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1. Intr oduction
The following problem in operator algebra has beenopen for seweral years.

Problem 1.1. For somenumber eld K (other than Q) exhibit an explicit quantum statistical me-
chanical system(A; ) with the following properties:

(1) The partition function Z( ) is the Dedekind zeta function of K .

(2) The systemhas a phasetransition with sppntaneous symmetry breaking at the pole = 1 of
the zeta function.

(3) There is a unique equilibrium state alove critic al temperature = 1.

(4) The quotient Cx =Dk of the idele class group Cx of K by the connected component Di  of
the identity acts as symmetries of the system(A; ).

(5) Thereis a sukalgeba Ay of A with the property that the valuesof extremal ground states on
elementsof A are algebaic numkers and geneate the maximal akelian extensionK 2°.

(6) The Galois action on thesevaluesis realized by the induced action of Cx =Dk on the ground
states, via the class eld theory isomorphism

(1.1) : Ck =Dk ! Gal(K 2°=K):

The problem originates from the work of Bost{Connes, [3], [4], where a systemwith all the properties
listed above was constructed for K = Q. Important developmerns in the direction of generalizingthe
Bost{Connes systemto other number elds were obtained by Harari and Leichtnam [11], Cohen [6],
Arledge, Lacaand Raeburn[1], Lacaand van Frankenhuijsen [12]. Theseresults all assumerestrictions
on the classnumber of K . It waswidely believed that a systemsatisfying all the properties of Problem
1.1 would exist (supposedly for any number eld and certainly at least in the casewhere K is an
imaginary quadratic eld). However, a complete construction (without special assumptionson the
classnumber) had not beenobtained so far for any caseother than Q.

The purposeof the present paper is to give a complete solution to Problem 1.1, for K an imaginary
guadratic eld, without any restriction on the classnumber of K. In an accomparying paper [8], we
explain the geometryunderlying and motivating the construction presered in this paper, and we make
a detailed comparisonbetweenthe properties of the system described here, the original Bost{Connes
system [4] and the GL»-system of [7].

2. Quantum statistical mechanics for imaginar y quadra tic fields

In this sectionwe construct a quantum statistical mecanical system(Ax ; ) assa@iated to an imag-
inary quadratic eld K.

We begin by recalling somebasic notions and notation that we will usethrough the paper.

For any ring R, we write R for the group of invertible elemers, while R denotesthe set of nonzero
elemerns of R, which is a semigroupif R is an integral domain.

We write O for the ring of algebraic integers of the imaginary quadratic eld K = Q( ~d), whered
is a positive integer.

We also usethe notation

(2.1) 0:=0 2 Axs =Ar oK and Ix = A = GLi(Axs );
1
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where 2 is the pro nite completion of Z and As = 2 Qisthe ring of nite adelesof Q. Notice that
K embedsdiagonally into I .
We can write the ring of integersin the form O = Z + Z and the imaginary quadratic eld as
K = Q( ), wherewe x the embeddingK ! C sothat 2 H. We canregard C asa K -vector space
and in particular an O-module.

2.1. K -lattices and commensurabilit .
We intro duce the main geometric notions underlying our system.

De nition  2.1. For K an imaginary quadmtic eld, a 1-dimensional K -lattice ( ; ) is a nitely
geneated O-submalule C, suchthat o K = K, togetherwith a morphism of O-modules

(2.2) :K=0! K =:
A 1-dimensional K -lattice is invertible if is an isomorphism of O-modules.

Notice that in the de nition weassumethat the O-module structure is compatible with the embeddings
of both O and in C.

Lemma 2.2. As an O-module, is projective.

Proof. As an O-module s isomorphicto a nitely generatedO-submodule of K, henceto an ideal
in O. Every ideal in a Dedekind domain O is nitely generatedprojective over O.

Denition 2.3. Two 1l-dimensional K -lattices ( 1; 1) and ( 2; 2) are commensumbleif K ; =
K and 1= > modulo 1+ ».

One chedks easily, asin Proposition 1.110of [7], that commensurability is indeedan equivalencerelation.

Lemma 2.4. Up to saling by some 2 C , any K -lattice is equivalentto a K -lattice °=
K C. The lattice °is unique modulo K .

Proof. The K -vector spaceK is 1-dimensional. If is a generator,then ! K. The remaining
ambiguity is only by scaling by elemens in K .

Prop osition 2.5. For invertible 1-dimensional K -lattices, the element of K ¢(O) assaiated to the
O-module is an invariant of the commensugbility classup to saling.

Proof. Two invertible 1-dimensional K -lattices that are commensurableare in fact equal. The same
holds for lattices up to scaling. Thus, the corresponding O-module classis well de ned.

There is a canonical isomorphism K o(O) = Z + CI(O) (cf. Corollary 1.11,[14]), where the Z part is
given by the rank, which is equalto onein our case,hencethe invariant of Proposition 2.5 is the class
in the classgroup CI(O).

In cortrast to Proposition 2.5, every 1-dimensionalK -lattice is commensurableto a K -lattice whose
O-module structure is trivial. This follows, since every ideal in O is commensurableto O.

Prop osition 2.6. The data ( ; ) of a 1-dimensional K -lattice are equivalent to data (; s) of an
element 2 O ands 2 A, =K , modulo the @ -action givenby (; s) 7! (x 1; xs), x 2 G . Thus,
the space of 1-dimensional K -latticesis given by

(2.3) 0 4 (Ac=K):
Proof. The O-module can be described in the form s = s; (s A\ K), wheres= (st;s1) 2 A¢.

This satises (s = sforallk2 (0 1)K Ay . Indeed, up to scaling, can beidentied with
anidealin O. Thesecanbe written in the form s; O\ K (cf. [17]x5.2). If s= ¢, thens?s; 12K
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and one is reducedto the condition st O\ K = s?O\ K, which implies sfs, * 2 O . The data  of
the 1-dimensionalK -lattice can be described by the composite map = s; X(s; )

K=0 IK =0 IK=(s; O\ K)
(2.4) ‘ _ ]
AK;f :d QAK;f :é LAK;f =5 é

where is an elemert in @. By construction the map (; s) 7! ( s;S; X(sr ) passedo the quotient

o) 6 (Ag =K ) and the above shaws that it givesa bijection with the spaceof 1-dimensionalK -
lattices.

Notice that, even though and O are not isomorphic as O-modules, on the quotients we have
K= ' K=0 asO-modules, with the isomorphismrealizedby s; in the diagram (2.4).

Prop osition 2.7. Let Ay = Axs C be the subsetof adeles of K with nontrivial archimedean
component. Themap ( ; s)= s,

(2.5) 0 g (Ag=K )! A=K ;

preservescommensu@bility and induces an identi ¢ ation of the set of commensurbility classesof
1-dimensional K -lattices (not up to sale) with the space A, =K .

Proof. The map is well de ned, becauses is invariant under the action (; s) 7! (x 1; xs) ofx 2 & .
It is clearly surjective. It remainsto show that two K -lattices have the sameimageif and only if they
are in the same commensurability class. First we show that we can reduceto the caseof principal
K -lattices, without changing the value of the map . Given a K -lattice ( ; ), we write = J,
whereJ O isanideal, hence = (stO\ K), where =12 C ands 2 G\ Ay - Then
( ; ) is commensurateto the principal K -lattice ( O; ). If (; s) is the pair assa@iated to ( ; ),
with s = (sf;s; ) as above, then the corresponding pair ( %s9 for ( O; ) is givenby °= s and

s®= (1;s; ). Thus,wehave ( ; )= ( O; ). Wecanthen reduceto proving the statemert in the
caseof principal K -lattices (s; 10;s; ). In this case,the equality s; = ks§ © for k 2 K , means
that we haves; = ks and = k % In turn, this is the relation of commensurability for principal
K -lattices.

Thus, we obtain, for 1-dimensionalK -lattices, the following Lemma as an immediate corollary,

Lemma 2.8. The mapdenedas :( ; ) 7! 2 O=K for principal K -lattices extendsto an
identi c ation, givenby : ( ;) 7' s 2 Axs =K , of the set of commensuability classesof
1-dimensional K -lattices up to saling with the quotient

(2.6) O=K = Axs =K :

2.2. Algebra of coordinates.

We now describe the noncomnutativ e algebra of coordinates of the spaceof commensurability classes
of 1-dimensionalK -lattices up to scaling.

To this purpose,we rst considerthe groupoid Rk of the equivalencerelation of commensurability on
1-dimensional K -lattices (not up to scaling). By construction, this groupoid is a subgroupoid of the
groupoid R of commensurability classesf 2-dimensional Q-lattices. Its structure asa locally compact
etale groupoid is inherited from this embedding.
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The groupoid Rk correspondsto the quotient A, =K . Its C -algebrais given up to Morita equiva-
lenceby the crossedproduct

(2.7) Co(Ac) 0 K :

The caseof commensurability classesof 1-dimensional K -lattices up to scaling is more delicate. Its
noncommnutativ e algebra of coordinates is given by the algebraAx = C (G ) obtained by taking the
quotient by scaling Gk = Rk =C of the groupoid of the equivalencerelation of commensurability.

Prop osition 2.9. The quotient Gx = Rk =C is a groupoid.

Proof. The simplestway to ched this is to write Rk asthe union of the two groupoids Rx = Go[ G1
corresponding respectively to pairs of commensurableK -lattices (L; L9 with L = ( ;0);L%°= ( %0)
and (L; LY with L = ( ; 6 0);L°= ( % 96 0). The scalingaction of C on G is the identity on
O and the corresponding action of C =O is free on the units of Gg. Thus the quotient Go=C is a
groupoid. Similarly the action of C on G; is free on the units of G; and the quotient G;=C is a
groupoid.

The quotient topology turns Gk into a locally compact etale groupoid. The algebra of coordinates
Ak = C (Gk) is the corvolution algebra of weight zero functions on the groupoid Rk of the equiv-
alencerelation of commensurability on K -lattices. Elemerts in the algebra are functions of pairs
( ;)% 9 of commensurablel-dimensionalK -lattices satisfying, for all 2 C ,

FCC ) C% D=0 nCs 9
Lemma 2.10. The algeba Ak is unital.

Proof. The setGE?) of units of Gk is the quotient of & 6 (A=K ) by the action of C . This gives
the compact space

(2.8) X=GP =0 4 (Ags =K ):

Notice that A, =(K 3 ) is CI(O). Sincethe set of units is compact the convolution algebra is
unital.

There is a homomorphism n from the groupoid Rk to R, given by the covolume of a commensurable
pair of K -lattices. More precisely given such a pair (L; LY = (( ; );( % 9) welet

(2.9) jL=LY = covolume( %=covolume()

This is invariant under scaling both lattices, soit is de ned on Gk = Rk =C . Up to scale,we can
identify the lattices in a commensurablepair with idealsin O. The covolume is then given by the
ratio of the norms. This de nes a time ewolution on the algebraAg by

(2.10) ()L LY = =09t f (L LY:

We construct represertations for the algebra Ax . For an etale groupoid Gk , every unit y 2 fo)
de nes a represernation by left convolution of the algebra of Gk in the Hilbert spaceH, =
“2((Gk )y), where (Gk )y is the set of elements with sourcey. The represenations corresponding to
points that have a nontrivial automorphism group will no longer be irreducible. As in the GL,-case,
this de nes the norm on Ak as

(2.12) kf k = supk y(f)k:

y
Lemma 2.11. (1) Given an invertible K -lattice ( ; ), the map
(2.12) (% 97mI=fx20jx © g

givesa bijection of the set of K -lattices commensumbleto ( ; ) with the set of ideals in O.
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(2) Invertible K -lattices de ne positive enemgy representations.
(3) The partition function is the Dedekind zetafunction ¢ ( ) of K.

Proof. (1) As in Theorem 1.26 of [7], we usethe fact (Lemma 1.27 of [7]) that, if is an invertible
2-dimensional Q-lattice and ©is commensurableto , then % The map above is well de ned,
sinceJ O is anideal. Moreover,J °= , sinceO is a Dedekind domain. The map is injective,
sinceJ determines °asthe O-module fx 2 CjxJ g and the corresponding and ©agree. This
also shows that the map is surjective. We then usethe notation

(2.13) J N )=(%)

(2) For an invertible K -lattice, the above givesan identi cation of (G )y with the setJ of ideals
J O. The covolume is then given by the norm. The corresponding Hamiltonian is of the form
(2.14) H ; =lognJ) j;;

with non-negative eigervalues.
(3) The partition function of the system (Ax ; ) is then given by the Dedekind zeta function
X

(2.15) Z()=Tree )= nd) = k()
J ideal in o

We give a more explicit description of the action L 7! J L on K -lattices, for J an ideal of O. This
will be useful later.

Prop osition 2.12. LetL = ( ; ) bea K-latticeandJ O anideal. If L is representel by a pair
(;s), thenJd L is represente by the commensumble pair (s; ; s, !s), where's; is a nite idele such
that J = s;0\ K.

Proof. By [17] 5.2, thereisa nite ideles;, such that wecanwrite the ideal J in the form J = s; 8\ K .

The pair (s; ; s 's) de nes an elemert in & 6 A=K . In fact, rst notice that s; is in fact in

O\ Ay , hencethe product s; 2 0. It is well de ned modulo G , and by direct inspection one sees
that the classit de nes in & s Ax=K isthat ofJ 1L. By Proposition 2.7, in order to ched that

the K -lattices ( ; s) and (s; ; s, 1s) lie in the samecommensurability class, it is su cien t to seethat

(;5)=5s=(s1;5"s).

2.3. Symmetries of the system.

Recallthe following generalfacts about symmetriesof a quantum statistical mecdanical system(A; ),
with a unital C -algebraA and a 1-parameter group of automorphisms ¢, (t 2 R).

De nition  2.13. An elementg 2 Aut(A) acts as an automorphism of (A; ) if g 1 = g, for all
t 2 R. A unitary u 2 A suchthat ((u) = u, for all t 2 R, acts as an inner automorphismof (A; ),
by

(2.16) (Adu) (@) := uau ; 8a2A:
A -homomorphism :A! A acts asan endomorphismof (A; () if = ¢, forallt2R. An
isometry u 2 A, u u = 1, satisfying {(u) = "u, for all t 2 R and for some 2 R,, denes an

inner endomorphismof (A; ), again of the form (2.16).
In the caseof the system (Ak ; () de ned above, we have the following symmetries.

Prop osition 2.14. The semigoup G\ Ay actsonthe algeba Ak by endomorphisms. The sulgroup
G actson Ax by automorphisms. The subsemigoup O  acts by inner endomorphisms.
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Proof. GivenanidealJ O, considerthe set of K -lattices ( ; ) sud that is well de ned modulo
J. Namely,themap :K=0 ! K = factorisesasK=0 ! K =J ! K =. Wesay, in this
case,that the K -lattice ( ; ) is divisible by J. The above condition givesa closedand open subset
of the set of K -lattices up to scaling. We denote by e; 2 Ak the corresponding idempotent. Let
s2 O\ Age - Letd = sO\ K. Given a commensurablepair ( ; ) and ( % 9, and an elemen
f 2 Ak, wede ne (
f( ;s ?t)(%st both K -lattices are divisible by J
@11 (e = SRR | ’

0 otherwise.

Formula (2.17) de nes an endomorphismof Ak with range the algebrareducedby e;. It is, in fact,
an isomorphism with the reduced algebra. Clearly, for s 2 @ , the above de nes an automorphism.
For s2 O , the endomorphism(2.17) is inner. In fact, fors2 O ,let 52 Ax begivenhy

N 1 =st! 0%nd %=
(2.18) s nC% Y= .
0 otherwise.
Then the rangeof ¢ is the projection e;, whereJ is the principal ideal generatedby s. Then we have

s(f)y= sf o 8520 :
The action of symmetries O \ Ay is compatible with the time evolution,

st= ts; 8520\ Ay ;8t2R:
The isometries s are eigervectors of the time ewolution, namely

() =nE)"

2.4. KMS states and symmetries.

We recall the de nition of KMS states for a quantum statistical medanical system (A; ), (cf. [5],
[1Q]) and their induced symmetries.

De nition  2.15. Suppse given a triple (A; ;' ), with ' a state on the algeba A. The Kubo-
Martin-Schwinger (KMS) condition at inverse temperature is de ned as follows.

(1) Assume 0 < 1. The state' is a KMS state if, for all x;y 2 A, there exists a
holomorphic function Fy., (z) on the strip 0 < Im(z) < , which extendsas a continuous
function to the boundary of the strip, with the property that

(2.19) Fxy () ="(x «(y)) and Fgt+i)="(«(y)x); 8t2R:
(2) Assume = 1. The state' is a KMS; stateif it is a weak limit of KMS states. Namely,
for all a2 A,
(2.20) "1 (8 = Ililm " (a):

For any given < 1, the setof KMS statesis a compact convex Choquet simplex [5, 11 x5] whose
set of extreme points E consistsof the factor states. One can expressany KMS state uniquely in
terms of extremal states, becauseof the uniquenessof the barycertric decomposition of a Choquet
simplex. With the de nition above, the set of KMS; statesis a weakly compact convex set, so that
we can still considerthe setE; of its extremal points.

SymmetriesAut( A; () and End(A¢; ) of the system,asin De nition 2.13,induce symmetriesof the
KMS states as follows (cf. [7]).
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Lemma 2.16. Suppmsegiven (A¢; ), with a unital C -algeba A and a 1-parameter family of auto-
morphisms ;. Assumethat, for su ciently large , the map
Tr( - (@e ™).

(2.21) W (@) =~y

8a2 A

is a bijection W K ! E.
(1) The induced action
(2.22) "Ttag(C)=" g
for g2 Aut(A; () and' 2 E , desendsto an action of the quotient group Aut (A; )=U.

(2) For' 2 E , considerendomorphisms 2 End(A¢; ) suchthat' ( (1)) 6 0. Then the induced
action on KMS statesis given by

(223) YT (I ) = W

when < 1 and by
(2.24) (' )(a) = Ililm (W (" )(a) 8a2A;

when' 2 E .
(3) The action on KMS statesof 2 End(A:; ¢) desendsto an action modulo the inner action
(2.16) of isometries that are eigenvetors of the time evolution, asin De nition 2.13.

Proof. The argumert is the sameasin [7]. One veri es using the KMS condition that the inner action
(2.16) is trivial on KMS states, both in the caseof automorphisms and of endomorphisms.

In the caseof the system(Ak ; ) for animaginary quadratic eld K, wehavethe following symmetries
of KMS states.

Prop osition 2.17. The quotient Cx =Dk of the idele classgroup Cx of K by the connected component
of identity Dk acts as symmetries of the KMS states of the system (Ax; (). The action of the
sulgroup @ =O is by automorphisms.

Proof. Recall that Akt = G:K . Thus, we can passto the corresponding group of symmetries,
modulo inner, which is given by the group A,; =K , which is isomorphic to Cx =Dk (cf. [17] x5, [2]
x9). We have an exact sequenceof groups

11 =0 ! Ay =K ! CI(O)! 1;
where CI(O) is the classgroup of the ring O, with #CI( O) = hg , the classnumber of K .

This shaws that, in the very special caseof classnumber hy = 1, symmetries are given only through
an action by automorphisms, asin the original caseof the Bost{Connes system. In the casewhere
hx € 1,the nontrivial elemerts of CI(O) haverepresenativ esin A, =K that act by endomorphisms.

In order to compute the value of KMS states on the projection e; assaiated to an ideal J of the ring
O of integers(i.e. the characteristic function of the set of K -lattices divisible by J) we introduce an
isometry ; 2 Ak sud that its rangeis e;. This isometry is simply given with our notations by

1 =J 1 0%nd °=
(2.25) F(GHPHEE = .

0 otherwise.
which is similar to equation (2.18) and reducesto that onewhenJ is principal (generatedby s). Thus,
this would seemto imply that it is not only the subsemigroupO that acts by inner endomorphisms,
but in fact a bigger one, using the isometries ; 2 Ax . To seewhat happens, one needsto compare
the endomorphismf ! ;f ; with the endomorphism . In the rst caseone gets

f((J3 ; )3 % 9 both K -lattices are divisible by J

0 otherwise,

226)  of S n(% Y=
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while in the secondcaseone getsthe formula (2.17) i.e.
f(( ;st)( %19 both K -lattices are divisible by J

0 otherwise.

(.27 <) 5 »( % Y=

The key point here is that the scaling is only allowed by elemeris of K and the scaling relation
between lattices (s ; ) and ( ;s * ) holdsonly for s2 K , but not for ideles. Thus, even though
the ; always exist (for any ideal), they implement the endomorphism ¢ only in the casewhereJ is
principal.

2.5. The arithmetic subalgebra.

In order to show that the system(Ax ; t) solvesProblem 1.1, we needto identify a suitable arithmetic
subalgebraAx. o of Ak .

The algebraA: ¢ is obtained by embedding the system(Ak ; () asa sub-systemof the GL,-systemof
[7] and restricting the arithmetic algebra of the GL,-systemto the subgroupoid of commensurability
classesf 1-dimensionalK -lattices up to scale.

We recall the notion of 2-dimensional Q-lattices and commensurability.

De nition  2.18. A 2-dimensional Q-lattice is a pair ( ; ), with alattice in C, and

(2.28) 1Q%=z% | Q =

a homomorphismof atelian groups. A Q-lattice is invertible if the map (2.28) is an isomorphism. Two

Q-lattices( 1; 1) and( 2; 2) are commensumlbleif the latticesare commensuilble(i.e. Q 1= Q 2)
and the maps agree modulo the sum of the lattices,

1 2 mod 1+ ol
Let O = Z+ Z bethe ring of integersof an imaginary quadratic eld K = Q( ). The choice of such
a 2 H determinesan embedding
(2.29) q K ! M2Q):

The image of its restriction q : K ! GL;(Q) is characterized by the property that (cf. [17]
Proposition 4.6)

(2.30) q(K)=fg2GL;(Q): 9()= @
For g= q (x) with x 2 K , we have

(2.31) det(g) = n(x);
wheren:K ! Q isthe norm map.

The relation between 1-dimensional K -lattices and 2-dimensional Q-lattices is explained in the fol-
lowing Lemma.

Lemma 2.19. A 1-dimensionalK -latticeis, in particular, a 2-dimensional Q-lattice. Two 1-dimensional
K -lattices are commensumablei the underlying Q-lattices are commensurble.

Proof. First noticethat K = Q, sinceQO = K. This, together with o K = K, shows that the
Q-vector spaceQ is 2-dimensional. SinceR = C, and is nitely generatedas an abelian group,
this showvsthat is a lattice. The basisf1; g providesan identi cation of K=0 with Q?=Z2, sothat

we canview asa homomorphism of abelian groups : Q?=Z?! Q =. The pair ( ; ) thus gives
a two dimensional Q-lattice.
The secondstatemert holds, sincefor 1-dimensionalK -lattices we have K = Q.

The GL,-systemis constructedin [7] by rst consideringthe groupoid R ; of the equivalencerelation of
commensurability on the set of 2-dimensionalQ-lattices. This is alocally compactetale groupoid. One
then takesthe quotient with respect to the scaling action of C . Unlike what happensin Proposition
2.9, the quotient R,=C is not a groupoid. Howewer, one can still de ne a corvolution algebra
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assciated to R,=C by restricting the corvolution product of the algebra of R, to weight zero
functions with C -compact support. Elemerts of the resulting algebra A, are functions of pairs of
commensurable2-dimensional Q-lattices, invariant under the scaling action,

FCCs ) €% D=0 %% 8 2C:
The following result is a direct consequencef Lemma 2.19.

Lemma 2.20. The groupoid Rk of the equivalen@ relation of commensumbility of 1-dimensional
K -lattices is a sulgroupoid of the groupoid R, of commensumbility of 2-dimensional Q-lattices. Its
structure as a locally compact etale groupoid is inherited from this embedding.

More explicitly, the convolution algebra A is the Hede algebra of functions on

(2.32) U=f(g; 2)2GL5(Q) Ma(2) H;g 2Mz(2)g
invariant under the action

(2.33) (@27 (19,% 20 202);

with corvolution

(2.34) (fr f2)(g; 2) = X fi(gs Y5 s(2) fa(si s 2)

s2 nGL; (Q)is 2M2(2)

and adjoint f (g; ; z)=f(g 1;9; 9(2).

The C -algebracompletion of A, is taken with respect to the sup of the norms in the represenations
y by left corvolution on the Hilbert spaceH, = “?(Ry), whereRy is the set of elemerts with source

y 2 RO (We refer the readerto [7] for details on the de nition and properties of this algebra.)

The time ewlution of the GL,-system is given by the covolume of a commensurable pair of 2-
dimensional Q-lattices, that is,

(2.35) (F)(g 5 )= det(@"f(g; )
where, for the pair of commensurableQ-lattices assaiated to the data (g; ; ), onehas
(2.36) det(g) = covolume( 9=covolume() :

Lemma 2.21. The time evolution (2.10) of (Ak ; t) is the restriction to Ak of the time evolution
(2.35) of the GL,-system.

Proof. By restriction from the GL-system,there is a homomorphismn from the groupoid Rk to R,
given by the covolume of a commensurablepair of K -lattices. Thus, by (2.31), the time ewolution of
the system (A ; ) is the restriction to Ak of the time ewlution of the GL,-system.

The modular eld F isthe eld of modular functions over Q# (cf. e.g.[13]). This is the union of the
elds Fy of modular functions of level N rational over the cyclotomic eld Q( n), that is, sud that
the g-expansionat a cusp has coe cien ts in the cyclotomic eld Q( n).

The arithmetic algebraA,.q of the GL;-systemis de ned as follows (cf. [7]).
De nition  2.22. Let Ao be the sulalgeba of continuous functions on the quotient R»,=C , with the
convolution product (2.34), which satisfy the following properties.

The supprt of f in  nGL; (Q) is nite.
The function f is of nite level.
The functions f (4. satisfy f(g.my 2 F, for all (g;m).
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The function f satis es the cyclotomic condition:
flg: (wm) = cycl(u) fgm);
for all g2 GL; (Q) diagonal and all u 2 2, with

_u o0
(U)— 0 1

Here cycl : 2! Aut (F) is the action of 2 Gal(Q#=Q) on the coe cients of the g-expansion.

The de nition of this algebrais very natural for the GL,-system. The conditions listed above amount
to imposing the simplest possible \algebraicity condition" on the unique continuous modulus (the
g-parameter) that functions in the algebra depend on. The cyclotomic condition is a consistency
condition on the roots of unity that appear in the coe cien ts of the g-series,which eliminates trivial

casesthat would not behave well with respect to a Galois action on the values of states.

Notice that the condition that the functions f have nite support in the left cosetspaceof the action
of on GL3(Q) is compatible with the right -in variance, becausethe inclusion SL,(Z) GL,(Q) is
guasi-normal, sothat the image under the projection onto the left cosetof a right -orbit is nite.

We de ne the arithmetic subalgebraof the system (A ; () asfollows.
De nition  2.23. The algeba Ak o is the K -algeba obtained by
(2.37) Ak o= AZ:QjGK QK:

Here As.qjc, denotesthe Q-algebraobtained by restricting elemens of the algebraA ,.q of De nition
2.22to the C -quotient Gk of the subgroupoid Rx  R>.

Since Ak is unital, one seeseasily that Ak. o is a subalgebraof Ak, even though A.q is only an
algebra of unbounded multipliers of A, (cf. [7]).

3. KMS states and class field theor y for imaginar y quadra tic fields

In this section we prove that the system (Ax ; ) givesa complete solution to Problem 1.1 for the
imaginary quadratic eld K.

Theorem 3.1. Consider the system(Ag ; ) descrited in the previous section. The extremal KMS
states of this systemsatisfy:

In the range0 < 1 there is a uniqgue KMS state.
For > 1, extremal KMS statesare parameterized by invertible K -lattices,
(3.1) E ' Ags =K

with a free and transitive action of Cx =Dk = A, =K as symmetries.
In this range, the extremal KMS state ass@iated to an invertible K -lattice L = ( ; ) is of
the form

X
(3.2) )= k() ! f 'LJ )nQ) ;
J ideal in o
wher g () is the Dedekind zeta function, and J L de ned asin (2.13).
The set of extremal KMS; states (as weak limits of KMS states) is still given by (3.1).
The extremal KMS; states' ; .| of the CM system, evaluatel on the arithmetic sulalgeba
Ax: o, take valuesin K2, with ' 1 | (Ax o) = K.
The class eld theory isomorphism (1.1) intertwines the action of A, =K by symmetries of

the system(Ax ; :) and the action of Gal(K =K ) on the image of Ak o under the extremal
KMS; states. Namely,for all ' 1 . 2 B andfor all f 2 Ak. o,

(3.3) Caa()=Caa  TONF); 8 2Gal(K*=K):

The proof of Theorem 3.1 is given in the following subsections.
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3.1. KMS states at low temp erature.

The partition function Zx ( ) of (2.15) corvergesfor > 1. We have also seenin the previous section
that invertible K -lattices L = ( ; ) determine positive energy represerations of Ax on the Hilbert
spaceH = “2(J ) whereJ is the set of ideals of O. Thus, the formula

Tr( L (f) exp( H))
3.4 ()=
e ~O e W)
de nes an extremal KMS state, with the Hamiltonian H of (2.14). These states are of the form
(3.2). It is not hard to seethat distinct elemens in Axs =K de ne distinct states' . .
This shaws that we have an injection of Akt =K E . We needto show that, conversely every
extremal KMS state is of the form (3.2).

In order to prove the secondand third statemerts of Theorem 3.1 we shall proceedin two steps.
The rst shows (Proposition 3.4 below) that KMS states are given by measureson the spaceX of
K -lattices (up to scaling), asin (3.5) below. The secondshows that when > 1 this measureis
carried by the commensurability classesof invertible K -lattices.

Let p denotesthe projection from K -lattices to their classp(L) 2 X modulo scaling, which we can
write asthe projection

p:0 g (Ak=K )! O 4 (Ags =K ):
We obtain the following result.

Lemma 3.2. Let = (L;L9 2 Rx with p(L) = p(L9 2 X. Then either L = L°or = °=0.

Proof. We rst describe the elemenis 2 Gy suchthat s( ) =r( )ie. = (L;L%Y 2 Rk sud that
the classesof L and L° modulo the scalingaction of C are the sameelemerts of the setX = fo) of
(2.8). Modulo scaling, we canassumethat the lattice K . Thus, sinceL and L °arecommensurable,
it followsthat © K. Then, by hypothesis,there exists 2 C suchthat L = L% Onehas 2K
and °= . By the commensurability of the pair onealsohas °= modulo + °© Writing = g,
with a;b2 O, wegeta = b and = lunless = 0.

We let F bethe nite closedsubsetof X given by the set of K -lattices up to scalingsuch that = 0.
Its cardinality is the classnumber of K. The groupoid Gk is the union Gx = Ggo[ G; of the reduced
groupoidsby F X and its complemer.

Lemma 3.3. Let 2 GlnG(lo). There exists a neighlorhood V of in Gk suchthat
r(v)\ s(v) =
where r and s are the range and source maps of Gy .

Proof. Let be the classmodulo scaling of the commensurablepair (L; L9. By Lemma 3.2 one has
p(L) 6 p(LY 2 X. Let ¢() and c( 9 denote the classesof and °in Ko(O) (cf. Proposition
2.5). If these classesare dierent, ¢() 6 c( 9, then one can simply take a neighborhood V in
such a way that all elemens ; = (Ly;L9) 2 V are in the corresponding classes: ¢( 1) = (),
o D=c 9, forLy=( 1; 1)and L= ( 9; 9). This ensuresthat range and sourceare disjoint
sets, r(V)\ s(V) = ;. Otherwise, there exists 2 K suchthat °= . Since °6 , onehas

20 . Onehas °= 6 0. Thus, oneis reducedto showing that, given 2 &, 6 0,and 2K ,

2 O , there existsa neighborhood W of in O suchthat W \ O W = ;. This follows, using a place
v such that , 6 0. In fact, onehas 20 , and the sameholds in a suitable neighborhood.

We can now prove the following.

Prop osition 3.4. Let > 0and' aKMS stateon (Ax; t). Then there existsa probability measure
on X suchthat 2

(3.5) “(f)y=  f(LL)d (L); 8f 2 Ak :
X
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Proof. It is enoughto show that ' (f) = O provided f is a continuous function with compact support

on Gk with support disjoint from Gf?). Let hp 2 C(X); 0 hy 1 with support disjoint from F
and converging pointwise to 1 in the complemen of F. Let u, 2 Ak be supported by the diagonal
and given by h, there.

The formula

(3.6) ()5 9:=1(;0:( %0)) 8f 2 Ak

de nes a homomorphism of (Ax ; ) to the C dynamical system (C (Gp); t) obtained by special-
ization to pairs of K -lattices with = 0 asin [7].

Sincethere are unitary eigervectorsfor  for non trivial eigervaluesin the system(C (Go); ) it has

no non-zeroKMS positive functional. This shows that the pushforward of * by vanishesand by
Proposition 1.5 of [7] that, with the notation intro duced above,

L) =lim ()

Thus, since(f un)( )= f( )hy(s( )), wecanassumethat f ( ) = Ounlesss( ) 2 C, whereC X
is a compact subsetdisjoint from F. Let L 2 C and V asin lemma 3.3 and let h 2 C.(V). Then,
upon applying the KMS condition to the pair a;bwith a= f and b supported by the diagonal and
equalto h there. Onegets' (b f)="(f b). Onehas(b f)( )= h(r( ))f( ). Applying this to
f binstead of f and usingh(r( ))h(s( )) =0; 8 2V,weget' (f b?)=0and' (f)= 0, using
a partition of unity.

Lemma 3.5. Let' bea KMS stateon (Ag; ¢). Then, for anyideal J O one has
" (e3) = n(J)
Proof. For eadh ideal J welet ; 2 Ak be given as above by (2.25)
1 =J 1! %nd °=
0 otherwise.

a5 % Y=

Onehas (( ;)= n(J)" ;8t2 R while ;3 3=1and ; ;= ey thusthe answer follows from the
KMS condition.

Given Proposition 2.6 above, we make the following de nition.
Deniton  3.6. A K -lattice is quasi-invertible if the in Proposition 2.6 is in O\ Ags -
Then we have the following result.

Lemma 3.7. (1) A K-lattice ( ; ) that is divisible by only nitely many ideals is either quasi-
invertible, or there is a nite place v suchthat the component , of satises , = 0.
(2) A quasi-invertible K -lattice is commensurbleto a unique invertible K -lattice.

Proof. Let (; s) be assaiated to the K -lattice ( ; ) asin Proposition 2.6. If 2 A, , then either
there exists a placev such that , = 0, or 6 O for all v and there exists in nitely many placesw
such that ! 2 Oy, where Oy, is the local ring at w. This shows that the K -lattice is divisible by
in nitely many ideals. For the secondstatemert, if we have 2 A, , we can write it asa product

=s? Owhere °= 1ands? = . The K -lattice obtained this way is commensurableto the given
one by Proposition 2.7 and is invertible.

Let us now complete the proof of the secondand third statemerts of Theorem 3.1. Let ' be a KMS
state. Proposition 3.4 shows that therezis a probability measure on X such that

"(F)=  f(LL)d (L); 8f 2 Ak :
X
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With L = ( ;)2 X, pemma 3.5 shows that the probability ' (e;) that an ideal J divides L is

n(J) . Sincethe series n(J) cornvergesfor > 1,it follows (cf. [L6] Thm. 1.41)that, for almost

all L 2 X, L isonly divisible by a nite number of ideals. Notice that the KMS condition implies that

the measurede ned above givesmeasurezeroto the set of K -lattices ( ; ) such that the componert
v = 0 for some nite placev.

By the rst part of Lemma 3.7, the measure givesmeasureoneto quasi-invertible K -lattices,

6\ At ) 6 (A =K ) =1

Notice that these K -lattices form a Borel subsetwhich is not closed. Then, by the secondpart of
Lemma 3.7, the KMS condition showsthat the measure is ertirely determined by its restriction to
invertible K -lattices, sothat, for someprobabzility measure

= d (L)

It follows that the Choquet simplex of extremal KMS statesis the spaceof probability measureson

the compact space® 6 (Ags =K ) of invertible K -lattices modulo scaling and its extreme points
arethe' .2

The action of the symmetry group Ik =K on E isthen freeand transitiv e. In fact, recall that (Lemma
1.28[7]) the action of GL; (Q) on 2-dimensional Q-lattices has asits only xed points the Q-lattices
( ; )with =0.
The action is given explicitly, for L = ( ; ) an invertible K -lattice and for s2 & =O Ik =K , by
X
@7 (xS =Zk()*? 58t )y@ st Nn@) =" (s ()
J2J

for f 2 Ag . More generally, for s2 O\ Ay, let Js = sO\ K, onethen has,
Cou D= Ze() T @ T RE ) )
Ze() 1, L 0@ L s @ s L) Q)
= Ze() T, 10 Wad W n@ ) =0y ()

for f 2 A, and with Ls the invertible K -lattice (J;* ;s ' ). To prove the last equality one uses
the basic property of Dedekind rings that any ideal J Js can be written as a product of ideals
J=J0s.

(3.8)

3.2. KMS states at zero temp erature and Galois action.
The weaklimits as ! 1 of statesin E de ne statesin E; of the form
(3.9) taa(f)=f(LL):

The action of the symmetry group Ax; =K on extremal KMS states at zerotemperature is given, as
in Lemma 2.16 by (2.24). In fact, for an invertible K -lattice L, evaluating ' 1 .. on s(f) would not
give a nontrivial action, while (2.24) givesthe action

(3.10) sC1)(f)= Iim (W (1) $)(F)
with W asin (2.21). This gives
(3.11) sC10)= " 1.

with Lg asin (3.8).
Thus the action of the symmetry group I« =K is given by
(3.12) L=(;)7Ls= (It ;81 ); 8s2lkx=K
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When we evaluate states' ; .. on elemens f 2 Ax. o of the arithmetic subalgebrawe obtain
(3.13) i (f)=f(LL)=9L);

wherethe function g is the lattice function of weight 0 obtained asthe restriction of f to the diagonal.
By construction of Ak. o, one obtains in this way all the ewvaluations f 7! f (z) of elemens of the
modular eld F onthe nitely many modulesz 2 H of the classesof K -lattices.

Considerthe subring B of F consisting of those modular functions f 2 F that aredened at . The
theory of complex multiplication (cf. [17], x5) shows that the sub eld F C generatedby the values
f (), for f 2 B, is the maximal abelian extensionof K (we have xed an embeddingK  C),

(3.14) F = Ka;
Moreover, the action of 2 Gal(K 2=K) on the valuesf (z) is given by
(3.15) f@)=f 9 "C):

In this formula the notation f 7! f denotesthe action of an elemert 2 Aut(F) on the elemens
f 2 F. The map isthe class eld theory isomorphism (1.1),

DAgs =K 1 Gal(K ®=K):

The mapq :Aygs ! GLz(Ar) is the embedding determined by the choice of the basisf1; g, asin
(2.29). The map is asin the diagram with exact rows

1—k ——GLi(Aks ) —Gal(K =K) —1
(3.16) q
1 o) IGLy(At) —— AUt (F) ——11:

Thus, whenwe act by an elemert 2 Gal(K 2°=K) on the valueson A. o of an extremal KMS; state
we have

(3.17) T (f) ="l (F)
wheres= ()2 I1x=K .

This result makesessetial useof an important result of Shimura (cf. [17] x6.6) that characterizesthe
automorphism group of the modular eld by the exact sequence

11 Q ! GLx(Af)! Aut(F)! 1:

We also useanother deepresult of the theory of modular curves,namely Shimura reciprocity (cf. [17]
x6.8), which gives(3.15).

Thus, the intertwining of the geometric action of A, =K as symmetries and the Galois action on

the valuesof extremal stateson elemerts of the arithmetic subalgebrarelies essetially on the classical
complex multiplication theory. For more generalnumber elds, while it is possibleto obtain systems
with the right geometric action (see e.g. the construction of [9]) and the right partition function,

the Galois aspect is not yet understood and might desene further study even in the CM case. The

distinction betweenthe geometricaction of symmetriesand a Galois action on valuesof statesbecomes
essetial in possiblegeneralizationsof the GL, systemeither in the context of Shimura varieties or in

the direction of the Langlands program, where one is working in the non-abelian cortext. Already in

the GL, caseof [7] the intertwining of geometricand Galois action is very subtle, with new phenomena
that appear for non-genericextremal states, and also in that caseone hasto rely essetially on the

classicaltheory of Shimura.
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3.3. Uniqueness of high temp erature KMS state.

The proof follows along the line of [15]. We rst discussuniqueness.By Proposition 3.4, one obtains
a measure on the spaceX of K -lattices up to scale. As in Lemma 3.5, this measureful lls the

guasi-invariance condition .

(3.18) of 5, d =nQ) fd;

X X
for all ideals J, where ; is asin (2.25). To prove uniquenessof such a measure,for 2 (0;1],
one proceedsin the sameway asin [15], reducing the whole argument to an explicit formula for the
orthogonal projection P from L?(X;d ) to the subspaceof functions invariant under the semigroup
action

(3.19) L=( ;)7 J

which presenes commensurability. As in [15], one can obtain suc formula as a weak limit of the
orthogonal projections P, assaiated to nite setsA of non-archimedeanplaces.

Let A be a nite setof non-archimedeanplaces. Let J 5 be the subsemigroupof the semigroupJ of

ideals, generatedby the prime idealsin A. Any element J 2 J 5 canbe uniquely written asa product
Y
(3.20) J = N

V2A
where Jy is the prime ideal assaiated to the placev 2 A.

Lemma 3.8. LetL = ( ; ) beaK-latticesuchthat , 6 Oforallv2 A. Let] 2 Ja,J = szA N

be the smallest ideal dividing L. Let (; s) 2 o] 6 Ag =K bethe pair asseiated to L. Then, for
eachv 2 A, the valuation of  is equalto n,.

Proof. Let (; s) be asabove, and my be the valuation of . Then it is enoughto show that an ideal
J divides L if and only if J is of the form (3.20), with n, m,. The map is the composite of
multiplication by and an isomorphism, asin the diagram (2.4), hencethe divisibilit y is determined
by the valuations of .

Denition  3.9. With A as alove we shall say that a K-lattice L = ( ; ) is A-invertible i the
valuation of  is equalto zero far all v 2 A.

We now de ne basic test functions assaiated to a Hedke Grossenbargkter. Given such a character
, the restriction of to @ only dependson the projection on @B = 2B (5\,, for B a nite set
of non-archimedeanplaces. Let B be a nite setof non-archimedeanplacesB B . We considerthe
function f = fg. onO s Ag =K , which is obtained asfollows. For (; s) 2 o) s A=K , welet
f =0Ounless , 28, forallv2 B, whilef(;s)= (%) forany °2 3 suchthat 2=  for all
v 2 B. This is well de ned, becausethe ambiguity in the choice of ° doesnot a ect the value of
sinceB B. The function f obtained this way is continuous.
Let H(B) be the subspaceof L2(X;d ) of functions that only depend on s and on the projection of
on Og . Let us considerthe map that assignsto a K -lattice L the smallestideal J 2 Jg dividing L,
extendedby zeroif some , = 0. By Lemma 3.8, the value of this map only dependson the projection
of on &g. Thus, we can consider corresponding projections Eg.; in H(B), for J as above. By
construction the projections Eg-; give a partition of unity on the Hilbert spaceH (B). Note that
Eg.0o = 0, sincethe measure givesmeasurezeroto the set of K -lattices with , = 0 for somev.
Let Vsf(L) = f(J IL) implementing the semigroup action (3.19). For J 2 Jg, the operator
n(J) 2V, mapsisometrically the range of Eg.o to the range of Eg ;.

Lemma 3.10. The functions V; fg; span a densesubsfce of H(B).
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Proof. It is sucien t to prove that the fg. form a densesubspaceof the range of Eg.o. The image
of O inG; Ag=K bythemapu 7! (u;u !)isaclosednormal subgroup. Welet O 4 Ay =K
be the quotient. This is a locally compact group. The quotient Gg by the connectedcomponert of
identity Dk in Ag =K is a compact group. Then C(Gg) is identied with a densesubspaceof the
range of Eg.o. The characters of Gz are all the Grossenbarakter that vanish on the connected
componert of identity and such that B B. Thus, by Fourier transform, we obtain the density
result.

Let A be a nite set of non-archimedean places, and J, as above. Let Hp be the subspaceof
functions constart on J -orbits, and let P5 be the corresponding orthogonal projection. The Pa
corvergeweakly to P.

Prop osition 3.11. Let A B be nite setsof non-archimedean places. Let L be an A-invertible
K -lattice, and f 2 H(B), the restriction of Pof to the Ja-orbit of L is constant and given by the
formula

X
(3.21) Pafisar = ka () ! nJd) fQ@ L)
J2J A

P
whee ka ()= 55, NQJ)

Proof. By construction, the right hand side of the formula (3.21) de nes an elemert f 5 in Ha \ H(A).
One chedks, using the quasi-invariance condition (3.18) on the measure , that i 5;gi = H;gi for all
g2 Ha, asin [15).

Let L be an invertible K -lattice and a Gressenbarakter vanishing on the connected componert

of identity Dx . Wedene (L) as (s), for any represenative (; s) of L. This cortinuesto make
sensewhen L is an A-invertible K -lattice and A B taking ( %) where °2 $ and 2= | for
allv2A.

Finally we recall that to a Grossenbarakter vanishing on the connectedcomponert of identity Dk

one assaiatesa Diric hlet character ~ de ned for idealsJ in Jgc, whereB°¢ is the complemen of B .
More precisely givenJ 2 Jge, let s; be anidelesud that J = s; O\ K and (s;), = 1 for all places
v 2 B . Onethen de ne ~(J) to bethe value (s;). This is independen of the choice of suc s;.

Prop osition 3.12. LetA B B andL an A-invertible K -lattice. The projection P, of (3.21)
applied to the function fg. gives
L X

(322) PAfB; jJAL = ( )
KA 523 ane

nJ) ~J) %

Proof. Among idealsin J », thosethat have nontrivial componerts on B do not contribute to the sum

(3.21) computing Pafg: js,L. It remainsto show that fg. (J L) = (L)~J) % forJ 2 Jans.

LetJ = s; O\ K and (s;)y = 1for all placesv 2 B. Let L begivenby (; s), wehaveJ L givenby

( ss;s8,%) using Proposition 2.12. Thus, for any choiceof °2 @ with 9= ( s;), forall v2 B

onehasfg. (J L)= ( %s;Y) = ( %)~J) *. Note that (s;)y = 1 for all placesv 2 B thus the

choiceof Cis governedby 9 =  for all v 2 B. Sincel is A-invertible and A B B we get
( %) = (L) for a suitable choice of ©°.

It then follows asin [15]that Pafg. tend weakly to zerofor nontrivial. The sameargumert gives
an explicit formula for the measure,obtained as a limit of the Pafg .1, for the trivial character. In
particular, the restriction of the measureto Gg is proportional to the Haar measure. Positivity is
ensured by the fact that we are taking a projective limit of positive measures. This completesthe
proof of existenceand uniquenessof the KMS state for 2 (0; 1].
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