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ABSTRACT. We find a simple expression for the probability density of [ exp(Bs—
s/2)ds in terms of its distribution function and the distribution function for
the time integral of exp(Bs + s/2). The relation is obtained with a change
of measure argument where expectations over events determined by the time
integral are replaced by expectations over the entire probability space. We
develop precise information concerning the lower tail probabilities for these
random variables as well as for time integrals of geometric Brownian motion
with arbitrary constant drift. In particular, E[ exp (8/ [ exp(Bs)ds)] is finite
iff 8 < 2. We present a new formula for the price of an Asian call option.
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1. INTRODUCTION

Time integrals of one-dimensional geometric Brownian motion have appeared in
financial models where certain expected values are the computed prices of ‘Asian
options’. Approximate values for some of these expectations were obtained in [RS].
Some fundamental work in [Y] and [GY] focuses on the distribution and density
functions of time integrals.

We present new relationships between the density functions and distribution
functions for these random variables. Our results provide a precise description of the
lower tail of these distributions and we settle several moment questions involving an
exponent which is the reciprocal of a time integral. We also consider other moments
where the exponent includes further exponential terms involving Brownian motion.
A surprising result shows that certain of these double exponential moments are
indeed finite.

We let B; denote a one-dimensional Brownian motion. Our notation for a time
integral of exponential Brownian motion is somewhat nonstandard. We let M;
denote the simple exponential martingale

Mt = exp(Bt — %)
and we define its time integral as

t
At:/ Mst.
0

In [Y] and [BTW] the authors use A; to denote the time integral of exponential

Brownian motion without drift, or an integral with a drift other than —1/2. We

will obtain some distributional properties of the random variable A;. In particular
1
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we present a formula for its probability density and we obtain a sharp lower tail
estimate for its distribution.
Our method of argument uses a delicate change of measure, where the process

(1.1) By := B, — 2log(1 — %At)

becomes a standard Brownian motion. Here, y is a positive constant. Of course,
this path translation has a singularity at the random time 7., defined by

2
1.2 A, =-—
( ) Y

Therefore, we will consider sample paths only for ¢ strictly less than 7.

2. THE CHANGE OF MEASURE

We follow the Girsanov formalism: A sufficient condition for a process
t
Bt = Bt —/ Hgds
0
to be a Brownian motion over a compact time interval [0, 7] is that the process
t 1 [t
(2.1) Ay == exp (/ 0,dB — / 02ds)
0 2 Jo

be a martingale over the time interval (see [KS]). B; is a standard Brownian motion
w.r.t. the measure @) defined by

dQ
2.2 — =A
(22) W
In view of equation (1.1), we consider as our choice of #; the process
d Yy Mt
2. =2—log(l—24;) = ———+—
(23) Re =25 log(1 = 540 =~

Notice that Ryg = —y and that R, is defined up to the random time 7,. The process
R; has the following convenient and remarkable property:

Lemma 2.1. The process given in equation (2.3) satisfies the SDE

1
(2.4) dR; = RidB; — §Rfdt
fort < 1.
Proof. This is a simple calculation using the fact that dM; = M;dB;. O

Remark. By writing equation (2.4) in its integral form,

t 1 t
Rt:—y—i—/ RSdB——/ R2ds,
0 2 0
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we see that Ry is essentially the exponent of the Girsanov density process it gener-
ates. This unusual property of Ry allows us to analyze the behavior of Ay through
a change of measure.

Definition 2.2. For each n=1,2,... let 7, denote the stopping time given by
T, = inf{t: Ry < —n}

Although each stopping time, and 7, as well, depends on the choice of y , we will
omit mentioning their dependence on this parameter unless we explicitly change
the value of y. We see from equation (1.2) and the fact that R; is negative that

Tn < Too  and also lim 7, = T a. s.
n—oo
Proposition 2.3. For each n =1,2,... the process
(2.5) A" = expl y + Rir, |

forms a martingale. Moreover, the process

Bt — 210g(1 — %At/\ﬂ,)

is a standard Brownian motion for t <T w.r.t. the probability measure

dQ = AMap

Proof. We choose a Girsanov density process as in equation (2.1) by setting

95 == R51{3<7—n}

With this choice, 65 is a bounded adapted process and hence satisfies a Novikov
condition (see Corollary 5.13 of [KS]). The Novikov condition is sufficent for A; to
be a martingale. In our case,

tATH 1 tATn
Ay = exp (/ R.dB — 5/ R2ds)
0 0

It follows from Lemma 2.1 that the exponent above is precisely Riar, +vy. That is,

Ay = exp(y + Rinr,)

This proves the martingale assertion of the proposition. Moreover, the calcula-
tion in equation (2.3) shows that

t
/ 0.ds = 2log(1 — LAirr,)

0 2 '

and so the Girsanov theorem implies that the process

Bt — 210g(1 — %At/\ﬂ,)
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is a standard Brownian motion on compact time intervals with the change of mea-
sure given by Ar.
O

3. THE CORRESPONDENCE BETWEEN B; AND Bt

Definition 3.1. For fited n = 1,2,... and y > 0 we let B, denote the process
appearing in Proposition 2.3. That is

(31) Bt = Bt - 210g(1 - gAt/\T")
We also define

M, = exp(Bt —t/2)
and

t
Ay = / Mds
0
We note that all quantities in this definition depend on our choice for n and y.

Proposition 3.2.

- M,
3.2 M= —"——
(32) A TAn)
and
Y o~ 1
. 14+ A, = ————
(33) Tyt ST
and
M-
(3.4) Rinr, = — ATn

Yy~ + %Amm

Proof. From Definition 3.1 we have

M,; = exp(B; —t/2 — 2log(1 — %Amn))
M
(1 - %At/\TW,)Q

Now if ¢ < 7, then

d Yy Yo
£(1+§At)f2Mtf2

yMt d 1

A-34p ~d&'T-§4)
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Hence
Y ~ 1
14+ A =
Tt T 1T,
Finally, for ¢ in this same range,
M,
Ri=——7—-+-
y=t— %At
M1 - 44,
y~t - %At

= —yM(1 - %At)

_ My

1+ 24,
These equalities hold up to the time 7,,, and these are the assertions (3.3) and (3.4)
in the proposition. O

Proposition 3.3. If f(x,z) is a nonnegative Borel-measurable function and y > 0

then
(3.5) E[f(Mg, Ry) 5 Ay < 2/y]
Mt _Mt Mt
=F _
[f((]. + %At)27 y71 + %At)exp(y,I + %At y)]

Proof. For fixed n and y > 0 we consider

E[f(Mt,Rt) Y Tn > t]

Now

F(My, Ri)1(r,>ey = f(My, Re) exp(—Ry — y) exp(Ry + y)1(r,>¢)

Since this function vanishes for ¢ > 7,, each time parameter may be replaced by
t A 7,. This allows us to apply Proposition 2.3 where we take

A1 oty = exp(Re + )10
We obtain the identity

(3.6) E[f(My, Ry) 5 T > t] = Eq[f(My, Re) exp(—=Ri — y) iz, >1}]

Each term in the r.h. expected value can be expressed in terms of the Brownian
motion B;. We use the identities in Proposition 3.2 to see that
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f(Mtv Ry) eXP(_Rt - y)l{‘rn>t} =

M, M,

Y 4 \2
M(1-5A y = ) eX — — 1 -
f( t( ) t) y71+%At) p(yil-f—%At y) {mn>t}
M, M, i,
= f = s = ) €eXP — — Y 1 T
rgar e gs) g Ve

Moreover, the event 7,, > t equals the event

min Ry, > —n
s<t

which in turn equals the event

M, M, M,
YRRy vy
(1+4A) Yy 5 A Yy 5 A

But since the integrand is nonnegative we may take the limit as n — oo and
obtain the limiting value

E 1 |
alf( WM e < - <nl]

M, M M
EQ[f( t~ s tl 7 )exp( tl - _y)]
(1+5A)> y '+ 3A Yyt + 5 A

In addition, since

lim 7, = 7o
n—oo

as Too is defined in equation (1.2) we see that the limit of the L.h. side of equation
(3.6) is

Blf(My, Ry) 5 Ay < 2/y]
This establishes the identity (3.5) of the proposition.

Remark. Proposition 3.3 is quite similar to Theorem 1 of [WH]. The authors
study Girsanov density processes and develop necessary and sufficient conditions for
a Girsanov process to be a martingale. Theorem 1 shows that, in great generality,
the expected value of a Girsanov density equals the tail probability for a certain
stopping time.

Our arguments proving our proposition are similar to those in [WH]. In our
case, we extend their result to include expected values of a function of the Brownian
motion process multiplied by a Girsanov density. The choice f(x,z) =1 is a special
case of the theorem in [WH]. The reader may see this by making the choice

2M,
X(t) =
T
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as required by Theorem 1. To define the correct stopping time, one should consider
the process

t
/ Y (u)du := —2log(1 — lAt)
0 a

One may verify directly that Y (t) satisfies the functional equation mentioned in
Proposition 1 of [WH].

4. THE DISTRIBUTION OF A;

Theorem 4.1. For a > 0 the distribution of Ay is given by

2y,
G+At

(4.1) Pr{A; <a} = e*%E[exp (

Moreover, the random wvariable Ay has a continuous, positive probability density
function gi(a) which is simply related to the distribution functions of Ay and J‘@—:

2 2 Ay
(4.2) gi(a) = = Pr{A; <a} - = Pr{ﬁt <a}

Proof. The first assertion of the Theorem follows from Proposition 3.3 by making
the simple choice

flz,z) =1
Identity (3.5) becomes in this case

M,
Pr{4, < 2/y} = Elexp(———— —
r{A; <2/y} [exp(y_lJr%At y)]
M,

e R P
Y1+ % At)]e
This identity has the rather surprising corollary that the ezpected value above is
finite. The integrand involves a double exponential of Browian motion. Notice that
the integrand is a monotone function of y.

If y varies over some positive interval

(Yo, 1)
then each integrand is dominated by the integrable random variable
M,
exp(———)
Y1 '+ %At
If a sequence {yx} converges to ¢ in this interval, we apply the dominated conver-
gence theorem to prove that the expected value converges to its value for . Hence,

the expected value is a continuous function of y. It follows that the distribution
function of A; is continuous and we may write the identity as

= Elexp(
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M,

(4.3) Pr{4; <2/y} = E[exp(m

e
This establishes equation (4.1).

We show the probability density exists by proving that the right hand expression
in equation (4.1) is differentiable w.r.t. a. To see this we consider the case of
Proposition 3.3 for

flz,z) =z
Identity (3.5) becomes
M, M, _
EM; Ay <2/y|=F e e ¥
[My; Ay < 2/y] [(1 T %At)Q Xp(y_l + %At)]
M M
— 2 t t -y
= ex e
Y [(y_l + %At)Q p(y_l + %At)]
As in the previous case, the expected value
M, M,
E ex
i ar T

is necessarily finite and again the integrand is monotone in y. Therefore, the ex-
pression is a continuous function of y as we argued in proving (4.1). However, this
same expected value arises by formally differentiating the expected value

M,

4.4 E —_—
(.4) e T

)]

on the r.h. side of (4.1) w.r.t. y. Now, as y varies over some positive interval
(yo,y1) each integrand

g exp(— )
e ar T
is dominated by the integrable random variable
Y2 M. exp( M )
ATy + A
So, the y—integral from yg to y;, which equals
M, M,
exp(—1—5) —exp(——5)
v+ A Yo + 34

is dominated by the product of y; — yg and an integrable function. Therefore, the
difference quotient for the expected value in (4.4) converges as yo — y1 and the
limit is the entire expression for

(4.5) —E[My; Ay < 2/yle?

The same argument applies to the case y1 — yo so that expression (4.4) has a
derivative which equals the expression (4.5). Since the distribution function is the
product of e”¥ and expression (4.4) we conclude that the distribution function of
A; has a continuous probability density. We differentiate terms in the identity (4.3)
to obtain
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(4.6) =2y 2g,(2/y) = — Pr{A, < 2/y} + E[My; A, < 2/y]

Now, the expected value

E[My; Ay < 2/y]
is another distribution function. Using the change of measure induced by the factor
My, we see that
BS — S5 = Wt
is a standard Brownian motion and so the expected value equals

Pr{/0 exp(Ws + s — s/2)ds < 2/y}

We substitute this expression into equation (4.6) to obtain

gi(a) = %(Pr{At <a}-— Pr{/0 exp(Bs + s/2)ds < a})

We see that the expression for g;(a) is strictly positive since

¢
/ exp(Bs + s/2)ds
0

is strictly larger than the random variable A, for each sample path. Finally we note
that the random variable J@—i has the same distribution as the time integral above.

A t

el / exp(BS — By + t/2 - S/Q)ds
M, 0

has the same distribution as

t
/ exp(Wi—s +t/2 — s/2)ds
0

where Wy denotes a standard Brownian motion; we may change variables in the
time integral to obtain the time integral of geometric Brownian motion with positive
drift. This establishes assertion (4.2) of the theorem.

O

Remark. We can rewrite the density formula (4.2) by combining the two probabil-
ities. The density equals

(4.7) gi(a) = % Pr{/0 exp(Bs — $/2)ds < a < /0 exp(Bs + s/2)ds}

This expresses the probability density for A, in terms of a single condition on Brow-
nian motion sample paths up to time t.

The existence of a continuous probability density for A is a corollary of Propo-
sition 2 of Yor [Y]. In the proposition a conditional density for Ay is given as an
integral transform of various transcendental functions. No explicit connection is
made between the density and the distributions of Ay and Ay /M.

In Dufresne [D] nice formulas are obtained for the density of a reciprocal of a
time integral for some values of a drift parameter in the Brownian motion. QOur
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choice corresponds to the choice of p = —1, and the density is given as an integral
transform in [D].

Remark. The density g:(a) is a solution of the PDE derived in [BTW, equation
(26)] where it is shown that time integrals of more general geometric Brownian
motions have smooth densities. In particular, the random variable

Ay

M,
has a smooth density since it has the same distribution as the time integral of
exp(Bs + s/2). The PDE, equation (26), has a simple form in the case of the
density of Ay:

dg 0%  a’g dg

9 a2
But, equation (4.2) shows that a®g/2 is the difference of two distribution functions.
Therefore, the PDE becomes

dg 0 0 A, dg
— = — _ — — < P
ot 8a{g Oa Pr{Mt - a}} Oa
82 At
-~ <
52 Pr{ - < a}

That is, the time derivative of the density is obtained by differentiating the density
Of At /Mt .

Corollary 4.2. For each y > 0 the process

M,
Ty = _
t eXp(y*1+%At)
is a supermartingale. In particular,
(4.8) E[Z;] = eV Pr{A; < 2/y}

so that E[Z;] is a strictly decreasing function of t.

Proof. The process
M,

y=1+ %At
also satisfies the SDE that appears in Lemma 2.1. A simple calculation shows that

Y, =

1
(4.9) dY; = YidB; — 5det

Therefore, the remark following Lemma 2.1 applies to the process Y;:

t 1 t
Y; —y= [ Y.dB— = | YZds,
2 S
0 0

Since



GEOMETRIC BROWNIAN MOTION 11

Y; —y is the exponent of the Girsanov density process which Y; generates. A simple
stopping time argument, similar to one in the proof of Proposition 2.3, shows that

Zy = exp(Yy)

is a positive local martingale. However, the integral identity (4.1) of the Theorem
implies that

Elexp(Yy)]

is decaying function of ¢. Consequently, Z; is a local martingale but it is not a
martingale. (I

Remark. The process Y appears implicitly in Lemma 2.1 of [BTW]. In order
to derive PDE’s for certain expected values involving Ay, the authors compute a
diffusion equation for processes slightly more general than

(Ytilv Mt)'

The PDE identities do not apply to equation (4.8) since Zy is not a homogeneous
function of Y[l.

One can derive the corollary from Theorem 1 of [WH], but the argument here
connects the result directly to the behavior of time integrals of geometric Brownian
motion.

Corollary 4.3.

(4.10) Elexp (—)] = o

Proof. For each a > 0
2
Elexp (A—) s Ay < a] > exp(2/a) Pr{4; < a}
t
and equation (4.1) of the theorem implies that the r.h. expression equals

2y,
G+At

But, this quantity increases as a — 0 and therefore the random variable

Elexp (

2
exp (E)

is not integrable. (I
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5. GEOMETRIC BROWNIAN MOTION WITH DRIFT

Definition 5.1. For each v € R we let Ag'/) denote the time integral
¢
(5.1) Aﬁ”’ = / exp(Bs + vs — s/2)ds
0
The random variable A; in the previous sections is AEO) with this notation.

Theorem 5.2. For a > 0 the distribution of Ag'/) is given by

2exp(By + vt — t/2)
a+ Aﬁ”’

(5.2) Pr{AEV) <a} = a2”e*%E[(a + Ag”))*m’ exp (

)]

Proof. For y > 0 we apply Proposition 3.3 to evaluate

E[(M;)" 5 Ay <2/y]
The choice of f(z,z) = z” in the proposition gives the expected value
MY M,
E L exp -y
T ga PG Y
Next, we multiply these expected values by exp(vt/2 — v?t/2) so that

MY exp(vt/2 — v?t)2) = exp(vB; — v?t/2)
We use this exponential martingale factor to change measure in each integral so
that the process

Bs =B, —vs
is a standard Brownian motion for s < ¢. We see that

E[MY exp(vt/2 — v2t/2) ; A, < 2/y] = Pr{A") < 2/y}
while the other expected value equals
exp(B; + vt — t/2)
i Y
y oA
This establishes identity (5.2). O

E[(1 4 5A1) 7 exp(

Corollary 5.3. Asa | 0 the function

exp(2/a)

Pr{Agl/Q) <a}
a

mcreases.
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Proof. For the case that v = 1/2, the formula in (5.2) for the distribution function
becomes

2 exp(Bt)

(5.3 Pr{A"? <4} =ae E
) { t } [ a—I—A§1/2)

)]

The integrand of the expected value in (5.3) increases as a | 0.

Corollary 5.4. The following expected value is infinite.

(5.4) Elexp (— 2

fo exp(Bs)ds)] -

Proof. The corollary states that Elexp (ﬁ)] = oo. Let F(a) denote the distri-

bution function of Aﬁl/ % and consider

Elexp ( ) AP <1

A7)

We use a standard argument that justifies integration by parts:

so that

But, Corollary 5.3 implies that

1 2
et

) >

8|

for z < 1 where the constant k > 0. Hence, the integral is infinite.
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6. FINITE EXPONENTIAL MOMENTS

Lemma 6.1. For anyt >0

(6.1) Elexp (———— )] <o

Proof. The expected value in (6.1) is

1

with the notation of Section 5. And, an upper bound for the expected value is

o 1
e+/ Pr{exp (——=) > z}dx
[ prtesn () 2 )

Let © = e® to obtain the following form of the integral above:

o 1
S
(6.2) /1 Pr{rlﬁm) > sje’ds

e 1
:/ Pr{ — > A§1/2) te’ds
1 2s

It suffices to prove that the integral from k to oo is finite where k is chosen so that
on the interval of integration

<t

® |~

For any s in the interval we have

t 4/s
AEUQ) :/0 exp(Bu)duZ/O exp(By)du

4 4/8 4 4/8
=7 Z/o exp(By)du > B exp(Z/O B,)du

by Jensen’s inequality. Since the random variable

4/s
f/ B, du
4 0

is normal with standard deviation

V3s

2
—Z
V3s

where Z denotes a standard normal random variable. The integrand in equation
(6.2) is dominated by

we may replace it with

2

1 4
Pr{% > gexp( SZ)}eS

%

= Pr{é > exp (—=2)}e’

2
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2
<Pr{-2>—Z7}¢°
(2> —=2)

since log(1/8) < —2. We may write this as
Pr{—V3s > Z}e*

Hence the integral in equation (6.2),
oo
1
/ Pr{ — > A§1/2) teds,
1 2s

is dominated by
ek —|—/ Pr{—/3s > Z}e*ds
k

k OO 3s s
~e + exp(—?)e ds < o0
k

Theorem 6.2. For any 0 < 2 and tyg > 0 the process

OM;
ex
p (%)
is a supermartingale for t > to. In particular,
OM,
(6.3) Elexp ( I t)] < oo
t

and the expected value is a strictly decreasing function of t.

Proof. We have seen (proof of Theorem 4.1) that A;/M; has the same distribution
as

t
/ exp(Bs + s/2)ds
0

Since this random variable is larger than Agl/ 2), Lemma 6.1 implies that
M,
Elexp <2—At)] < 00
Now let
ect Mt
6.4 U=——
(64) YT a4

for any fixed ¢ > 0. If ty > 0 is sufficiently small, so that et /4 < 1/2, we have

Elexp(Uy,)] < o0
We define t; by

eM/4=0
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and we claim that

Elexp(U,)] < o0
The integrabliity of exp (Gj/f) will follow because the choice of ¢ is arbitrary. We
first consider the SDE for U;:

€Ct Mt

dUt = CUtdt + UtdBt — ——QMtdt
1 A2

4
= U;dB; + cUdt — Edet

= UtdBt + Ut{C — 4676tUt}dt
Next, we compute the SDE for the process exp(Uy).

1
dexp(U;) = Uy exp(Uy)dBy + exp(Uy ) U{c — 4e”“"U, }dt + 5 exp(Uy)UZdt

In order to compute an expected value, we introduce the stopping times

Tn =1inf{t > to: U > n}
and we obtain
Elexp(Ur,aty)] — Elexp(Uy, )]

TnA\t1 1
= E[/ exp(Us)U{c + §Ut — 4e” UL} dt]

to

Tn/A\t1 1
< E[/ exp(Up)U{c + §Ut —de” MU} dt]

to

Tn/At1 1
(6.5) - E[/ exp(U)Ui{e + 35U, — 07U}
to
Notice that if
U, > b

where )
bi=c(@ ! — )71
(0t - 3)
then the integrand in equation (6.5) is negative. It follows that

Elexp(Ur,nt,)] = Elexp(Us,)]

Tn A1 1
é E[/ exp(Ut)Ut{c—i— iUt — gilUt}].{UtSb}dt]

to
Now we take the limit as n — oo and, using the condition that U; < b in the
integrand, we see that

Elexp(U,)] < o0

This establishes that the expected value in equation (6.3) is finite. It is a strictly

decreasing function of ¢ because the random variable ]‘@—i has the same distribution

as AEI) which is a strictly increasing function of ¢. It remains to establish the
supermartingale property. Corollary 4.2 implies that for any a < 1 the process
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{ exp (azi\ﬁt ) }(y

is a supermartingale because it is a concave function of a supermartingale. Now as
a — 0 the pointwise limit of this process is

2M o 2@M
o (0} — exp (2200

That is, the process in the statement of the theorem is integrable and is the limit
of non-negative supermartingales. Hence, it is also a supermartingale. O

Remark. It follows from Theorem 5.2 that the distribution function of JX—Z‘ has the
form
a’® exp(—2/a)K,

where the function K, increases as a | 0. So, if 6 > 2 in equation (6.3), the
expected value is infinite. It is unclear for the case 8 = 2 if the expected value is
finite.

Corollary 6.3. For any 6 <2 andt >0

0

(6.6) Elexp (m
0 S

)] < oo

Proof. Since the expected value in (6.6) is a decreasing function of ¢, it suffices to
show the expected value is finite for ¢ arbitrarily small. Since ]‘X—f has the same
distribution as

t
/ exp(Bs + s/2)ds,
0

Theorem 6.2 implies that for any 6 < 2
0
Elexp (— )] < o0
Jo exp(Bs + 5/2)ds

For a given 6 < 2, choose t so small that

6= Hexp(%) <2

so that
0

— 7 )] < oo
e~t/2 [Jexp(Bs + 5/2)ds
We see that the expected value above is larger than

A

J: K exp(Bs)ds
and so this expected value is finite. ([

Elexp (

Elexp (
0
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Remark. Some related work on exponential moments of A; is mentioned in Yor
[Y]. Equation (1.e) of the article states that

1 u? 1 1 1
El —exp(——) ]| = ———exp(— —(sinh ' w)?
[ VA ( 2At) ] (14 u?)t ( 275( ")
Howewver, a difference in motation requires that Ay be expressed with our notation

1 4(1/2)

as 3 Ay, By writing t' = t/4 we see that the formula in Equation (1.e) is an

expression for
2u?

2
Fl —
)]

Equation (6.6) implies that the expected value is finite for all complex values of u
such that Re(u?) > —1 and is analytic on this region. Since

sinh ™' u = log(u 4+ V1 + u2)
one sees that the right hand expression also has an analytic extension. The formula
has a singularity at the value uw = i which corresponds to the infinite exponential
moment of Corollary 5.4.
In addition, Theorem 4.1 of [D] provides an integral formula for the density of
A§1/2) and one can show that the expected value is finite (for 0 < 2) using Theorem

4.1. The corollary provides a probabilistic proof of this fact. The result that the
moment is infinite for 6 = 2 is new.

An expected value considered in [Y], [RS], and in other works concerning time
integrals in financial mathematics is the ‘price’ for an Asian call option. We present
a new expected value for the simplest option price and indicate how to derive a
corresponding formula for arbitrary constant drift and volatility values.

Proposition 6.4. For any a > 0

oM, 2)
a+A; a

(6.7) E[ (Ai—a)" |=t—a+a®E[(a+ A;) "exp (

Proof. The notation (A; — a)™ involves the indicator function of the event A; > a
so it is natural to consider

E[ Ay —2/y; Ay <2/y]

2
= —ZE[1-24:; A <2/y]

Y
We apply Proposition 3.3 where we make the choice
x
f(xa Z) - —_Z
Then L1y
Yy =54
—2f(M, = 2M;——=—
f(My, Ry) T
2
= —2(1- 4
Y 2
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Equation (3.5) shows that the expected value over A; < 2/y is given by

2 _ M,
—;E[(l + %At) ! eXp(y—T%At —y)]
On the other hand,
Y Y
so we take the difference of these expected values and let % = a to obtain the
result. 0

Remark. The proposition requires the Brownian motion to have drift —1/2. To
derive an expectation formula for arbitrary drift one can apply Proposition 3.3 to
the expected value
E(My)"( Ae = 2/y) 5 Ae <2/y ]

The factor of (My)¥ is relevant for a change of measure (see the proof of Theorem
5.2) so that the time integral will contain an arbitrary drift. To incorporate a
volatility factor in the Brownian motion, one can make a simple time scale change.
We let s = 02s’ so that

1 t t

— | exp(Bs)ds = / exp(By2,)ds’

o= Jo 0

This random variable has the same distribution as the time integral of exp(oBs).
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