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x0. Introduction
Let M 4 denote the space off g matrices, and letP (M ) denote its projectivization. For

a matrix x = (xj ) we consider two maps. One is] (x) = ( x; 1) which takes the reciprocal of
each entry of the matrix, and the other is the matrix inverse I (x) = ( xj ) . The involutions
| and J, and thus the mapping K = | J, arise as basic symmetries in Lattice Statistical
Mechanics (see [BM], [BMV]). This leads to the problem of deermining the iterated behavior
of K on P(M 4) (see [AABHM], [AABM], [AMV2], [BV]). A basic question is to know the
degree complexity

(K):= lim (deg(K"))*™ = lim (deg(K K))*"

of the iterates of this map. (The quantity log is also called the algebraic entropy in the paper
[BV].)

The g g matrices correspond to the coupling constants of a system iwhich each location
has q possible states. In more speci ¢ models, there may be addibnal symmetries, and such
symmetries de ne a K -invariant subspaceS P (M 4) (see [AMV1]). In general, the degree
of the restriction K jS will be lower than the degree ofK, and the corresponding question in
this case is to know (KjS) =lim ;1 (deg(K "jS))¥™. An example of this, related to Potts
models, is the subspacé&, of cyclic matrices, i.e., matrices §;; ) for which x;; depends only on

j 1 (mod qg). A cyclic matrix is thus determined by numbers Xq;:::;Xq 1 according to the
formula 0 1
Xo X1 Xq 1
..... _ BXq1 . . . .
M(Xo,...,Xq 1)—% g (01)
X1
X1 Xg 1 Xo

The degree growth ofK jC; was determined in [BV]. Another case of evident importance $
S, the symmetric, cyclic matrices. The degree growth oK jSC; was determined in [AMV2]
for prime g. In this paper we determine (K jSC,) for all g. In doing this, we expose a general
method of determining , which we believe will also be applicable to the study of (K |S) for
more general spaces.

The mappings K jG; and K jSG, lead to maps of the formf = L J on PN, where L is
linear, and J = [X, L. : le]. In the case ofK |Gy, L = F is the matrix representation of
the nite Fourier transform, and the entries are qth roots of unity. By the internal symmetry
of the map, the exceptional hypersurfaces ; = fx; = 0g all behave in the same way, and
for these maps is found easily by the method of regularizatio described below. The family of
\Noetherian maps" was introduced in [BHM] and generalized to \elementary maps" in [BK1].
These maps have the feature that all exceptional hypersurfees behave like

it e Vi (0:2)
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which means that ; blows down to a point , which then maps forward for nite time until
it reaches a point of indeterminacy e, which blows up to a hypersurfaceV,. The reason for
degf ") < (deg(f))" comes from the existence of exceptional hypersurfaces likej, called
\degree lowering"” in [FS], which are mapped into the indeteminacy locus.

As we pass fromK jC; to K jSCy, a number of symmetries are added. This is re ected by
the fact that in the representation f = L J on PN, the dimension changes fromN = q 1
to N = bg=2c. The new matrix L, however, is more dicult to work with explicitly; its
entries have changed from roots of unity to more general cyotomic numbers. The exceptional
hypersurfaces all blow down to points, but their subsequentbehaviors are richly varied, a
phenomenon connected to properties of the cyclotomic numbs.

Iff : PN 1 PN jsarational map, then there is a well-de ned pullback map oncohomology
f HIYPN)! HIL(PN). The cohomology of projective space is generated by the s of
a hypersurfaceH , and the connection between cohomology and degree is gively kthe formula

(f") H = (degf") H: (0:3)

In our approach, we construct a new complex manifold : X ! PN which will be obtained by
performing certain (depending onf ) blow-ups over PN . This construction induces a rational
map fx : X ! X which has the additional property that

(fX) =(fx)" on HEH(X): (0:4)

We then nd (f)= (fx) by computing the spectral radius of the mappingf, .

Diller and Favre [DF] showed that such a construction of X with (0.4) is always possible
for birational maps in dimension 2. This method for determining then gives a tool for
deciding whetherf is integrable (which happens when = 1) or has positive entropy (in which
case (f) > 1). This was used in the integrable case in [BTR], [T1,2] and n both cases in
[BK2].

We note in passing that the construction of X has also proved useful in analyzing the
pointwise dynamics off on real points (see [BD]).

An important di erence between the cases of dimension 2 and gnension > 2, as well
as a reason why the mapX jSC; do not fall within the scope of earlier approaches, is that
exceptional hypersurfaces cannot always be removed. In fagcahe new map fx can have more
exceptional hypersurfaces than the original map.

we construct X. The blowup bers, together with H, provide a convenient basis forPic(X).
A careful examination of f * lets us determinef, *H andf,* ; for each blowup ber ;, and
thus we can determine the action of the linear mapf, on Pic(X). In order to see whether
(0.4) holds, we need to track the forward orbitsf "E for each exceptional hypersurfaceeE. By
Theorem 1.1, the condition that f"E 6 |x for eachn 0 and eachE is su cient for (0.4)
to hold. We develop two techniques to verify this last condition for our maps KjSC,;. One
of them, called a \hook," is a subvariety ¢ 6 |x suchthatfx ¢ = g, andflE E.
The simplest case of this is a xed point. The other techniqueuses the fact thatf = L J
is de ned over the cyclotomic numbers, and we cannot havd y E | x for number theoretic
reasons.

Let us describe the contents of this paper. Inx1 we discuss blowups and the ma@d. We
show how to write blowups in local coordinates, how to desche Jx , and how to determine
Jy . We also give su cient conditions for (0.4).
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In x2, we show how this approach may be applied tK jC;. In this case, the exceptional
orbits are of the form (0.2). We construct the spaceX by blowing up the points of the
exceptional orbits. After these blowups, the induced mapf x has no exceptional hypersurfaces,
which implies that (0.4) holds. A calculation of f, and its spectral radius leads to the same
number (K jG) that was found in [BV].

In x3, we give the setup of the symmetric, cyclic case. When is prime, the map K jSC,
exhibits the same general phenomenon: the orbits of all expéional hypersurfaces are of the
form (0.2). As before, we constructX by blowing up the point orbits, and we nd that the new
map fx has no exceptional hypersurfaces. Thus we recapture the(K jSC,) from [AMV2].

When qis not prime, however, the mapK jC, develops a new kind of symmetry as we pass
to SG,. Now there are exceptional orbits

Prr pW; Vis (0:5)

where p; blows up to a variety W; of positive dimension but too small to be a hypersurface,
yet W; blows up further and becomes a hypersurfac#/, .

In x4, we work with the case whereq is a general odd number. We construct our a
blowup space : X ! SC 4, and we obtain an induced mapfx . If i is relatively prime
to g, then the orbit of ; has the form (0.2), and after blowing up the singular orbit, ;
will no longer be exceptional. On the other hand, ifi is not relatively prime to g, then the
exceptional orbit has the form (0.5). Let r divide g, and let f = g=r, and de ne the sets
S =f1 j (q 1)=2: gcd(;q)= rg. We will see below thatifi 2 S; andj 2 Sp, then
there is an interaction between the (exceptional) orbits of ; and ; (see Figure 4.1). After
blowing up along certain linear subspaces, we nd a 2-cycledok , $  for all hypersurfaces

i,12S [ Sp.

In x5, we consider the caseg=2 odd. We construct a new space by blowing up along
various subspaces. We nd that for each odd divisorr > 1 of g, the exceptional varieties

i, 2 S [ Sy act like the case whereq is odd. As before, we construct a hook ; $
foralli 2 S, [ S [ Sp[ Ser. However, there is also a new phenomenon, which we call the
\wringer" (see Figure 5.1), which consists of anf -invariant 4-cycle of blowup bers. All of
the exceptional hypersurfaces i, i 2 S;[ S, enter the wringer. We nd hooks for all of these
hypersurfaces, which shows that (0.4) holds foff x .

In x6, we consider the case whergq is divisible by 4. Again, we construct X and obtain a
new mapfy . In this case,fx has some exceptional hypersurfaces with hooks. Yet a number
of exceptional hypersurfaces remain to be analyzed. Theseypersurfaces are of the form

il g . they blow down to points, and we must show that no point of this orbit blows
up, i.e.,, f@c 21 x foralln 0. The complication of one such orbit is shown in Figure 6.1.
We approach this problem now by taking advantage of cyclotonic properties of the coe cients
of f. We show that we can work over the integers modulo , for certain primes , and the
orbit ff7c :n 0gis pre-periodic to an orbit which is disjoint from | x and periodic in this
reduced number ring.

In each of these cases, we regularie by constructing an X such that (0.4) holds, and we
write down f, explicitly. Thus (KjSG) is the spectral radius of this linear transformation,
which is given as modulus of the largest zero of the charactestic polynomial of f, . We write
down general formulas for the characteristic polynomialsm the casesg =odd and g=2 odd.

A purpose of this paper is to show that (f) can be computed explicitly, so we give some
Appendices to illustrate how our Theorems can produce sped numbers.
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The structures of the sets of exceptional hypersurfaces areoth complicated and di erent
for the various cases ofg. So at the beginning of each section, we give a visual summaryf
the exceptional hypersurfaces and their orbits.

x1. Complex Manifolds and their Blow-ups

Recall that complex projective spacePN consists of complexN + 1-tuples [Xg : DXN ]
subject to the equivalence condition ko : Xn] [Xo: . X n] for any nonzero 2 C.
Arational map f =[Fg: :Fn]:PN 1 PN is given by anN + 1-tuple of homogeneous

polynomials of the same degreed. Without loss of generality we may assume that these
polynomials have no common factor. Theindeterminacy locus| = fx 2 PN : Fo(x) = =
Fn (X) = 0g is the set of points wheref does not de ne a mapping toPN . Since theF; have
no common factor,| has codimension at least 2. Clearlyf is holomorphic onPN | | but if
Xo 21, then f cannot be extended to be continuous atxg.

If S PN is an irreducible algebraic subvariety with S 6 |, then we de ne the strict
image, written f (S), as the closure off (S 1 ). Thus f (S) is an algebraic subvariety of PN .
We say that S is exceptionalif the dimension of f (S) is strictly less than the dimension of S.

Let ¢ denote the closure of the graphf(x;y) 2 (PN 1 ) PN :f(x) = yg, and let

i ¢! PN be the coordinate projections 1(x;y) = x and »(x;y)=y. Forx 2 PN | |
we havef (x)= 2 ; 1x. For a set'S we de ne the total image

\
f (x):= 2 ,%S)=  closurd (B(x; ) | ):
>0

If Sis a subvariety, we havef (S) f(S).
A linear subspace is de ned by a nite number of linear equations

=fx2PN:y(x)=0;1 j Mg

where 7 (x) = P Ck Xk. After a linear change of coordinates, we may assume = fXxg = =
xm = 0g. Thus is naturally equivalent to PN M 1 As a global manifold, PN is covered
by N + 1 coordinate charts U; = fx; 6 0g = CN. On the coordinate chart Uy we have
coordinates j = xj=xn,0 |J N 1,s0

\VUy =f(oii; naa)2CV o= = y =0g

We de ne the blowup of PN over in terms of a complex manifold X and a holomorphic
projection :X ! PN. Working inside the coordinate chart Uy , we set

YUn)\ X :=1(; )2¢cN Py «=0;80 jk Mg

and (; )= .Weseethat *':CN I X is well-de ned and holomorphic, but for 2
we have 1( )= PM. We write a ber point 2 ()as(; )or ; . Abusing notation
slightly, we may consider the curve

t70 +t 2CN; (1:1)

and we say that lands at ; 2 X when we meanthatlim, ¢ * (t)= ; . Itis convenient
for future computations that the exceptional hypersurface := L =pN M 1 pMisa
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product. Namely, givenz 2 PN M 1and 2 PM, we can represent the linez = fz+t

t 2 Cg. This line is independent of choice of representativez and ; and the ber point z;
is the limit in X of the point z+t ast! 0. The ber of over a point x 2 is illustrated
in Figure 1.1.

Figure 1.1. Blowup of a Linear Subspace.

For future reference, we give a local coordinate system at agnt p 2 . Without loss
of generality, we may suppose thap = (p ;p ), wherep =(0;0)2 CM* CcN M landp =
[1:0: :0]2 PM . Thus we set o =1 and de ne coordinates ( o; 1;:::; M, M+1,:::) N 1)
for the point

(; )= osoniisy oMy mesiiny N[ 10 TmD2Xe (1:2)

The blowing-up construction is clearly local, so we may usetito blow up a smooth
submanifold of a complex manifold. Suppose thaf : PN 1 PN s locally biholomorphic at a
point p, that ; is a smooth submanifold containingp, and that , =f ;. Let :zZ! PN
denote the blowup of ; and ,. Then for p; @ in the ber over p, we havefz(p; ®) =
fp;dfp @,

If we wish to blow up both a point p and a submanifold which contains p, we rst
blow up p, and then we blow up the strict transform of . In the sequel, we will also perform
blowups of submanifolds which intersect but do not contain me another. For example, let us
consider the x1-axis X1 := fx, = x3 =0g C2 and the x,-axis X, := fx; = x3 = 0g
C3. Let ;:M;! C3 be the blowup of X;. The bers over points of X; have the form

1 1(x1;0;0) = f(x1;0;0);[0: »: 3]g= PL. These may be identi ed with the landing points
of arcs which approachX; normally as in (1.1). Let us setE; := 10, and let X, denote
the strict transform of X, inside My, i.e.,, Xo = 1(X,). Thus X,\ E; = (0;[0 : 1 : Q).
Now let 12 : M1 ! M3 denote the blow up of X, M4, andset %: | 1, :Mp! C3
It follows that ( 9 ! is holomorphic onC2 (X1 [ X,). Since 1, is invertible over points
of M1 X 1 (X1 f 0g), the ber points over X; f Og may still be identi ed with
the landing points of arcs approachingX; normally. Similarly, we may identify points of

15 (X2 10) as landing points of arcs approachingX , normally. Thus ( 9 0= E;[ E1a,
where E; consists of the landing points of arcs of the form (1.1) whichapproach 0 orthogonally
to X1, and Eq; := 121(0; [0:1:0])= P! consists of the landing points of curves tangent to
X, of the form

O:t 7! (0;1;0t +( 0;0; 2)t2: (1:3)

The parametrization in (1.3) is found by using the coordinate system (1.2) for curves of the
form (1.1).
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In a similar fashion, we may construct the blow-up space ©:= , 5 :My ! C3 by
blowing up X» rst and then X1. We will obtain a new ber ( %9 0= E, [ Eji, where E;
consists of points which are limits of rays which approach 0 dhogonally to X, and E,; consists
of points which are the limits arcs which approach 0 tangentally to X, in fashion analogous
to (1.3). Thus we see that ( M y,) and ( °YM,;) are not equivalent. We say that a map
h:X1! X;isapseudo-isomorphismif it is biholomorphic outside a subvariety of codimension

2. Thus ( %M1,) and ( ©9©M,,) are pseudo-isomorphic, since (3M1, (Ei[ E12)) and
( ®M,,  (E[ E»1)) are biholomorphically equivalent. In our discussion of degree growth,
we will be concerned only with divisors, and in this context pseudo-isomorphic spaces are
equivalent. Thus when we perform multiple blowups, we will ot be concerned about the
order in which they are performed since the spaces obtainedilwbe pseudo-isomorphic.

Next we discuss the mapJ : PY ! PN given by J[xo : :xn]=[xel: :x4'1=
[®o : : Xn |, where we write gy = 6k X For a subsetT f O;:::;Ngwe use the notation

1=fx2PN:x,=08t2Tg, =fx2 1:x608t2Tg

+=fx2PN:x,=08t2Tg, =fx2 1:x608t2Tg:
A point x is indeterminate for J exactly when two or more coordinates are zero. That is to
say [

|(J)= T
#T 2

The total image of an indeterminate point is given by
t3p7tfp= 7

The exceptional hypersurfaces ford are exactly the hypersurfaces ; forO i N, and we
havef( i)=& :=[0: :0:1:0: ].Let :X ! PN denote the blowup of the pointe;,
and let E; := g = PN 1. We introduce the notation x°=[xg: :Xj 1:0:Xj+1 : :
xnland I%O=[xo': x4 :0:x,:  :xy'l Thus near ; we have

flXo: :Xi 1:t:Xis1: xn]=e+tI%C (1:4)

Letting t! 0O, we nd that the induced map Jx : X ! X is given by

Jx 1 i3x%71¢:3%°2 E;: (1:5)
The e ect of passing to the blowup X is that ; is no longer exceptional. Sincel is an
involution, we also have

Jx :Ei3e; °713°02 : (1:6)

Let T f O;:::;Ngbeasubsetwithi2 Tand#T 2, andlet 1 denote its strict transform
inside X. We see that 1\ E; is nonempty and indeterminate for Jx , and the union of such
sets givesg; \I (Jx).

ForT f O;:::;Ng,#T 2, wehave v | ,andf : 3p7' 1.Let :X! pN
be the blowup of PN along the subspaces + and 1. Let Sy = ! fandPr = ! g

6
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denote the exceptional bers. The induced mapJyx : X ! X acts to interchange base and
ber coordinates:

Jx :St! Py St= 1 T30 )7MEA%3%) 2 - T = Pr; (1:7)

whereJ%U )= lon 1,andJ9qx) = x Yon +. In particular, Jx is a birational map
which interchanges the two exceptional hypersurfaces, andcts again likeJ, separately on the
ber and base, and interchanges ber and base.

Nowlet :X ! PN be acomplex manfold obtained by blowing up a sequence of smtho
subspaces. Ifr = p=qis a rational function (quotient of two homogeneous polynomals of the
same degree), we will say that r :=r is a rational functpn on X. We consider the group
Div (X)) of integral divisors on X, i.e. the nite sums D = n;V,, wheren; 2 Z, and V, is
an irreducible hypersurface inX . We say that divisors D, D° are linearly equivalent if there
is a rational function on X such that D D?Yis the divisor of r. We de ne Pic(X) to be the
set of divisors onX modulo linear equivalence.

For a rational map f : X ! Y, there is an induced mapf : Pic(Y) ! Pic(X): if
D 2 Pic(Y), its pullback is well de ned as a divisor on X | becausef is holomorphic there.
Taking its closure inside X, we obtainf D. Let H = f° = 0g denote a linear hypersurface
in PN, The group Pic(PN) is generated byH. If f : PN 1 PN is a rational map, then
f H=deg(f)H. LetHx = H bethedivisorof "= in X. AbasisforPic(X) is given
by Hx , together with the ( nitely many) irreducible components o f exceptional hypersurfaces
for . We may choose an ordered basiblx ;E;;:::;Es for Pic(X) and write f with respect
to this basis as an integer matrix M¢ . It follows that deg(f) is the (1,1) entry of My .

Let us consider the blowup :Y ! PN of g..v =fxo= = xu =0g, with M <N .

We write F(x) := 1x for the ber over x 2 g..v , and we let := 1 ouom  denote
the exceptional divisor of the blowup. It follows that Hy and give a basis of Pic(Y). Let
Jy : Y ! Y denote the map induced byJ. For j>M , the induced mapJvj j: j!'F (g)
may be written in coordinates in a fashion similar to (1.5) and is seen to be a dominant map.

SinceF(g) = PN M 1 we see that ; is exceptional.

We have noted that ...y | andthat ¢..m 3 p7'f p= o.-m . The indetermi-
nacy locusl y of Jy has codimension 2 and thus does not contain . In fact,
WIF(P:FME! oM (1:8)
can be written in coordinates similar to (1.6) and is thus see to be birational. Observe that
there is a subspace PN of codimensionM +1 suchthat J = ... . It follows that Jy
blows up to , and thus |l v. T6 f0;:::;Mgholdsifandonlyif 16 o..m,0r 7
has a strict transform in Y. We see, then, that
[
I (Qv)= | T

birational map of Y. We write L = ("o;:::; n) for the columns of L. Thus f ; = *;. We
now determine fy : Pic(Y) ! Pic(Y) in terms of the basisfHy; 9. Let | denote the
codimensionM + 1 subvariety such that f | = ¢...m . Assuming that | 6 ¢...m , We
may take its strict transform in Y to have
X
fol = LI [ i; or fy = i (1:9)
\J2 0;:5M ‘]2 0;:M
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We see that we have multiplicity 1 for the divisors ; because the linear factort in (1.4), we
means that the pullback of the de ning function will vanish t o rst order. Now let us write
the class of ; 2 Pic(Y) in terms of the basisfHy; g. First, we see that ; = fx; =0g=H
is the class of a general hypersurface iRic(PN ), so i = Hy. Since we have g;..m i
ifand only if j M, we have

i = Hy if j M j = Hy otherwise (1:10)

For instance, if we have'o; 'n 2 o:.om and '} 2 o..v forl j N 1, then we have

Jy =2 Hy (1:11)

Finally, we determine f, Hy. We start by noting that in PN we haveH = f' =0g, and
onPN we havef H=J LH=JH=J ' =0g=N H. We have seen thatly maps
| to the strict transform of (..., Which is not contained in a general hyperplane. Thus

.....

fy £~ = 0g will not contain . Pulling back by , We have
JH=N Hy =J/Hy +m (1:12)
: L P P . :
for some integerm. Writing ' = ¢ Xx;, we haved (') = ¢, which vanishes to order

M on o..m ,Som = M. To summarize the case where only, and "y belongto ¢...m , we
have
_ N 2 :
fy = M 1 (2:13)
The purpose of constructing the matrix M was to determine the degree of . Iterating
f , we have that the degree off " is given by the (1,1) entry of M¢~. The following result gives
a su cient condition for ( M )" = M. Forn ss and Sibony [FS] showed that when X = PN |
this condition is both necessary and su cient. Theorem 1.1 is a special case of Propositions
1.1,2 of [BK1].

Theorem 1.1. Letf : X ! X be a rational map. We suppose that for all exceptional
hypersurfacesE there is a point p2 E such that f "p 21 forall n 0. Then it follows that

(M{)" = M¢n foralln O: (1:14)

Proof. Condition (1.14) is clearly equivalent to condition (0.4). Thus we need to show that
(f )2=(f?) onPic(X). If D is a divisor, thenf D is the divisor on X which is the same as
f 'DonX | (f), sincel (f) has codimension at least 2. Now (f)[ f I (f ?), and we have
(f2) D=1 (f D)onX | (f) f I (f). By our hypothesis, f I (f) has codimension at
least 2. Thus we have {2) D = (f )?D on X.

e note that if there is a point p 2 E such that f"p 21 for all n 0, then the set
E n ol (f™) has full measure inE. Thus the forward pointwise dynamics off is de ned
on almost every point of E. The following three results are direct consequences of Theem
1.1.
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Corollary 1.2. If for each irreducible exceptional hypersurfaceE, we havef "E 6 | for all
n 1, then condition (1.14), or equivalently (0.4), holds .

Proposition 1.3. Let f : X ! X be a rational map. Suppose that there is a subvariety
S X suchthat S;fS:::;f! 1S6 1,andfiS = S. If E is an exceptional hypersurface such
that E;f 2E;:::;f 'E 6 |,andf'E S, then there is a point p2 E such that f"p 2| for
alln 0.

In this situation, we will say that S is a hook for E. Sometimes, instead of specifying
fS = S, we will say that f : S! S is adominant map, which means that the generic rank of
f S is the same as the dimension of the target spac8.

Theorem 1.4. Letf : X ! X be a rational map. If there is a hook for every exceptional
hypersurface, then (0.4) and (1.14) hold.

x2. Cyclic (Circulant) Matrices

1Rl E
Let ! denote a primitive gth root of unity, and let us write F = (1) jx 4 1,i.€.,
0 1 1 1 1 N 1 1
1 ! I 2 |3 1al
F=(fo;:::;fq 1)=%1 2 4 1 | Aa 1)2:
1 191 124D 13a D ... p(q D
Given numbers xo;:::;Xq 1, We have the diagonal matrix
0 Xo 1
D = D(Xo;:i;Xq 1) = @ A
Xq 1

A basic property (cf. [D, Chapter 3]) is that F conjugates diagonal matrices to cyclic matrices.
Speci cally,

phism betweenC, and P9 1. The map | : G, ! C 4 may now be represented as

Thus K =1 J:G!C 4 is conjugate to the mapping
F*J F J:pat1 pal

whereF : P4 11 P9 1 denotes the matrix multiplication map x 7! Fx. A computation (see
[D, p. 31]) shows that F 2 is g times the permutation matrix corresponding to the permutation
X; $ Xqjforl j g 1,soF*isa multiple of the identity matrix. On projective space,

9
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F2 simply permutes the coordinates, so we hav&? J = J F?2. From this and the identity
F = F2we conclude that F 1JFJ)" = A(FJ)?"; where A = | if n is even andA = F? if
n is odd. Thus we have

(KiCg) = ( (FI))*:

Following the discussion inx1, we know that the exceptional divisors off := F J are
j = fx; =0gfor0O j q 1. Itisevidentthat J(fj)= f;, so

j!fj!e, FjZ

Welet :X ! P9 !denote the complex manifold obtained by blowing up the orbisff;; e g,
0 j q 1 LetF andE; denote the blow-up bersin X overf; and g . It follows that

X
fX . Ej 7! Fj 7! i = Hx Ex (231)3
k6 j
Further, by x1 or [BK1] we have
xd
fxHx =(q 1Hx (9 2) Ex: (2:2)
k=0
We take fHx ; Eo; Fo;:::;Eq 1;Fq 19 as an ordered basis foH 11(X). Thus the linear trans-
formation f is completely de ned by (2.1) and (2.2), and we may write it in matrix form
as.: 0 1
gl 0 1 0 1
qg+tr2 0 0 ::: O 1
0 1 0 ::: 0
_ g+2 1 1 .
fx = 0 0 ::: 0 (2:3)
q+2 1 ::: 0 O
0 O :::'1 O

It follows that deg(f") is the upper left hand entry of the nth power of the matrix (2.3).
Further, the characteristic polynomial of (2.3) is

(x2 19 x?+@2 gx+1]:

Summarizing our discussion, we obtain the degree complexitnumbers which were found earlier
in [BV]:

Theorem 2.1. (K jGy) is 2, where is the largest zero ofx? + (2 g)x +1.
x3. Symmetric, Cyclic Matrices: prime q

o! Ao! Eo
i A VD AV D E

10
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To work with symmetric, cyclic matrices, we consider separgely the cases ofg even and
odd. In x3 and x4 we will assume that

gisodd, and we denep:=(q 1)=2
If the matrix in (0.1) is symmetric, it has the form
M (Xo; X1; 510 Xps Xps 1015 X1) = M (X); (3:1)

morphism
PP3x7'F D(F x)F 2SCy:

With this isomorphism, we transfer the map F  J : SG; ! SC 4 to a map
fi=A J:PP! PP

whereAisa (p+1) (p+1) matrix which will be determined below. It is easily seen that the
Oth column ag is the same as the Oth columnfo =(1;:::;1). Forl | p, the symmetry of
X means that the j th column of A is the sum of thejth and (g j)th columns of F. Thus

we have
O1 2 2 21
1 1y ty it by
A=(ao;:::;ap)=%: L :§;
1 1y 1o ! 2
where we de ne
. = 1] 419 7]-
.J . . .
Immediate properties are
!j:! i !j:!j+q; !p+j+1=!pj; !j!kz!j+k+!j K- (3:2)
Summing over roots of unity, we nd
xXP
1+ lss=0 if s6 Omodqg: (3:3)
t=1

. . P P P
By (3.2), the (jik) entry of AZis !l =1+ [ !'ge)+@+ P 1 ) Thus,
by (3.3), A% = qgl, SOA acts as an involution on projective space.
As in the general cyclic case, we see that we have the orbit

o! a! ey

Now we consider the orbit of ; fori 6 0. Letus dene vy =[1: t;: :tp] 2 PP to be the
point whose entries are 1 and which is given by

ton = top+r =( )" if piseven so vi=[1:1: 1: 1: ]

N (3:4)
ton 1=ton=( 1)" ifpisodd, so vi=[1: 1: 1:1: 1

11
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Lemma 3.1. Ja; = Av,.
Proof. Ja; =[1:2=!1: c2=p] =t 2=y : 2t1=!p]. Thus we must show
xP xP
tp =1+2 ti; and  2t; =1 (1+ itj); 81 k p: (3:5)

j=1 j=1

The left hand equality is immediate from (3.4). Let us next consider the right hand equation
for k = 1. Using (3.2), we may rewrite this as

2ti =1+ ti(to+ 1)+ ta(ta+ 1)+ ta(Po+ 1)+ ta(ta+ 1)+ +tp(lp 14 ! per):

In order for the ! ; term to cancel, we needt, = 1. For! 3 to cancel, we must havet, = t,,
etc. We continue in this fashion and determinet; = t; » for all evenj. Using (3.2), we see
that ! , 1 = !p, so this equation ends like

+tp a(lp 2+ 1p)+ tp(tp 1+ 1)

Thus we havet, = t, ;. Now we can come back down the indices and determing , = t;
for all odd j. We see that these values of; are consistent with (3.4), which shows that the
right hand equation holds for k = 1.

Now for generalk, we have

2ty =+ ti(lo+ ta)+ 2l + Vo) + ta(t ok + Tak) + ta(l sk + Psk) +

+tp(Lp prt ! (e K

and we can repeat the argument that was used fok = 1.
We will make frequent use of the sets
S =f1 j p:gcd(qg)=rg
Thus S; consists of all the numbers p which are relatively prime to g. This means that

distinct, and by the middle equation in (3.2), there is a permutation  of the setf1;:::;pg
such that

Let us de ne
— . 40 . . +01. 0 —

with t; as in (3.4), sovi is obtained from v, by permuting the coordinates.
Lemma 3.2. If k2 S;, then Jax = Avy.

P
Proof. As in Lemma 3.1, wg will show that !y (1+ ;! jt))=2t2 foralll i p. By
Lemma 3.1, we have! | (1+ ! t)=2tyforalll | p. First observe that (1) = k, so
t = t;. Now setl = (i)and J = (j). It follows that the second equation is obtained from

the rst one by substitution of the subscripts, which amount s to permuting various coe cients.

12
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Theorem 3.3. If k2 S;, then f maps:
kboak! w! Ave !l e

Proof. We have fay = AJayx = A2y by Lemma 3.2, and this is equal tovx since A is an
involution. Next, fvy, = AJvg = Avy, sinceJdvg = vg. Finally, fAvy = AJAvyg = AdJag =

Aay = e&. The second equality follows from Lemma 3.2, and the third egality follows because
A is an involution.

Let X be the complex manifold obtained by blowing up the pointsa; ande forO j pas

well asv; and Av; forl j p. Letfx : X ! X be the induced birational map. It follows
from x1 that fx has no exceptional divisors and is thus 1-regular. By Theonm 3.3, then, we
have: X
fX Eo 7V Ag 7! o= Hy Ej
j 80
X
Ex 7V U 7! Vi 7V A 7! =H E;
k k k k k X j (3:6)
j 6k
xXP

Hx 7' pHx (p 1) E;:
j=0
The linear map f ¢ is determined by (3.6). Thus we may use (3.6) to writef , as a matrix and
compute its characteristic polynomial. We could do this directly, as we did inx2. In this case,
simply observe that Theorem 3.3 implies thatf = AJ is an elementary map. A formula for
the degree growth of any elementary map was given in [BK1, Therem A.1]. By that formula
we recapture the numbers obtained in [AMV2]:

Theorem 3.4. If qis prime, then (KjSG,) = 2, where is the largest root of x> px+1.

x4. Symmetric, Cyclic Matrices: odd q

o! Ag! Eo
iZS]_; i A VD AV E;
i2S; ! Ai2F; P! r

In this section g is odd, so every divisorr is also odd. A useful (and elementary) obser-

vation concerning S; is
fi=r ;12 Sg=fj : gcd(;g=r)=1g: (4:1)

Using this observation in the following way, we are able to bing ourselves back to certain
aspects of the \relatively prime" case. Let 1<r <q be a divisor ofq, and let us setg= g=r,
p=(g 1)=2. Letus x an element k 2 S, and setkK = k=r. It follows from (4.1) that
gcd(K;e) = 1. The number + := ! " is a primitive gth root of unity. Let A denote thep- p
matrix constructed like A but using the numbers ! = +J ++% 1 letw =[1:t7: : ]
denote the vector (3.4). Let

r=[1:0: :0:t1:0: 12 tomodri PP
be obtained fromw by inserting r 1 zeros between every pair of coordinates.

13
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Lemma 4.1. Let 1<r<q be adivisor ofg. ThenJa, = A ;, andfa, = v;:

Proof. As in the proof of Lemma 3.1 we note thatJa, P [1:2=1, 2=, D 2= ]
Applying Lemma 3.1 to p, &, and ~, we havlg 2i =+ (1+ ;) for all positive . Now by
the de nition of +; we have 23 = ! ; (1+ ! tj); which means that equation (3.5) holds

for all positive k which are multiples of r. This completes the proof.
Lemma 4.2. If k2 S;, then | := fag is obtained from v, by permuting the nonzero entries.

Proof. This Lemma follows from Lemma 4.1 exactly the same way that Lenma 3.2 follows
from Lemma 3.1.

Let us construct the complex manifold x : X ! PP by a series of blow-ups. First we
blow up & and all the a;. We also blow up the pointsv;, Av; and g forall ] 2 S;. Next
we blow up the subspaces 1y moq ri for all divisors r of q. If r; and r, both divide g, and
ro divides rq, then we blow up po mod r,i before o mod r,i- AS Wwe observed inxl, we get
di erent manifolds X, depending on the order of the blowups of linear subspaces # intersect,
but the results in any case will be pseudo-isomorphic, and ths equivalent for our purposes.
We will denote the exceptional blowup bers over g;, vj, Av;, and g by A;, V;, AV; and E;.
We use the notation P, for the exceptional ber over 19 mod ri-

Now let us discuss the exceptional locus of the induced mapx : X ! X. Asin x3, we
have

fx: o! Ag! Eo! A ¢

(4:2)
(VAL VLAY B DA

for everyj 2 S;. SinceA is invertible, fx is locally equivalent to Jx , so by (1.5) and (1.6) we
see that none of these hypersurfaces is exceptional fok .
Pic(X) is generated byH = Hy, the point blow-up bers, and the P;'s. By (4.2) we

have X
fy Eo7! Ao 7'f ogx = H E; where we writeE = E;
28,
Ei 7VAV, 7'V, TV A 71T ijgx = X (4:3)
=H Eo (E E;) P; 8 28S;; whereP = P

r

where we use the notationE = i i2s, Ei and P = i . Pr The left hand part of the rst line
follows from (4.2). Now to explain the right hand side of the same line, we note thatf (gx
denotes the class generated by the strict transform of o in Pic(X). To write this in terms
of our basis, we observe that of all the blowup points, the on} ones contained in o are g
for i 2 S;. On the other hand, none of the blowup subspaces g mod ri IS COntained in .
Thus Hx is equal tof ogx plus the various E;'s which gives the rst line of (4.3). For the
second line, we haveHx = f ;gx + , where the dots represent all the blowup bers lying
over subsets of ;. The the sums of the E's correspond to all the blowup points contained
in ;, and for the P term recall that if i 2 S; and r divides g, theni 6 0 modr, and thus
hO mod ri i

If j 2 Sg,thenj 2 S, forr =gcd(j;q). For 2 19 mod ri We let F( ) denote the P, ber

over . For the special points j, we write simply F; := F( j). For each , the induced map

fx tF()! r = A 1o mod ri (4:4)

14
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is birational by (1.8). Since all the bers map to the same spae ., it follows that P, is
exceptional. In particular, we have

fx : j! Aj!Fj! r. (4:5)

Thus by (1.5) ; is not exceptional. A similar calculation shows that A; ! F ; is dominant,
and in particular, the A; are exceptional forj 2 S;.
Since eachF; is contained in P, whenj 2 S;, we have

X
fy 1P 7! A (4:6)
j2s

Also, for j 2 S;, we have

fy :Aj7' j=H Eo E (P Ps): (4:7)

Si —> Ai —» F.
1 1 1

sz —> AiZ — Fi

O

Figure 4.1. Exceptional Orbits: Hooks.

In the sequel we will repeatedly use the notatiorr*= g=r, where 1<r < q dividesq. Thus
f=r. Letusde nethe point ,:=[r 1:0: :0: 21:0: :0: 1:0: ]2 tomod#is
andletusdene , :=[0:1: :1:0:1: :1:0:1: 12 t1omod#ti- Wedene | 2Px
to be the point whose base coordinates are; and whose ber coordinates are ..

Now to show that (fy ) = (fy)" we will follow the procedure which is sketched in Figure
4.1. That is, we suppose thatii;i, 2 S; andj1;j2 2 S, so the orbits are as in (4.4). We will
show that there is a 2-cycle \ $ swith 2 | and 2 » | . This 2-cycle will
serve as a hook foiP, and for all A; with j 2 S; (see Proposition 1.3).

Lemma 4.3. fx( ()= pr,and 2 Pa\ .

Proof. Following the discussion inx1, we haveJ( ; ;) = (J%;;3%,)=( ; %9, where ®©
has the same coordinates as;, except that the Oth coordinate is 1=(r 1). Now

0 1
X r X
fx()=A()=@ 8; —— 3 A
j6 mod * j 0 mod %
— A(O); A©
% r 1ao
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P P
where A© = | omod+ & SinceA is an involution (seex3), we haveAAo = | g = q& =
(1+2p)ey. Sincertis a divisor of g, we have

(O =) D DR ()Y

P _
It follows that 1 + (kr:11)—2! kGey = 01if ] 6 O modr; and the sum ifb equal tor otherwise.
Thus we haveA©@ = r[1:0: :0:1:0: ]. Takingthe dierence a A®© and using

2p+1=r fwe nd thatthe base point of fx ( )is r.
Similarly, r=(r 1)ag A©@ =r=(r 1) «+(r=(r 1) r)AQ_ Since the ber of P, =
ho mod ri We have that the ber point of fx ( ) is .
We observe that | 21 x. Thus by (44) » = fx( () 2 r. Replacingr by f, we
complete the proof.

Theorem 4.4. The action on cohomologyf y is given by:
X
fy tEo 7' Ag7'H E; P, 7! A
j2s
Ei7VAV, 7'V, 71 A; 7' H EOX (E E;) P; 825
Aj7" j=H Eo E (P Ps)
s21,

X
HIpH (0 DEo (0 DE (0 (b0 Te+1)P

P P
whereE = o Ej,andP =" P.

Proof. Everything except the last line is a consequence of (4.4), (6) and (4.7). It remains
to determine f, H, which is the same asly H. We recall from x1 that J, H is equal toN H
minus a linear combination of the exceptional blowup bers over the indeterminate subspaces
that got blown up. Here N = p, the dimension of the spaceX . The multiples of the exceptional
blowup bers are, according to (1.12) and (1.13), given by M, where M is one less than the
codimension of the blowup base. This gives the numbers in th&ast line of the formula above.

Let us consider the prime factorization q = pn1|51 py2  pp*. For each divisorr > 1 of g,

we set = b%lc+1l, =#S,and = &1 . . We dene
Y Y X
To ()= 5 (X* ) To)=  (x* )+ T(x);
rép; r r
0 X 1 Y (4:8)
Ti(x)= T @ Ts)A+  (x2  §); forr 6 pi:
r s2l, f rg s6r

Theorem 4.5. The map fx satis es (0.4), and the dynamical degree (K jSG,) is 2, where
is the largest root of
Y Y
x px* 1) ¢ o+ (x 1) ()

r r

X
F(x DEE+FDTo)+  (x Dx* DT(X):

r

(4:9)
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Proof. We have found hooks for all the exceptional hypersurfaces dfy , so (0.4) holds by
Theorem 1.4. The proof that formula (4.9) gives characterisic polynomial of f, is given in
Appendix E.

x5. Symmetric, Cyclic Matrices: g=2 odd

O:p I Ao:p I E O:p

i2S1[ Sp; ! Ai! Wringer
12S [ Sor; 0! ATF (0 Pezoy)! e=o;r
For the rest of this paper we consider the case of even. Let us setp = g=2 and
(Xo;:::55Xp) = (Xo;:::5;Xp 1;Xp;Xp 1;:::;X1). For even g, the matrix in (0.1) is symmet-

PP3x7'F D(F x)F 2SCy:
With this isomorphism we transfer the map F J to the map
f:=A J:PPl PP

Matrix transposition corresponds to the involution x; $ X, j for 1 ] p 1. Thus the

elementsxo and x, have special status. In particular, the Oth column of A = (ag;:::;a) is
equal to the Oth column of F, i.e., ag = fo = (1;:::;1), and the pth column is a, = f, =
a; 1,1, L,::).Forl j p 1
a =fp+fp =ty
where!; = 11 + 191 |n particular, since q=2 odd, we have! , = +2 if j is even and
'ip = 2ifj is odd, and
Lp = lpej = !y (5:1)
Sinceq is even, we have
01 2 2 2 11
1 ! Iy SR 1
A=(ao;:::;ap)=%5 : : : 5% (5:2)
1!p1 !2p2 !(pl)z 1
1 2 2 2 1
It is evident that
f: o! a! ep; p! a! ey (5:3)

Arguing as in x3, we see thatA is an involution on projective space. Sincep is odd, every
divisor r of p satis es

Sy =11 j p:(;q)=2rg="fjeven:(=2;p=r)=1g="fp | :j2Sg (5:4)
We will use the notation ; := f (a;) and
even -~  h0 mod 2i odd -=  hl mod 2i -
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Lemma 5.1. Ifi2S;,then {2 oqq. Ifi12 Sy, then | 2  even.

Proof. Let us consider rst the casei =2 2 S,. We will show that v, =[1:0: 1:0: 1:0:
], which evidently belongs to evwen. Note that + := ! 2 is a primitive pth root of unity, and
sincep is odd, * is a primitive pth root of 1. We will solve the equationJa, = Av, with
Vo, =[1:0:t,:0:t5:0: . Sinceq=2p, we haveda, =[1:2=!,:2=1,4: (2=l 21 1]
Thus the equation Ja, = Av, becomes the system of equationsy; (1 + 1(21 D=z, 25 taj) = 21
forO i p. Now we repeat the proof of Lemma 4.1 withq replaced byp and with ! replaced
by &, and we nd solutions ty; = 1. Thisyieldsv, 2 even, as desired. Finally, we pass from
the casei = 2 to the case of generali 2 S, by repeating the arguments of Lemma 3.2.
Now consideri =1 2 S;. We havelJda; =[1: 2=l :2=l,: : 2=y 1 ¢ 1]. Since
p 12S,, we havg, p1=[1:0:t:0: ‘tp 1:0]2 even. The equation satis ed by
Vp 1is!typ @+  tylok)=tp 1 for0 k p. Using (5.1), we convert this equation to

X
! k( thj! p 2jk 1)= tp 1; if kis odd

Pe( ty!ok +1)= ty 1; if kiseven

By (3.2) and (5.1) we have! , 5 2+1) = !'p 2@ +1)+2 p @Nd ! 3 2 = ! 2y 257 Now setting
k=2"+1when k is odd andk =2 whenk is even, we have
X

o ( xtzj! @+1)(p 2j) L1)=2t 1
o tleyp 2nt1D) =21 1

It follows that 1 =[0:t, 1:0:t, 3: it :0:1]2 oqq. For generali 2 S;, we use the
argument of Lemma 3.2.

Lemma 5.2. Let r be an odd divisor ofq. Forj 2 S;, we have j := fa; 2 | mod 2ri, and
2i = faz 2 1o mod2ri-

Proof. First we consideri =2r 2 S,,. Since!~= ! 2" is a primitive ( p=r)th root of unity, and
p=r is odd, we repeat the proof of Lemma 4.1 to show thata, = 5 where , =[1:0:
O: 1:0: ]2 +tomodari- The same reasoning as in Lemma 3.2 shows that for general
i 2 Syr we havefa; = 2 ho mod 2ri

Now consideri = r 2 S;. Sincep=ris odd!~=!" is a primitive p=rth root of 1. As
beforeJda, =[1:2=!, : 2=, : :2=lp 1r o 1]. With the same argument in the proof of
Lemma 5.1 we have

X

!"k(x 0 Mep=r 2j) 1) =2ty 1; if kis odd
Mo Gk 2)t1) =21t 1; if kiseven

By the de nition of 4 x we have
X

!kr(x ke (p=r 2j) 1) =2ty 1; if kis odd
P (0 B lerper 2p) +1) =21t 1; if kiseven

which meansfa, = ; 2 | mod 2ri- FOr generali 2 S;, we use the argument of Lemma 3.2.
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Lemma 5.3. We have:

A odd = FXo= XpiX1= Xp 15115 X(p =2 = X(p+1) =29
A even = FXo = XpiX1 = Xp 17111 X(p 1)=2 = X(p+1) =20;
and fA  o4d =  odd: TA even = even-
Proof. Let us rst consider the case A ,qq. A linear subspaceA ,q4q is spanned by column
vectors faj;az; ;80 When j isodd, g =1[2: 1 @1y : o ) - 2. By (5:1)
we have! , k) = 'p K = 'y foralll k p 1. Itfollowsthat A oqq¢ f Xo =
Xp;X1 = Xp 1015 X(p 1=2 = X(p+1) =20: Since A is invertible fa;;az;:::;a,g is linearly

independent. It follows that

. +1 .
dim A oqq = p2 =dim fXo= Xp;X1= Xp 17005 Xp =2 = X(p+1) =20
With the fact that ! (, «); = ! for evenj, the proof for A even is similar.

With this formula for A 44, We see that it is invariant under J. Now since A is an
involution, we have fA 44 = odd-

Let us construct the complex manifold : X ! PP by a series of blow-ups. First we blow
up the points ep; e, and a for all j. Next we blow up the subspaces even, odd, A even,
and A oq9. Then we blow up the subspaces 19 mod 2ris t mod 2ri @nd 1o mod ri fOr all
r2 S;[ S,. We continue with our convention that if r, divides r; then we rst blow up

ho mod 2ryis  hry mod 2ryis th€N 1o mod r,i» and then the corresponding spaces for,. We
will use the following notation for ( -exceptional) divisors of the blowup:

T Pe! e; APe! A o Po! o APl A ;
and for every proper divisorr of p we will write:

: Peyr | ho mod 2ris Por ! br mod 2ris Pr! ho mod ri -

For1 i p 1, weletF; = F( ;) denote the ber over ;. We dene , as the strict
transform of A 1o mog ri IN X, @and = as the strict transforms of A o= mod 2ri -

We will do two things in the rest of this Section: we will compute fy on Pic(X), and
we will show that fx : X I X is 1l-regular. It is frequently a straightforward calculation to
determine fy and more di cult to show that the map is 1-regular. Let us star t by computing

fy. Wewilltake H = Hx , Eg=p, Aj, 1 =0;:::;p, Pe=os APe=g, Pe=o;r , Pr as a basis forPic(X).
We see that ¢ contains e, as well as 444, as well as 1 mod 2ri odd; @and ¢ contains no
other centers of blow-up. Thus we have
X
H=1f og+ Ep+ Py, whereP,=Po+  Pg: (5:5)
r
This gives
fy : Eo7VAg7!f og=H E, Py, Ep7'A,7'f ,9=H Eo Pe (5:6)
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P

where B, = Pg + . Pe;r . Next, consider a divisorr of p= gq=2, sor isodd. Ifi 2 S;, then i

is odd, and the set ; contains the following centers of blowup:€p, €, even; hs mod 2si and
ho mod si for all s which divide p but not r. Thus we have

X X
H= [+Eo+Ep+P. (P Poj) (P Pi) (5:7)
i21, j21,

P
wherel, is the set of numbers 1 k p 1 which divide r, and P= . Pr. Thus we have

X X
i2S fy:A7T'H Eo E, Pe (P Poj) (P Pi)

21, 21
. X X (5:8)
i 2 Sy AiT'H Eo E, P, (Pe Pej) (P Pi)
21 j21;
By a similar argument, we have
i2S, fy:A/7'H Eo E, Pe (Po Po) P (5:9)
i2S, AT'H Eo E, P, (Pe Pe) P '
If i 2 Sq, then fa; 2 oqq. Further fA o9 = odq and fx o = A . We observe that
for every divisor r, we have P, ! r+ Pe=or ! e=or» SOAP, and A;, i 2 S; are the only
exceptional hypersurfaces which is mapped byx to  1( o4q). Thus we have
X X
i2S; i2S;
For a divisor r of p we have
X X
fy 1 Per 7! Ai; Por 7! Ai; and P, 71 0 (5:11)
12 Sy i2S

By x1, we have

fx :H 7!>PH (P 1D(Eo+Edq) (P (p*+21)=2)(Pe+ Po)
X (5:12)
(p (p=r+1)=2)(Pre + Pro) (p p=r 1)p '

r r

Theorem 5.4. Equations (5.5{12) de ne fy as a linear map ofPic(X).

Next we discuss the exceptional locus of the induced mapy : X ! X: Asin x3, we have
fx: o! Ag! Eg! A o and p! Apl Ep' Ap:
Using (1.5), (1,6) and (1.8), we see that -, Ap=p, and Ep-, are not exceptional.
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Lemma 5.5. Fori2 S;[ Sy, i isnotexceptional forfy,andfxjA; :Aj!F | Pepisa
dominant map; thus A; is exceptional.

Lemma 5.6. fx :Pe! APo! P! APe! Peis adominant map. In particular, Pe, APy,
Po, and AP, are not exceptional.

Proof. SinceA oq9 and A even are not indeterminate, it is su cient to show that only for Pg
and P,. We will show the mapping fx : Pe! AP, is dominant. The proof for P, is similar.
The generic point of Pg is written as x; wherex = [%g : 0 : X2 : O p 1 Xp o1 0] and

=[0: 1:0: 31 :0: p] Itfollows that fx (X; )= ;. g (X=i)a; . even(17X)ay - It
is evident that the mapping is dominant and thus P is not exceptional.

e re il /%
'F <—A,«Si
I o

Figure 5.1. Exceptional Orbits: The Wringer.
By Lemma 5.6, there is a 4-cycld Pe; AP,; Po; APg of hypersurfaces, which we call \the

wringer”; this is pictured in Figure 5.1. For i 2 S;, the orbit fx : ;! A; ! F i enters
this 4-cycle, which illustrates Lemma 5.5. The bers" Pe are the bers F (g ) for evenj,
1< p 1, andthe bers" = F(g) P, correspond toi odd. If, for somen 0, we have
feFi " | x,then the next iteration will blow up to a hypersurface.

Let us identify ¢, and o; with PP, p=(p 1)=2 as follows:

‘Xo:0:x2:0: :Xp 1:0]2 &% [Xo:Xz: :Xp 1]2 PP

(5:13)
([0:x1:0:x3:  :0:%Xp]2 o8 [Xp:iXp 2: 1 X1] 2 PP
Thus we may identify ¢:=(i1;i2):Pe= ¢, o! PP PPand o:=(izi1):Po= o] e!
PP PP, The number ¢ = q=2 is odd, so the mapfq = Aq¢ J on PP is one of the maps
discussed inx4. Let us de ne:

hy:= PP PP3(x; ) 7! (fg( ); fg(x)) 2 PP PP (5:14)
hy:= PP PP3(x; ) 7! (fq(X); Aq «()) 2PP PP '
where for eachv = [V : Vo] 2 PPweset v :[wo: wp] 7! [Wovg?:  :wpv,?] If we

seth := h, hj, then sincei, reverses the coordinates, we have

f2=,1 h conPeg and fZ = .1 h ,onPy:

21



November 19, 2005

In other words, . and , conjugate the action off 2 on the wringer to the map h on PP PP,

If i 2 Sy, then = i=2 is relatively prime to &, and we write ¢ 2 PP for the vector in
Lemma 3.2. Thus we have ¢( i) = ¥ and we have ¢F; = fwpyg PP. Similarly, if i 2 S,
£=(p 1)=2is relatively prime to g, and we have o( i) = ¥, and we may identify F; with
the vertical ber over .

For x 2 PP, let L(x) PP denote the line containingap = (1;:::;1) and x. Recall that
w=[1: 1: 1: ]=[1:t;: :tp], and dene the setl¢=f1 k p:ite= 1g. It
follows that L(eg) = fxo = Xk; k 6 g, and

L(v) = f[Xo: “Xpl 1 X0 = Xi;KZ ;X = Xm; sm 2 1¢Q:
Thus L(e) = f[Xo : Xo : DXl : Xo]g, where all the entries arexg, except for onex; in
the {location, and L (v) = f[Xo : :X1: ]g, where all the entries arexo except for ax; in

each location inly.
Ifi2S;[ Sy, wewrite Bj := L(v) L(w)andD;=L(e) L(ep).

Lemma 5.7. h:B; $ D;.

Proof. Let us rst consider h(B;). Using de ning equations for L (¥) we have that 1 dimen-
sional linear subspace. (v) is invariant under J. Thus f4L (¥) is a linear subspace containing
fqao = € and fqv. Let us ssetfgw =[ o : : pl. It follows that fgql(v) = f[Xo :
Xpl 1 kX1 = 1Xk;k=2;:00pg and Jf gL () = f[Xo : tXpl D 1X1 = kX k=250
Since Jf 4L (v) is again a 1 dimensional linear subspace, we hav%L(v{) = Aq Jfgl(w)is
a linear subspace. Note thatey 2 Jf 4L (%) and Aqey = ap. By the Theorem 3.3, we have
féw = €. Thus we havefeer(vf) = L(ey). Now consider a generic point inh;L(%). By
the previous computation a generic point in h{L (%) is [yo : S Yplilo: . p] where

kY1 = 1Yk and ¢ 1= 1k fork=2;:::;p: It follows that  1( 1=Y2) =  «( k=YZ). Thus
we haveAq () 2 L(ey) and therefore h(B;) = D;.

For h(D;), we note that L (eg) is invariant under J and A4, J are both involutions. Using

the previous argument, we haveAqJAqL (v) = L(e) = JL (e and thereforefeer(e{) = L(w).
Recall that f4L (e = f[Xo: “Xplt 1X1 = kXk; K =2;:::;pg, and with the same reasoning
for f4L (%), we haveh(D;) = B;.

By Lemma 5.7, we may simplify notation and write hjB; and hjD; in the form

h([Xo : X1]; [Yo : yal) = ([ X3 : X3 [y§ : y2):

For the following we write h in a ne coordinates h(x;y) = ( x%y9. In order to write hjB; and
hjD; more explicitly, we will use the following result:

. P
Lemma 5.8. Fori2 S;[ S, weset ():= Qf’zl j21. ! and

that ( )2 =( )2=1, and the coecient ty= 1in w satis es

() = Qle ! & It follows

XY X 0 xF Y X 0
S (R Ik p =2 ptg
k=1 "6kj2l¢ k=1  ‘6kj2l¢
Xﬁ Y +1 . Xp Y +1 .
! e prth (l); ! 2k ! g = (1+2prC)t{~ O
k=1 "6k k=1 6k
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Proof. Recall that for eachi 2 S;[ Sy, we have{~2P'Sl(q) and v = [1 pla: el =[1: 1:
lpndAgw =[ o: @ plwhere (=1+2 ptjand ,=I+ tjlj. Sincety = 1
and 1+ ! =0 forall k60, itfollows that 1+ ti'ic = 2 5 !ik: By Lenmma 3.2,
we havgdag = Agw and o = tg. Itfollows that [te: 2te=t ¢ @ 2t=! p{f] =[ter 20 55,0
! 2 . !pi] and therefore we have
t
X
i = te=heg (5:15)
j21¢
Thus we have () =( tf)'ﬁQf’=1 1=!-¢. Recallthat!j = 1] +1 & iareal forallj andte= 1.
Since! tis a gth primitive root of unity, we have x%¥ 1=(x 1) 9:11(x I ). By letting
x= 1we get
1 _ ¥ 1 ¥ 1

()2 _ _
] RO

Q P

Noti h Pp |
otlcetalg k=1 "6k j2l¢°

L TETeEE (@ re ha+ 1 =1

L P . o
( tg O Pty = t¢g O Similarly we have

k=1 'k ek gzt = (@ Fo tEe Recall that ! = 2+ !y and 2is rela-
tively prime to g, It follows that = £_, '2,=2p 1=p 2.

pr hﬁp& ! —Q_ll@ppl—l pB 15 have | P gt =

ote that gt ekt Tt ke ke BY (5.15) we have [_; g, !¢ =

f) to) o e P21 E=1 1=!y; . Recall (3.4), we have #l¢ = b(p + 1)=2c. It follows that

5 - ﬁb! £ = t{b(pQ-l- 1) =2 S UFs)ing (3,2) we have! ¢ +2 = ! Z. It follows that

P! ake i E= o e Pl 200 o I ¢ By the previous computation, it
follows that  §_; ! ake gy ! ¢= (L+2b%Lo)te “P, !¢

Lemma 5.9. If pis even, then
p+( p+l)y. y? 2xy+p*(x 1(y+1)2+x+pkx 1)(y* 1)
1+y ’ 2y p(x 1)(y+1)2 x(y2+2y 1)
py 1 20°(y 1x%2+ x2 p(x 4y 1Lx 2yx+3y 2
(p y+1'@21 y)p? 3(1 yp+t2 yx2+( 4dyp+4p+2y 4)x y+2

and a similar formula holds for p odd.

hjB;

hjD;

Proof. This is a direct calculation using the de nitions of h; and h, and the identities on
Lemma 5.8.

Lemma 5.10. Ifi2 S;[ Sy, then the point ( 1;1) 2 B; is preperiodic, that is h( 1;1) has
period 4. Thus ( 1;1) 2 B is a hook forA;.

Proof. =~ The preperiodicity of ( 1;1) follows from the formula in Lemma 5.9. To see that
( 1;1) is a hook, we argue as follows: Suppodeis even. Thenfx Aj = F; P, and F; is the
ber over ;. We need to show that for alln 0,fJF; 6 |x: We have identied ¢ : Pe'!

PP PP, and under this identi cation F( ;) istakentow PP. Thus ¢(Fi)\ B; corresponds
to the line [1: 1] PP, which contains the point which we represent in a ne coordinates as
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( 1;1). Although it is true that h;( 1;1) corresponds to a point of indeterminacy off x , the
restof hy([1: 1] P?1)is disjoint from |y . It follows that h([1: 1] P?)is a curve in D;
which passes throughh( 1;1). Since the 4-cyclefh( 1;1);h?( 1;1);h3( 1;1);h*( 1;1)gis
disjoint from | x , our result follows.

From x1 we have the following:

Lemma 5.11. When r is a proper divisor of p, fx induces dominant mapsPe. ! ers
Por !  or,andP, ! . In particular, the hypersurfaces Pe.,, Py, and P, are exceptional.
Next we will construct hooks for the subspaces®e; , Por, and P;. Let us dene °= [t8_ :
toland 0=[tg%  :t)jwheret) = )= t=t= (pr p)=(p+r), tjop=r =( 1),
thy, =1forl1 j r 1, andt?= t{°=0 for all other i. We set
er = %+ %2 10 mod 285 or T ° %2 hZ mod 2 £i*
Lemma 5.12. We have °= | i icomodr @ and %=, oo medr &: Thus

ers or 2A hOmod2ri\ A hr mod 2ri — A hO mod ri -
Proof. Since! is apth root of 1, we have

(P+1)= (1 +1)( 1+! 12+ +1P 2 1P Ly=Q:
We also have! 4 k = 1P 1P k= P kigolrl 1Pl=1yliral=1 , 13 |P3=
13+10d 3=15:rand 124 1P 2=1P2 4 1P 2=1, 5 etc. It follows that

1+0 12+ +1P 2 aPlon 414+ +1,, 1=0:

Similarly for all odd k6 p, ! X isapthrootof 1and ; 4'k 1=0:
Since! 2 is a pth root of unity, we have
(T3P 1=(1?2 p@Ea+'2+14+ +1 (P D=g;
Since!d 2k = 120 2k we have! 2+ 1 (P D2 = 1, Similarly, 14+ 1 (P 22 = 19 2 2) 4
1P 22 =1 ,,; etc. It follows that
1+!2+!4; + 1P D216+ +1, 1p+1=0:
For all evenk 6 0 we have ; 44!« +1=0, and we may combine the cases ok even and
odd to obtain X
a=(p+1[1:0: 0 1]
i odd

Sincer is a divisor of p, ! " is a primitive p=rth rootof 1and ((! ")’ +1)=(!"+1)(1
Ir+ er+ + 1 (P7r Dry: Repeating the previous argument with! " and p=r, we have

a =(p=r+1)[1:0: :0: 1:0: :0:1:0: : 112 1o mod p=ri-

iodd;i O dr =) =

Subtracting | g @ from | i o modr &> it follows that ©= " i ic0 g @ 2
A 10 mod ri- The proof for ®is similar.

Let us de ne ud, =(uf) 2 PP to be the vector such thatu’=1if i  p=r mod 2p=r and
u? = 0 otherwise. We setudy = (u) where u®=0if i 0 mod p=r and u®= 1 otherwise.
Let us de ne ud, = (u?) 2 PP to be the vector such thatu?=1if i 0 mod 2p=r and u?=0
otherwise. We setu?? = (u®y where u®=0if i 0 mod p=r and u®=( 1)' otherwise. We
let "¢, to be the line containing ug, and u}, and let ¢, be the line in Pe;s lying over the
basepoint .., and having ber coordinate in ... We dene . similarly.
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Lemma 5.13. Eachofthesets ¢;\I x and o\l x consists of 2 points, and e[ o r.
fX er P \ e, and fx or P, \ o:P- Finally, f)% er =  er, and f% or = or-
Proof. Let us consider the case ;. By Lemma 5.11,fx : P, ! er and by Lemma 5.12
er  Pep. It follows that fx o er. A generic point in ¢, hasaform o + ¢;[0:
1: =:1:x:1: :1:0:1: 1:x]forsomex 2 C . Applyingthe map f, we have
1 1 +r
f![o:l 1:—:1: :1:0:1: :1:—];[(p ):0: 0:1:0 ]
X X" (pr o p)
1 X +r X
fl ( p=ro T p=re T a); ( (P ) ap + a;).
X e _
p=r mod 2 p=r i 0 mod 2p=r

By Lemma 5.12, there exist nonzero constants ;; »; and 3 such that

1 X
p=re T X a 2 o mod ri
i p=r mod 2p=r

p=r;0
=[ 1:0: :0: 2:0: :0: 2:0: :012 1omod2ri

3 3 3
+[—:0: :0: —:0: :0:—:0: 2 i
[ X X X ] h0 mod ri
It follows that fx e P\ epr. Again by |9emma 5.11, we know thatf>% er r. For
the ber for fx , the j"-coordinate of tag+ | ; og 2p=r & are all equal forj 6 0 modr:
It follows that
1 1 X 1 X
fx : THix 7! o+ r;e;(Jr7_>(a0+— a4+7_x aj):
1 3~ 2i r mod 2r 2 3= i 0mod 2r

Note that both ¢ f§ er are 1-dimensional linear subspaces in ber over¢,. Using the
computation in Lemma 5.12 we havef>% er = er. We use a similar argument for o .

Corollary 5.14. Let r > 1 be an odd divisor ofq. Then forj 2 S;, o, is a hook for A;,
and Py, and P;; and ¢ is a hook for Ay, Pe;r, and P;.

Let us consider the prime factorizationq=2p;'*py'? py . For each divisorr > 1 of g,

we set = Rl =#S,=#S1, (=2 and ,=# Sy =#S:
Theorem 5.15. Condition (0.4) holds for fx, and (K)= 2 where is the largest root of
2 Y 2 Y 2
(x p)(x 1) N+2 (x ) (X r)

r r

+2(x DTo()+2  (x )X 1Te(x)

r

with the polynomials T; (x) are de ned in (4.8).

Proof. We have determined all the exceptional hypersurfaces fofx and have found a hook for
each of them. Thus by Theorem 1.4, condition (0.4) holds forfx . Thus (f) is the spectral
radius of fy . Considerfy asin Theorem 5.4 and let (x) denote its characteristic polynomial.
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We may now determine (Xx) as in Theorem 4.5 (see Appendix E). We nd that (x) is the
polynomial above times a polynomial whose roots all have moalus one.
x6. Symmetric, Cyclic Matrices: g=2 even

Ozp! AO:p! EO:p
!l Apl A o !l

i2S; il oa ! 2 A%
i28r[ SZr i! Ai 'F i I:)e=o;r! e=o;r
i2S i VF Ly

In this case we setp = q=2, and our mapping is given byf = A J, with A as in (5.2).
Sinceq is divisible by 4, we have additional symmetries:

lip=2 =01if jisodd !jp=p=( 1)72if j iseven and! p=psj = ! p=2 | (6:1)
As before, we have
o! a! e; p! a! &: (6:2)

However, now we encounter the phenomenon tha# contains several 0 entries, for instance
p=2! @p=5=[1:0: 1:0:1:0: ]2 even: (6:3)

We will write g=2"q,g9 and consider two sorts of divisors and r, which satisfy:
j(9=); andr=2" % r9quuq: (6:4)

We will use the notation := gq=4 ). Note that this is again a divisor of the form

Lemma 6.1. Suppose thatr =2™ 1r% and r°divides goqq. If i 2 S;, thenfa; 2 mod 2ri»
and if ] 2 Sy, thenfa; 2 1o mod 2ri -

Proof. Since!~= 12" is a primitive p=rth root of unity and p=r is odd, the proof is the same
as Lemma 5.2.

Lemma 6.2. Suppose thatl < <qg= 4 dividesg=. Then everyi 2 S is an odd multiple of
,and we haveS =fp j:j2Sganda 2 | .42

Proof. Since 2 is also a divisor ofq, everyi 2 S is an odd multiple of . Supposej 2
S, then we havej = k where gcdk;g=) =1and p | = (p= k). It follows that
gedp= kig=)=1landp j2S.Weobservethatj i=j) k =jk g=. By (6.1)it
followsthat !';; =0if jisodd,!;; = 2ifj is even, and!; 6 0 otherwise.

Lemma 6.3. If i 2 Sy, then g 2 p=2"

Proof. Sincei is relatively prime to g, i is odd and! ,-,; = 0 by (6.1). ! ' is a gth primitive

a; has exactly one zero coordinate.

Now we construct the space : X ! PP by a series of blowups. We blow upay, €, 8, €,
and a,-,. For each divisor of the formr in (6.4), we blow up a; forall i 2 S, [ S,,. As before,
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A; denotes the blowup ber of a. We also blow up 19 mog 2ri @nd  n mod 2ri; We denote
the blowup bers as Pe; and Py, respectively. For each divisor of the form in (6.4) (or
equivalently ), we blow up 1 mog 2 i; We denote the blowup berby . Letfyxy : X! X
denote the induced birational map.

Let us take H = Hx, Eg=p, Ag=p, A%, Ai, i 2 S [ Sy, Pe=or, and as a basis for
Pic(X). As in x5, we have

fy : Eg7'VAg7!f og=H E, Py, Ep7'A,7'f ,9=H Eo Pg (6:5)
P
where Peg = ¢ Pe=o;r . And for a divisor r of g in (6.4), we have
X X
fX Pe;r 7' A|, Po;r 7' A|
| i2Sy i2S X
21,
. Jx
i2Sy A T'H Eo E, P, (Pe Pe;j)
j21
We see that - containlg €=p» homod2ri @and n mod 2ri @S Well as . Let us suppose
g=2" odd. We set”= om 20qq - OINCE3 2 = for all odd j, if p=2 is odd we have

Thus we have

(6:8)
A T'f 2= H Eo Ep Pe P, if p=2 is even
Let us consider a divisor of qin (6.4). We have
fy : 7! f o (6:9)
i2S
We observe that 1, mod 2 i odd andap,=[1:0: 1:0: : 1]2 ; forall oddj.
Thus fori 2 S we have
even f g=H Eo E, P. P :
ig 0 p e o (6:10)
odd f jg=H Eq Ep, A, Pe P,
Thus we have X
even fy, : 7! f \g=#SMH Eo E, Pe P, );
% (6:11)
odd 7! f ig=#SMH Eo E, App Pe P,
i2S
By x1, we have
fx :H 7! pH >£p 1)(Eo+ Eq) (p (p:2+1))'§\(p:2
(P (P=r+1)=2)(Pes + Poy) (1) (6:12)

r

This accounts for all of the basis elements oPic(X ), so we have:
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Theorem 6.4. Equations (6.5{12) de ne f, as a linear map ofPic(X).

Letus setL = fay—; oddd Ap=2.
Lemma 6.5. fx :Ap2! A odd p=2: A odd 6 Ix,andfx :A oqq 'L . In particular,
f2 de nes a dominant map of L to itself.

Proof. A generic point of an exceptional divisorA -, can be expressed ag,-; =[1:0: 1:
O: Jilo: 1: 2: ] Thus we have
X 1
fx(@p=2; )= A[0:1=,:0:1=3:0: 1= 1:0]= —a& 2 A odd:
i odd '

From the computation, it is clear that the rank of fx jA -, is equal to the dimension ofA ,4q.
With (6.1) and the same reasoning as in Lemma 5.3, we have

A odd = TXo= XpiX1= Xp 1;::5Xp=2 1= Xp=2+1:Xp=2 = 00
Now the generic pointx of A o4q ISX =[Xg : X1 : “Xp=2 1:00 Xp=2 1 © Xp], and
A odd p=2- Now
fx (X) = ap=2; A[1=Xo : t1=Xp=2 1:0: 1=Xp=p 1: : 1=x0]2L;

and the mapping is dominant. By the previous computation for A -, f2:L!L isdominant.

From x1 we have the following:

Lemma 6.6. Let r be a divisor of the form (6.4). If i 2 S;, we let F; denote the ber of

Por over fa;. In this notation, we have dominant maps: fx : ;! A; ! F ;. In fact,
for every ber F of Por, fx : F ! A 4 mod2ri IS @ dominant map. Similarly, suppose
] 2 Spr. With corresponding notation, we have dominant mapsfyx : ;! Aj!'F Pe:r

andfx:F! A ho mod 2ri -

Proposition 6.7. A odd A romod2ri V A n mod 2ri IS @ hook for the spacesA,-,, and
Pe:r, Por, Ai, 1 2 S [ Sy, for every divisor r in (6.4).

Lemma 6.8. fxa; = a,-o;[0:p 1:0:3 p:0:p 5:0: : 1:0]2L.Ifi2 Sy, then
fx a is obtained from f x a; by permuting the nonzero coordinates.

Proof. Using Lemma 6.3 and 6.5 which show thatfx a; 2L, we can setfx a; = a,-5;[0: 1:

0: 3:0: © p1:0] Recall thata; =[2: !, : o2 1100 oo g 2.
Applying fF>’( we have = 1+2 Jpjf Yy % fork =1;3;:::;p 1. If k =1, we have
1=1+2 PR Y=ty =p LoFork 1, we will show that  + i =( 1)K D722, Let
us recall the last equality in (32) 'J !(k+1)j = !(k+1)j i + !(k+1)j+j = IkJ + !(k+2)j: It
follows that

p§@ 1 1 p§@ 1

k+ kez =2+2 (Mg + o) 7-=2+2 NCCE
j=1 " j=1
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. P -
When k+1 2 mod 4,1 <D is a pth root of unity and therefore =~ P27 1 gy = 1+

P,pz Moy 1200 0 k+1 0mod 4, ! ey parkenj = ( DED 0y and
:f l'(k+1),+2 0. Thuswe get ¢+ 2 =2if k+1 2mod4,and + k2 = 2

if k +1 0 mod 4. For generali 2 S;, we use the same permutation argument as in Lemma
3.2. Infact, if we setfxa = a,p;[0: V:0: ' : Jthen V=p 1,and P+ {),. =2
if k+i 2mod4,and '+ () = 2ifk+i 0mod a4

Figure 6.1. An Exceptional Orbit: gq=12.
In Figure 6.1 we considerqg= 12, p=6. Thus L has dimension 2, and we plot points of
the orbit f2"*1a;, n 0, in an a ne coordinate chart inside L.

Letusdenei;: ogg 3[0:%1:0: “Xp 1:0]7" [X1 X3 :xpl]ZP%land

Jq = ill JP% . 017 odg ! odd- Similarly, let i, : A 549 3 [Xo @ X1 : I Xp=2 1:0:
Xp=2 1 - o Xo] 7' [Xo i Xq: © Xp=2 1]2P% 1 and dene J, := i21 Jpgl io:
A odd! A odga- Now we dene' = i1(AJ, AJ 1)i11 as ap=2-tuple of polynomials with

coecients in Z[!']. Thus ' is a map of Z[! P2 to itself. The map ' also induces a map of
PP=2 1 1o itself, and i; conjugates this map of projective space td 7 :L!L

Lemma 6.9. Forj 2 S, there is a polynomial R; 2 Z[! ] such that x;jR;, and

"X iXziXsiiiiiXp 1] = 2( p=)?[p 1:3 p: X 1]le=2 + R1(X)
= Vg P + Ry (x)
whereV; is obtained from 2(p=2)’[p 1:3 p: ; 1]by permuting the coordinates.
Proof. Let us set fyy :ys: Q: " Yp 1] "[X1:X3: : Xp 1]. A direct computation gives that
yi is equal to 2( . o9 ) ~hes l( < oda | ksy) times
! ! 2 3
P21 X X P 1 Y X
Loty +2 2l Ay hel)S:
k=1 s: odd s: odd T=1 k6" s: odd
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S T
Recall that »b, = 0 on fx; =0gand>; 60on fxs =0g] fx; 6 0g. It follows that

j&s i6s
on o,
Py 1 pse 1 1 )
yi = ( )2 [1+2 L =l 8" 8 : odd:
k=1 =1 )
Let us write = Qﬁzi o k. With the previous Lemma, it is clear that we have a polynomid
R1 such that x; is a divisor of Ry andQ X)=[ p 1:3 p: g 1] &, 21 (5% 1(x). We want
toshowthat = p=. Now = ~po2 b1 k@+12ky=( P2 1 ky (P2 1q 4 %),
Since! is a primitive qgth root of unity and 4 is a divisor of g We see that
8 1 "% 1 pv 1
= 192= (0 jrjt=a
k=1 k=1 k=1

Foralll k p=2 1,!2% isap=2throotof 1 and therefore

Py 1
(xP2+1)=(x+1)1 x+ x? +xP2 Iy =(x+1) (x 12):
k=1
Setting x = 1, we have g = Qp 2 l(1 + 129, For j 2 S;, we reason as in the proof of
Lemma 3.2.

Lemma 6.10. Fori 2 S;, fia 21 foralln O.

Proof. By Proposition 6.7, iifxay =[p 1:3 p:p 5: . 1]. Let us setu; =
(p 1,3 p;p 5 ; 1). Itsucestoshowthat '"(uy) Zilx forall n 0. For this we
need to know that for each n, at most one coordinate of' "u; can vanish. Let us choose a
prime number p=2 < p 1. One of the coordinates ofu; is equal to . Suppose it is
the jth coordinate. Then 2j 1 must be relatively prime to g, so we can apply Lemma 6.9.
Working modulo , we see that'u 1 = b u;, where u; is obtained from u; by permuting the

coordinates, andly = 2(p—2)2({u1)J . For eachk 6 j, the kth coordinate of u; is nonzero
modulo . Thus by is a unit modulo , and so'u ; is a unit times a permutation of u;. The
permutation preserves the setS;, so ifj2 denotes the coordinate ofi, L'y 1 which vanishes
modulo , thenj, 2 S;. Thus we may repeat this argument to conclude that, modulo ,"' "u;
is equal to a unit times a permutation of u;. Thus at most one entry of' "u; can vanish, even
modulo

From (5.1,2) and (6.1) we have the following:

Lemma 6.11. Consider a divisor in (6.4). We have

A hmod2i=fXo= X2 =X4 = Xe = = X2 ;
X1= X2 1= X241 =Xg4 1= Xg441 = = X2 o15iin
X 1= X+ = Xz 1=X34+41 = = X2 +1 0
Proof. By (5.1,2) and (6.1), it is easy to check thata , j mod 2 satis es all the equations.
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Lemma 6.12. Consider a divisor of the form in (6.4). Then A | mod 2 i . Let us
use the notation = A |, mod 2 i for the exceptional ber over A |, moq2 i Then we
have a dominant mappingfyx : ! . Furthermore, 3 : ! is a dominant mapping,

S0 is a hook for

Proof. A linear subspaceA | mod 2 i IS Spanned byay ;k :odd. Forj odd, thej -th coordi-
nate of Ak is ! i kK = ! jk p=2 = 0 by (61) If follows that A h mod 2 i

Let us conisder a generic pointx; in . Using the previous argument, it is clear that
the base offx (X; )iSiN A | mod 2 i p - The ber point of fy (x; )is [0 : 0
0: :0:3: ]Jwhere ¢ =1=Xo+ 5 mea2 !ik 17X 1=Xp. Furthermore, for the
generic pointx; in X2 A h mod2i and 2 4 mod2 i- Using Lemma 6.11, we have
the ber pointof fx (X; )2 1 mod2 i- Replacing by we have a dominant mapping from

to

Fi Lr
f G
Si—\—/~ N
G
Figure 6.2. Moving bers.
It remains to track the orbit of ; fori 2 S . In this case,fx i = F;, which is a ber of
. What happens here is thatfx : $ ;aswasseenirxl, and are both product

spaces, and we will show that all subsequent imagef§n+1 F; are horizontal sections of \

A horizontal section may be written as (base space)f ' ,n+1 0, Where' 2,41 is a ber point
(see Figure 6.2). In order to show thatf)%”+1 Fi 6 Ix, we track the \moving ber" point
" on+1 In the same way we tracked the orbit off x a; fori 2 S;.

Lemma 6.13. If i 2 S, then let F; be the ber in over . Let = [0:0: 10
p= 1:0: :0:3 p=:0: ]2 4 mod2 i,»andset ; obtained by permuting the nonzero
coordinates. { = A 1, mod 2 i, i . Then we have dominant mapsfx : ;!'F ;! .
Proof. Let us rst consider the casei = . Repeating the argument in previous sections,
fx : I'F is a dominant mapping. For a generic pointa ; , =[0: 10 10
3. ]2 h mod2 i @d |y mod2 i ISinvariant under J. SinceA is linear and invertible ,
the rank of f x jF is the same as the dimension of . Now we will show that the constant ber
forfx F is PSince , the ber coordinate is [0 : :0: :0: :0: 3 :0: 1],
and « =1+ 5 a2 'k 17!y foranoddk. If k=1, we have
X
=1+ 'y 1=y =1+(p 1) r=r(p=r 1):
j6 mod 2
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For a generalk, using (3.2)

X
kK * (k) =24 (" *+ ') F
j6 mod 2
X X 1
=2+ ey = @+ Dkenj )
j6 mod 2 j=1

Following the same reasoning as in Lemma 6.8, we havg + (s =2if k+1 2 mod 4,

andxix + 42 = 2ifk+1 0mod 4. For generali 2 S, we follows the discussion in
Lemma 3.2.

For each divisor in (6.4), letussetL = A |, mod2 i; h mod2 i- Let us identify
L = PP ) 1 py a projection :(x; )! ,andlet' :PP) 11 pp2) 1pethe

induced map corresponding tof 2 : L 'L . As we saw before Lemma 6.9, we may choose
the coordinates of' to be homogeneous polynomials with coe cients inZ[! ].

Lemma 6.14. Forj 2 S, there is a polynomialR;; 2 Z[! ] such that x;jR;, and

[X1;X3; X550 %= 1] =( )2 2(p=2)%[p= 1:3 p=: ; 1R1 + R.1(x)
=Vig + Ry (x)

where V; is obtained from ( )2 2(p=2)?[p= 1:3 p= : ; 1]by permuting the coordi-
nates.
Proof. Following the discussion in Lemma 6.9. Let us set [x : X3 : CXp= 1l =LY
y3 " Yp= 1]- On alinear subspace = fx =0g, we have

= ) X1 1 _

yy = ( ') [A+2 'y —] E1 8 : odd
k=1 =1 :
Q

and sz! k =aunitin Z[! ] pH2 ). Combining Lemma 6.13 followed by the same discus-
sion in Lemma 3.2 we have the desired result.

Lemma 6.15. Forj2S ,fy ;6 Ix foralln O.
Proof. We apply Lemma 6.14 modulo following the line of argument of Lemma 6.10.
We summarize the discussion of the section as follows:

Theorem 6.16. The map fx satises (0.4), and (f) is the spectral radius of the linear
transformation f , which is de ned in (6.5{12).
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xA. Appendix: q=45=32 5
Let us carry out the algorithm implicit in Theorems 4.4 and 4.5. If g = 45, then p = 22.
The divisors arer = 3;5;9;15, and we haveS; = f1;2;4;7;8;11;13,14,16,17;19; ";Zg S; =
f3;6:12: %}.g, Ss = £5:10,20g,.So = f9; 18y, and S;5 = f15g. Let us de ne E(l)P= i2s, Eis
AV = o AV, VD = o Vi And for each divisor r, we setA(") = o Aj. By
the symmetries of the equations de ningf, we see that we may rewrite them in terms of the
new, consolidated basis elements as

Eo7'Ag7'H E, EW

ED 71 AvO 71 v 71 AO 71 124 12E, 11IE® 129
Ps 7' A® 71 4H 4B, 4E® 4P +4P;
Ps 7! A® 71 3H 3E, 3EW 3P +3P;s
Pe 7' A® 71 2H 2B, 2EM 2P +2P3+2P
Ps7' A 71H Eqg E® P+ P+ Ps+ Pis
H7!'22H 21E, 21EW  14P; 17Ps 19Py 20P3s:

The characteristic polynomial of this linear transformation is (x +1)( x  1)? times 24 264x
29x? +310x3 +559x4 +109x°>  41x® 300«’ +136x8+144x° 20x° 21x!+ x'?, which
gives a spectral radius 21:6052, and (K jSCy5) 466784,

xB. Appendix: Spectral Radius for gq=45.
Let us demonstrate how to use the formula in Theorem 4.5. Fog= 32 5 we have 3 =4,
5=3, 9=2, is=1,and =12. 3=8, 5=5  g¢g=3,and i5=2. For prime divisors
we have

Ta(x) =4(x? 3)(x2 2)(x*> 1); Ts(x)=3(x* 4)(x> 2)(x* 1)

For non-prime divisors we have

T9=X22 STs()+2(x* 4 3H(x* 1) =2x*(x* Y(x* 1)

1
x2 1

Tis = [Ta(x) + Ts(X)]+(x% 4)(x? 3% 2)=(x* 12)(x*> 2):

Thus we get

X
To=(x%? 4> 3)(x2 2)(x* 1)+ T, (x)= 72+150x> 76x*+8x5+ x&:

r

Finally, plugging into the formula (4.9) gives us (x 1)(24 264x 29(x? + 310x3 + 559x* +
10%°  41k® 30k’ +136x8 +144x° 20x10 21x + x1?),
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xC. Appendix: q=30=2 3 5
Now let us demonstrate how to use the algorithm in Theorem 5.8. If g= 30, then p= 15,
and the odd divisors arer =3 and 5. Thus S; = f1;7;11;,13g, S; = f2;4;8;14g, Sz = f3;9qg,
Sg = 16;129, Ss = f5g, and S;p = f10g. The linear transformation f, has symmetries under
e$ oandj $ p . Further, since P, 7! 0, we do not need to considelP, for the purpose of
computing the spectral radius. Thus we de ne the symmetrizel elements

X
E=Eg+ Ejs; A= Apg+ A, AN = A
2S¢ [ Sar

Pw = Po+ Pe; APy = APo + APe; Py = Por + Peyr;

wherer denotes a divisor ofp. We see that we may take all of these elements, together with
H, as the basis of anf , -invariant subspace ofH %1(X). We have:

E7VA7T'2H E Py Pusz Pus
AP, 7' P, 7' A® + AP,

AW 7184 8E 4P, 8Py3 8Pus
A® 7144 4E 2P, 2Py3 4Py
A® 712H 2E P, 2Pys Pus

Pw3 7! A®; P57 AG

H7!'15H 14 7P, 12P,3 13Pys:

We may also de ne ang-symmetric glements E®= Eo Es PO = Pe pPo. ARO =
APe AP, etc., as well as ,g tj A «2s, v, forany odd divisorr and = t; = tp.
By the symmetries off, , the anti-symmetric elements de ne a complementary invarant sub-
space. The spectral radius, however, is given by the transfoation above. Its characteristic
polynomial is x(x + 1)(x 1)? times 6 16x+11x%2+32x3 6x* 14x®+ x®, which gives a
spectral radius 14:26, and (KjSGCz) 203347.

xD. Appendix: q=60=22 3 5
Finally, let us illustrate the algorithm of Theorem 6.16 for g = 60. In this case, p
30, and in (6.4) notation, the divisors arer = 2;6;10, and = 3;5. We have $;
f1;7,11,13,17,19,23,29, S, = 12;14;22,269, S3 = 13;9;21,279, S; = 14;8;16;,28g, S5 =
f5;259, Sg¢ = 6;18g, S10 = 109, S1o = 12, 24g, Sy0 = f20g. As before, we work with the
symmetrized elements

A=A0"'XA30; E=Eo+ Egz

A1 = Aj; Py = Poyr + Pey:
j2S[ Sar
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Thus fy maps these symmetrized elements as:

As7T'H E 5 3 Py, Ps Py
E7VA7I2H E P, Pg Py
P, 70 A® 7184 8E 4P, 8Ps 8Py
Pe7! A® 7144 4E 2P, 2P 4Py
Po7' AUD 7124 2E P, 2Ps Py
57V 4H 4E 4Ays 4P, 4P 4Py 4 3
37'2H 2E 2A;s 2P, 2Pg 2Py 2 s
H 7 30H 29 14A;5 22P, 27Ps 28P;p 2 5 4 3

The spectral radius of this transformation is the largest root of 512 +256x 176(x? 7203+
23044 + 756x° 14945 256’ +441x8  5x®  29x1° + x!! which is  28:6503. Thus

(KjSCs) 820841.

XE. Appendix: Characteristic Polynomial for g= odd
Here we give a sketch of the proof of Theorem 4.5. We set

D(a) = 1X ax ;o U(a) = 8 ?) ; and
0 1
D(ai1) U(az) ::: U(an)
Mn(ag; i an) = D(22) ;
U(an)
D(an)

where the empty spaces are lled by zeros.

Lemma E.1. det(Mp(az;:::;an)) = anzl (X2 aj). Any of the blocks U(a; ) may be replaced
by 2 2 blocks of zeros without changing the determinant.

Proof. By adding 1=x (2i 1)th row to 2ith row forall1 i n, we obtain the diagonal
matrix with diagonal entries  X; X+ a;=Xx; X; X+ a=X;:::; X+ a,=x. The result follows
immediately.

Letusdene H(a)=(0 a),

_ 0 0 | Ofa «vo- _ Mp(a;iiiian 1) C(an) .

B = 1 x and My(ag;::;an) = E(a) B ;
where C(a,) is the 2(n 1) 2 column matrix obtained by stacking (n 1) copies ofU(a,)
vertically, and E(a;) isthe 2 2(n 1) matrix obtained by starting on the left with U(a;)

and following with zeros.

Lemma E.2. det(MXa;;ax))= ajap, and
2 3
X lhy 1 y 1
detM%(ay;:::;an)) = a1 4 (x* @) detM? i (a;:iian) an (X2 )0
k=2 j=2 j=2
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Proof. We rst expand in minors along the next to last row which contains a; in the second
slot and then expand in minors along the second row which hasmdy one entry 1 in the rst
slot. It follows that det( M2(ay;:::;an)) = a; det(M? ,(az;:::;a,)) where B®= (1  x)

and 0 1
H(az) H(as) ::: H(an)

MO (o an) = B 0 (22) U(@) :
U(an)
BO

Now we use the rst row to compute minors. It is not hard to see that each minor can be
computed from the matrix of the form

The result follows using Lemma E.1 and its proof.

Proof of Theorem 4.5. We use the symmetry of M; noted in Appendix A and work with a
symmetrized basis forPic(X): H = Hx, Pr, A0 Eg, Ag, E®, AVD vO AD  We order
the basis so that ifrqjr, then P, , A("1) appears beforeP;,, A("2); thus we we start with the
prime factors of g. To compute the characteristic polynomial, we consider a mé&ix M;  xl .
For a simpler format, we add rst row to the row corresponding to P,, Eq and E® . After the
series of row operations, we have the determinant ofMl;  xl ) is equal to the deteminant of

p x H(a) H(@)  H(@) H@) HO H@)
V(bh x) D(a) U(a)  U(a) U
Vi ) D(az) - U(a) U()
: . U(a) U@
Vb  x) D(a) U(2)
V(1 x) D(1)
VA x) D(O) U()
0 U(1) D(0)

where the empty spaces are lled by zeros and each; by is determined by a proper divisor of

g and is the number of proper divisors, andV (a) = . Now we expand in the minors

a
0
along the rst column. For the (j; 1)-minor we move the rst row to the jth row and then
expand in minors along thejth row. The rest of the computation follows using Lemmas E.1

and E.2.
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