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On the K -theory of graph C -algebras

by Gunther Cornelissen,Oliver Lorscheid and Matilde Marcolli

Abstract

We classify graph C -algebras, namely, Cuntz-Krieger algebrasassoci-
ated to the Bass-Hashimotoedge incidence operator of a nite graph.
This is done by a purely graph theoretical calculation of the K -theory
and the position of the unit therein.

Introduction

LetQ denotea nite (multi-)graph with m (geometrical) edges.Note that Q
might have loops, multiple edgesand sinks. Consider the (oriented) graph
Q™ , whose vertices equal those of Q, and whose edgesconsist of all edges
of Q with both possible orientations. We denote the two edgesof Q* cor-
responding to an edge e of Q by e and e. Let o and t denote the origin,
respectively terminal vertex of an oriented edge e of Q*. On the spaceof
edgesof the oriented graph Q*, we consider the operator

T:EQ*! EQ* :e7! e e
t(e)= o(e?)
This operator is representedby a 2m  2m-matrix A, whose entries are in
f0; 1g. The operator T was considered by Hashimoto [10] and Bass[2] in
connection with their study of the lhara zeta function of a graph (see also:
Stark and Terras[18]).

Let Og denote the Cuntz-Krieger algebra ([8]) associatedto the ma-
trix A. This is the universal C -algebra generated by 2m partial isome-
tries fSFg?:m1 with orthogonal range projections, subject to the relations
S S = Aj S Sj .



We want to classify Cuntz-Kriegeralgebrasthat arisein suchaway, up to
the three natural notions of (strong) Morita equivalence(denoted ), stable
isomorphism (also denoted in this paper, sincethe notions are equivalent
in our setting) and strict isomorphism (denoted =). Although it seemsat
rst that quite a few algebras are possible, we will seethat this turns out
not to be the case.

The expertin operator algebrasmight immediately seethe picture: Kum-
jian and Pask([11 ]) haveproventhat Oq is Morita equivalent to a boundary
operator algebra. More speci cally, let T denote the universal covering tree
of Q. ThenQ = T= for afreegroup of rank g = the rst Betti number of
Q,andOqg C (@)o ,wherethe right hand side algebra, which we call
a boundary operator algebra only dependson g. As a matter of fact, since
a result of Rgrdam ([17]) implies that K¢ is a full invariant for the stable
isomorphism class of Cuntz-Krieger algebras and stable isomorphism and
Morita equivalence are the same for such algebras, this result can be used
to compute the K -theory of Oq by calculating it for one example graph Q,
and this is done by Robertsonin [15] in an operator algebraic way.

Note that Rerdam has also proven that K o(Ogq) together with the posi-
tion of the unit in Ko(Og) is afull invariant for the strict isomorphism type
of OQ .

Our aim in this paper is twofold. First, we want to compute the K -
theory of Q directly in a graph theoretical way, thus avoiding the boundary
operator algebra. Our proof will involve relating the Smith Normal Form
reduction of 1 A to contraction of non-loops in the graph. The proof of
our secondresult will rely heavily on this technique. Although knowing K g
for a Cuntz-Krieger algebra allows one to compute K 1, we also exhibit a
direct relation between K 1 and graph homology. The result is

Theorem A. LetQ denotea nite graphwith rst Bettinumberg 1. Then
Ko(OQ) =79 Z:(g l)ZZ

Furthermore, K 1(Ogq) is naturally isomorphicto Z,, the spaceof cycleson
Q, soK1(Oq) = Z9. Hencefor g 2, the Morita equivalenceand stable
equivalenceype of Og only dependson g.

The result can now be used, conversely to compute the K -theory of
boundary operator algebras. One can also deduce some results about the
operator T from this theorem. In particular, 1 T has kernel K1(Oq),
ZIEEQ i=im@1 T) = Ko(Ogq), and one recoversthe computation of the rank
of1 T from [2] for bothg 2andg= 1
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Secondly we want to study the strict isomorphism class of Oq for a
general graph Q. This problem doesn't seemto have beendealt with in the
literature. By Rgrdam’sclassi cation results, it is known to dependupon the
position of the unit in K. Again from the boundary operator algebra point
of view, Robertson showed in [15] that the unit of C (@) o is of exact
order g 1. Thisis analogousto Connes'scalculation in [4], Cor. 6.7, that
the classof the identity  in Ko(A) hasorderg 1, where A = C(PY(R))o |,
with  atorsion-free cocompactlattice in PGL(2; R), and g the genusof the
Riemann surface uniformized by

Here, we use purely graph theoretical considerations to calculate the
exact position of the unit in Ko(Ogq) for a general graph Q. Let us denote
by (a;b) the greatestcommon divisor of two integers a and b.

Theorem B. LetQ denotea graph with rst Betti numberg 2. Thenthe
imageof the unit of Og in Ko(Og) = 29 Z=(g 1)Z has(nite) order

g 1 :

(9 LivQj)’
wherejV Qj is the number of verticesof Q. In particular, the classof the unit
in Kg is anihilated by the Euler characteristicg 1 of Q. Furthermore, every
possiblestrict isomorphismtype of an operator algebrawith K o-group of the
giventype occursasgraph C -algebrafor a stablegraph; strict isomorphismis
not a homotopy invariant for graphs;and Ogq is only strictly isomorphicto a
boundary operatoralgebraof genusg if the number of verticesin Q is coprime
to the Eulercharacteristicg 1 0of Q.

We hope that the purely combinatorial considerations leading to these
theorems will help in understanding the higher dimensional analogues of
theseresults (for group actions on buildings) asconsideredby Robertsonin
[14], [15].

Our results arose from trying to answer the following question in alge-
braic geometry: one can associatea spectral triple to a Mumford curve X
(cf. [5]), in which the operator algebrais the boundary operator algebrafor
the Schottky group. In this construction, one can replace that algebra by
the graph C -algebra Oq for Q the stable reduction of X. Doesthis new
algebra capture more geometrical information about X ? SeeRemark 1.17
below for some more details.

We only consider nite graphs. It might be interesting to extend the
methodsto row- nite or locally nite graph C -algebras.



Acknowledgement. We thank Jakub Byszewskifor his input in section 1.8. The
position of the unit in Ko(Ogq) was guessedbasedon someexample calculations by
Jannis Visserin his SCI291 SciencelLaboratory at Utrecht University College.

1. Stable isomorphism type

1.1 (Set-up) Let Q denote a graph (possibly with loops, multiple edges,
and sinks) with m (geometrical) edgesand of rst Betti number (“cyclomatic
number”) g, viz., g equalsthe number of independent loops, which equals
the number of edgesoutside a spanning tree. We will mostly be considering
the casewhere g 2, but we will comment upon what happensfor g = 1
at the appropriate place. In this section, we will prove Theorem A from the
Introduction.

1.2 (The operator T) We make a new (oriented) graph Q*, whose ver-
tices equal those of Q, and whose edgesconsistof all edgesof Q with both
possible orientations. We denote the two edgesof Q* corresponding to an
edgeeof Q by eand e. Let o and t denote the origin, respectively terminal
vertex of an oriented edge e of Q*. On the spaceof edgesof the oriented
graph Q*, we consider the operator
X
T:EQ*! EQ* :e7! e e
t(e)= o(e9)

This operator is representedby a 2m  2m-matrix A, whose entries are in
f0;1g. The operator T was considered by Hashimoto [10] and Bass|[2]
in connection with their study of the lhara zeta function of a graph (see
also: Stark and Terras [18]). Although not strictly necessaryfor the main
argument of this paper, we will comment upon this relation in 1.12 below.

1.3 (The Cuntz-Krieger algebra) Let Og denote the Cuntz-Krieger alge-
bra associatedto the matrix A. This is the universal C -algebra generated
by 2m partial isometries f S;g27 with orthogonal range projections, subject
to the relations X

S S = Aj S Sj :

We want to classify Cuntz-Krieger algebras that arise in such a way. Al-
though it seemsat rst that quite a few algebrasare possible, we will see
that this turns out not to be the case.

First some preliminary observations. Since the reduction graph has cy-
clomatic number g 2, it hasa vertex of valency 2, SOA is not a permu-
tation matrix (actually, the only exception would be a graph consisting of a
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single vertex and a single loop, which correspondsto a Tate elliptic curve).
The matrix A isalsoirreducible, i.e., all entriesof A™ for m suf ciently large
are positive. This is clear from the interpretation of A;‘?y as the number of
paths of length m between the end point of x and the origin of y, since Q
is a nite and connected graph. Therefore, Oq is a simple algebra ([8],
Theorem 2.14). By a result of Rardam ([17]), two different such algebras
for graphs Q and QP are stably isomorphic (i.e., isomorphic after tensoring
with compact operators) if and only if Ko(Og) = Ko(Ogqo). Furthermore,
they are isomorphic if and only if there is a group isomorphism between the
K o-groupsthat mapsthe classof the unit of Oq to that of Ogo. The image of
the unit in the abstractgroup K ¢o(Ogq) up to abstract group automorphisms
is called “the position of the unit” in the literature.

1.4 Remark. The notions of stableisomorphism and (strong) Morita equiv-
alence are equivalent for algebrasof the form Ogq, sincethey are separable,
seeBrown-Green-Rieffel[3].

1.5 (K -theory computations) We hencestart by computing the K -theory
of Og. Theorem 5.3 in [8] saysthat Ko(Og) = Z"=(1 AY)Z", where n
is the dimension of the matrix A. Equivalently, in terms of the operator T,
Ko(Ogq) = ZEQ"=im(1 T): Note that it is irrelevant whether one works
with At or A in this formula. We now claim the following:

1.6 Proposition. If Q isa graphwith cyclomaticnumberg 1, then
Ko(Og) = 2% Z=g 1)Z;
in particular, the stableisomorphismtype of Og only dependongifg 2.

1.7 Remark. As follows from [17] 4.3, any abelian group can be the K -
group of a Cuntz-Krieger algebra associatedto the vertexadjacency matrix
of a graph. In light of this, the aboveresult might come asa surprise.

Proof The proof has two parts. We use the following notation: for two
squarematricesM ;N of sizen n,wewrite M N if there exist matrices
X;Y 2 GLp(Z) suchthat XMY = N. We also write 1, for the indentity
matrix of sizen n.

1.6.1 We start by proving this for the casewhere Q hasonly one vertex, so
m = g, seeFigure 1.

Thematrix A lisoftheform A 1= ;% ;whereBisag gmatrix
with zerosalong the diagonal and 1 everywhere else.
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Figure 1: The genusg graph with one vertex

Obviously, A 1 % 7 : By subtracting the rst column from all other
in B, and then adding all rows to the last, then adding all columns to the
rst, we nd B diag(g 1;1;:::;1). It follows that

im(1  A) = im(diag(1;:::;1g 1?_{2_?)) =z 9l (g 17z
g

and the result follows.

1.6.2 We now consider what happensto the operator when we contract an
edge.

Claim If QYis the graph obtainedfrom contracting a single non-
loop edgein Q, and A®and A are the matrices of the respective
T-operatorson thesegraphs,thenA 1 %2 ,.° | .

Supposethat is the edgethat is contracted. Suppose and correspond
to the rst and secondrow of A 1 respectively Perform the following
elementary row operationson A 1. add the rst row to everyrow corre-
sponding to an edge e whose terminal point is the origin of ; and add the
secondrow to every row corresponding to an edge e whose terminal point
is the origin of

Figure 2: Contracting the edge

Observethe following facts about the resulting matrix:

1. Since isnot aloop, the left upper corneris 1.
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2. The cofactor of the rst two rows is equal to A° 1; becauseof the
transformation that we did, seeFigure 2: the outgoing (dashed) edges
of becomeadded to the outgoing edgesof e.

3. All entries in the rst two columns from the third row on are zero;
becausein the original matrix, there wasa 1 at location (e; ) exactly if
e ows into , but then our operation hasaddedthe 1 from location
( ; )toit —and similarly for the secondrow of (e; ).

Now any possible non-zero entries in the rst two rows from the third col-
umn on can be removed by adding the rst or secondcolumn to the corre-
sponding column, and this will not affect any other entry. In the end, we
nd amatrix asin the Claim above.

Given a general graph Q, we contract all non-loops one after the other.
By the claim, we are left with a matrix of the form 1 A moe 0,
where A°correspondsto a graph with only loops, i.e. with one vertex. But
then 1.6.1 can be applied to A° 1, and we nd in the end that

1 A diag(g 1;1;:::;1;?:{'21?):
9

As we remarked above, the algebra Oq is simple for g 2, soK classi es
it up to stableisomorphism. This nishes the proof of Proposition 1.6.

1.8 (K1 and graph homology) SinceK ; of a Cuntz-Kriegeralgebrais iso-
morphic to the torsion free part of Ko (see[17]), the sameproof showsthat
K1(Og) = ker(1 T) = Z9forg 2 andthat K1(Og) = ker(1 T)= Zz?
for g = 1. We now make a digression to interpret this result in terms of
graph homology.

Let Z1 = H1(Q;Z) denote the spaceof (integral) cycleson Q, i.e., the
kernel of the boundary map ZEQ | zVQ: We observethat one can decom-
posethe spaceZEQ" asfollows:

ZEQ" = 75  z.:

where So = EQ™ f 4;:::; 4gfor acollection of edges ; outside a xed
spanning tree (so Sg consists of the edgesof a spanning tree with both
orientations, and one oriented edge for each geometrical edge outside that
spanning tree).

As was observed by Jakub Byszewski,there is a natural injective group
homomorphism ' : Z; | ker(1 T) given as follows: if a cycle [c] is



X
representedas e, we de ne

e2l

X X
()= e e: 1)
ezl ezl
This doesnot depend upon the choice of a representativefor the cyclec. Let
us checkthat, indeed, (T 1) ([c]) = 0. Fixe 2 |, and supposee®?2 | is
the (unique) edgein | suchthat t(e) = o(e%. Observethe basic equation
T(e) €= T() e thatisillustrated in Figure 3.

T(e) zio}:l T({e‘b e

Figure 3: A basicequation

We can therefore calculate

X X
(T 1) ([ (T 1 e €)
X X X X

T(e) e T(e) + e
X

X X
T(9 e+ & T(e) et e

= 0

The map ' is injective: choosea basisfor the spaceof loops that doesn't
contain any edgesin sinks, then if e 2 |, e 2 |, so the independenceof e
and e in the image implies injectiveness.

Below is the promissed geometrical interpretation of the kernel of T:

1.9 Lemma. Forg 2,thekernelofl T isisomorphicto the cyclespaceZ
via the isomorphism' de ned in (1):

K1(Og) = kerl T)=Zy= 29

Proof From 1.6, we know that the kernel of 1 T hasthe samerank (= g)
asZi. Alternatively, this follows independently from computations with the
graph zeta function asin 1.12 below. Since" is also injective, the image is

Lo
of the form a;Z for somea; 2 Z- . We should prove that a; = 1 for all i.
i=1



An endof Q is aconnectedcontractible subgraphof Q that sharesexactly
one vertex with its complementin Q.

Given any edge not belonging to an end, choosea loop in which e
occurswith multiplicity one, and in which e doesn't occur. Then e occursin
" () with multiplicity one.

Now supposge belongsto an end. Since' is bijective after tensoring
with QF,for any a.e?2 kell_a(l Tlg we can nd a;b2 Z andaloop such
thata( a)=b' ()=0b e e). Sincq@ isin an end, it is not in the
support of this last sum, soit cannot occurin  ace either.

The conclusion is that edgesin endsdon't occur in ker(1  T), and any
other edge occurs with multiplicity one in some element of im(* ). This
would not be the caseif somea; > 1. u

1.10 Remark. For graphs without ends, this result is also found in [16],
where it is applied to prove the following: let T denote the universal cov-
ering of Q and its fundamental group. The group of -invariant integral
valued measureson clopen setsof the boundary @ is isomorphic to Z;.

1.11 Remark. Themap' givesa natural isomorphismzZ,! ker(1 T). On
the other hand, Cuntz has constructed a natural isomorphismker(1 T)!
K1(Ogq) (cf. [17], p. 33 and [7], 3.1). It would be interesting to give a
direct formula for the map Z; ! K1(Og) that relates graph homology and
operator K 1. From the proof of 3.1 in Cuntz [7], it is not hard to obtain an
explicit form of the mapZ;! K1(Ogqg), where Oqg denotesthe stabilization
of OQ .

1.12 (Relation to the Ihara graph zeta function) We can(independently
of the above) compute the rank of the operator 1 T acting on the vec-
tor spaceQEQ" . For that, we use the relation between the characteristic
polynomial of T and the lhara zeta function of the graph. Theorem 4.3
from [2] (applied to the trivial representation) implies that det(1 uT) =
(1 u?9 ldet(( u)) for the graph Laplaceoperator. Sinceg 2, the uni-
versal covering tree of Q is not a linear tree, and loc. cit., Theorem 5.10.b(i)
saysthat ( u)(1 u)D*(u) with D*(1) 6 0, so

orddet(l Tu) = g:
u=1

Now x 2 ker(1 T) if and only if x belongs to the eigenspaceof T for
the eigenvalue +1, and we have just seenthat this spaceis g-dimensional.
Therefore,therank of 1 Tis2m g. FromZ; ] ker(l T), and this
result, one nds back Lemmal.9.



We can also reversethe logic and use the above (independent) calcula-
tion of the Smith Normal Form and kernel of 1 T to deducefactsabout the
Bass-HashimotoT -operator and the graph zeta function. In particular, the
statementsabout the multiplicity of the eigenvalue+1 for T follow directly.

1.13 Remark. If g = 1, the universal covering of the graph is a linear tree
with a cyclic action of Z. This correspondsto Tate's uniformization of an
elliptic curve with totally split multiplicative reduction. Then [2], 5.11.10
impliesthat 1 T hasrank 2m 2, which is compatible with 1.6. It is easy
to checkthe following: let c denote a (fundamental) cyclein Q. Then two
independent elementsof ker(1 T) aregivenby' ([c]) andc+ |, where
the sum s over all edgesl outside c that point away from c, seeFigure 4 for
an example.

p
Figure 4: Generatorsfor ker(1 T) are' (¢)andc+ l;
i=1

1.14 Remark. As noticed in the introduction, we can revert the logic of
this section to apply operator algebra K -theory to graph theory asfollows:
given a graph Q of cyclomatic numberg 2, write Q = nT, where T is
the universal covering tree of Q and is a free group on g generators. Then
Kumjian and Pask ([11]) haveshownthat Og = C( ) o in the senseof
strong Morita equivalence. By the Brown-Green-Rieffelresult from 1.4, we
nd that the stableisomorphism classof Og only dependson g.

In [15], Robertson showedthat C( ) o is stricly isomorphic to the
Cuntz-Krieger algebra associatedto the stable graph in Figure 1. We can
therefore compute K o(Oq) for any chosenQ, and doing this for the “ ower”
implies that Ko(Oq) is as expected. This, in its turn, implies the results
about the imageand rank of 1 T, independently of graph theoretical con-
siderations.

1.15 Remark. The proof in [15] includes the calculation of the K -theory
of the Cuntz-Krieger algebra for Figure 1, but directly “on the boundary”,
whereas our proof takes place on the reduction graph. This can be seen
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as another manifestation of a “holography principle”, by which information
on the boundary can be equivalently expressedon the tree itself, cf. [12].
It would be very interesting to extend this kind of calculation to higher
dimensional buildings, cf. [6], [14].

1.16 (Analogue for Riemann surfaces) The analogue of this result in the
classicaltheory of global uniformization of Riemann surfacesis as follows.
LetA = C(P1(R))o ,with atorsion-free cocompactlattice in PGL(2;R),
and g the genus of the Riemann surface uniformized by . Then Anantha-
raman-Delaroche([1]) proved that the K -theory of A is given by K o(A) =
Z%9*1  7=(2g 2)Z. The proof is topological (via a Thom isomorphism),
and although it follows that A is isomorphic to a Cuntz-Krieger algebra,
there is no apparentdirect link betweenthe matrix of that algebraand some
combinatorial structure on the Riemann surface, asis the casefor the non-
archimedeantheory.

1.17 (Analogue for Mumford curves) Let k be a non-archimedean com-
plete discretely valued eld of mixed characteristic with absolute valuej j.
A projective curve X over Kk is called a Mumford curveif it is uniformized
over K by a Schottkygroup. This meansthat there exists a free subgroup
in PGL(2;K) of rank g, acting on P& with limit set  suchthat X satis es
Xan = n(pg" ) asrigid analytic spaces.Mumford ([13]) has shown
that these conditions are equivalent to the existenceof a stable model of X
over the ring of integers Oy of k whose special ber consistsonly of rational
componentswith double points over the residue eld.

Supposethe ground eld Kk is large enough so that the group actson
the Bruhat-Tits tree of P GL (2; k) without inversions. This is always possible
by a nite extension of k if necessary Let T denote the subtree of the
Bruhat-Tits tree spannedby geodesicsconnecting xed points of hyperbolic
elementsin . ThenQx = T = isa nite graph that is intersection dual
to the stable reduction of the curve X . In particular, the cyclomatic number
of Qx equal the rank of , which equalsthe genusg of X (cf. [13], Thm.
(3.3)). Note that Qx is allowed to have loops and multiple edges.

Asis observedin [9], p. 124, any graph Q can occur asthe stable reduc-
tion graph of a Mumford curve, assoonasQ is nite, connected,and every
vertex which is not connectedto itself is the origin of at least three edges.
We call sucha graph a stablegraph.

In [5], aspectraltriple wasassociatedto X in which the operator algebra
is the boundary operator algebraof . For this algebra, the Mumford curve
plays the réle of the Riemann surface in the results of 1.16. The current
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work is inspired by the question whether ner invariants of X are detected
by replacing this algebrawith Oqg for Q = Qx the stable reduction of X.

2. Strict isomorphism type

2.1 The (not only stable) isomorphism type of Oqg is determined by the
image of the unit of that algebrain its K g-group. Supposethat Q and Q°are
two stable graphswith the samecyclomaticnumberg 2. To easenotation,
add a prime to any symbol pertaining to Q° Sincewe have already shown
that O := Oq and 00:= Oqo are stably isomorphic, to prove that they are
actually isomorphic, by Rgrdam ([17]) it suf ces to decide whether or not
there exists an isomorphism of abelian groups K ¢(0) = K (09 that maps
the classof the unit 1 of O to that of the unit 1°of O% We can now recast
this in terms of linear algebra asfollows: in our setting, an isomorphism of
K o-groups is given by an automorphism of Z9 Z=(g 1)Z. Now Cuntz's
isomorphism' :Ko(O)! Z"=(1 AY)Z" is explicitly given by
X X
‘[@An="0 eeh)= ‘"(agl)=(15:::;1):

Henceit suf ces to check whether there is an isomorphism Z"=(1 A!) =
Z"°=(1 (A9 that xes the classof = (1;:::;1).

We now look at two examplesto show that the isomorphism type can
indeed vary.

2.2 Example. For a ower asin Figure 1, any preimageof by 1 T has
g 1in the denominator; this is easily seen,sincethe matrix B from 1.6.1
is invertible. Hencethe image of in Ko(Og) is an element of exact order

g 1

2.3 Example. For a graph consisting of two vertices that are connected by

g+ 1edges,the matrix of 1 T is a block matrix of the form  “g= ° .
It is easyto checkthat is the image of

( 1;—2 viin 2 .g+1

Ll

g

In particular, if gisodd, (g 1)=2 2 im(1 T), sothe order of in Ko(Ogq)
divides (g 1)=2. One cancheckthat if gisodd, hasorder exactly equal
to (g 1)=2in Ko(Oq), whereasif g is even, the order is exactly equal to

g 1
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2.4 Remark. Connesshowedin [4], Cor. 6.7, that in the setting of Riemann
surfaces,and sticking to the notations of Remark 1.16, the classof the iden-
tity in Ko(A) hasorder 29 2, the Euler characteristic of the Riemann
surface. This ts with the results of [1] cited in 1.16, in the sensethat the
classof generatesthe subgroupZ=(2g 2)Z of Ko(A).

2.5 (Proof of Theorem B) Let denote the minimal positive integer such
that the equation
a1 A x=

hasa solution in an integral vector x 2 Z2™; then, if it exists, is the exact
order of in Ko(Ogq). We know from 1.6.2 that there exist X; Y 2 GL o (Z)
suchthat

X(@ A)Y =diag(1;:::;1;9g l;?;:";?);

{zL
9
where X (resp. Y) is given by the row (resp. column) operations performed
in the courseof proving 1.6. In particular, if (1 A) x= ,then
diag(1;:::;1; 1000 = X 2
o 9 i Oy )
g

has an integral solution y 2 Z°™. The equations corresponding to the rst
2m g 1lrows of equation (2) obviously have a solution in integers for any
integral . The only question that remains is whether the remaining g+ 1
equations have an integral solution.

We calculate theseequationsby nding the entriesof X by performing
the row operations spe cied by X on . At the start, hasentry 1 at every
place. The general Smith Normal Form reduction processin 1.6 starts in
1.6.2. The row operations that where performed in 1.6.2 correspond to
the contraction of all non-loop edges, so that in the end, only one vertex
remains. This operation can be seen as collapsing all vertices to a given
one, i.e., to reachthe nal form of the matrix, we haveto collapsejVQj 1
vertices. To each of the contractions of an edge corresponds adding that
row to any ingoing edge of the source of that edge. Hence eachof the edges
(then loops) that remain after the complete contraction processin 1.6.2 has
jVQj 1rows addedto it. The result of this operation on s that it has
beentranformed into

(:::;iVQj;:"'jVQg):

vl Ve
29
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Figure 5: The stable graph Q4 with 2g 2 vertices

Then the row operations in reducing the matrix from 1.6.1 correspond
to subtracting from the last g rows the correspondingof the rst g rows, and
then adding all rows to the (2m  g)-th one. After the reduction in 1.6.1,
one nally arrives at

X =(:0 jVQj;P;:";?):

v
g

The last g equationsin (2) therefore also admit a solution. Now the nal
equation to consideris that on the (g + 1)-to-last row:

29227 : (g 1z= g jvaQj;
and one seesthat the minimal integral for which a solution existsis

_ 91

(9 LjvQj)’
This provesthe rst part of the theorem, and provesin particular thatg 1
anihilates the image of , that hencehas nite order.

There is an automorphism of the group 29 Z=(g 1)Z that carriesan
element of Z=(g 1)Z to another exactly if these elements have the same
orderin Z=(g 1)Z.

To seethat any isomorphism type occursfor a stable graph Q of genus
g 2, we will show that one can realise any number of vertices m with
1 m g 1for sucha stable graph. We will show that one can nd a
stable graph Qg of genusg with 2g 2 vertices. Collapsing these vertices
one after the other keepsthe graph stable of the samegenus,decreasingthe
number of verticesby one everytime. The graph Qg is asin Figure 5. It has
2g 2 vertices. The two terminal vertices have a loop attached to it, and
then consecutivevertices are connected alternatingly by a simple edge and
by two edges. The genusof Qg is easily seento be g, and Qg is stable.

Sincefor xed g, all contractions of Q4 are homotopic but the isomor-
phism type of the corresponding operator algebra varies, strict isomorphism
is not a homotopy invariant.

Sincethe boundary operator algebra of genusg is strictly isomorphic to
Oq with Q a*“ower” asin Figure 1 (see Robertson[15]) and in K¢ of the

14



latter algebra, hasorderg 1, it follows that only algebrasOq for graphs

with

g 1

(9 L1jvQj J

i.e., graphsfor which (g 1;jVQj) = 1, are strictly isomorphic to boundary
operator algebras. This nishes the proof of Theorem B.

2.6 Remark. Note that by Euler's formula,

[1]

(2]

3]

[4]

5]

[6]

[7]

(8]

(9]

[10]

g 1 g 1
d = - — = e —:
of (9 LjvQj) (g LjJEQ))

References

Claire Anantharaman-Delaroche. C -algébresde Cuntz-Krieger et groupes
fuchsiens. In Operatortheory, operator algebrasand related topics(Timisoara,
1996), pages17-35. Theta Found., Bucharest,1997.

Hyman Bass. The lhara-Selberg zeta function of a tree lattice. Internat. J.
Math., 3(6):717-797, 1992.

Lawrence G. Brown, Philip Green, and Marc A. Rieffel. Stable isomorphism
and strong Morita equivalence of C -algebras. Pacic J. Math., 71(2):349-
363, 1977.

Alain Connes. Cyclic cohomology and the transversefundamental classof a
foliation. In Geometricmethodsin operator algebras(Kyoto, 1983), volume
123 of Pitman Res.NotesMath. Ser, pages52—-144. Longman Sci. Tech., Har-
low, 1986.

Caterina Consaniand Matilde Marcolli. Spectraltriples from Mumford curves.
Int. Math. Res.Not., (36):1945-1972, 2003.

Gunther Cornelissen, Matilde Marcolli, Kamran Reihani, and Alina Vdovina.
Noncommutative geometry on trees and buildings. preprint, 2006.

J. Cuntz. A classof C -algebrasand topological Markov chains. Il. Reducible
chainsand the Ext-functor for C -algebras.Invent. Math., 63(1):25-40, 1981.

Joachim Cuntz and Wolfgang Krieger. A classof C -algebrasand topological
Markov chains. Invent. Math., 56(3):251-268, 1980.

Lothar Gerritzen and Marius van der Put. Schottky groups and Mumford
curves volume 817 of LectureNotesin Mathematics Springer, Berlin, 1980.

Ki-ichiro Hashimoto. Zeta functions of nite graphs and representations of
p-adic groups. In Automorphicforms and geometryof arithmetic varieties vol-
ume 15 of Adv. Stud. Pure Math., pages211-280. Academic Press,Boston,
MA, 1989.

15



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Alex Kumijian and David Pask. C -algebras of directed graphs and group
actions. ErgodicTheoryDynam. Systems19(6):1503-1519, 1999.

Yuri I. Manin and Matilde Marcolli. Holography principle and arithmetic of
algebraic curves. Adv. Theor Math. Phys, 5(3):617-650, 2001.

David Mumford. An analytic construction of degenerating curves over com-
plete local rings. CompositioMath., 24:129-174, 1972.

Guyan Robertson. Torsion in K -theory for boundary actions on af ne build-
ings of type &,. K -Theory, 22(3):251-269, 2001.

Guyan Robertson. Boundary operator algebrasfor free uniform tree lattices.
HoustonJ. Math., 31(3):913-935, 2005.

Guyan Robertson. Invariant boundary distributions associated with nite
graphs. preprint, 2006.

Mikael Rgrdam. Classi cation of Cuntz-Kriegeralgebras.K -Theory, 9(1):31—
58, 1995.

Harold M. Stark and Audrey A. Terras. Zeta functions of nite graphs and
coverings. Adv. Math., 121(1):124-165, 1996.

(gc, ol) Mathematisch Instituut, Universiteit Utrecht, Postbus 80.010, 3508 TA
Utrecht, Nederland,
email:

(mm) Max-Planck-Institut fir Mathematik, Vivatsgasse7, 53111 Bonn, Deutsch-

land,

email:

16



