SULS and APM are not designed specifically for this problem and the consistently produce less
accurate approximations and require more computational time than MROM. Clearly, of the four
methods MROM using the GTLS-based initial condition is the preferred method.

In practice, a desirable additional property is robustness in the presence of noisy data. The
next set of experiments tests the performance of the MROM and EW-TLS in this situation. The
data matrices all have 10 rows, with the number of columns n varying from 20 to 200 in increments
of 10. Each data matrix R is generated by adding a noise matrix to a rank-4 matrix, i.e., a
10 X n matrix of uniform distributed random numbers with mean 0 and variance 0.0001 is added
to the noise-free data matrix Ry to construct a full rank noisy matrix. The weighting matrix

W = diag{W1,---,W,}. Each W; = U;2;UL, where U; € R!**10 is a random orthogonal matrix
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Table 4.12: MROM, SULS, EW-TLS and APM for block diagonal weighting matrix W with random
initial points and without noise. The ratio in the parenthesis indicates the percentage of successful

runs. The subscript £k indicates a scale of 10,

method  k f R_err err time(s)
MROM 3 2931_¢1 8.545_02 2.534100 1.972_p;

4 4.464_97 1.055_1; 4.475_19 2.274_

5 4.464_9; 1.055_117 4.476_19 2.266_01
SULS 3 2931_01 8545_p2 2.534100 7.828_01

4 2.002_14 1.569_08 1.037_06 1.055400

5 1.233_13 5.516_98 4.775_06 1.4951 00
EW-TLS 3 2.931_¢; 8545 g2 2.534,00 7.299_01(84/100)

4 6.209_12 2.043_¢7 5.586_gs 1.181400(48/100)

5 4.899_g5 2.430_gs T7.168_03 1.577400(47/100)
APM 3 2931_01 8.545_p2 2.534100 6.208_01

4 5295_93 2.979_¢5 9.242_q4 6.641_o1

5 5.402_08 3.101_¢5 1.021_03 9.447_1

generated by Matlab’s QR and RAND. The 10 singular values of W, are generated by Matlab
function LOGSPACE with condition number 100 and multiplying, element-wise, by a uniform
distribution matrix on the interval [0.5, 1.5]. The upper bound on the rank is k = 4. The relative
error W and absolute error ||Ryg — X.||p are presented in Table 4.13. The data are the
average execution times over 100 runs for different noise realizations.

The data show MROM to be more robust with respect to the choice of initial approximation.
The EW-TLS data all use the good GTLS-based initial approximation matrix with true rank (i.e.
rank-4) but a significant number of the runs do not satisfy the stopping criterion while MROM con-
verges for all problems for any initial approximation (i.e. rank-1,2,3,4). The errors are comparable
for MROM with different rank initial approximations and EW-TLS when it converges. In general,
MROM with the true rank good initial condition results in the best error and computational time
combination. Given that the computational complexity of producing the GTLS-based good ini-

tial condition is not significant, MROM using it is the robust and efficient method of choice. Its

advantage in efficiency is seen, in particular, for the data sets of size 10 x n with 10 << n.
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Table 4.13: GTLS-based initial points. The ratio in the parenthesis indicates the percentage of
successful runs. The subscript +k indicates a scale of 10%F.

MROM with different rank initial

m n R_err err rank-1 rank-2 rank-3 rank-4 EW-TLS
10 20 6.037_g5 8.416_¢gs4 1.834_091 1.648_¢1 1.116_¢1 8.821_p2 4.193_01(95/100)
10 30 6.115_g5 1.020_¢3 1.930_g1 1.466_¢1 1.564_¢1 9.448_p2  5.697_01(96,/100)
10 40 6.199_95 1.209_p3 1.809_p7 1.808_¢1 1.865_¢1 1.023_091 7.270_01(97/100)
10 50 6.043_g5 1.324_g3 2.059_g91 1.798_¢1 1.491_¢ 1.101—091  9.351_01(96/100)
10 60 5.985_g5 1.456_g3 1.673_091 1.398_¢1 1.416_¢1 1.206_91 1.058,400(98/100)
10 70 5.842_g5 1.577_¢3 2.411_97 1.615_¢ 2.162_m 1.352_¢1  1.220400(98/100)
( )
)
)
)

10 80 6.007_g5 1.685_03 2.077_q1 2.055_01  1.726_0;  1.469_¢; 1.416.00(98/100
10 90 5.943_g5 1.801_g3 2.620_0; 2.505_0;  2.703_o;  1.594_¢; 1.508400(94/100
10 100 5.919_¢5 1.900_g3 1.857_q; 2.470_¢;  2.017_01  1.513_¢1 1.597.00(97/100
10 110 5.830_05 1.975_03 2.072_q1 2.783_01  2.565_01  1.726_01 1.860400(96/100
10 120 5.900_05 2.066_03 2.271_g; 2.283_¢1  2.089_g  1.562_¢1 1.910400(96/100)
10 130 5.855_g5 2.176_03 2.817_q; 2.403_¢;  2.418_1  1.780_¢1 2.156.00(97/100)
10 140 6.021_g5 2.227_03 2.463_g; 2.735_¢1  2.382_01  1.814_¢1 2.276.00(95/100)
10 150 6.022_05 2.343_03 2.672_q1 2.677_o1  2.752_;1  2.008_¢1 2.39100(94/100)
10 160 6.075_g5 2.389_g3 3.120_q; 2.781_¢1  2.726_01  2.051_¢1 2.518,00(92/100)
10 170 6.072_¢5 2.462_03 3.166_q; 2.957_o1  3.622_01  2.200_¢; 2.66000(97/100)
10 180 6.026_05 2.545_03 2.723_qy 2.760_g1  3.737_o1  2.125_¢1 2.763.00(98/100)
10 190 6.090_g5 2.611_g3 3.330_0; 2.855_g1  2.966_01  2.320_¢1 3.050.400(96/100)
10 200 6.021_g5 2.680_g3 4.200_g; 3.093_¢1  3.869_01  2.489_g1 3.056.00(95/100)

4.4.6 Choice of Retraction and Performance

Four types of retractions on fixed-rank manifolds have been proposed for consideration along
with the rank-related retractions: SVD-type retraction (4.15), (4.38), polar-decomposition-type
(PD-type) retraction (4.16), (4.33) and QR-type retraction I (4.17), (4.39) and QR-type retraction
IT (4.18), (4.41). Asnoted earlier, the last two types are not invariant to factors in the decomposition
X = UDV?T. They are included in the experiments to produce initial evidence as to whether or not
this lack of invariance is important to the effectiveness of the algorithm. Each data matrix R is a
random m x n matrix with rank 4. Each weighting matrix is W = UXU?T, where U € R™"X™" ig 3
random orthogonal matrix generated by Matlab’s QR and RAND. The mn singular values of each
weighting matrix are generated by Matlab function LOGSPACE with condition number 100 and
multiplying, element-wise, by a uniform distribution matrix on the interval [0.5,1.5]. The upper

bound on rank, k, is 4.
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Table 4.14: Rank-4 approximation by different retractions. The subscript +k indicates a scale of
10%F.

m n Retraction f R_err err time(s) gfr 9fr/9fr0 nf ng nH nR nR,
6 6  SVD-type 8.213_17 2.754_19 2475_p3 1.910_01 2.525_g9 1.619_g9 28.080 28.080 222.220 21.320 1.820
PD-type  1.042_17 5.921_11 5.032_¢9 2.028_¢1 1.259_g9 8.556_30 38.300 38.300 245.300 31.640 1.820

QR-typeI  6.819_18 2.405_15 2.830_g9 2.159_g1 9.323_;0 4.885_39 38.540 38.540 246.440 31.780 1.820

QR-type II  1.922_17 9.902_;2 8.258_p9 2.288_p1 1.490_g9 9.129_;0 39.520 39.520 254.160 32.780 1.820

6 12 SVD-type 3.683_17 6.988_12 1.423_p5 2.028_p; 2.090_g9 8.494_;p 23.180 23.180 204.860 17.940 1.200
PD-type 2.619_17 7.210_13 7.045_g9 2.113_¢1 1.847_¢9 6.716_39 31.260 31.260 216.760 26.000 1.200

QR-type I  2.669_37 8.605_14 7.946_g9 2.224_¢7 2.152_g9 8.224_j;p 31.500 31.500 216.340 26.280 1.200

QR-type IT  3.820_17 9.028_3; 1.288_ps 2.312_¢; 3.116_g9 1.311_g9 32.120 32.120 215.200 26.920 1.180

12 12 SVD-type 1.513_16 5.755_11 2.201_pg 1.813_¢1 3.802_p9 1.038_g9 20.400 20.400 155.120 15.800 1.000
PD-type  5.152_37 8.057_12 9.493_g9 1.963_¢1 2.717_g9 7.942_;9 26.560 26.560 167.780 22.040 1.000

QR-type I 8.736_17 2.227_19 1.507_os 1.925_01 3.540_g9 1.007_g9 26.760 26.760 166.260 22.320 1.000

QR-type II  2.782_17 3.152_34 6.318_g9 2.043_¢1 2.038_g9 6.281_;5 28.400 28.400 173.980 23.740 1.000

12 24 SVD-type 9.087_17 4.276_;5 1.337_pg 1.682_¢1 2.615_g9 5.577_10 19.540 19.540 134.140 15.120 1.000
PD-type  1.348_16 1.728_11 1.721_¢g 1.838_¢1 4.547_09 9.539_;0 23.960 23.960 148.300 19.540 1.000

QR-type I  1.147_35 1.476_11 133293 1.923_¢; 3.788_g9 7.290_39 24.000 24.000 147.700 19.580 1.000

QR-type II  1.306_16 4.983_11 1.973_ps 1.966_¢1 6.156_g9 1.255_g9 25.660 25.660 149.280 21.300 1.000

24 24 SVD-type 2.222_35 1.233_15 1.557_g3 2.466_0; 2.770_g9 4.169_;p 19.560 19.560 116.980 14.860 1.000
PD-type  7.721_16 2.799_;9 4.576_08 2.458_¢1 1.209_p3 1.664_g9 22.460 22.460 119.920 18.060 1.000

QR-type I 6.310_35 1.726_19 3.880_p3 2.632_91 1.026_p85 1.338_¢9 22.860 22.860 121.780 18.420 1.000

QR-type II  2.465_15 1.470_36 1.614_¢g 2.810_p1 5.159_g9 7.350_;0 25.080 25.080 128.660 20.680 1.000

24 48 SVD-type 2.672_15 5.506_11 1.449_0s 4.603_01 3.851_g9 3.942_;9 19.440 19.440 99.140 15.320 1.000
PD-type  4.100_16 1.587_19 2.167_¢g 4.688_01 5.993_09 5.854_;0 21.940 21.940 102.600 17.940 1.000

QR-type I  3.788_16 1.453_19 2.081_p3 4.812_p; 5.701_g9 5.576_39 21.960 21.960 102.900 17.960 1.000

QR-type 1T 4.076_16 1.314_15 2.713_0s 4.948_q1 8174 g9 8.187_10 22.120 22.120 105.400 17.920 1.000

48 48 SVD-type 6.711_19 4.341_12 9.230_19 1.175400 2.740_10 1.974_;; 20.220 20.220 88.280 16.200 1.000
PD-type 2.278_15 2.510_19 8.800_ps 1.129499 2.675_ps 1.871_g9 21.620 21.620 83.080 17.580 1.000

QR-type I  2.735_15 2.511_39 9.634_0s 1.147400 2.926_08 2.034_g9 22.120 22.120 84.000 18.100 1.000

QR-type IT  3.216_15 2.245_39 1.007_g7 1.177100 3.204_08 2.232_g9 22.100 22.100 86.360 18.000 1.000

48 96 SVD-type 2.686_16 1.203_12 2.019_¢g3 3.709400 6.660_g9 3.337_19 20.860 20.860 79.180 16.860 1.000
PD-type  5.878_15 1.070_16 1.094_g7 4.202100 3.343_08 1.626_g9 23.560 23.560 89.520 19.140 1.000

QR-type I  6.809_15 1.055_16 1.182_g7 4.168100 3.628_g3 1.764_g9 23.560 23.560 89.500 19.140 1.000

QR-type Il 7.385_15 6.091_15 1219 g7 4.204.00 4.022_0s 1.963_09 23.800 23.800 89.800 19.480 1.000

96 96 SVD-type 3.367_15 5.028_19 3.720_0s 1.485,01 1.358_p8 4.568_10 22.130 22.130 81.522 17.870 1.000
PD-type  5.468_18 3.240_;3 2.606_g9 1.509401 9.273_19 3.246_;; 23.826 23.826 81.565 19.826 1.000

QR-type I  5.740_38 3.189_13 2.647_g9 1.509401 9.430_10 3.299_;; 23.826 23.826 81.565 19.826 1.000

QR-type IT  3.281_15 1.318_39 1.793_¢s 1.537401 6.435_g9 2.218_39 24.478 24.478 82.652 20.478 1.000

Table 4.14 shows the average results of 100 runs for each retraction with different data and
weighting matrix realizations. All find an approximation with rank the same as the true rank of 4.
The final cost function value, relative error and error are all very small. Note that the two QR-type
retractions without guaranteed invariance also work well in terms of quality of approximation and

computational time.

4.4.7 Performances of Different Rank Reduction Methods

The usual way to reduce the rank is to compute the SVD decomposition of a matrix, set the

smallest singular values to zero. This method has been widely used when considering the low-rank
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approximation. However, when the sizes of the matrices get large, the computation of the SVD is
impractical. We employ the three-factor representation, which avoids the computation. Therefore,
the rank reduction can be realized through the truncation of the smallest singular values. However,
if we start from a rank-1 matrix, in the process of estimation, the rank might be increased first,
then reduce to the true rank. The information obtained in the rank increment can be used to make
the rank reduction more efficient as proposed in Algorithm 2.

Table 4.15 shows the average results of rank reduction by truncation compared with the way
using the rank increment information. The data matrices R are random m X n matrices with
rank 5. The weighting matrices W are block diagonal matrices. Each block is a positive definite
symmetric matrix. The upper bound k is set to be m and the initial starting point is a random
generated rank-1matrix. From the table, it is clear that using the rank increment information for

rank reduction is more efficient than the simple truncation, especially when the sizes get larger.

Table 4.15: Rank-5 approximation by different rank reduction methods. The subscript +k indicates

a scale of 10%*.
m n Rank Reduce Method  R_err err f time(s) 9fr 9fr/9fF0
10 10 Truncation—type 2.213_15 1.163_07 2.528_15 2.741_01 1'710—08 8.850_10
New—type 7.833_13 1.104_07 1.673_15 2.712_01 1.606_08 8.783_10
20 20 Truncation-type 8.864_1o 3.625_g7 1.552_14 3.139_g1 4.286_gg 1.297_q9
New-type 6.125_12 3.044_07 1.133_14 3.044_01 3.656_08 1.068_09
30 30 Truncation-type 1.500_1¢9 4.053_g7 2.402_q14 3.131_91 5.231_g8 9.753_19
New—type 1.875_11 5.491_07 3.921_14 3.093_01 6.895_08 1.393_09
40 40 Truncation-type 3.025_16 5.678_¢7 4.850_14 7.164_g1 9.158_gg 1.370_¢9
New-type 6.121_17 4.909_¢7 3.428_14 5.022_g; 4.136_g3 6.576_19
50 50 Truncation-type 1.654_13 2.059_g7 1.733_14 1.055400 1.992_p3 2.311_y9
New-type 1.928_15 4.034_g7 2.369_14 7.725_91 4.089_pg 5.225_19
60 60 Truncation—type 1.060711 4.717,07 3.790714 1.746+00 4.204,08 4.204,10
New—type 4.061_17 5.622_07 4.602_14 1.070+00 7-125—08 8.000_10

4.4.8 Performances of Other General Riemannian Optimization Algorithms

As mentioned earlier, any other optimization methods can be used as the inner algorithm
in MROM. In this section, performances of six Riemannian optimization algorithms are illus-
trated. The six algorithms are Riemannian steepest descent with line search (RTR-SD), Riemannian

trust region with symmetric rank-one update (RTR-SR1), Limited-memory RTR-SR1 (LRT-SR1),
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general Riemmanian trust-region method (RTR-Newton), Riemannian Broyden-Fletcher-Goldfarb-
Shannon (RBFGS) and limited-memory RBFGS (LRBFGS).

Each data matrix R is a random m X n matrix with rank 4. Each weighting matrix is W =
USUT, where U € R™X™" ig 3 random orthogonal matrix generated by Matlab’s QR and RAND.
The mn singular values of each weighting matrix are generated by Matlab function LOGSPACE
with condition number 100 and multiplying, element-wise, by a uniform distribution matrix on the
interval [0.5,1.5]. The upper bound on rank, k, is m.

Figure 4.4 shows the average computational time of 5 runs for each method with different data
and weighting matrix realizations. All find an approximation with rank the same as the true rank
of 4. The figure shows RTR-Newton has time advantages when the sizes of matrices, i.e. m X n, are
not too large. As the sizes increase, limited-memory RTR-SR1 and RBFGS show significant time
advantages compared with the other methods. Therefore, we can choose different inner algorithm

based on the size of the matrices and the efficiency required in specific applications.

sizes
-
=
T

RTR-SD
RTR-SR1
LRTR-SR1
RTR-Mewhon
REFGS
LRBFGS

tirmes

Figure 4.4: Average computational time versus the size of matrix for each method.
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4.5 Conclusion

The modified Riemannian optimization algorithm with RTR on the weighted low-rank approx-
imation problem has been explored in this section. First, the effect of the parameters €; and e
on rank estimation for problems with the difficult exponential decay of singular values was tested.
MROM was demonstrated to be effective in computing the appropriate numerical rank approxima-
tion of the data matrix given the values of €; and €» even when the upper bound on the rank, k,
was taken to be large and therefore potentially allowing an approximation that was unnecessarily
inefficient in terms of space and computational time. For data matrices with a clear gap in their
singular values, the algorithm demonstrated a high probability of finding the true rank indepen-
dently of initial conditions. For the practical situation of a structured weighting matrix and data
with and without noise, MROM consistently outperformed, in terms of computational time and
approximation quality, the general methods SULS and APM as well as the EW-TLS method that is
specifically designed for such problems. Finally, the performance of MROM was seen to be consis-
tent across all choices of the fixed-rank and rank-related retractions independently of the invariance
of those retractions with respect to the particular factors in the decomposition of the matrix X.
This is for moderate problem sizes and RTR as the inner fixed-rank algorithm. For large problems,
limited-memory Riemannian optimization methods as the inner fixed-rank algorithm demonstrated

significant time advantages.
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CHAPTER 5

LOW-RANK APPROXIMATION ON GRAPH
SIMILARITY MATRIX

The node-to-node similarity measure introduced by Blondel et al. [BGH"04] has been used in many
practical problems. They defined the similarity matrix as a fixed point of an iterative process, and
prove that their measure is equivalent to the solution of an eigenvalue problem of a dimension that is
the product of the number of nodes in the two graphs. In this chapter, the efficient determination
of a low-rank approximation approximation of the similarity matrix is considered. Section 5.1
reviews the similarity measure of Blondel et al. Two low-rank approximations of the similarity
matrix introduced by Cason et al. [CAD13] are discussed in Section 5.2. Some observations are
made and new efficient methods of the low-rank approximations of the similarity matrix based
on the Riemannian approach to rank inequality constraints are derived in Section 5.3. In Section
5.4, Riemannian optimization methods reviewed in Chapter 2 are compared with Cason’s iteration
method for low-rank approximation with k identical singular values. Finally, comparisons between
the new rank-related algorithm and Cason’s iteration method on low-rank approximation with rank

at most k are presented in Section 5.5 and the results are summarized in Section 5.6.

5.1 The Similarity Measure of Blondel et al.

In [BGH"04], the node-to-node similarity measure considers two nodes of different graphs “sim-
ilar” if their neighboring nodes are “similar”. For example, the similarity score between node 2 of
G 4 in Figure 5.1 and node 4 of Gp in Figure 5.2 is determined by the similarity score between
their neighbors:

s(ag,by) < s(ay,b1) + s(ay,bs) + s(as, bs).
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Figure 5.1: Graph G4 with three nodes.

Figure 5.2: Graph Gp with five nodes
In general, given two arbitrary graphs G4 and Gp with ny and np vertices and edge sets E4
and Ep, the similarity score between node i in G4 and node j in Gg is updated according to the
following equation:
Sij > Srs + > Srs-
r:(ri)EER,s:(s,j)EEA r:(i,r)€EER,s:(4,8)EE A

This can be written in a more compact matrix form

Sp1 — ASR BT + ATS.B := M(S;), k=0,1,--- (5.1)

where A and B are the adjacency matrices of G4 and G g, and Sy, is the n4 X np matrix of entries
S;j at iteration k.

Note that the updating function M (Sy) is a linear map on the matrix Si. This can be explicitly
seen by applying the vec{-} operation to the above equation, which concatenates the columns of a

matrix into one column vector, to obtain
vec{Spi1} + (B® A+ BT @ AT )vec{S)} := Mvec{S}. (5.2)

Since only the relative score of each pair of nodes is of interest, not the value of S;;, the entire

similarity matrix S is normalized using

Mvec{S}

veel Sk} = T ect Skt

k=0,1,--- . (5.3)

This also avoids over- or under-flow.
The matrix M := (B ® A + BT ® AT) is symmetric and non-negative, and therefore the non-

negative vector vec{S} is a Perron vector of M, corresponding to the Perron root (i.e. the spectral
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radius) p = maxy,—p. |A|. Since M is symmetric, its eigenvalues are real and hence it can have
only two extremal eigenvalues: p and possibly —p. M? is also non-negative and its extremal
eigenvalue is p?, which is unique but its geometric multiplicity can be larger than 1. Let II be the
orthogonal projector onto the space of eigenvectors of M? with eigenvalues p?, then II is a non-
negative map and any vector vec{S} = Ilvec{Sp}, with vec{Sp} non-negative, is a non-negative
solution of p?vec{S} = M?vec{S}.

It was shown in [BGH'04] that the even iterates of the following recurrence

Mvec{S}
[Mvec{Sk}2’

converge to the unique non-negative vector with the largest possible 1-norm (the sum of the mag-

vec{So} = 1imn, vec{Ski1} = k=0,1,---, (5.4)

nitudes of all entries), where 1,,, denotes a vector whose entries are all equal to 1. Therefore, the
definition of the similarity matrix S is the non-negative solution corresponding to Sy = 1, 5, of the

following system:
p*S = M?*(S) = M(M(S)), M(S):= BSAT + BT SA. (5.5)

Two additional properties of the matrix to which iteration (5.4) converges are also presented in
[BGH'04]:
e The self-similarity matrix of a path graph (a undirected tree with two leaves and internal

nodes all with a node degree of 2) is a diagonal matrix.

e When either of the graphs G4 or Gp is regular (a graph is regular if the in-degrees of all
vertices are equal and the out-degrees of all vertices are equal) or has a normal adjacency
matrix (a matrix A is normal if it satisfies AAT = AT A), then the similarity matrix S has

rank 1.

The cyclic definition very naturally leads to iterative updates, in which similarity scores between

elements propagate along edges to neighboring elements on each iteration.

Algorithm 5 Blondel’s Algorithm
Require: Graph G4 and Gp respectively of order m and n
0 S0+ 1/|[1||p € R

cfort=1,2, -, tipasr do
t AS'T1BT+ ATS! 1B
S < TASIBTTATSIR[,

:S%St

1
2
3
4: end for
5
6: where t,,4; is an even number that is ”sufficiently large”.
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The application of this similarity scoring method to the graphs in Figures 5.3 and 5.4 results

in the similarity score shown in Table 5.1.

O OO

Figure 5.3: Graph G4 with three nodes.

®

Figure 5.4: Graph Gp with five nodes.

Table 5.1: Similarity Scores between G 4 and Gpg.

Nodes 1 2 3
1 0.443 | 0.104 0
0.280 | 0.396 | 0.086
0.086 | 0.396 | 0.280
0.222 | 0.049 | 0.222
0 0.104 | 0.443

T W N

5.2 Low-rank Approximation of Similarity Matrix by Cason et
al.

As the size of the graphs increases, Algorithm 5 becomes computationally expensive. To save
storage space and computation time, a low-rank matrix is considered to approximate the similarity
matrix. The low-rank approximation is known to be reasonable for some cases. For example, we
know the similarity matrix defined in [BGH04] can have low-rank structure, see details in Section
5.1. Furthermore, in the expriments, low-rank structure is also observed when considering the
similarity between a noisy graph and a given graph, i.e., the similarity between a graph G and
G + AG, where AG represents “noise” in edge weights (which includes adding edges by changing
weights with value 0) added to the graph G. It is still an open question as to whether or not
a low-rank approximation of a similarity matrix that does not have exact or numerical low-rank

contains any useful information.
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In [CAD13], Cason et al. proposed two low-rank iterative schemes that converge to two ap-
proximations of the Blondel et al. similarity matrix with respectively either k nonzero identical
singular values or at most k nonzero (not necessarily identical) singular values. In this section,
these methods are reviewed.

Cason et al. first show that the similarity matrix defined by Blondel et al. is the solution of an
optimization problem. The iteration in Algorithm 5 is such that

St € argmax(S, M(S"1)) p = tr(STM(S'™1)). (5.6)
IS]|F=1

Moreover, they prove that S?* is a solution of

Serggﬁ(n)@(S), ®(S) := (S, M*(8)) p = tr(ST M?(S)), (5.7)

where M?(S) = M(M(S)) and [M(9)];; = [ASBT + ATSB];;, S(m,n) := Norm(1,m,n) = {S €
R™*™ : ||S||r = 1}. This problem maximizes a continous function ® on a compact domain S(m,n).
Hence, according to the first order optimality condition, if S?* is a maximizer, then S?* is a

stationary point of the iteration. They then proposed the following two low-rank approximations

and gave two iterative algorithms.

APPROXIMATION WITH k IDENTICAL SINGULAR VALUES:. In this case, they replace the set
S(m,n) by Sg(m,n), which is the set of rank-k matrices with Frobenius norm 1 with k identical

singular values, i.e.
ULVT e R™" . U € St(m, k),V € St(n, k),
Sk(m,n) = X : (5.8)
Iy = Lo/ Ikl P = Te/VE

where St(m, k) is Stiefel manifold which denotes the set of all m x k orthonormal matrices, i.e.
St(m, k) == {X e R™* . XTX = I,,}, (5.9)

and I denotes the k x k identity matrix. They propose an iteration algorithm, Algorithm 6, to find
an approximation of the similarity matrix defined by Blondel et al. and prove that it converges to

a stationary point of maximization problem (5.7) .
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Algorithm 6 Cason’s Algorithm 1

Require: Graph G4 and Gp respectively of order m and n
0 SO« 1/||1||F € R™X"
cfort=1,2,- - timer do

1
2
3. Compute S* € Sg(m,n) according to

1 SU(=UT[VYT) « (St = argmaxs.esk(m’n)(g,Mz(St_1)>F
5: end for

6: S <+ St

7. where M?(S) = M(M(S)) and [M(S)];; = [ASBT + ATSB];;

APPROXIMATION OF RANK AT MOST k:. The second method they propose is replacing the set

S(m,n) by S<i(m,n), the set of matrices of norm 1 with rank at most k, i.e.

UDVT e R™™ . U € St(m, k),V € St(n, k),
S<i(m,n) = . (5.10)
D is a diagonal matrix, ||D||r =1

They give another iteration algorithm, Algorithm 7, to find an approximation of the similarity
matrix defined by Blondel et al. and they prove that it also converges to a stationary point of the

maximization problem (5.7).

Algorithm 7 Cason’s Algorithm 2

Require: Graph G4 and Gp respectively of order m and n
S0 1/[1 € Rmxn
cfort=1,2,- - tipasr do

1
2
3:  Compute S* € S<x(m,n) according to

4. SY=U'DHVYT) « f(S'71) = argmaxSeSq(m’n)(S',M2(5t*1)>p
5: end for

6: S+ St

7. where M2(S) = M(M(S)) and [M(S)];; = [ASBT + ATSB],;

Note that at every iteration Algorithm 7, is exactly the same as Algorithm 5, except taking only
the first & dominant singular values, assuming k& < min(m,n). The case when they are equivalent

is easy to characterize.

Proposition 29. If k = min(m,n), then Algorithm 7 is equivalent to Algorithm 5.
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Proof. Let M?(S) have an ordered singular value decomposition

M2(S) = PEQT = [Py P [201 EOJ {gﬂ : (5.11)

with P; € R™*F Py € R™*(Mm=k) Q) € R Qy € RX(F) 5y € RF*F and 2, € RM—F)x(n=k),
Then the next iteration is determined by
St(=U'D'VYT) « ®(S'1) := argmax (S, M3(S"" 1) p (5.12)
S'GSSk(m,n)

and

(S, M%(9))p = tr(STM?(S)) = tr(VDUT M2(S)) = tr(DUT M?(S)V)

k k k
< ai(DUTMP(S)V) <3 0i(D)o(UTMP(S)V) <> 0i(D)oi(T1)  (5.13)
=1

i=1 =1
S tr(ﬁ)lﬁl)
where 3 = \\2211||F' Thus, X
St = P QY. (5.14)
X117

If & = min(m,n), without loss of generality, let us assume m < n, then P, = P,¥; = ¥ and

leQa
1

IBlle

r PEQT M*(S)
PR = psory M) (5.15)

which is the same as the iteration in Blondel’s Algorithm 5 (take even iteration). O

St

5.3 Some Observations and Proposed Methods

Algorithm 5 is, in fact, a power method, so the rate of convergence depends on the ratio |[Aa|/|\1]
the largest two eigenvalues of M? with [A\1| > |A\2|. Algorithm 7 is equivalent to Blondel’s Algorithm
5 when k = min(m,n). For low-rank approximation, Algorithm 7 exhibits linear convergence as
well, although this is not proven in [CAD13]. To avoid this deficiency, second-order information
about the cost function can be used to get higher rates of convergence.

The feasible sets (5.8) and (5.10) in the low-rank approximation proposed by Cason et al. have
either manifold structure or manifold-like structure. For the approximation with k identical singular
values, the set (5.8) has a manifold structure. The general optimization algorithms introduced in

Chapter 2 can be used to solve the optimization problem (5.7) on the set (5.8). For the second
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kind of approximation with at most k possibly not equal singular values, set (5.10) does not have
a manifold structure, but it can be seen as the union of several fixed-rank manifolds. Thus, the
modified Riemannian optimization methods (MROM) proposed in Chapter 3 can be applied to
solve (5.7) on the set (5.10).

For (5.7) on the set (5.10) when the geometric multiplicity of the extremal eigenvalue of M? is
more than 1, the eigenspace associated to the extremal eigenvalue has dimension greater than 1.
MROM can only guarantee convergence to an eigenvector, not necessarily the unique one with the
largest 1-norm.

Since it is not necessarily known a priori if the geometric multiplicity is greater than 1, it is nec-
essary to develop algorithms to handle, in a seamless fashion, problems with geometric multiplicity
greater than 1 as well as those with multiplicity 1. The following three modifications to MROM

will be investigated:
1. Add a penalty term on the cost function (5.7), i.e., a new cost function
Dy(S) := tr(STM?(S)) + M7 51, (5.16)
where A is a penalty coefficient and 1 is a vector of all 1 and solve using MROM.
2. Using MROM, solve the following Augmented Lagrangian cost function
03(5) = 1751 — N|grad®p(S) |7 + pllgrad®r(S)| ¢, (5.17)
where A is a Lagrange multiplier.

3. Find the optimal solution S, for the cost function (5.7) using MROM. Then using a second
application of MROM with S, as an initial condition optimize the cost function with an

additional penalty term
®4(8) = 1751 — \||grad®(S)||%, So = S., (5.18)
where grad®p(S) = 2M2(S) — 2tr(STM?(S))S is the full gradient of cost function (5.7).

Note that all three default to MROM for problems with geometric multiplicity 1.

A geometric multiplicity greater than 1 appears only under certain conditions and appears to
be uncommon. It follows from Perron-Frobenius Theorem that the eigenspaces associated with
the Perron-Frobenius eigenvalue is one-dimensional if the non-negative matrix M is primitive, i.e.,
(M™);; > 0 for some power h. For (5.7), the following proposition shows if A and B satisfy a

certain condition, there exists a pair (i, ) such that (M");; = 0 for some power h.
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Theorem 30. Let Q = {q|a sequence of length h with elements that are either 1 or T} and A? =
P A% where A% = A or AT, Let M" = (B® A+ BT @ AT)! = > geo(B?® A%). Then the
(k= 1)np + h,(j — )ng +i)-th element of M" is equal to zero if and only if the product of the
(h,i)-th element of AY and the (k,j)-th element of B? is equal to zero for all a € Q.

Proof. The ((k —1)ng + h, (j — 1)n4 + i)-th element of M" can be represented by

vec(enr)’ M"vec(ei;) = vec(eps)” Z(Bq ® A%)vec(eij ), (5.19)
q€Q

where e,4 € R™A*"B represents a basis element matrix with (7, s)-th entry equal to 1, and all others
equal to 0.
Since A and B are non-negative matrices, (BY® A?) is also a non-negative matrix and therefore,

the ((k — 1)np + h, (j — 1)na + i)-th element of M" is equal to zero if and only if Vg € Q,
vec(ent)” (BT @ A?)vec(e;;) = tr (e;‘kaqeij(Bq)T) =0. (5.20)

Since egkAq is an ng X n4 matrix with the k-th row equal to the h-th row of A% and all other rows
zero and, similarly, e;;(B9)Tis an ny x np matrix with the i-th row equal to the j-th column of
B? and all other rows zero, it follows that tr (ef, A%e;;(B?)”) = 0 if and only if the product of the
(h,i)-th element of A? and the (k, j)-th element of B is 0. O

5.4 Approximation with k£ Identical Singular Values

We first look at the feasible set (5.8) in [CAD13] with & identical singular values

ULVT e R™*" . U € St(m, k), V € St(n, k),
Sk(m,n) = X
I = I/ | Ikl ¢ = Te/VE

This set has a manifold structure [CAVDI11]. In this case, the general Riemannian optimization
algorithms reviewed in Chapter 2 can be used directly to solve problem (5.7). In the following, the
crucial ingredients needed in the general Riemannian optimization algorithms to this feasible set

are introduced first. Then some experimental results are used to show the efficiency.

101



5.4.1 Riemannian Gradient

The tangent space to the feasible set S(m,n) at a point S = UL,V € Si(m,n) is

TsSk(m,n) = {§(0) : v curve on Si(m,n) with v(0) = S}
vVt + UKLV + UL Ky VT s.t. (5.21)

9

Q € Skew(k), Ky € RT3 Jry, € Rn—h)xk
where U, , V| are any orthogonal complements of U, V and Sskey (k) denotes the set of skew matrices

of order k, skew(A) = A}A*.

The normal space to the feasible set Si(m,n) at a point S = UL,VT e Sk(m,n) is
NgSg(m,n) :={¢: {(,§)r =0,V € TsSk(m,n)}

T T (m—k)x (n—k) (5.22)
—{UBVT + UKV st H € Sym(k), K € ROHXC=0 ],

with Seym (k) denotes the set of symmetric matrices of order k, sym(4) = 4£4%,

By restricting the Euclidean inner product on R™*",
(A, B) = tr(ATB) with A, B € R™*",
to the tangent space, Si(m,n) is a Riemannian manifold with the Riemannian metric
gs(&,m) = (& n) = tr(eTn) with S € Sp(m,n) and &1 € TsSk(m,n) (5.23)

where the tangent vectors £, n are seen as matrices in R™*"™,

Once the metric is defined, the notation of gradient of an objective function can be introduced.
Since Sk(m, n) is embedded in R™*" the Riemannian gradient is given as the orthogonal projection
of the gradient of cost function ®(.5), which is a function on R™*" onto the tangent space at S,
given by

Prys,mm) : R™*" — TgS(m,n)
Z — PsZ = Uskew(UTZV\VT v+ UWTzv VI +U (UTZzv)VT
= Usys(UTzvVT +vUuTz + zvvt —vvuTzvvT, (524
Similarly, the orthogonal projection of the gradient of cost function ®(S) onto the normal space at
S is
Pxgsy(mm) : R™™ = NgSp(m,n)

Z — PgZ =Usym(UT ZzV)WVT + (I, —UuUTZ(1,, - VVT). (5.25)
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Since the (Euclidean) gradient of the cost function ®(9) is 2M?2(S), where M2(S) = M(M(S)) and

[M(9)]ij = [ASBT + ATSB];j, projecting the Euclidean gradient onto tangent space TgSk(m, n),

yields the Riemannian gradient

grad®(9) := Pg2M?(S)

UT2M2(S)V + VT2M2(S)TU
2

= 3UUT MY (S)VVT —UVvIMA(S)TUVT + 2uUT M?(S) 4+ 2M2(S)V VT,

=-U VT 120U M%(S) + 2M2(S)VVT —2uUT M2 (S)VVT

(5.26)

5.4.2 Riemannian Retraction

Given S € Si(m,n) and S € TgS;(m,n), similar to Section 4.3.3, we give the following three
ways of retractiing onto the manifold Sx(m,n): the SVD-type retraction, the QR-type retrac-
tion and the polar-type retraction.

Let S = UVT € Si(m,n), the S € TgS,(m,n) can be computed as

S=vvT +uvT. (5.27)
The expression of (U, V) can be derived as follows. Since U € St(m, k), V € St(n, k), in view of the
form of the tangent space to the Stiefel manifold St(n,p) at a point X,

TxSt(n,p) = {XQ+ X, K : Q" = —Q, K € R"P)xP}, (5.28)

we have

U= UQuy +U, Ky,

. (5.29)
V=VQy+V Ky,
where QF = —Qp, Q7 = —Qy, Ky € RUVRXE |y, € ROFIXE Tt follows that
S=UQu+U EK)VT +UVQy + VL Ky)T
(5.30)
=UQu+QL)WT +U KpvT + Uy VT
Multiplying both sides by U’ from the left and V' from the right, we get
Qu+ QL =UTsv. (5.31)
Similarly, we have
Ky =UTsv,
. (5.32)
KL=UTsv,.
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Since Qy, y are skew matrices, Qy + Q‘:C is a skew matrix. There are many possibilities, but for

convenience, we take Qy and Qy as follows:

1 i
Qu = =U"SsvV,
2 (5.33)
of = —§(UTSV)T
Therefore, we have the explicit expression of U and V:
. 1 . . . 1 .
U=UQu+U,Ky= §UUTSV + U, UTSV =SV — 5UUTSV, (5.34)

: 1 . . : 1 . .
V=VQy+V, Ky = —§VVTSTU + vV vIsTU = 57U — 5VUTSV ~vvtsTy.  (5.35)
The SVD-type retraction is a projective retraction ([AM12]):

_ 1
- Vk

where [U, D, V] = svd(S + S) is (ordered) singular value decomposition (SVD), and Uy, V}, are first

Rs(5) UnVi, (5.36)

k columns of U,V respectively.
The QR-type retraction is defined as

1

uLvy, (5.37)

where
Uy = Qf(U + U)?
: (5.38)
Vi=qf(V+V),
where U, V are defined in (5.34), (5.35) and ¢f(A) denotes the orthogonal @ factor of the QR
decomposition of a matrix A = QR.
An alternative choice is the polar-type retraction:
1

U7, (5.39)

where

Uy = uf(U + U)?
. (5.40)
V+ = uf(v + V)v

and the symbol uf(-) denotes the orthogonal component of the polar decomposition.
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5.4.3 Vector Transport

In our framework, vector transport can be represented by an m by n matrix. Given two
points S7 and S in Si(m,n), the corresponding tangent spaces are denoted Tg,, Ts,. We choose
the isometric vector transport 7 from S; to Sy to be the direct rotation from Tg, Si(m,n) to
Tg,Sk(m, n), restricted to act on Ts,Sk(m,n).

Efficient implementations of the direct rotation vector transport are constructed following
Huang’s approach [Hual3]. Let Bg, and Bg, be an orthonormal basis of Ts, Si(m, n) and Ts, Sk (m, n)
respectively. Hence Bg, and Bg, can be viewed as mn by d matrices (d is the intrinsic dimension)

and BS:C1 Bg, = BSTw2 Bg, = I4. The direct-rotation transport from S; to Sz is then given by
T = Bs,VU" Bg, (5.41)

where B§1 Bgs, = UXVT is a singular value decomposition (SVD).
If the codimension, mn — d, is sufficiently smaller than the dimension, d, and if, moreover,
orthonormal bases Ng, and Ng, are available, then the following vector transport becomes compu-

tationally advantageous,

T=(1-QsQ%)+QsVU'Q, (5.42)
where Q£1Q52 =UXVTisan SVD and Qg, , Qs, are obtained by orthonormalizing (I —Ng, Ngl )Ns,
and (I — Ng,N{ )N, .

If smoothness is imposed, i.e. B: S — Bg and N : § — Ng are smooth functions to build basis

of TgSi(m,n) and NgSk(m, n), then we have a simpler form of isometric vector transports:
T = Bgs, B, (5.43)

T=1-QsQ% —Qs,Q%,. (5.44)
Using this idea, we must construct the functions to build the bases. Note that since
vVl + UKLVE + UL Ky VT s.t.
TsSk(m,n) = ;
Q € Sqeew (k), Ky € RM=RIXE fo e Rn=k)xk
an orthonormal basis of TsSi(m,n), denoted by Bg, is given by
1 . .
{EU(eie;‘-F—eje;fp)V:z: -~ k,j=i+1,--- ,k}
U{U(eel )Wl i=1,--- ,n—kj=1,--- k} (5.45)

U{UL(Ee )V ii=1--- ;m—k,j=1,-- k},
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where (eq,--- ,ex) is the canonical basis of R¥, (éq,--- ,é,_x) is the canonical basis of R™* and

(€1, ,€n_) is the canonical basis of R"~*. Similarly, we can construct the basis for normal space
NgSi(m,n) = { UHVT + ULKVLT sit. H € Sym(k), K € Rm—an—k} '

Using Ng to denote the basis, which is given by

1
{Uez-eZTVT:izl,---,k}U{EU(eie?+ejeiT)VT:izl,--~,k:,j:i—kl,-'-,k}

U{U&e;VEii=1,--- m—k,j=1,--- ,n—k}.

(5.46)

The columns of Bg and Ng are thus chosen as the “vec” of the basis elements.

We can also derive the vector transport by the differentiated retraction of (5.37).

Proposition 31. Let S = UL,VT e Sk(m,n), &,n € TgSk(m,n). Assuming & and n have the

following structure
c=Uvi +Uuve,
0=V + UV,

Then the vector transport by the differentiated retraction of (5.37) is
To& = To, U0 af (V + Va)" + qf (U + Us))(Ty, (V1))7, (5.47)

where TUQ(Ul) is a differentiated retraction on Stiefel manifold [AMSO08, Example 8.1.5] and qf(-)

denotes the @Q factor of the QR decomposition with nonnegative elements on the diagonal of R.

Proof. Based on the definition of the vector transport by differentiated retraction and the QR-type

retraction (5.37), we have

d

Tné = ﬁRX(W + t€) o

- %[qf(U + Uz + tU)qf (V + Vo + t11)7]

t=0
d

=~ laf (U + U +t0)]gf(V + Vo + tV1)"

(5.48)

t=0

) . d . .
+qf(U+Us + tUl)%qf(V + Vo 4+ tVp)T

t=0

+qf(U+Us + tUl)%[Qf(v + Vo + )"

t=0
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Since U € St(m,r),V € St(n,r), according to the vector transport by differentiated retraction on
Stiefel manifold [AMS08], we have for Uy, Uy € TySt(m, 1),

Ll f(U + T+ 1000 = Ty (01, (5.49)

and for Vi, Vs € Ty St(n,r),

(V1), (5.50)

2

d . .
a[Qf(V + Vo + tV1)]|t=0 = Ty,

where

Ty, (U1) = DRy (Us)[U7]
= Dqf (U + Us)[U1]
= Ruy(Us) psew (R (Un) UL (R (U2) T (U + Ua)) ™)

+ (I = Ry(U2) Ry (U2) ") U (Ry (U2) (U + Ua)) ™Y,
and pgkew (B) denotes the skew-symmetric term of the decomposition of a square matrix B into the

sum of a skew-symmetric term and an upper triangular term, i.e.,

Bi,j ife>7
(pskew(B))i,j = 0 if i = .jv
_Bj,i if 1 < j.

Substituting (5.49) and (5.50) into (5.48), we have

Tol = Te, (U f (V + Vo) + qf (U + Ua) (T, (V)"

2

O]

Similarly, vector transport by the differentiated retraction of (5.39) can also be derived and is

stated in the following Proposition.

Proposition 32. Let S = UL,VT e Sk(m,n), &,n € TgSk(m,n). Assuming & and n have the
following structure

¢=0vh + UV,

n=UVT 4 UVE
Then the vector transport by the differentiated retraction of (5.39) is

Tol = To, UD)uf(V + V)" + uf(U + Uz))(Ty, (V)7 (5.51)

where Ty, (U1) is a vector transport by differentiated retraction of (5.39) on the Stiefel manifold

[Hual3, Lemma 10.2.1] and uf(-) denotes the orthogonal factor of the polar decomposition.
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Proof. Based on the definition of the vector transport by differentiated retraction and the polar-

decomposition-type retraction (5.39), we have

d
Tné = aRX(U + t€)

_4d
Cdt

t=0

[uf (U + Uy + tUDuf(V + Vo + tV1)7T]

t=0

_ %[uf(U + Uy + 0 uf (V + Vo + £72)7 (5.52)

t=0

. . d . .
+uf(U + Us +tUl)£uf(V + Vo +1t))T

t=0

+uf(U+ Uy + tUl)%[uf(V + Vo +tV)]F

t=0
Since U € St(m,r),V € St(n,r), according to the vector transport by differentiated retraction on
the Stiefel manifold [Hual3, Lemma 10.2.1], for Ui, Uy € TySt(m, 1), it follows that

(U + 02+ 400 = Ty (O0), (559

and for Vi, Vs € Ty St(n,r),

L (V 4V + VA lco = T, (V7). (5.54)

P 2
where
T, (U1) = DRy (Us) (U]

= Duf(U + Uz)[U7]

= Ry (U2) + (I — Ry(U2)(Ru (U2)) ") U ((Ry (U2)) " (U + Ua)) Y,
and R is (5.39), vec{Q} = (Ry(U2))" (U + Uz) ® (Ry(U2))T(U + Us))~'vec{(Ry(Us))TU1 —
UL Ry (Us)}, @ is the Kronecker sum, ie., A B=A®I+1® B.

Substituting (5.53) and (5.54) into (5.52), we have

Toé = T, (UD)uf(V + Vo) +uf (U + U2) (T, (V1))"

2

5.4.4 The Action of Riemannian Hessian

In order to exploit second-order information, we give the following proposition with an expres-

sion of the action of Riemannian Hessian.
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Proposition 33. For any S = UL,V € Sp(m,n) and n € TsSy(m,n), the Riemannian Hessian
of ® at S in the direction of n satisfies

Hess®(5)[n] = 7ygrad®(S) = Pg(Dgrad®(5)[n])
where
Dgrad®(S)[n] = —3k*[nST M?(S)STS + ST M?(S)STS + SST M?(n)STS
+ SST M2(S)nT'S + SST M?(8)ST]
— k[pM>(S)T'S + SM?(n)T'S + SM?(S) )
+ 2k[nST M?(S) + SnT M?(S) 4+ SST M?(n)]
+ 2k[M2(n)STS + M2(S)nT'S + M?(8)STq].
Proof. We already have the Riemannian gradient of the cost function ®(S) on Sg(m,n) is given
by:
grad®(S) = 2P M?(S)
= 3UUTM2(S)VVT —uVvI M2(S)TUVT 4 20U M?(S) + 2M?(S)VVT (5.55)
= —3k25ST M?(8)STS — kSM?(S)TS + 2kSST M?(S) + 2k M?(S)STS.
Since Si(m,n) is a Riemannian submanifold of a Euclidean space, according to [AMS08, Equation

(5.15)] ,
Hess®(S)[n] = V,grad®(S) = Pg(Dgrad®(S)[n]), (5.56)

where Dg(x)[H] is a directional derivative of g at = along H. We now differentiate (5.55) to get a

matrix representation of the directional derivative of Riemannian gradient, grad®, at S along 7.
Dgrad®(S)[n] = =3k [nST M?(S)STS + Syt M?(S)STS + SST M?(n)ST'S
+ SSTM2(S)nt'S + SSTM?(8)ST7)
— k[pM2(S)T'S + SM?(n)T'S + SM?(S) )
+ 2k[nST M?(S) + SnT M?(S) 4+ SST M?(n)]
+ 2k[M?()STS + M2(S)nT S + M?(S)STy].

Finally, the Hessian of a cost function ® at S in the direction of 7 satisfies

Hess®(S)[n] = v,rad®(S) = Ps(Derad®(S)[n))-
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5.4.5 Experiments

In this section, we compare the performance of Cason’s iteration method with those of the gen-
eral Riemannian manifold methods introduced in Chapter 2. Six Riemannian algorithms are used,
i.e., Riemannian steepest descent with line search (RTR-SD), Riemannian trust region with sym-
metric rank-one update (RTR-SR1), limited-memory RTR-SR1 (LRTR-SR1), general Riemannian
trust-region method (RTR-Newton), Riemnnian Broyden-Fletcher-Goldfarb-Shannon (RBFGS) and
limited-memory RBFGS (LRBFGS). Four of them are combined with a trust region: RTR-SD,
RTR-~SR1, LRTR-~-SR1, RTR-Newton. The rest are combined with a line search algorithm, i.e.,
RBFGS with inversion Hessian approximation Hy, LRBFGS (limited-memory RBFGS). The inner
iteration algorithm of trust region is the truncated CG inner iteration [AMS08, Section 7.3.2]. The
0, k parameters in the inner iteration stopping criteria [AMSO08, (7.10)] are set to 1,0.1. 79,7 in
trust region are 0.25 and 2 respectively. The initial radius Ag is 1. ¢ in RTR-SR1 and LRTR-SR1 is
set to 0.1, v is the square root of machine epsilon. The constants c1, ¢ used in the Wolfe conditions
are le — 04 and 0.999 respectively.

The results presented are obtained by implementing the different algorithms in Matlab (Version
7.10.0) on a Mac platform with 2.4 GHz and 4 GB memory.

Unless otherwise indicated in the description of the experiments, the following test data param-
eters are used. The test graph is a random graph based on Erdés-Rényi model with 100 nodes and
average of outgoing edges of each node is 10 and the self-similarity matrix is computed. The initial
iterate Sy of Riemannian algorithms is composed by two parts Uy, Vg, where Uy, Vy are the first k
columns of U and V generated by applying Matlab’s function SVD on an all 1 matrix. The initial
iterates Sy of Cason’s iteration method, i.e. Algorithm 6, is an all 1 matrix, which is setting in
Step 1 of Algorithm 7. The stopping criterion required the ratio of the norm of final gradient and
the norm of initial gradient is less than 10~7 for all methods. To obtain sufficiently stable timing
results, an average time is taken of five runs with identical parameters.The notation used when
reporting the experimental results is given in Table 5.2.

In Section 5.4.5.2, different retractions are compared. Section 5.4.5.2 compares the perfor-
mances of Algorithm 7 and RTR-Newton method. In Section 5.4.5.3, the performances of different

Riemannian algorithms are compared with Algorithm 7.
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Table 5.2: Notation for reporting the experimental results.

[S—S]]

Rerr | relative error 1 SBHFF , where S? is the full rank matrix obtained by Blondel’s algorithm

f final value of the cost function (5.7)

gfo | Riemannian metric value of the initial gradient

gf; | Riemannian metric value of the final gradient

iter | number of iterations

nf number of function evaluations
nf number of function evaluations
ng number of gradient evaluations

nH | number of operations of the form Hn

nV number of vector transports

nR number of retraction evaluations

t average time (seconds)

5.4.5.1 Performance of different retractions. Three types of retractions are proposed in
Section 5.4.2. In this section, the results of RTR-Newton with different retractions are compared.
Table 5.3 shows the results of different retractions for different k& in RTR-Newton. From the
table, we observe as k increases, all three retractions get almost the same relative error and the
same final value of the cost function (5.7). The computation time of QR-type retraction and
polar-decomposition type retraction are almost the same. But the computation time of SVD-type
retraction is more than the other two types of retraction. Table 5.3 also shows the number of
operations of the form Hn in SVD-type retraction is more than that in the other two types of

retractions when k is small hence the difference in computational times.

5.4.5.2 Comparision of Cason’s Iteration algorithm and RTR-Newton. From the
comparison of different retractions, we observe polar-decomposition-type retraction has time ad-
vantages compared to the other two. In the following experiments, this retraction is always used.
In this section, the results of low-rank approximation generated by Cason’s iteration method and
RTR-Newton are compared. Table 5.4 shows the results. It shows RTR-Newton method has no-
ticeable time advantages compared with iteration method, especially when k gets large. It can also

be observed that when the rank of the approximation increases i.e. as k increases, the relative error

(”S_SB”F

5B where SB is the full rank matrix obtained by Blondel’s algorithm 5), also increases,

although the values of the cost function decrease. These counterintuitive results occur because

similarity matrices do not usually have identical eigenvalues.
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Table 5.3: Comparison of different retractions for approximation with k identical singular values.

The subscript 2z indicates a scale of 10%=.
k Rerr Retraction f time(s)  gf¢/gfo afy nF nG nH nR
1 1.875_092 SVD-type 4.404104 1.704_¢; 1.578_19 2.846_g5 7 7T 23 6
QR-type  4.404494 1.058.90 1.995_g9 3.599_g5 7 7T 21 6
PD-type  4.404194 1.332_¢; 1.995_g9 3.599_¢95 7 7T 21 6
2 7.655_p1 SVD-type 3.203404 4.457_¢1 2.108_3p 2.691_o¢ 11 11 67 10
QR-type  3.203.94 4.026_¢; 7.468_g9 9.531_¢5 11 11 64 10
PD-type  3.203104 4.184_¢; 7.468_g9 9.531_¢95 11 11 64 10
3 9.195_91 SVD-type 2.706404 6.205_¢1 5.055_19 5.303_9¢ 17 17 100 16
QR—type 2.706+04 6.200_01 1.346_09 1.412_05 18 18 103 17
PD-type  2.706104 6.087_¢1 1.346_g9 1.412_¢5 18 18 103 17
4 9996_g; SVD-type 2.359404 H.773_01 2.383_pg 2.184_94 15 15 93 14
QR-type 2.359.94 8.849 o1 1.796_gg 1.646_¢4, 17 17 96 16
PD-type  2.359.04 6.001_¢; 1.796_03 1.646_g4, 17 17 96 16
5 1.052490 SVD-type 2113104 1.304400 8.339-03 6.837_04 24 24 218 23
QR-type 2116401 7.262_01 2.126_09 1.743_95 22 22 119 21
PD-type 2116494 7.081_¢1 2.126_g9 1.743_¢5 22 22 119 21
6  1.088190 SVD-type 1916404 1.729400 7.720_11 5.844_o7 30 30 295 29
QR-type  1.918.01 7.965_01 1.090_g9 8.253_05 22 22 134 21
PD-type  1.918,94 7.885_¢1 1.090_g9 8.253_ps 22 22 134 21
10 1.165100 SVD-type 1.331404 3.162400 2.361_g9 1.365_95 31 31 418 30
QR-type  1.331.04 2.934,09 3.044_g9 1.760_¢5 33 33 463 32
PD-type  1.331404 292409 2.942_g9 1.701_g5 31 31 480 30

Table 5.4: Comparison of Cason’s iteration method and RTR-Newton for approximation with k

identical singular values. The subscript +z indicates a scale of 107,

Iteration Method

RTR-Newton Method

k  Rerr f b gfi/g9fo  gfy b gfi/afo  gfy

1 348_03 469,04 0.67 9.03_g99 2.15_03 469,01 0.18 1.84_g9 4.38_g5
2 7.66_91 230404 1.69 957 08 1.61_03 3.26404 041 22098 3.73_04
3 9.20,01 2-62+04 1.13 9-99708 1.37703 2.62+04 0.90 6.38709 8.68705
4 1.00400 229404 10.83 999 _¢s 1.18_ g3 229,04 049 226_03 2.67_o4
b 1.05+00 ]_.95+04 12.33 9'99708 1.02,03 1.95+U4 1.35 7.42,09 7.74,05
10 116400 1.154.04 31.09 994 g3 7.33_o4 115404 1.79 4.16_0s 3.05_g4

112



5.4.5.3 Comparison of other Riemannian algorithms. In this section, six Riemannian
optimization methods are compared with Algorithm 7. Results are shown in Table 5.4.5.3, where
the values in brackets show the iteration numbers and the missing values (—) mean the result
needs more time to reach the stop criteria or has exceeded the allowable amount of memory. From
the results, we observe limited-memory RBFGS method is comparable with RTR-Newton method.
What is more, the Riemannian optimization methods, except RBFGS method, have significant

time advantages compared with iteration method, especially when k is small.
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5.5 Approximation of rank at most £

Since the relative error of the approximation with & identical singular values increases as k
increases, we enhance our method with a diagonal positive scaling Dy. However, there is no rigorous
way of how to choose k, i.e., if k is chosen “too small”, the result may not be a good approximation
of the similarity matrix; if k is chosen “too large”, the algorithm may require excessive computation.

In this section, we consider the set of rank at most k, i.e. (5.10) in [CAD13]:

UDVT e R™" . U € St(m, k), V € St(n, k),
S<i(m,n) =
D diagonal, |D|r =1

The set S<;(m, n) is not a manifold, it can be written as
S<r(m,n) = J S, (5.57)
r<k

where
UD, VT ¢ R™*" . U € St(m,r),V € St(n,r),
Sp(m,n) = (5.58)
D, is a diagonal matrix , ||D,||r =1

is a fixed-rank manifold with r nonzero singular values. Thus, the modified Riemannian opti-
mization method can be applied once the required differential geometric objects (e.g. Riemannian

gradient, full gradient, retraction, rank-related retraction etc.) are defined.

5.5.1 Gradients of Interest

Following Cason et al. [CADI13], the tangent space to S,(m,n) at a point S = UD, VT ¢

Sp(m,n) is

vavt vuBvt +u,cvt .

TsS,(m,n): =
B, C arbitrary, tr(AD,) =0
v o 4 BT (5.59)
- Hile o] vy,

B, C arbitrary, tr(AD,) =0

where U,V are any orthogonal complements of U, V. There is an extra condition onA such that

tr(AD,) = 0, due to the requirement on matrix D,, i.e., it satisfies || D,|r = 1.
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The normal space to S,(m,n) at the point S = UD, VT € S.(m,n) is

aD, 0 VT
v ol [ a) lvi]
a € R, R, € Rm—7)x(n=7)

aS+U R, VE:

NgSp(m,n) : =
(5.60)

a € R, R, € Rm=7)x(n=7)
By restricting the Euclidean inner product on R™*",
(A,B) = tr(ATB) with A, B € R™*",
to the tangent space, we turn S,(m,n) into a Riemannian manifold with Riemannian metric
9s(&m) == (&) = tr(§"n) with S € Sp(m,n) and &, 7 € TsSk(m,n), (5.61)

where the tangent vectors £, n are seen as matrices in R™*".

Once the metric is defined, the Riemannian gradient can be determined which in turn requires
projection. The orthogonal projection onto the tangent space and the normal space at S = UD, V7T
are

Prys, mpn) s R™" = TsS,(m,n)

Z — PsZ =UUTzvVT —aS+vvuTzv VI vU UTZzvVT

(5.62)
=vUtz+zvvt —vUuTzvvT — as,
PNSST(m,n) (R™ NsSr(m, TL)
Z — PyZ=aS+ (I, —UUT)Z(I, - VVT). (5.63)

In order to get the explicit form of projection, an explicit expression of « is needed. We have

any Z € R™*™ can be rewritten into the following form
Z=UKV'+UBVI +U,CVT +U,EV,, (5.64)

where K € R™*" B € R™*("=7) ¢ e Rm=r)xr | ¢ R(m=)x(n=7) " Projecting Z onto the tangent
and normal spaces, yields

Z =PsZ + P+ Z. (5.65)
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From the two terms in the expression for Z, the tangent and normal spaces are seen to be TgS, =
{UAVT + UBVE + U, 0VTY and NgS, = {aS + UJ_RJ_VE}, where B, C, R are arbitrary matrices
and A is any matrix that satisfies tr(AD,) = 0.

To get a computationally useful form of elements of these spaces, suitable expressions for A and
a are required. Since aS = aUD, VT, we seek A in the form A = K — aD,. Multiplying Z by UT
from the left and V from the right, eliminates the last three terms and gives K = U7 ZV. Thus
A =UTZV —aD,. Combining this with the constraint tr(AD,) = 0, we get tr((K — aD,)D,) = 0.
Therefore, the form of o can be obtained:

tr(KD
o= SED) tr(U ZV,D,) = tr(ZV,D,U") = tr(Z(UI D, V)T = tr(Z8T). (5.66)
tr(D, D)
Given the explicit form of a, we obtain the formula for projection onto tangent and normal
space as follows:

PTSSr(m,n) R TSST(m, n)

Z - PsZ=0UTzvvT —tr(zs"s +vvuTzv, vE+ v, vt zvvT

(5.67)
=vUtz+zvvt —vUuTzvvT —tr(2ST)S,
Prgsi(mm) : R™™ — NgSg(m, n)
Z — PgZ =tx(ZST)S + (I, -UUT)Z(I,, — VVT). (5.68)

Since the Euclidean gradient of cost function ®(S) is 2M?(S), projecting the gradient onto

tangent space, we obtain the Riemannian gradient

grad®(S) := Ps2M?(S) = 2PsM?(S)
(5.69)
= 20U M2(S) + 2M2(S)VVT —20UT M2(S)VVT — 2tr(M3?(S)ST)S,

where M?(S) = M(M(S)) and [M(9)];; = [ASBT + ATSB);;.

In order to apply MROM, a Riemannian submanifold M is needed such that the cost function
can be extended. Since for each S = UDVT € S<j(m,n), we require ||D||p = 1, which implies
|S||F = 1, the submanifold M can be treated as a unit sphere S™"~!. Consider the following two
functions ®r and ®,:

Pp: M=5""1 5 R: S tr(STM?(S)),
®, : S, (m,n) = R: S tr(STM?(S)).
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The cost function for the rank inequality constrained problem is then ® = ®p|s_, and ¢, = ®p|s, =

o|s,.

The tangent space and normal space to a sphere S™"~! at a point S € S™*! are given in
[AMSO08, Example 3.6.1]:
TsS™ ' = {Z e R™*": 577 =0}, (5.70)
NgS™ ! = {aS:a e R}, (5.71)
and the projections are
PTSSmnfl :R’H’LX’H — Tssmnil
(5.72)
Zvw— PsZ =7 —af,
Pyggmn-1 :R™™ — Ng§™n !
(5.73)
Z v+ PgZ = asS,
where a = tr(ZS7). Thus, the full gradient on the submanifold M can be obtained by projecting

the Euclidean gradient of cost function ®r(S) onto the tangent space TgM
grad®p(9) := 2PsM?%(S) = 2M?%(S) — 2tr(M?2(5)ST)S, (5.74)
where M?(S) = M(M) and [M(S)];; = [ASBT + ATSB],;.

5.5.2 Retractions of Interest

Two kinds of retractions are required for MROM: retraction onto the fixed-rank manifolds and
rank-related retractions.

Given the triple (U, D, V) such that S = UDVT, the computation of the triple (U,D,V) is
similar to the discussions in Section 4.3.4. For U and V, they are the same as shown in Section
4.3.4. However, there is an additional restriction on D such that ||D||z = 1. Thus, D is computed
as

D=UTSV —aD =UTSV — tr(SST)D. (5.75)
The three choices of retractions on the fixed-rank manifold S, are considered in the following:

e three-factor SVD-type retraction:

Rs(S)=U D VE (5.76)
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where
UD = QuR.,
VD = QuR,,
D+D RUT}
R, 0]’
Uy = [U Qu} Us(:,1:7),
Ds(1:r,1:7)
- |IDs(1:7,1:7)||F’
Vi=1[V Q]Vi(:,1:7),

USDSVS = |:

Dy

e three-factor polar-type retraction

Rs(S)=U.D,VFE (5.77)

where
UsD,VI =D+ D using SVD,

U+ = Uf(U + U)Usa
T DlE
Vi =uf(V + V)V,

and uf(-) denotes the orthogonal component of the polar decomposition.

e three-factor QR-type retraction I
Rs(S)=UyD, V. (5.78)

where
UsD,VI =D+ D using SVD,

Uy = qf(U+U)Us,
— DS

" IDsle

Vi =qf(V+ V)V,

and ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.

e three-factor QR-type retraction II

Rs(S)=U;D, V. (5.79)
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where

Uy =qf(U+1),
_ D+D

D+ D’
Vi=qf(V+V),

+

and ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.

In order to apply Algorithm 2, a rank-related retraction is also needed. It must satisfy certain

properties as in Definition 8 in Chapter 3. Given S € &, based on Definition 8 in Chapter 3, the

following three types of rank-related retractions are constructed:

e SVD-type rank-related retraction

Rs(n*) = UzD; VT,

(5.80)

where [U, D, V] = svd(S + n*) is (ordered) singular value decomposition (SVD), U;, Vi are

first 7 columns of U, V respectively, D; are the upper 7 by 7 block of matrix D, Dj

This can be computed more efficiently by

where

and 7 =1+ Ar, Uy = [Ur UAT]7 D; = |:0Ar><r OAT‘XA’I‘:|) Vi = [V;‘ VAT]'

QuRu - ~p7
QvRv = ‘71);

R, 0
Uy = [Uf Qu] Us(:,1:7),
Dy(1:7,1:7)
|Ds(1:7,1:7)|p’
Vi=[Vi Q] Vs(:1:7),

- ) T
USDS‘/;:|:DT‘+DT R’U:|’

D+:

D'r orx Ar

e Polar-type rank-related retraction
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where

Uy = uf(Us + Us)Us,
~ l)S

D, = ,
A

Dj + Dr = U,D,V],

where uf(-) denotes the orthogonal component of the polar decomposition.

e QR-type rank-related retraction I
Rs(n*) = U, DLV, (5.83)

where

Uy = qf (U + Up)Us,
~ Dy

f ~IDsllF’ .

Vi =qf(Vi+ Vi)Vs,
Di + Dy = U,D,VT,

where ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.

For the three types of rank-related retraction above, the rank-related vector n* has the form
of n* = U,:V;T + U;DFV;T +UiVe and D = UTSV — tr(S’ST)D. If D; is assumed to be a
diagonal matrix and n* = U;D,:VFT + U;D,:VFT + U;D;V;, then similar to Section 4.3.5, we
have the QR-type rank-related retraction II:

Rx(n*) = 0D, VT, (5.89)

where

Uy = qf(Us + Uz),
= Di+Ds

"D+ Dl
Vi = af (Vi +V5),

where ¢f(-) denotes the Q-factor of the thin QR decomposition of its matrix argument.
5.5.3 Vector Transport

In our framework, vector transport can be represented by an m by n matrix. Given two points

Sp and Sg in Sg(m,n), the corresponding tangent spaces are Tg,, Tg,. We choose the isometric
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vector transport 7 from S; to Sz as the direct rotation from Tg, Si(m,n) to Ts,Sk(m, n), restricted
to act on Ts,Sk(m,n). Note that the tangent space has the following structure
vAvVT +UBVE + U VT
TsSk(m,n) =
B, C arbitrary, tr(ADy) =0,
An orthonormal basis of TsSk(m,n), denoted by Bg, is given by
{U(eiejT)V ci=1,--+ ,k,j=1,--- ,k,i,j can not both equal to k}
U{U(ejeNyVEi=1,--- n—k,j=1,---,k} (5.85)
U{UL(ée] )V ii=1-- m—k,j=1,-- k}
where (eq,--- ,e;) is the canonical basis of R¥, (é1,---,é,,_%) is the canonical basis of R™~* and
(€1, ,€n—g) is the canonical basis of R™ k. Similarly, we can construct the basis for normal space
asS + UJ_RJ_VE :
NSSk (m> n) =
a € R, Ry € Rm=Px(n=h)

Using Ng to denote, which is given by
(UDVTYyu{U eVl vi=1,--- m—k,j=1,--- ,n—k}. (5.86)

The columns of Bg and Ng are thus chosen as the “vec” of the basis elements.

We can also derive the vector transport by the differentiated retraction of (5.78) and (5.79).

Proposition 34. Let S = UD,VT € Sip(m,n), £,n € TsSp(m,n). Assuming & and n have the

following structure

E=UDyVT +UD VT + UD VT,
n=UsDVT + UDyVT + UDLVE.
Then the vector transport by the differentiated retraction of (5.78) is

Dy + Do Dy + Dy

Toe =T (U1) 522 0 b(v 4 V6)T 4 qf (U + Tn))—E 22 (T (1))T
ST D g Byl T O TR
. Dl Dy + D2 (Dk + DQ)T_Dl T ’
+qf(U+U: . — - ' qf(V 4+ Va)*,
( 2))<!!Dk+DzHF Dy + Dol [De+ Dl ) VT

where ’TUQ(Ul) is a differentiated retraction on Stiefel manifold [AMSO08, Example 8.1.5] and qf(-)

denotes the Q factor of the QR decomposition with nonnegative elements on the diagonal of R.
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Proof. Based on the definition of the vector transport by differentiated retraction and the QR-type
I retraction (5.78), we have
d
T = S Rx(n+1€)

= %[Qf(U+U2+tU1) (

t=0
Dy, + Dy +tDy
HDk + Doy + tDlHF

Dy, + Dy + tDy
||Dk + Dy + tD1||F

) af (V + Vo +tv1)T

t=0

= %[Qf(U+U2+tU1)] (

(5.88)

) af(V + Vo + )T
t=0

- . d Dy + Dy +tDy . -
+qf (U + Uy + tUy) — : : qaf (V + Vo +t1)
dt |Dy + D2 +tD1|| ¢ =0
. k+D2 . d . AT
+ qf (U + Uy + tUy) +tD1 | —[qf(V 4 Vo +tV7)]
Dy, + Dol p dt =0

Since U € St(m,r),V € St(n,r), according to the vector transport by differentiated retraction on
the Stiefel manifold [AMSO08], we have for Uy, Us € TySt(m,r),

[qf(U+U2+tU1)Ht 0 =Ty, (Uh), (5.89)

and for Vl, Vy € Ty St(n,r),

Ll F(V + Vo + V)10 = T (). (590)

where
Ty, (Ur) = DRy (U2) (U]
= Dqf (U + Us)[U1]
= Ry(U2) psen(Rur(U2) U1 (R (U2)" (U + U)) ™)
+ (I = Ry (U2) Ry (U2)" )01 (Ry (U2) T (U + U2)) 7,
and pskew (B) denotes the skew-symmetric term of the decomposition of a square matrix B into the

sum of a skew-symmetric term and an upper triangular term, i.e.,

Bi,j ifi>7
(Pskew (B))ij = 0 ifi=j,
—Bjﬂ' if i < J-

123



is computed as follows:

The derivative 2 (M>
t=0

dt ||Dk+D2+tD1 |r

d Dy + D2 + tDl
dt \ || Dy + Dy +tD1| ¢

_ @Dy + Do+ D) D+ Do+ Dyl = (Dy + Do+ tD)G(IDk + Dy +D1ll) | 5 g
|Dx + Dz + tDy 3 t=0
Dl Dy + Dg (Dk + DZ)TD1

 |IDx+Dollp || D+ D2||% || D+ Da|lr

t=0

Substituting (5.89), (5.90) and (5.91) into (5.88), we have the vector transport by differentiated

retraction (5.78) are following

) Dy + D . . D.+D )
Tof = Tpy, (1) ——————qf (V + Va)" + qf (U + U2)) ———2—(T;, (V1))"
| Dy, + D2l r |Di + D2||r (5.92)
. D Dp+Ds (Dp+ D))I'D . '
(U + 1) L Dt Do (Dt Do) Du) oy oyt
|Dr + Dollr  ||Dr 4+ D2l | D+ D2|lr
0

5.5.4 Action of the Hessian on Fixed-rank Manifold

Proposition 35. For any S = UD,VT € Si(m,n) and n € TsSk(m,n), the Riemannian Hessian
of ® at S in the direction of n satisfies

Hess®(S)[n] = vygrad®(S) = Ps(Dgrad®(S)[n]),

where
Dgrad®(8)[n] = 2(U (UTnV D YUT + UUTnV DY TUTIMP(S) + 2(UUT)M? ()

+2MP()VVT 4 2M2(S) V(D LU v )TV + V(D Uty ) VT
— 20U (UTnvD YUY + U(UTnv D YT UTIMA(S)VVE — 20U M2 () V VT
— 20U M*(S) V(D UV ) TVT + V(DU v )V
—2tr(M?(n)ST)S — 2tr(M2(S)n™)S — 2tr(M?(S)ST)n.

Proof. As the Riemannian gradient of ®(S) at a point S = UD, V7T is

grad®(S) = Ps2M?(S) = 2PsM?(S)

(5.93)
= 20UT M?(S) + 2M%(S)VVT —20UT M2(S)VVT — 2tr(M2(S)ST)S.

124



In order to find the Hessian, we need the derivative of UU”T and the derivative of VVT. Since U €
St(m, k), its derivative has the form U =UQ +U, Ky, where O is a skew matrix, K, € R(m—k)xk,
Similarly for V' € St(n, k), the derivative of V has the form V = VQy + V| Ky, where Q is a skew
matrix, Ky € R"F*k Thys, for any S = UD,VT ¢ Sk(m,n), its derivative can be written into
the following form:

S=vAvT + U, K\D,VT + UD,KIVT, (5.94)
where A € RF*¥F K € RmF)¥k |, ¢ ROFIXE tr(AD),) = 0. Multiplying S by U7 from the left
and V from the right, we get

K1 =ULSVD " (5.95)
Similarly, we can get
K3 =D tutsvy. (5.96)
The derivative of UU7T is computed as
Y =vvt + Ut = (U + UL K)UT +UUQ + UL K))T

=U( +ohut +u kiUt +UKTUT

(5.97)
= U LK\ UT +UK{UT
=U (UlsvD vt +uwlsvp YUt
Similarly, we can obtain the derivative of VV7:
(VVTY = v (D UTSV)TVT + V(D UT SV VT (5.98)

Therefore, the directional derivative of grad® at S along 7 is

Dgrad®(S)[n] = 2(UUTY M%(S) + 2(UUTYM2 () + 2M2()VV T 4 2M2(S)(VVTY
—2UUTYM2(S)VVT —2uUT M*()VVT —2UuUT M*(S)(VVTY
—2tr(M?(n)ST)S — 2tr(M?(S)nT)S — 2tr(M?(S)ST)n
=2[U, (UTyv D HUT + U(UTyv D HTUTIM?(S) + 2(0UT) M ()
+2ME)VVT 4 2M2(S) V(D U TV ) TVE + V(DU Ty ) VT
—2U, UTnvDHUT + UUTnv DY TUTIMP(S)VVT —2uUT M2 () V VT
— 20U M*(S) V(D UV ) TVT + V(DU v )V

—2tr(M?%(n)ST)S — 2tr(M2(S)nT)S — 2tr(M2(S)ST)n.
(5.99)
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Finally, the Riemannian Hessian of ® at S in the direction of n can be computed by

Hess®(S5)[n] = Vygrad®(S) = Ps(Dgrad®(5)[n]).

5.5.5 Some Observations of Cason’s Algorithm

To reduce the complexity, Cason et al. do not use Algorithm 7, i.e., they do not work with
S € R™*™ itself but with its singular value decomposition (U, D, V) € R™** x Diag(k, k, k) x R"**
where Diag(k,k, k) := {D € R¥** . D diagonal, D;; = 0 for all i > k}. Similarly, in practice,
they do not compute M?(S) € R™*" itself but its singular value decomposition. Algorithm 7 is

rewritten as following

Algorithm 8 Cason’s Algorithm 3

Require: Graph G4 and Gpg respectively of order m and n
1: (U°, D% VO « SVDi(1/|1|F)
2: fort=1,2,--- ,tee do

U [AUt—lDt—l7 ATUt—1Dt—1] e R™*2k.

U" + [AU', ATU'] € R™*k;

V' «— [thfl’ BTthl] c Rnx%;

V"« [BV', BTV'| e R4,

(QU»RU) . QR(U”) c RmX4k % R4lc><4k;

(Qv, Ry) « QR(V") € R<4k x R4kx4k,

(U”’,D/”, V///) i SVDk(RURg) c Rka X kak X Rnxk;

10: (UL DLV (QuU™, 1By, QuV");

11: end for

Note that Algorithm 8 does not use any Riemannian objects. It is an update of the form
Siv1 = P(Sp+ se(M?(S) = S)), (5.100)

with step size s; = 1 and P is a projection using the SVD and a normalization, that projects a
proposed iterate onto the feasible set Sy.

The update of the Riemannian steepest descent algorithm with line search on the fixed rank
manifold S;(m,n) is given by

St+1 = Rst(—StPStvq)(St)), (5101)
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where s; is a step size, P, V®(S;) is the Riemannian gradient obtained by projecting the Euclidean
gradient V®(S;) onto the tangent space Tg,S(m,n), and Rg, is the retraction from the tangent
space of S; to the manifold, e.g., a projection of the matrix S; — s;Ps, V®(S;). Cason’s iteration
(5.100) is not exactly Riemannian steepest descent on Si(m,n) but it is related to Riemannian
steepest descent.

Comparing the two forms and reviewing the Riemannian gradient discussed in Section 5.5.1, we
observe the update in (5.100) is equivalent to the update of Riemannian steepest descent method
with Riemannian gradient of submanifold M, i.e., the full gradient (5.74) on the sphere of dimension
mn — 1, and a particular step size s; = + L

a = 2tr(M2(S;)ST)
the SVD-type retraction (5.76) discussed in Section 5.5.2.

mapped to the feasible set Si(m,n) using

Therefore, Cason’s improved Algorithm 8 is a generalization of the well-known Euclidean gra-
dient projection method for constrained optimization that maps every point of the line x; + ad;
defined by the unconstrained line search method to the nearest point of the, typically convex, fea-
sible set. In this case, the “line” is defined by a step of Riemannian steepest descent on the sphere
retracted by simple scaling of the norm followed by a rank-k approximation of the point on the
sphere and a second normalization to a point on Si(m,n). Additionally, we have seen empirically
that this fixed step size of Cason’s in this form satisfies the Riemannian Armijo condition that is

one of the line search termination criteria that is used to guarantee convergence.

5.5.6 Experiments

In this section, Algorithm 8 is used in all comparisons. Given the relationship of Algorithm
8 to a fixed step size gradient projection algorithm we compare it to the Riemannian steepest
descent method on rank-£ manifold first. Then, Algorithm 2 is compared to Algorithm 8. Section
5.5.6.2 shows the performance of both methods on approximating a rank-1 similarity matrix. The
performance when approximating a similarity matrix for random graphs is shown in Section 5.5.6.3.
Finally, in Section 5.5.6.4, the difficulties for Algorithm 8 and MROM when the two dominant
eigenvalues of M? = (A ® B + AT @ BT)? are close, where A, B are adjacency matrices, are
illustrated and the performance improvement of a modification to MROM is demonstrated.

The parameters in Algorithm 2 are set to be the same as they were in Section 4.4.2. The initial
point in Algorithm 8 is given in Step 1. The initial point in Algorithm 2 is a rank-1 matrix defined
by [Uo, Do, Vo], where Uy = ﬁ [1, . ,1]T, Dy=1,Vy= ﬁ [1, e ,I]T. The stopping criteria of
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Algorithm 2 and Algorithm 8 are set to be the norm of final gradient on the fixed-rank manifold

over the norm of initial full gradient is less than 1077.

5.5.6.1 Comparision of Approximation with k£ Nonzero Singular Values. In this
section, the performance of Cason’s method is compared with the performance of Riemannian
steepest descent method (RSD) on rank-k manifold. Note that the rank-k manifold is a noncom-
pact manifold since the limit may be not in the feasible set. The projection in Algorithm 8 is
equivalent to an SVD-type retraction. In this section, the SVD-type retraction and the ortho-
graphic retraction [AO13, Section 3.2] on the fixed-rank manifold is used for RSD. Both of them
are second-order retraction. Furthermore, like Algorithm 8, the step size chosen in RSD is fixed,
which is W(SIC)S,CT)

The random generated graph is a directed graph with 1000 nodes and the probability of adding
a new edge for each node is 0.01. We look at the performances of both methods to compute low-rank
approximations of self-similarity matrices, i.e., A = B. The initial point in RSD is a rank-k matrix
defined by [Ug, Do, Vo], where Uy € R™** 1 € R™** are orthogonal matrices generated by Matlab’s
ORTH and RANDN, Dy = ﬁ, where D is a diagonal matrix with diagonal elements from 1 to k.

The stopping criterion for both methods are ||Ag||r < 107%]|S||r. The relative error is computed

]
by LS=S7le

S8 where SP is the true similarity matrix obtained from the Blondel’s algorithm. The

numerical rank of the true similarity matrix is small. There are 8 singular values greater than 10~
and 9 of them greater than 1076,

The average computational times and the average relative errors with respect to the true self-
similarity matrices for exactly k nonzero eigenvalues are shown in Figure 5.5 and Figure 5.6. From
the two figures, we observe that when reaching almost the same relative error, the computational
time of RSD is much smaller than Cason’s method, especially when k gets larger. This shows that
even for fixed k the combination of the somewhat lower computational complexity per step of RSD
and its choice of direction are a clear improvement over the choices of direction and projection in
Algorithm 8

Figure 5.6 shows when k reaches 8, the relative error is already small, which matches the singular
values we observed in true similarity matrix. After that, increasing k£ makes no big difference on the

relative error. This means the value k greater than 8 may be “too large” and can bring unnecessary
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operations. This motivates using Algorithm 2 rather than a fixed rank k to exploit its ability to

find a suitable numerical rank independent of the upper bound k.
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Figure 5.5: Comparison of compuational time be- Figure 5.6: Comparison of relative error between
tween Riemannian Steepest Descent method and Riemannian Steepest Descent method and Ca-
Cason’s iteration method with different k. son’s iteration method with different k.

5.5.6.2 Comparison of approximation to a rank-1 similarity matrix. As mentioned
in Section 5.3, when one of the graphs is symmetric, the similarity matrix is a rank-1 matrix. In the
following, we compare Cason’s method with MROM for different bounds k. The inner algorithm
in MROM is taken to be the Riemannian steepest descent method (RSD) with fixed step size in
each iteration discussed earlier.

The adjacency matrix of a random symmetric graph with N nodes is generated by A = Ag+ A7,
where Ag is generated by Matlab’s RANDINT with seed 1. The graph B is also generated by
Matlab’s RANDINT. Since the rank of the true similarity matrix is 1, the bound on rank is
considered with two values k = 1 and k = 5. The relative error is computed by %, where SP
is true similarity matrix obtained from Blondel’s algorithm. The initial point in MROM is a rank-k
matrix defined by [Uy, Do, Vo], where Uy € R™** V € R"*F are orthogonal matrices generated by
Matlab’s ORTH and RANDN, Dy = ﬁ, where D is a diagonal matrix with diagonal elements

from 1 to k. The initial point in Algorithm 8 is a rank-1 matrix given in Step 1 independent of the

value of the bound k.
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Results are shown below in Figures 5.7 and 5.8. For MROM, we observe, independently of
the rank of the initial point, always adjusts the rank of the similarity matrix to the correct value
of 1. Figure 5.7 shows the computational time of both methods with different k. MROM has
significant time advantages as N (the size of graph) increases, independently of the initial point.
The computational time of Algorithm 8 are almost the same for different k. The algorithm works
with m x 4k and m x 2k matrices which since m > k here yields mild dependence on k in complexity
per step. MROM has a similar mild dependence per step. Figure 5.8 shows although the relative
error achieved by both methods is small that of MROM is near numerical roundoff and noticeably
smaller than that of Cason’s method.

Therefore, the rank adjustment and efficient optimization on each fixed rank manifold clearly
provide a significant benefit compared to Cason’s method. Furthermore, figure 5.7 indicates that
MROM starting from a rank-1 matrix is more efficient than starting from a higher rank matrix.
In the all experiments in the remainder of this chapter, we start from a rank-1 matrix and let the

rank adjust automatically using our rank control strategy.
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Figure 5.8: Comparison of relative error between
MROM and Cason’s iteration method for k = 1
and k£ = 5.

Figure 5.7: Comparison of computational time
between MROM and Cason’s iteration method for
k=1and k=5.

5.5.6.3 Comparison of approximation of a self-similarity matrix of a random graph.
In this section, the performances of MROM and Cason’s method when computing a low-rank ap-

proximation of the self-similarity matrix of a randomly generated graph are compared. The random
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graph is a directed graph with 500 nodes and, since the probability of adding a new edge for each
node is 0.003, it has a sparse adjacency matrix. The relative error is computed by %, where
SE is true similarity matrix obtained from the Blondel’s algorithm. The numerical rank of the true
similarity matrix is not large compared to the size of the matrix. There are 182 singular values
greater than 1075 and 311 of them greater than 1075,

The comparison in Section 4.4.8 shows for matrix with large size, limited-memory RBFGS

method has significant time advantage. Therefore, it is used as the inner algorithm in MROM.

Since the numerical rank is large, €; is chosen to be ? in Algorithm 2 in order to allow a more

rapid increase of rank at each step.

Figures 5.9 and 5.10 show the comparison of relative error and computational time for the
two methods with different values of k. It can be observed for each k, that the relative error of
both methods are almost the same, however, the computational time cost by MROM is much less
than Algorithm 8. Clearly, by allowing an approximate minimization and starting with a rank-1
similarity matrix, MROM’s rank adjustment and efficient Riemannian optimization on each fixed

rank manifold makes it the preferred method is the numerical rank of the low-rank approximation

is not very small.
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Figure 5.9: Comparison of relative error between

MROM and Cason’s Iteration Method on random
generated graph

Figure 5.10: Comparison of cost time between

MROM and Cason’s Iteration Method on random
generated graph
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5.5.6.4 Comparision when the largest two eigenvalues are close. In this section,
situations that cause difficulties for both Cason’s Algorithm 8 and MROM are considered. First,
note that, due to its relationship to the power method, when the two dominant eigenvalues of
M?, where M = A® B + AT @ BT, are very close in magnitude, the rate of the convergence of
Algorithm 8 to the desired dominant eigenvector can be very slow. The limiting case when the
dominant eigenvalue of M? has geometric multiplicity greater than 1, requires that the similarity
matrix S is the eigenvector of M? with the largest 1-norm. Given an appropriately large bound k,
Cason’s Algorithm 8 will converge to this eigenvector by design, possibly very slow. Unfortunately,
MROM, while converging to an eigenvector of M?, does not necessarily converge to the desired
one.

Fortunately, in general, it does not appear to be a common situation to have large graphs
for comparison where M? has two such dominant eigenvalues, either analytically or numerically.
However, it is possible to construct a family of graphs to illustrate the effect on the algorithms of
interest and to provide some basis for the expectation that MROM with some modification can
maintain its efficiency and effectiveness.

We consider computing the self-similarity matrix of a graph G defined by a unidirectional cycle
and an additional source node. The graph with 10 nodes and uniform edge weights of 1 is shown

in Figure 5.11.

OO O O OB OO O=0)
(1)

Figure 5.11: A sparse Graph G with 10 nodes.
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The adjacency matrix A of graph G in Figure 5.11 is

[0 1 0 00 00 0 0 0]
001 00O0O0O0OTO0OTO O
0001 0O0O0O0OO0OPO
00001O0O0O0TO0TO O

A— 000O0O0O1O0O0O0OOP O
000 0O0O01O0TO0TO0
0000O0O0O0OO0OT1QO0DPO0
000 0O0OO0O0OO0OT1FQ O
000 0O0O0O0OO0TO 0?1

010 00 00 0 0 0

The two dominant eigenvalues of the matrix M2, where M = A® A+ AT ® AT, are 5.6280 and
5.5818 yielding a ratio of approximately 0.9918 which is close enough to 1 to expect a degradation

in convergence.

IS—SZ|Ir

S8 SB is true similarity matrix obtained from the

Table 5.6 shows the relative error (
dominant eigenvector associated with matrix M?), the final value of the cost function (5.7) and
the computational time. With the bound £ = 10, both methods produce a similarity matrix with
rank 10, which is the true rank. The relative error achieved by MROM is much smaller than
Algorithm 8, and is essentially at double precision roundoff. Furthermore, although the modified
Riemannian optimization method starts from a rank-1 matrix and adjusts rank automatically, the
computational time cost is less than Cason’s method. This shows the degradation of convergence

in Cason’s algorithm and that, despite the fact that the eigenvalues are close, they are not close

enough to affect MROM’s performance.

Table 5.6: Rank < k approximation of self-similarity matrix of graph 5.11. The subscript +z
indicates a scale of 107,

Iteration Method MROM
k  relative err f time(s) relative err f time(s)
10 2.005_06  5.6280  0.359 3.049_14  5.6280 0.167

A larger member of the family of graphs can be used to illustrate the need for a modification

to MROM. Consider the extending the graph above from 10 to 41 nodes and adding a tiered set of
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edge weights as seen in the adjacency matrix

050...0 0 0
o001 -0 0 - 0
A_ooo 1 0 0
“ 10 00 0 107° 0
0 00 0 0 10~°
0 1 0 0 0 0 |

Checking the singular values of the true rank similarity matrix S?, we observe that the weighting

has caused the singular values to become small after the first six singular values
[0.81700 0.57577 0.03147 0.00085 4.66e — 05 1.26e — 06] .

Clearly, a low-rank approximation of S is a reasonable goal. The two computed dominant eigen-
values of M? are equal to double precision accuracy with a value approximately 677.00148 and
there is a significant gap to the next eigenvalue at approximately 27. Therefore, the invariant
subspace associated with the dominant eigenvalue has dimension 2 and according to [BGH04],
the true rank similarity matrix S® can be provided by the normalized projection of a vector 1 on
the dominant invariant subspaces.

Different values for upper bound k (k =1,2,3,4,5,6) are used in the experiments. Figure 5.12
shows the results of log |grad®| versus number of iterations in Cason’s method. It is clear that for
k = 2,3,4 the algorithm has significant difficulties reaching the desired stopping criterion. The
rapid convergence for k = 1 does not yield the desired eigenvector of M? since the bound is too
small compared to the numerical rank of 6 of S?. However, when k is taken large enough at 6 a
good approximation of SE is computed. The first six singular values of the computed similarity
matrix, listed in the second column of Table 5.7, are very close to those of S? given in the first
column of the same table.

When MROM with RTR-Newton as inner algorithm is applied to the problem, we observed
that, while convergence is reasonable, the method simply converges to an eigenvector associated
with the largest eigenvalues. It does not satisfy the property of the desired similarity matrix, i.e.,
it does not have the largest 1 norm. In order to get the approximation of similarity matrix with

largest 1 norm, a modification such as those proposed in Section 5.3 must be made.
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Figure 5.12: Low rank approximation with rank at most k£ by Cason’s Iteration Method.

We consider the first modification proposed in Section 5.3. It requires adding a penalty term

on the cost function (5.7), i.e. the following new cost function is considered:
Dy(9) := tr(STM?(9)) + 1751, (5.102)

where X is the penalty coefficient, 1 is an all one vector.

The Euclidean gradient of the new cost function ®5(S) is 2M?2(S) + ﬁlTl. As before,
projecting the Euclidean gradient onto the tangent space of submanifold M (the sphere S™"~1)
and the fixed-rank manifold S, yields the full Riemannian gradient and Riemannian gradient on
the fixed-rank manifold.

All the parameters are set to be the same as before. In addition, the new parameter A in the
penalty term is set to be %. The value of the quantity log |grad®| as a function of the iteration
is shown in Figure 5.13.

For all values of the bound k&, MROM on the modified cost function achieves the stopping

criterion. The characteristic behavior of changing rank from the rank-1 initial guess at the similarity

matrix to the appropriate rank final approximation - in this case always the bound & — is observed.
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Figure 5.13: Low rank approximation with rank at most & by applying MROM on new cost function.

For a given rank, the value of log |grad®| decreases rapidly as the Riemannian optimization on
the fixed-rank submanifold S, of the sphere converges. After a rank change the value increases as
expected and then once again decreases rapidly due to the fixed-rank optimization. Eventually,
the final rank is chosen and a value of log |grad®| satisfying the stopping criterion is achieved. The
third column of Table 5.7 contains the relevant singular values of the similarity matrix computed
by MROM on the modified cost function with £ = 6. Clearly, they are good approximations to
those of S and they have been computed efficiently.

5.6 Conclusion

The adaptation and application of MROM to generating a low-rank approximation of a graph
similarity matrix has been explored in this chapter. While the utility of a low-rank approximation
matrix when the similarity matrix is not low-rank either numerically or exactly is still an open
question, it is reasonable to consider the efficient computation of such a low-rank approximation,

especially for those cases where the true similarity matrix has low-rank structure.
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Table 5.7: The first 6 singular values of true similarity matrix S?, low rank approximation got by
Cason’s iteration algorithm S¢ and low rank approximation got by modified Riemannian optimiza-
tion algorithm S™.

SB SC SM
0.817005719797966 0.817005719800206 0.817006681732839
0.57576954816249 0.575769548159327 0.575768137078938

0.0314698499477739 0.0314698499477084 0.0314705899851615
0.000852991923203862  0.000852991923194901  0.000853796152030672
4.6621999922645e-05  4.66218975973872e-05  7.2624727193948e-05

1.26369173803024e-06  1.26368896454642e-06  4.53024313970956e-05

Two types of low-rank approximation have been considered. For the first type, the feasible set
of low-rank approximations with k£ identical singular values is a manifold. Therefore, the general
Riemannian optimization methods can be applied directly. The second type, approximation with
rank at most k, is more general and its feasible set does not have a manifold structure. The
algorithm proposed by Cason et al. is essentially equivalent to Blondel’s algorithm (Algorithm 5)
when k£ = min(m,n). What is more, we observe the more efficient version of their algorithm, i.e.,
Algorithm 8, can be analyzed in terms of a Riemannian manifold rather than a heuristic Euclidean
algorithm.

Support for the following conclusions was demonstrated. First, the performances of the Rie-
mannian optimization algorithms on fixed-rank manifold show that working on rank-£ manifold is
more efficient in terms of space and computational time than using Algorithm 8. Next, the most
significant advantage of MROM is its efficient and effective updating of the rank of the approx-
imation to the similarity matrix. Additionally, the performance of MROM was seen to be more
efficient for most cases especially the practical case when the numerical rank is not very small and
an approximate optimization yields a useful low-rank approximation for the particular application.
For the special rank-1 similarity matrix, MROM has significant time advantages compared with
Cason’s iteration method. This advantage holds even if the starting point has rank greater than 1.
MROM can decrease the rank to 1 efficiently to save time and space. MROM’s overall robustness
was clearly demonstrated.

MROM failed to compute a good approximation to the similarity matrix when the geometric
multiplicity of the extremal eigenvalue of M? is greater than 1, i.e., the eigenspace associated to

the extremal eigenvalue is not one-dimensional. While this situation appears to be uncommon,
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MROM can only guarantee convergence to an eigenvector, not necessarily the unique one with the
largest 1-norm required for this special case. Applying MROM to one of the proposed modified
cost functions has been shown to address the problem for a family of example graphs. We have
also introduced other modified cost functions in Section 5.3. They may prove useful for this special

case.
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CHAPTER 6

CONCLUSION AND FUTURE RESEARCH

In this dissertation, we present new algorithms that solve optimization problems on a matrix
manifold M C R™*™ with an additional rank inequality constraint. New geometric objects are
defined to facilitate efficiently finding a suitable rank. The convergence properties of the algorithms
are analyzed and empirically verified. Experiments and applications are used to illustrate the
efficiency and effectiveness of the algorithm.

The major contributions of this dissertation are:
1. Developed a rank-related vector that defines a search direction on the tangent cones.

2. Developed a rank-related retraction that facilitates the change from one fixed-rank manifold

to another that is more flexible and effective than fixed-increment updating.

3. Developed a general algorithm with flexible fixed-rank inner algorithm choice to solve opti-

mization problems with rank inequality constraints.
4. Completed the convergence theory for the new algorithms.

5. Empirically evaluated the algorithms for two important applications: weighted low-rank ma-

trix approximation problems and low-rank approximation of a graph similarity matrix.
6. For weighted low-rank matrix approximation problems:

(a) Empirically evaluated the ability of the new algorithms to determine a space efficient
approximation when the singular value profile is gapless and strongly gapped for general

weighting matrix for a range of problem sizes and choice of fixed-rank inner algorithm.

(b) Empirically evaluated the performance of the new algorithms for problems with a struc-
tured weighting matrix for a range of problem sizes and choice of fixed-rank inner algo-

rithm.

(c) Empirically evaluated the influence of the retraction and its factor (in)variance for a

range of problem sizes and choice of fixed-rank inner algorithm.

(d) Empirically evaluated the performance of different inner algorithms and sizes. For large

size matrix, the limited-memory algorithms were shown to be preferable.
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7. For low-rank approximation of a graph similarity matrix:
(a) Developed algorithms with flexible fixed-rank inner algorithm choice for geometric mul-
tiplicity of 1 and greater than 1.

(b) Empirically evaluated the new algorithms for problems with geometric multiplicity of 1

for a range of problem sizes and choice of fixed-rank inner algorithm.
(¢) Characterized some problems that yield geometric multiplicity greater than 1.

(d) Considered the case when the similarity matrix defined by the full-rank iteration does not
have a good low-rank approximation in the sense of the Frobenius norm and determined
if the low-rank approximations that are produced by the proposed algorithms have any

useful information for the related graph problems.

There are several avenues of future research in both algorithms and their applications. For al-
gorithms, we will consider developing heuristics to choose/adapt parameters €; and ez in Algorithm
2. To avoid the singular value decomposition for a large matrix, we implement three-factor repre-
sentations of each matrix. Further analysis is needed on the invariance and variance of retractions
with respect to the three-factor representations.

For applications, there are other constraints on the approximating matrix of interest in the lit-
erature apart from the rank constraint, e.g., non-negativity and Hankel structure. We will continue
to adapt and improve the Riemannian methods and our understanding of their behavior and its
relationship to application characteristics and constraints. The adapted and improved methods

will be systematically compared with current state-of-the-art methods in each application area.
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