Section 10.4 - Determinants

2 by 2 determinants:

a b
If D= L dJ is a 2 X 2 matrix, then the determinant of D
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is det(D) = |.

3 by 3 determinants:

If D= is a 3 by 3 matrix, then the

a a a
determinantof D is det(D)=| ==~
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Calculating the determinant of a 3 by 3 matrix by
expanding a row or column:

a, 4, dj

dy Ay Ay

If D= is a 3 by 3 matrix, then the

dy; 4z dis |

determinant of D may be calculated by expanding about
row 1 in the matrix:

@, G a
a,, azt |

as  ds

det (D) = %1 |41 92

31 Q3 ds
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Also, the determinant may be calculated by expanding
about column 1 in the matrix:

G, a, a;
det (D):an 21 Gy Gyl -

31 Gz ds

_ ay (Ayts3 = Aylisy) = Uy (G933 = Q33 ) F 31 (015 y = Gy30y5 )

For expansions about other rows and columns see the text
and/or course notes for section 10.4.



Shortcut for calculating the determinant of a
3 by 3 matrix (will not work for larger matrices):

To calculate the determinant of the 3 by 3 matrix:

a, d, dj

a, a, da
D=|"* "2 72|, beginby copying the entries from the

[ d31 Q3 A3
first two columns of the matrix to the right of the matrix.

Then multiply the entries on the diagonals with the appropriate
sign as shown below :

(+) ) (+) (;) () )
% a

ay, 3 a4y,

18,

A0y Qs + A1, Ay + Q305,04 — (A30,,05, + 4,053,405, + a4,0,,053)

31 32

Example:

2 1 -1 |2 1 -2 1
-1 2 4|=]-1 2 4|-1 2
1 =2 -3 |1 =2 =31 -2

2:2:(=3)+1-4-14 (=) (=1)-(2)= (=1)-2:1=2-4 - (=2) = 1 - (=1)- (-3) =-12+4-2+2+16-3= 5



10.4 - Cramer’s Rule
for Two Equations containing Two Variables:

Consider the system of equations:

ax+by=s
CX +dy =t
Define:
5 a b s b h a s
p— D — f—
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Then Cramer’s Rule says that:

A D’ yZE , provided D;/-'O.




10.4 - Cramer’s Rule for Three Equations containing

Three Variables:

The solution to the system of equations:

/-
ap X+ apyt+asz=qg

< Ay X+ ay,y+ayi=c,

a3 X + a3y +a332 = C;

is given by
D D D
x=—2, y=—, z=—= where
D D D

G G O3 ap € 4y Ay
Do=py ay ayl D=l ¢, ay| D =l

3 G Ayl A3 G dx| G

apy
yy

s




Determinants and the elementary row operations:

1. The value of the determinant changes sign when
two rows are interchanged.

1 2 3 a b c
For example: a b c=-1 23
0O 0 1 0O 0 1

2. If a row is multiplied by a number k, then the
determinant is multiplied by k.

1 2 3 1 2 3
For example: a b c¢=5a b c
0O 0 5 0O 0 1

3. If a multiple of one row is added to another row,
then the value of the determinant does not change.

1 2 3 |[I1-a 2-b 3-c

a b cl=| a b c
For example:

0O 0 1 0 0 1



