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Quantum Fields and Motives
(an unlikely match)

e Feynman diagrams: graphs and integrals

1 1 1 1
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Divergences = Renormalization

e Algebraic varieties and motives

Vk smooth proj alg varieties over K = category of pure
motives Mg

Hom((X, p,m), (Y,q,n)) = qCorr (X, Y) p

p° =p, ¢° =q, Q(m) = Tate motives
Universal cohomology theory for algebraic va-
rieties

What do they have in common?



Supporting evidence

e Multiple zeta values from Feynman integral
calculations (Broadhurst—Kreimer)

e Parametric Feynman integrals as periods
(Bloch—Esnault—Kreimer)

e Graph hypersurfaces and their motives
(Belkale—Brosnan)

e Hopf algebras of renormalization
(Connes—Kreimer)

e Flat equisingular connections and Galois
symmetries (Connes-M.)

e Feynman integrals and Hodge structures
(Bloch—Kreimer; M.)



Perturbative QFT in a nutshell

7 = scalar field theory in spacetime dimension D
S(¢) = / L£($)d"z = So() + Sine(6)

with Lagrangian density

m2
£(9) = 5(09)> — 262 — Lin($)

Effective action and perturbative expansion (1PI graphs)

_ (%)
521 (9) = 50(0) + 3 s
") =7 Ji. B0 FoULT o) dy

U (p1,...,pn)) = /Il‘(kla---7k£7p17---7PN)de1“‘de£
¢ =0b1(I") loops
Dimensional Regularization: U; (I (p1,---,pN))

= /;ﬂdD—Zkl oo dP koI (K1, ... ko, p1, -, DN)

(Laurent series in z € A* C C*)



Two aspects:

e Individual Feynman graphs
(Feynman rules, parametric representations)

Construction of Ir(k1,..., ks, p1,---,PN):

- Internal lines = propagator = quadratic form g;

1
——, (k) =k +m?
ql .o qn

Vertices: conservation (valences = monomials in L)
> k=0
e,€E(IMN):s(e;)=wv
Integration over k;, internal edges

Parameterizations of the integral
Graph hypersurfaces and periods

e All Feynman graphs
(subdivergences and renormalization)

Regularization and BPHZ renormalization
Connes—Kreimer Hopf algebra
Birkhoff factorization

Beta function
Equisingular connections
Ward identities/gauge theories



Regularization (Dim Reg)
p+k

e
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d
| v G
¢3-theory D = 4 divergent

Schwinger parameters

- ~__ = / o5 (EHm) (R +m?) g
k24+m2 (p+ k)2 +m >0, t>0

diagonalize quadratic form in exp
—Q(k) = =X ((k+ 2p)* + ((z — z°)p* + m?))
with s = (1 —x)X and t =z A\ = Gaussian ¢ =k + xp

/G—AqQ dPq = nP/2 \~D/2

1 o0
/ / e~ (A\a—a)p*+Am?) / e dPg Nd) dx
0] 0

1 00
— 7.‘_D/Q / / 6—()\(:E—x2)p2—|—)\m2) )\—D/Q \d\ dz
0 0

1
= 7P/? I_(2—D/2)/ ((z — z2)p° + m?) P22 dx
0



Adjust bare constants to cancel polar part

— §m? 2_g—|—5g
2 6

2
Lp= %(a¢>2<1—62>+<m >

But with subdivergences:
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r(2-29)r(2-1)3r(s—D)r(D —4)
r(D-2)r(4-2)rc2-rs)

(p?/u2) = = S 2 log™ (p?/1?)

(47‘(‘)_D pQ)D—5

(4m) 6 = 2 (109 (2 /i) + constant)

non-polynomial term coefficient of%



Renormalization (BPHZ)

Preparation:

ROY=U0UM)+ > COHHUT/v)
yeV(I)

= coeff of pole is local
Counterterm:

C(r) = -T(R())

Projection onto polar part of Laurent series

Renormalized value:

R(I") = R(I) + C(I")

=U(M)+Cc)+ > CcMU(/y)
yeV(I)



Connes—Kreimer Hopf algebra
H = H(7T) (depend on theory L(¢))

Free commutative algebra in generators
[ 1PI Feynman graphs
Grading: loop number (or internal lines)

deg(l1---Iy) =Y deg(r;), deg(1l) =0
Coproduct:

AM=Trel+1er4+ > v/
yeV(IN)

Antipode: inductively
S(X)=-X-) SxHX"
for A X)) =X14+19X+>X X' X"

Extended to gauge theories (van Suijlekom):
Ward identities as Hopf ideals



Connes—Kreimer theory

e H dual to affine group scheme G
(diffeographisms)

e G(C) pro-unipotent Lie group =
v(2) = v-(2) "ty (2)
Birkhoff factorization of loops exists

e Recursive formula for Birkhoff = BPHZ

e loop = ¢ € Hom(H,C({z}))
(germs of meromorphic functions)

e Feynman integral U(IN) = ¢(IN)
counterterms C(IN) = ¢_(IN)
renormalized value R(I") = ¢4 (I")|.=0



Bottom-up method: Feynman parameters

Sy ewiki + S0 €0 ip;
U(r) = / Lo i 2yma €P) oy, g,
ql o o o qn
n = #Emt(l_), N = #Eemt(r)
+1 tle) =v
€Cev — —1 S(e) — v

O otherwise,

e Schwinger parameters g¢;" ... g% =

1 /OO /OO —(s1qit-+5.q,) Ji—1 k,—1
e S1qh S""sl ...Sn" dS]_
M(k1) - T (ka) Jo 0 '

e Feynman trick

1 (n— 1) 6(1—=> " 1 t;)

qi---Qgn (tIQI + -+ thn)n

then change of variables k; = u; + Zi:l NikTh

dty---dtn

+1 edge ¢; € loop [, same orientation
Nik = —1 edge ¢; € loop [, reverse orientation
0O otherwise.
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e Parametric form

F(n— D¢/2) Wn
@myPZ ), PPVt py P

on =A{t € R1| > . ti=1}, vol form w,

u) =

e Graph polynomials
Wr(t) =detMr®) => []t

T e¢T
(Mr) () = Ztimkm‘r
i=0

Vi) =10 ana e =Y s [t

ccr ecC
cut-sets C (compl of spanning tree plus one edge)
so = (Cpevry Po)? With Py =37 5 () y(e)=0 Pe
for ZGGEW(,_) pe=0 degWr=0b("N) =degPr—-1

e Dim Reg
IDE V4
0P @) = p D -
«(D+2) (D+2) n— D+
(4m) = o, Wr(t) = Vr(t,p)"™
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e Divergent case = Renormalization (BPHZ)

e Convergent: period

Xp={t=(t1: - ty) e P" W) =0}
On complement P*—1 < X

Pr(p,t)~"TD4/?2
/an W (¢)ntE+1)D/2 “n
alg diff form on semi-alg set (period)

So={t=(t1:-:t,) eP" ][ t: =0}

(coordinate simplex) then o, € H,,_1(P* 1, >,,Z)
Motive: H" 1(P"—1 \ X, =)~ XN Zy)
How complex?

e Classes [X] generate Kp(V) Grothendieck
ring of varieties (Belkale-Brosnan)

e but is the part of the motive involved in the
period simpler? a mixed Tate motive?

(Note: Tate part of Ko(M) is just Z[L,L-1])
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A simple example: Banana graphs

Class in the Grothendieck group

B

where L = [Al] € Ky(V) Lefschetz motive

(also characteristic classes: Aluffi-M.)

—n (L—1)""2

/ (t1 - t,) G D011,
On Wl‘(t)(g_l)n

1 1
Wrt) =ttt )

N
e

More information on X from other invariants
e.g. Characteristic classes of singular varieties

More complicated examples: wheels with n-spokes
(Bloch—Esnault—Kreimer)
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Observations on the bottom-up method

e P"~1 \ X can be very complicated
motivically (by Belkale-Brosnan)
e but for ¢ loops, when X not a cone:

]P)n_l \Xr —> PEQ_]' \Dg

Dy, = determinant variety
Pr—1 mapped linearly

v oprt o, ptl T gr = D tinkiir
1
e The motive of PF*~1 D, can be computed
e Mixed Tate
e Pr(t,p) extends (non-uniquely) to pe-1 Dy
e W(t) becomes det(x)
e o, and >, mapped linearly to P
e difficulty: explicit control of 2 ND, for

021

2
H* (P 1 D)=~ (ZNDy))

(from Aluffi-M. work in progress)
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Top-down method: Galois theory
(Connes—M.)

Compare renormalization and motives
by comparing Tannakian categories

Tannakian formalism
C neutral Tannakian category =

C ~ Repga
G affine group scheme

e abelian category (homological algebra)

- Hom k-vector spaces

- products and coproducts

- kernels and cokernels (decomp of morphisms)
e rigid tensor category
-®:CxC—C,1e0bj(C)

-V:.:C—cCep

el XXV —-1,0:1 -XVY®RX

(e®@1)(1®d) =1x, 1®e)(6®1) = 1x

e Tannakian

- fiber functor w : C — Vectg (faithful exact tensor)
- K=k neutral
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Main results (Connes—M.)

e Counterterms as iterated integrals

('t Hooft—Gross relations)

e Solutions of irregular singular differential equa-
tions (flat equisingular connections)

e Flat equisingular vector bundles

form a neutral Tannakian category &

e Free graded Lie algebra £L = F(e_p,;n € N)

£ ~ Repye, U* =T xGpn

U = HOI’T](HU, —), with H[U = U(,C)v
e Motivic Galois group (Deligne—Goncharov)

U* ~ Gal(Myg)

M mixed Tate motives on S = Spec(Z[i][1/2])
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Counterterms as iterated integrals

Yu(2) = 7= (2) Ty, 4 (2)

Time ordered exponential

fy_(z) p— Te_% fgce—t(ﬁ)dt =14 io: dn(ﬁ)

n
n=1 <

dn(3) :/ 0_s,(B) --0_s(B)dsy---dsy
512822 28,>0
with 38 € Lie(G) beta function

(infinitesimal generator of renormalization group)
0u(X) =u"X, ue Gy, X eH,deg(X)=mn

1-param action generated by grading Y(X) = nX

o0
’Yetu(z) = 01,(vu(2)), a—lufy_(z) — 0
Birkhoff factorization:

1 fo’z"’g”e,t(g)dt

fY,u,—l—(Z) =Te Qzlog ,u(’%“eg(z))

so vu(z) specified by 8 and ~,e4(z)
up to equivalence (same ~_) just 3
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Iterated integrals to differential systems
[Pa(t)dt :
g(t) = Tela solution of dg(t) = g(t)a(t)dt

Differential field (K = C({z}),9)
affine group scheme G

G(K) > f + D(f) = f~15(f) € LieG(K)

Differential equations: D(f) = w
flat LieG(C)-valued w (singular at z =0 € A*)

Existence of solutions: trivial monodromy on A*

M(w)(¢) = Tel ' = 1, Cem(AY)

Gauge equivalence D(fh) = Dh+h~1Dfh
(regular h € C{z})

W' =Dh+hloh & =g
for D(f*) = w and D(f*) = «' solutions
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Flat equisingular connections

fibration G, — B — A, principal bundle P = B x G
u(b, g) = (u(d),u" (9)) Vué€ Gy

Flat connection @ on P* equisingular

o u € (&, action

@(z,u(v)) = u’ (@(z,u))

e Dy = w solution = restrictions

o1 () ~ o5(7)

01,0, sections of B with 01(0) = 02(0) and f1 ~ f>
iff f;'f2 € G(O)

Restrictions to different sections same type of singularity

Up to gauge equivalence
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Flat equisingular vector bundles
category &

e Obj(&) pairs © = (V,[V])

- V = fin dim Z-graded vector space

- E =B xV filtered W"™(V) = &mn>nVm

- G,, action from grading

V compatible with filtration, trivial on Gr%W (V)
W-equivalent: ToV; =V,o0T fora T e Aut(E)
compatible with filtration, trivial on Gr% (V)

- V equisingular: G,,-invariant and restrictions to
sections with same o(0) are W-equivalent

e Homg(©,0") linear maps T : V — V/

- compatible with grading
- on E® E’' connections

V' 0\ Weequiv (V' TV —V'T
0 V = 0 v

No longer depends on particular G
(particular physical theory)
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The Riemann—Hilbert correspondence

& ~ Repys, U =U x Gm
U(A) = Hom(Hy, A), Hopf algebra
L=F(e-1,e-2,6-3,+), Hy =U(L)"

free graded Lie algebra

Renormalization group rg : G, — U generator

00
e = g €e_n
n=1

Universal singular frame (source of counterterms)

1 rv, Y du
Yz, v) = Te = o (%

For © = (V,[V]) in & exists unique p € Repyx

W —equiv
Dp(vy)
Fiber functor

wn(©) = Hom(Q(n),Gr" (©))
Q(n) = 1-dim in degree n, trivial connection
Deligne—Goncharov: U* is the motivic Galois group of a

category of mixed Tate motives Mg ~ Repy-
21



Remark:

e Bottom-up approach with periods works well
in convergent (or log-divergent) case

e [op-down approach with Tannakian cate-
gories works well in divergent case

e DO they meet?
Dim Reg of parametric integrals (divergent case):

seen as oscillatory integrals and mixed Hodge
structures (M. 2008)
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Parametric Feynman integrals

Pr(t,p) ntDt/?2
/a W (t)- DD

_ * W*(U)
= |, (n)+/ade /

forms on hypersurface complements f = W

A(w)
™ (n) =
fm
A(w) = contraction with Euler vect field E = > t;0;
7 AP {0} > Pl A(w) = PAMTPRQ,

Awn) = Qn =Y (1) tidty Adti A+ Adty

w A(w) A(w)
m deg(f) / — = +/de

> fm % frt
w = closed k-form homogeneous of deg mdeg(f)
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Nonisolated singularities

(example: Banana graphs: codim 2)

Slicing the Feynman integral
ﬂ§:{t€A"\(§¢,t>:O,i:1,...,n—k}
Q, = <€1,dt> JANEERIVAN <§n_k,dt> A\ Qg

U(D)e ~ [ Fr k() (©) (€, b

he = Vr—k+De/2/wlz_)/2

n—=k
Ferr)(© = [ Bt [] 606 0) 20
g =1

= hr (¢, p)we(t)
oNll

for <£7dt> N we = wn and <£7dt> — <€1adt> ARRRRA <€n—kndt>

= forms hA(wg)/fm span subspace of H"(F:) of
Milnor fiber, with r =dim T, —1
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DimReg, Mellin transforms, Gelfand-Leray

Fre(2) = /W?Xgpngg

from DimReg of (sliced) parametric Feynman integrals

Jre(s) = /X 3—;

Gelfand—Leray function (f = Wr|n,, as = xePt<%)

)
F|—7£(z) — /O SZJr7£(S)dS

Mellin transform (Note: Wi >0 and P-r € R on o)

Regular singular Picard—Fuchs equation

JEU) +01() I D)+ +pe(s)Jr g(s) = 0
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Regular to irregular singular connections

Sr = manifold of planes I, of dim < codim Sing Xr

Distributions or € C~*°(Sr) induce o, and Or /v

Hopf algebra: (I',o) with coproduct

A(T,or) = (Fon)@1+10(F,or)+ Y (v,0)&( /v, 01/,)
yeV(IN)

Dual affine group scheme G with g = LieG

e A solution Jr ¢ of Picard—Fuchs equation
= flat g(K)-valued equisingular connection

(T o) () = =P o (Fr ()= (pyey /o

d
au(e) — ((bu 0S) * E(bu

bu(e) — ((bu 0S) * Y(¢u)

w(e,u) = uy(au(e))de - uY(bM(e))%u

flat £ — Y (a) + [a,b] =0
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The geometry of Dim Reg

Dim Reg basic rule: Gaussian integral in dim z € C*
/G—Athzt — 7TZ/2>\—Z/2

What is a space of dim 2 € C* 7

Two possible models:
e Noncommutative Geometry (Connes-M. 2008)
e Motives (M. 2008)

In both cases: product of an ordinary geometry
by something else

- NCG: of spacetime by an NC space X,

- Motives: of individual graph motives by Log®™ motive
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Noncommutative geometry of DimReg

Spectral triples X = (A, H,D) (metric NC spaces)

Dim = {s € C|(4(s) = Tr(a|D|®) have poles }
Exists (type II) spectral triple X, with:
e Dim = {z}

o Tr(e-D?) = 72/2)~2/2

D. = p(z)F|Z|*/?

7 = F|Z| self-ad]j affiliated to a type lI.c N
p(z) = n=1/2(I (1 4 2/2))Y# and spectral measure

Tran(2) =5 [ e

[a,b]
(Tr = type II)
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Ordinary spacetime = commutative

(A, H,D) = (CP(X), L*(X, S), Px)
Product X x X,= cup product

(A, H,D) U (A;, Hz, D)

:<A®A27H®H27D®1+7®DZ)

(adapted to type II case)

= Breitenlohner—Maison prescription
v5 problem in DimReg

DR®1+vR® D,

Example of X.: adele class space
N = L®(Z x R*) x GL1(Q)

(partially defined action)

Tr(f) :/A f(1,a)da

7, x R*
Z(lapaA):)‘a Z(T,p,A):O, ’1“7316@*
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Motivic interpretation of DimReg

Kummer motive

= [u: Z — Gm] € Extp 5y (Q(0),Q(1))
with u(1) = ¢ € K* and period matrix

1 0
logqg 2m:

Kummer extension of Tate sheaves

1
K€ EXEDM(Gm) (@61, (0).Qc,n (1)

Qg,,(1) = K — 9g,,(0) — Qg,, (1)[1]
Logarithmic motives Log"™ = Sym"(K)

[ O mn
Log™ = I|<_m LLog
mn
( 1 0 0 0
Iogz(s) (271) 0 0
g’ (s)  (27m) log(s)  (2mi)? 0
log”(s) (27Tz)|og 1()s!) (27TZ)2|09 2()8|) (271.,’:)71—1

-
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Graph polynomials and motivic sheaves M

(W P I X = G, T~ XrNZp,n—1,n—1)

Arapura's category of motivic sheaves (f : X — S,Y, 7, w)

DimReg = product M x Log®® fibered product
(X1 X5 X0 —5,Y1 xg XoU X1 XgYo,i1 + i2, w1 + w2)

[ w5 @) Ay ) = [wA fE(f2)e()

on >1 Xg2»o for >, C X;, 0>, C Y,

X1 Xg Xo

o
\/

DimReg integral |, Wfa period on M x Log™
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