TOWARDS THE FRA CTIONAL QUANTUM  HALL EFFECT: A
NONCOMMUT ATIVE GEOMETR Y PERSPECTIVE

MATILDE MAR COLLI AND VARGHESE MATHAI

In this paper we give a survey of somemodels of the integer and fractional quantum

Hall e ect basedon noncommutativ e geometry. We begin by recalling someclas-
sical geometry of electronsin solids and the passageto noncommutativ e geometry
produced by the presenceof a magnetic eld. We recall how one can obtain this

way a single electron model of the integer quantum Hall e ect. While in the case
of the integer quantum Hall e ect the underlying geometry is Euclidean, we then

discussa model of the fractional quantum Hall e ect, which is basedon hyperbolic
geometry simulating the multi-electron interactions. We derive the fractional val-

uesof the Hall conductanceas valuesof orbifold Euler characteristics. We compare
the results with experimental data.

1. Electr ons in solids { Bloch theor y and algebraic geometr y

We rst recall some general facts about the mathematical theory of electronsin
solids. In particular, after reviewing somebasicfacts about Bloch theory, we recall
an approad pioneeredby Gieseler at al. [16] [17], which usesalgebraic geometry
to treat the inverseproblem of determining the pseudoptential from the data of
the electric and optical properties of the solid.

Crystals. The Bravais lattice of a crystal is a lattice RY (where we assume
d = 2;3), which describesthe symmetries of the crystal.

The electron{ions interaction is described by a periodic potential
X

(1.1) U(x) = ux )
2

namely, U is invariant under the translations in ,
(1.2) TU=U; 8 2

When one takesinto accourt the mutual interaction of electrons, one obtains an
N -particles Hamiltonian of the form

X 1 X
(1.3) ( x+tU)+ 5 WK x)

i=1 i8]
This can be treated in the independent electron approximation, namely by intro-
ducing a modi cation V of the single electron potential

X
(1.4) (o« tV(xi):
i=1
1
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Figure 1. Brillouin zonesin a 2D crystal

It is remarkable that, even though the original potential U is unbounded, a rea-
sonable independert electron approximation can be obtained with V a bounded
function.

The wave function for the N -particle problem (1.4) is then of the form

P
for ( +V) i=E; isothat ( « *+V()) =E withE-= Ei. This
reducesa multi-electron problem to the single particle case.

Howewer, in this approximation, usually the singleelectronpotential V is not known
explicitly, hencethe focus shifts on the inverse problem of determining V.

Blo ch electrons. Let T denotethe unitary operator on H = L?(RY) implemert-
ing the translation by 2 , asin (1.2). We have, for H = +V,

(1.5) THT :=H; 8 2
Thus, we can simultaneously diagonalize these operators. This can be done via
charactersof , or equivalertly, via its Pontrjagin dual ”* In fact, the eigervalue

equationis of the form T = c¢( ) . SinceT, , = T ,T ,, and the operators are
unitaries, we havec: ! U(1), of the form

o()=€e™i; k2™
The Pontrjagin dual " of the abelian group = Z9 is a compact group isomorphic
to T9, obtained by taking the dual of RY modulo the reciprocal lattice
(1.6) Il=fk2RY:k; i222,8 2 g
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Chromium Vanadium Yttrium

Figure 2. Examplesof Fermi surfaces

Brillouin  zones. By de nition, the Brillouin zonesof a crystals are fundamental
domainsfor the reciprocal lattice ! obtained via the following inductiv e procedure.
The Bragg hyperplanes of a crystal are the hyperplanesalong which a pattern of
diraction of maximal intensity is obsened when a beam of radiation (X-rays for
instance) is shoneat the crystal. The N -th Brillouin zoneconsistsof all the points
in (the dual) RY such that the line from that point to the origin crossesexactly
(n 1) Bragg hyperplanesof the crystal.

Band structure. One obtains this way (cf. [16]) a family self-adjoint elliptic
boundary value problems, parameterized by the lattice momerta k 2 RY,

_ ( +V) =E
(1-7) Dk = (X+ ): eihk; i (X)
For eac value of the momertum k, one has eigenvaluesf E1(k); E2(k); E3(k);:::0.
As functions of k, these satisfy the periodicity

E(k)= E(k+u) 8u2 !
It is customary thereforeto plot the eigervalue E,, (k) over the n-the Brillouin zone
and obtain this way a map

k7' E(k) k2RY

called the enemy{crystal momentum dispersion relation.

Fermi surfaces and complex geometry. Many electric and optical properties
of the solid canbereado the geometryof the Fermi surface. This is a hypersurface
F in the spaceof crystal momernta Kk,

(1.8) F(R)=fk2RY:E(k) = g

A comprehensie archive of Fermi surfacesfor various chemical elemers can be
found in [9], or online at http://www.phys. ufl .e du/fe rmisu rf ace. Wereproduce
in Figure 2 an example of the complicated geometry of Fermi surfaces.

The approad to the theory of electronsin solidsproposedby [16] [17] is basedon the
idea that the geometry of the Fermi surfacescan be better understood by passing
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to complex geometry and realizing (1.8) asa cycle on a complex hypersurface. One
considers rst the ooméalex Bloch variety de ned by the condition

< 9 nontrivial solution of
(1.9) B(V)= . (k; )2C™: ( +V) = .
' (x+ )=e% i () -
Then the complex Fermi surfacesare given by the b ersof the projectionto 2 C,
(1.10) F(©= 1) B(V):

This is a complex hypersurfacein CY. To apply the tools of projective algebraic
geometry, one works in fact with a singular projective hypersurface(a compacti -
cation of B(V), cf. [16]).

One can then realize the original Fermi surface (1.8) asacycleF \ RY = F (R)
represernting a classin the homology Hy 1(F (C);Z). A result of [16] is that the
integrated density of states

(1.11) ()= ||Ilm \}#feigerv of H g;

for H = +V onL?RI=), is obtaizned from a period
d

1.12 — = L

(1.12) d .

where! is a holomorphic di erential on F (C).

Discretization. It is often corveniert to treat problemslike (1.7) by passingto a
discretized model. On “2(z9), one considersthe random walk operator
P
(ny;::i;ng) = + idzl (ny;::ni+ 1000 ng)
P
idzl (ny;:inmp 15 ng):
This is related to the discretized Laplacian by

(1.14) (ng;::isng) = (2d R) (ng;:::;ng):

(1.13)
+

In this discretization, the complex Bloch variety is described by a polynomial equa-
tion in z;z * (cf. [168

3 9 22() nontriv sol of ;
B(V)=3(21:::;zd; )i (R+V) =( +2d) 5
R, =1z '
whereR , (na1;:::;ng) = (Ng;:i5ni+ &;:::;Ng).

It will be very usefulfor usin the following to alsoconsidera more generalrandom
walk for a discrete group , asan operator on H = “?(). Let ; be a symmetric
set of generatorsof , i.e. a setof generatorsand their inverses.The random walk
operator is de ned as

(1.15) R ()= R, ()= (0
i=1 i=1
and the corresponding discretized Laplacianis =

[
»
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The breakdo wn of classical Blo ch theory . The approad to the study of elec-
trons in solidsvia Bloch theory breaksdown when either a magnetic eld is presen,
or whenthe periodicity of the lattice is replacedby an aperiodic con guration, suc
asthose arising in quasi{crystals. What is commonto both casesis that the com-
mutation relaton T H = HT fails.

Both casescan be studied by replacing ordinary geometry by noncommutative ge-
ometry (cf. [12]). Ordinary Bloch theory is replaced by noncomnutativ e Bloch
theory [18]. A good introduction to the treatment via noncommnutativ e geometry
of the caseof aperiodic solids can be found in [4].

For our purposes,we are mostly interested in the other case,namely the presence
of magnetic eld, asthat is the sourceof the Hall e ects. Bellissard pioneeredan
approadc to the quantum Hall e ect via noncomnutativ e geometry and derived a
complete and detailed mathematical model for the Integer Quantum Hall E ect

within this framework, [3].

2. Quantum Hall Effect

We describe the main aspects of the classicaland quantum (integer and fractional)
Hall e ects, and someof the current approachesusedto produce a mathematical
model. Our introduction will not be exhaustive. In fact, for reasonsof space,we
will not discussmany interesting mathematical results on the quantum Hall e ect
and will concenrate mostly on the direction leading to the use of noncomnmutativ e
geometry,

Classical Hall e ect. The classicalHall e ect was rst obsenedin the XIX cen-
tury [19]. A thin metal sampleis immersedin a constart uniform strong orthogonal
magnetic eld, and a constart current j ows through the sample, say, in the x-
direction. By Flemming's rule, an electric eld is createdin the y-direction, asthe
ow of charge carriers in the metal is subject to a Lorentz force perpendicular to
the current and the magnetic eld. This is called the Hall current.

The equation for the equilibrium of forcesin the sample
(2.1) NeE+ "B =0

de nes a linear relation. The ratio of the intensity of the Hall current to the
intensity of the electric eld is the Hall conductance,
Ne

(22) H = T:

In the stationary state,  is proportional to the dimensionlessl ling factor = %,

where is the 2-dimensional density of charge carriers, h is the Planck constart,
and e is the electron charge. More precisely we have

2.3 = _:
(23) "R
where Ry = h=€ denotesthe Hall resistance,which is a universal constart. This
measuresthe fraction of Landau level lled by conducting electronsin the sample.
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Figure 3. Hall e ect

Integer quantum Hall eect. In 1980,von Klitzing's experiment shaved that,
lowering the temperature below 1 K, quantum e ects dominate, and the relation of
Hall conductanceto lling factor shows plateaux at integer values,[20]. The e ect
is measuredwith very high precision (of the order of 10 &) and allows for a very
accurate measuremen of the ne structure constart e?=~c.

Under the above conditions, one can e ectiv ely use the independert elector ap-
proximation discussedin the previous section and reduce the problem to a single
particle case.

The main physical properties of the integer quantum Hall e ect are the following:

H , asa function of , has plateaux at integer multiples of e2=h.
At valuesof corresponding to the plateaux, the conductivity along the
current density axis (direct conductivity) vanishes.

Laughlin rst suggestedhat IQHE should have a geometricexplanation [22]. More
precisely the fact that the quantization of the Hall conductanceappearsas a very
robust phenomenon,insensitive to changesin the sample and its geometry, or to
the presenceof impurities, suggeststhe fact that the e ect should have the same
qualities of the index theorem, which assignsan integer invariant to an elliptic
di erential operator, in away that is topological and independert of perturbations.
The prototype of such index theoremsis the Gauss{Bonnettheorem, which extracts
from anin nitesimally variable quartity, the curvature of a closedsurface,a robust
topological invariant, its Euler characteristic. The idea of modelling the integer
guantum Hall e ect on an index theorem started fairly early after the discovery
of the e ect. Laughlin's formulation can already be seenas a form of Gauss{
Bonnet, while this was formalized more precisely in such terms shortly afterwards
by Thoulesset al. (1982) and by Avron, Seiler,and Simon (1983) (cf. [30] [1]).

One of the early successesf Connes'noncommutativ e geometry [12] was a rigorous
mathematical model of the integer quantum Hall e ect, developed by Bellissard,
van Elst, and Schulz-Baldes, [3]. Unlike the previous models, this accourts for all
the aspects of the phenomenon: integer quartization, localization, insensitivity to
the presenceof disorder, and vanishing of direct conductivity at plateaux levels.
Again the integer quantization is reducedto an index theorem, albeit of a more
sophisticated nature, involving the Connes{Chern character, the K -theory of C -
algebrasand cyclic cohomology (cf. [11]).
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Figure 4. Fractional quantum Hall e ect

Fractional quantum Hall e ect. The fractional QHE wasdiscoveredby Stormer
and Tsui in 1982. The setupis asin the quantum Hall e ect: in a high quality semi-
conductor interface, which will be modelled by an in nite 2-dimensional surface,
with low carrier concertration and extremely low temperatures  10mK, in the
presenceof a very strong magnetic eld, the experiment showsthat the samegraph
of ghz n against the lling factor exhibits plateaux at certain fractional values
(Figure 4).

Under the conditions of the experimerts, the independert electron approximation
that reducesthe problem to a single electron is no longer viable and one hasto in-
corporate the Coulomb interaction betweenthe electronsin a many-electron theory.
For this reason,many of the proposedmathematical models of the fractional quan-
tum Hall e ect resort to quantum eld theory and, in particular, Chern{Simons
theory (cf. e.g.[27]).

In this survey we will only discussa proposed model [23] [24], which is based
on extending the validity of the Bellissard approach to the setting of hyperbolic
geometry as in [5], where passingto a negatively curved geometry is used as a
deviceto simulate the many-electrons Coulomb interaction while remaining within

a single electron model.

What is expected of any proposed mathematical model? Primarily three things:
to account for the strong electron interactions, to exhibit the obsened fractions
and predict new fractions, and to accourt for the varying width of the obsened
plateaux. We will discussthesevarious aspectsin the rest of the paper.

3. Noncommut ative geometr y models

In the theory of the quantum Hall e ect noncomnutativit y arisesfrom the pres-
enceof the magnetic eld, which hasthe e ect of turning the Brillouin zoneinto
a noncomnutativ e space. In Bellissard's model of the integer quantum Hall ef-
fect [3] the noncommutativ e spaceobtained this way is the noncommutativ e torus
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Figure 5. Tiling of the hyperbolic plane

and the integer values of the Hall conductanceare obtained from the correspond-
ing Connes{Chern character. We will considera larger class of noncomnutativ e
spaces,assaiated to the action of a Fuchsian group of the rst kind without par-
abolic elemerns on the hyperbolic plane. The idea is that, by e ect of the strong
interaction with the other electrons, a single electron \sees" the surrounding ge-
ometry as curved, while the lattice sites appear to the moving electron, in a sort
of multiple image e ect, as sitesin a lattice in the hyperbolic plane. This model
will recover the integer values but will also produce fractional values of the Hall
conductance.

3.1. Hyp erbolic geometry. Let H denote the hyperbolic plane. Its geometry
is described as follows. Consider the pseudospheref x2 + y2 + z?> t? = 1gin 4-
dimensional Mink owski space-timeM . The z = 0 slice of the pseudospheraealizes
anisometric embedding of the hyperbolic planeH in M . In this geometry, a periodic
lattice on the resulting surfaceis determined by a Fuchsian group  of isometries

i=1:::;gandj = 1;:::;n and a preseration of the form

A%
(3.2) (g 1015 n) = haishig [a;bler & =1 g’ = 1i

i=1

The quotient of the action of by isometriesonH,

(3.3) (9 1;::5 n):= nH;
is a hyperbolic orbifold, namely a compact Riemann surfaceof gerus g with n cone
points fXxy;:::;Xng, Which are the image of points in H with non-trivial stabilizer

of the action of . In the torsion free case,where we only have generatorsa; and
b, we obtain smooth compact Riemann surfacesof gerus g.



FQHE: A NONCOMMUT ATIVE GEOMETR Y PERSPECTIVE 9

Figure 6. Thurston's teardrop orbifold

Orbifolds. The space ( g; 1;:::; n) of (3.3) is a special caseof gaod orbifolds.
These are orbifolds that are orbifold{covered by a smooth manifold. In dimension
two, in the oriented compact case, the only exceptions (bad orbifolds) are the
Thurston teardrop (Figure 6) with a singleconepoint of angle2 =p, and the double
teardrop.

In particular, all the hyperbolic orbifolds ( g; 1;:::; n) are good orbifolds and
they are orbifold{covered by a smooth compact Riemann surface,
(3.4) @ T (g 1 a)= nH;
where the gerus g° satis es the Riemann{Hurwitz formula for branched covers
#G

(35) °= 1+ =g D+ ));

P, 1
for = .
Notice moreoverthat the orbifolds = ( g; 1;:::; n) areanexampleof classifying
spacefor proper actions in the senseof Baum{Connes, hamely they are of the form
(3.6) =B = nkE :

An important invariant of orbifold geometry, which will play a crucial role in our
model of the fractional quantum Hall e ect, is the orbifold Euler characteristic.
This is an analog of the usual topological Euler characteristic, but it takesvalues
in rational numbers, op() 2 Q. It is multiplicativ e over orbifold covers, it
agreeswith the usual topological Euler characteristic  for smooth manifolds, and
it satis es the inclusion{exclusion principle

P
(3.7) orb( 1 [ )= i orbfli) i orb( i\ j)
+ 1) orb( 1\ \' o)
In the caseof the hyperbolic orbifolds ( g; 1;:::; n), the orbifold Euler charac-

(3.8) ob(( G 1505 ) =2 29+ n:
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Magnetic eld and symmetries. The magnetic eld can be described by a 2-
form! = d , where! and arethe eld and potential, respectively, subject to the
customary relation B = curlA.

One then considersthe magnetic Schrodinger operator

(3.9 +V;

where the magnetic Laplacian is given by =(d i) (d i)andV isthe
electric potential of the independert electron approximation.

The 2-form ! satis es the periodicity conditon | =1 foral 2 = z9 (e.g.
one might assumethat the magnetic eld is a constart eld B perpendicular to the
sample). Thus, we have the relation 0 = ! = d( ), which implies
(3.10) =d

Due to the fact that itself need not be periodic, but only subject to condition
(3.10), the magnetic Laplacian no longer commutes with the action, unlike the
ordinary Laplacian. This is, in a nutshell, how turning on a magnetic eld brings
about noncomnutativit y.

What are then the symmetries of the magnetic Laplacian? Theseare glver’Rby the
magnetic translations. Namely, after writing (3.10) in the form  (x) = XO(
), we considerthe unitary operators

(3.11) T =exp(i )T

It is easyto ched that these satisfy the desired commutativity (d i )T =
T (d i ). Howewer, commutativit y is still lost in another way, namely, mag-
netic translations, unlike the ordinary translations by elemeris 2 = Z9, no

longer commute among themselhes (except in the caseof integer ux). We have
instead

(3.12) TToe= (9T &

Instead of obtaining a represertation of , the magnetic translations give rise to a
projective representation with the cocycle

(3.13) (: 9=exp( i ( %0));

where (X)+ o X) o (x) is independert of x.

Algebra of observables. The C -algebra of obsenables should be minimal, yet
large enoughto contain all of the spectral projections onto gapsin the spectrum of
the magnetic Schrodinger operators  + V for any periodic potential V. Now let U
denotethe set of all bounded operators on L?(H) that commute with the magnetic
translations. By a theorem of von Neumann, U is a von Neumann algebra. By
Lemma 1.1, [21], any elemen Q 2 l§<can be represerted uniquely as

Q= T Q( );
2
whereQ( ) is a boundedoperator on the Hilb ert spaceL 2(H=). Let L denotethe
subsetof U consisting of all bounded opegators on Q on L2(H) that commute with
the magnetic translations and sud that 5 11Q( )ji < 1. The norm closure of
L! is a C -algebradenotedby C, that is taken to be the algebra of obsenables.
Using the Rieszrepresertation for projections onto spectral gapscf.(3.26), one can
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show asin [2]] that C cortains all of the projections onto the spectral gaps of
the magnetic Schrodinger operators. In fact, it can be shown that C is Morita
equivalert to the reducedtwisted group C algebraC, ( ; ), explainedlater in the
text, showing that in both the cortinuousand the discrete modelsfor the quantum
Hall e ect, the algebra of obsenablesare Morita equivalent, sothey describe the
samephysics. Hencewe will mainly discussthe discrete model in this paper.

Semiclassical prop erties, as the electro-magnetic coupling constant goes
to zero. Recall the magnetic Schrodinger operator

(3.14) + 2V

where isthe magnetic Laplacian, V is the electric potential and s the electro-
magnetic coupling constart. When V is a Morse type potential, i.e. for all x 2 H,
V(x) 0. Moreover, if V(xp) = 0 for somexg in M, then there is a positive
constart ¢ such that V(x) ¢x Xgj?l for all x in a neighborhood of xg. Also
assumethat V has at least one zero point. Obserwe that all functions V = jd j?,
where jd j denotesthe pointwise norm of the dierential of a -in variant Morse
function f on H, are examplesof Morse type potentials.

Under these assumptions,the semiclassicalproperties of the spectrum of the mag-
netic Schredinger operator, and the Hall conductancewere studied in [21], as the
electro-magnetic coupling constart  goesto zero. One result obtained is that
there exists an arbitrarily large number of gapsin the spectrum of the magnetic
Sdcredinger operator for all  su cien tly small. Another result obtained in [21] is
that the low energybands do not cortribute to the Hall conductance,again for all

su cien tly small.

Extending Pontrjagin dualit y. An advantage of noncomnutativ e geometry is
that it provides a natural generalization of Pontrjagin duality. Namely, the duals
of discrete groups are noncomnutativ e spaces.

In fact, rst recall that, if is a discrete abelian group, then its Pontrjagin dual n
which is the group of characters of is a compact abelian group. The duality is
given by Fourier transform ™ ' for 2 andk2 "

In particular, this shows that the algebra of functions on * can be identi ed with
the (reduced) C -algebra of the group ,

(3.15) cM=¢c();

wherethe reducedC -algebraC, () isthe C -algebrageneratedby in the regular
represenation on “?().

When is non-abelian, although Pontrjagin duality no longer works in the classical
sense the left hand side of (3.15) still makes perfect senseand behaves\lik e" the
algebra of functions on the dual group. In other words, we can sa that, for a
non-abelian group, the Pontrjagin dual " still exists as a noncomnutativ e space
whosealgebra of functions is C, ().

This point of view can be adopted to work with the theory of electronsin solids
whene\er classicalBloch theory breaks down. In the caseof aperiodicity, the dual
™ (which isidenti ed with the Brillouin zone)is replacedby a noncomnutative C -
algebra. This is the case,similarly, for the presenceof magnetic eld in the quantum
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Figure 7. The Harper operator on the square lattice

Hall e ect. The magnetic eld deformsthe Brillouin zoneto a noncommutativ e
space,given by the (honcommutativ e) algebra of the magnetic translation.

Harp er operators. It is again cornveniert to discretize the problem. The dis-
cretized magnetic Laplacian is given in terms of the Harper operator, which is an
analog of the random walk operator seenin the previous section, but de ned using
the magnetic translations. For = Z2, the Harper operator is of the form

H,, (mn= e’ (m+1n)
+ @ an (m 1;n)

(3.16) .

+ e'2™m  (min+1)

+ @ 2m (m;n 1)
Here the 2-cocycle I U(1) is given by
(3.17) (m%n%;(m;n)) = exp( i( tm+ -mn9Y):

The magnetic translations are generatedby U = R,y andV = R, ., of the form

(3.18) U (mn)= (mn+21e' 2™ V (mn)= (m+ Ln)e ' "

These satisfy the commutation relations of the noncommutative torus A , with
= 1, hamely

(3.19) Uv =€ VU:

The Harper operator (3.16) is in fact more simply written asH = U+U +V+V .

This shows that, on a 2-dimensional lattice, the e ect of the magnetic eld is to
deform the usual Brillouin zone (which is an ordinary torus T?2) to a noncommnuta-
tive torus, where the parameter dependson the magnetic ux through a cell of
the lattice.
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| =

Figure 8. Harper operator on a lattice in the hyperbolic plane

As in the caseof the discretization of the ordinary Laplacian, for the magnetic
Laplacian we canalsoconsiderthe corresponding Harper operator on a more general
(possibly non-abelian) discrete group . This will be useful later, in our model of
the fractional quantum Hall e ect, but weintroduceit herefor convenience.For the
general setup for nitely generateddiscrete groups recalled here below, we follow

[5].
Supposegivena nitely generateddiscretegroup andamultiplier I U(1)
(a 2-cacycle)

(152 (120 3)= (15 23) (25 3)
()= (1 )=1
On the Hilbert space’?(), considerthe left/right -regular representations
(3.20) L (%= C *9¢: *9 R (9= (%) (%)
These satisfy
(3.21) LLo= (;9%L ¢ RRo= (; 9R

The cocycle identity can be usedto show that the left -regular represernation
commutes with the right -regular represenation, where denotesthe conjugate
cocycle. Also the left -regular represernation commutes with the right -regular
represenation.

Let f ;gl_; beasymmetric setof generatorsof . The Harper operator is given by
(3.22) R = R
The operator r R is the discrete analog of the magnetic Laplacian (cf. [29]).

Algebra of observ ables (discrete model). We cortinue in the samegenerality
as above. The special caseof interest for the integer quantum Hall e ect will be
for = Z2, but we adopt a more general setting in view of applications to the
fractional case.
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For a nitely generateddiscrete group, let C( ; ) be the algebra generatedby
the magnetic translations represeried as operators in B(*2()) through the right
-regular represeriation R . Equivalertly, the algebraC( ; ) consistsof functions

f: 1 C
with the convolution product

X
fa f2( )= f1( Df2(2) (15 2);

acting on the Hilb ert space ?().
By taking the weak closureof C( ; ) one obtains the twisted group von Neumann
algeba U( ; ). This is equivalently (by the commutant theorem of von Neumann)
described as

U(; )= A2B(C?%)) :[L ;A]=08 2
That is, U( ; ) isthe commutant of the left -regular represeration. When taking
the norm closure of C( ; ) one obtains the twisted (reduced) group C -algebra
C, ( ; ), which is the algebraof obsenablesin the discrete model.

The key properties of thesealgebrasare summarizedasfollows. U( ; ) is generated
by its projections and it is also closed under the measurable functional calculus,
ie.ifa2 U(; )anda = a,a> 0,then f(a) 2 U( ; ) for all essentialy
bounded measurable functions f on R. On the other hand, C, ( ; ) hasonly at
most courntably many projections and is only closedunder the continuous functional
calculus.

In the casewhen = 1 (integer ux), with the group = Z2, we simply have
U( ;1) = LY (T? and C ( ;1) = C(T?), i.e. functions on the classicalBrillouin
zone.

In Bellissard's model of the integer quantum Hall e ect, where = Z2, with the

nontrivial cocycledescribedin (3.17)and = , i, the twisted (reduced) group
C -algebrais the irrational rotation algebra of the noncommutativ e torus,
(3.23) C(;)=A:

We will not describe in detail the derivation of the quantization of the Hall conduc-
tance in this model of the integer quantum Hall e ect. In fact, we will concerirate
mostly on a model for the fractional quantum Hall e ect and we will showv how to
recover the integer quantization within that model, using the results of [5].

Spectral theory . For a nitely generateddiscrete group and fgigl., a sym-
metric set of generators,the Cayley graph G = G( ;gi) has as set of vertices the
elemerts of and as set of edgesemanating from a given vertex h 2 the set of
translates gjh.

The random walk operator (1.15) for is then an averageon nearestneighbors in
the Cayley graph. The discrete analog of the Schredinger equation is of the form

. @
3.24 i— =R +V ;
(3.24) a
whereall physical constarts have beensetequalto 1. It describesthe quantum me-
chanicsof a singleelectron con ned to move along the Cayley graph of , subject to

the periodic magnetic eld. HereR isthe Harper operator encaling the magnetic
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Figure 9. Hofstadter buttery

eld andV is the electric potential of the independert electron approximation. The
latter can be taken to be an operator in the twisted group algebra,V 2 C( ; ).

As in the caseof the theory of electronsin solids without magnetic eld recalled
in the rst section,an important problem is understanding the energylevels of the
Hamiltonian H ., = R + V, and the band structure (gapsin the spectrum).

The Harper operator R is a bounded self-adjoint operator on “2(), sinceit is
de ned in terms of a symmetric setof generatorsof . Thus, the spectrum SpedR )
is a closedand bounded subsetof R. It follows that the complemen RnSpecR )
is an open subsetof R, hencea countable union of disjoint open intervals. Each
such interval is called a gapin the spectrum.

There are two very dierent situations. When the complemen of the spectrum
consistsof a nite collection of intervals then the operator has a band structure,
while if the complemern consistsof an in nite collection of intervals then the spec-
trum is a Cantor set. In the caseof the group = Z?2, one or the other possibility
occurs depending on the rationalit y or irrationalit y of the ux

=H L[]

This givesrise to a diagram known asthe Hofstadter buttery (Figure 9).

Range of the trace. In our model of the fractional quantum Hall e ect, isa

is rational, then there is only a nite number of gapsin the spectrum of H + V.
In fact, if = p=qthen the number of gapsis at most

n
(3.25) (g+1) (;+1):
i=1
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In terms of the algebra of obsenables,the question of how many gapsthere are in
the spectrum of H . can be reducedto studying the number of projections in the
C -algebraC, ( ; ) (up to equivalence). In fact, we have

Hv2C(;) C(;:) U(; )
In particular, H and its spectral projections
Pe = (1 &i(H )
belong to the algebra U( ; ). Moreover, when E 2 SpecH . ), the spectral
projection Pg isin C, ( ; ). In fact, supposethat the spectrum of H . is contained
in a closedinterval, and that the open interval (a;b) is a spectral gap of H ..

Supposethat E 2 (a;b), i.e. E 2 Spec(H .v). Then there is a holomorphic function
on a neighborhood of specH .v) sudc tha%t

d
C H Y%
where C is a closedcontour enclosingthe spectrum of H .y to the left of E. Since
C, ( ; ) is closedunder the holomorphic functional calculus, it follows that Pg 2
C(3)
The equivalencerelation we needto consideron projections, so that the courting
will provide the courting of spectral gaps,is described asfollows. Let Proj(C, ( ; )
K) denote the projectionsin C,( ; ) K, whereK the C algebra of compact
operators. Two projections P; Q 2 Proj(C, ( ; ) K) are said to be Murray-von
Neumann equivalentif thereisanelemennV 2 C,( ; ) Ksudthat P =V V and
Q=VV ,andwewrite P Q. It canbe shown that Proj(C,( ; ) K)= isan
abelian semi-group under direct sums, and the Grothendieck group Ko(C, ( ; )))
is de ned asthe assaiated abelian group.
Now the estimate on the number of equivalenceclassef projections is achieved by
computing the range of a trace. The von NeumannalgebraU( ; ) and C -algebra
C, ( ; ) have a canonicalfaithful nite trace , where

(@ =haa; 1z

where isthe basisof *2(). If Tr denotesthe standard trace on boundedoperators
in an 1 -dimensional separableHilb ert spaceH, then we obtain a trace

tr = Tr: Proj(C,( ; ) K)! R:
This inducesa trace on the K -group
[t] :Ko(C.(; ))! R

(3.26) Pe= (H )=

with

tr(Proj(C, ( ; ))) = [trl(Ko(C, ( ; M)\ [0;1]:
The result quoted above in (3.25), counting the energy gaps in our hyperbolic
model, can then be derived from the following result provedin [24].

Theorem 3.1. Let be a cocompact Fuchsian group of signature (g: 1;:::; n)
and be a multiplier on with ux . Then the rangeof the trace is,

X 1
(3.27) [trl(Ko(C, (5 ) =2+ Z+  =Z

j J



FQHE: A NONCOMMUT ATIVE GEOMETR Y PERSPECTIVE 17
Herethe ux is again given by the pairing = H [;[]i, where[] = [#9(;)] is the
fundamertal classof the group = (g; 1;:::; n) and g°is given by the formula
(3.5).
The Baum{Connes conjecture holds for the Fuchsian groups = (g; 1;:::; n),

" Co( nG;E), whereE = A G! nG, in the casewhere G = PSL(2;R).
Without the twisting by , onecan identify

P
Z2 nt = even
Korb(( G 1355 n)) = a9 - odd

In the twisted case,one still hasthe equivalenceCo( nG;E) ' Co( nG;E ) when
the class ( ) = 0, where :H?( ;U(L)! HS3( ;Z) is a surjection coming from
the long exact sequenceof 1! Z! R eXp(.? " ua! 1.

The computation of the range of the trace (3.27) then follows from an index

theorem. Let E be an orbifold vector bundle over = ( g; 1;:::; n), and
[E] 2 K, (). Let é be the twisted Dirac operator on the universal cover H.
Forr 2 = il the magnetic eld, the operator é r commutes with the projective
action of ( ; ). There is an analytic index
(3.28) ind( : )@ r 2Ko(C, (; );
which is the image under the (twisted) Kasparov map
. +
(E) = ind( ;)& r:

To compute the range of the trace [tr] : Ko(C, ( ; )) ! R onecomputesthen the
index

(3.29) Ind.. @ r =[u] ind .,@ r
We have Z
+ 1 RE\ I
.- & 1 = - Atr(eR)e :
Since is of real dimension 2, thiszformula reducesto
rankE 1
I+ —  tr(RE):
> > r(R%)
The rst term is com%uted by .
rank(E) L rank(E)

! = rank(B)H 1:[1i 2 Z;

g0

2 2 #G

while the secondterm is computed by the Kawasakiindex theorem for orbifolds
z X

. _ 1 E 1 i,

ZBmd(@)_z— tr(R)+2— .

i=1
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where ( i; i) arethe Seifert invariants of E. This implies that
z
X
zi tr(RE)2 Z + iz:
i=1 !

Rie el, and Pimsner and Voiculescuestablishedanalogousresults in the case =
Z?. The result in the caseof torsion-free Fuchsian groups was establishedin [5].
In more recert work, Mathai generalizedthis result to discrete subgroupsof rank
1 groups and to all amenable groups, and more generally whenewer the Baum{
Connesconjecture with coe cien ts holds for the discrete group, [25]. By cortrast,
the behavior of spectral gapswhen the ux is irrational is still mysterious. The
problem can be formulated in terms of the following conjecture (also known asthe
\generalized ten Martini problem"), cf. [23] [24].

Conjecture 3.1. Let be a cocompact Fuchsian group and be a multiplier on
. If the ux s irrational, then thereis aV 2 C( ; ) suchthat H ., hasan
in nite  numkber of gapsin its spectrum.

It is not yet known if any gapsexist at all in this case! However, using Morse{type
potentials, Mathai and Shubin [26] provedthat there is an arbitrarily large number
of gapsin the spectrum of magnetic Schrodinger operators on covering spacesi.e.
in the cortinuous model).

Recen work of Dodziuk, Mathai, and Yates[14] shows another interesting property
of the spectrum, namely the fact that all L? eigervalues of the Harper operators
of surface groups are algebmic numbers, whenewer the multiplier is algebraic,
that is, when[ ]2 H?( ;Q=2). In fact the sameresult remains true when adding
potentials V in Q( ; ) to the Harper operator.

4. Hall conduct ance

We nally cometo a discussionof the quarntization of the Hall conductance. This
will follow again from a topological argumert, and index theorem, asin the Bellis-
sard case,but in our setting with hyperbolic geometry We will derive, from our
model, a formula for the Hall conductancein terms of values of the orbifold Euler
characteristic, and we will comparethe results with experimentally obsened values.

A smooth subalgebra. Wewill considera cyclic cocycleassaiatedto the Connes{
Kub o formula for the conductance,which will be de ned in terms of certain deriva-
tions. For this reason,we needto introduce a smooth subalgebra,namely, a dense
involutiv e subalgebraof the algebra of obsenablesC, ( ; ). This subalgebracon-
tains C( ; ) and is contained in the domain of de nition of the derivations. It
cortains the spectral projection Pg, whenthe Fermi level is in a gap of the energy
spectrum. Moreover, it satis es the following two key properties.

(1) The inclusion R  C, ( ; ) inducesan isomorphismin K -theory.
(2) Polynomial growth group cocycleson de ne cyclic cocycleson C( ; )
that extend corntinuously to R.

R is de ned asfollows. Consider an operator D de ned as
D =7() 8 2 ;
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where *( ) denotesthe word length of . Let = ad(D) denote the commutator
[D; ]. Then is an unbounded, but closedderivation on C, ( ; ). De ne

\
R:=  Dom( *):
k2N

It is clearthat R contains 8 2 andsoit contains C( ; ). Henceit is dense
in C, (; ). It isnot hard to seethat R is closedunder the holomorphic functional
calculus, and therefore by a result of Connes, property (1) above holds, and by
equation (3.26), Pe 2 R.

Until now, we have not usedany special property of the group . But now assume
that is a surfacegroup. Then it follows from a result by Jollisaint that there
is ak 2 N and a positive constart C° such that for all f 2 C( ; ), one has the
Haagerupinequality

(4.1) kfk C% «(f);

where kf k denotesthe operator norm of the operator on “?() given by left con-
volution by f, and the bound (f) is givenin terms of the L? norms of f and of
(L+1%)5%2f [ forall 0 s k. Using this, it is routine to show that property (2)
holds.

Notice that the spectral projections onto gapsin the Hamiltonian H belongto the
algebra of obsenablesR, for any choice of electric potential V. The technical role
played by R is that it hasthe samecyclic cohomologyasthe twisted group algebra
C( ; ) and the sameK -theory asC ( ; ).

Cyclic cocycles. Cyclic cohomology was introduced by Connesin [11]. It is a
main source of invariants of noncommutativ e spaces,obtained by the pairing of
cyclic cocycleswith K -theory. Cyclic cocycles are also called multilinear traces,
and the word cyclic refersto invariance under the cyclic group Z=(n + 1)Z acting
on the slots of the Cartesian product. Namely, t is a cyclic n-cocycle if

t:R R R! C

satis es the cyclic condition

For instance, a cyclic 0-cocycleis just a trace. In fact, in this case,the condition it
satises is t(ab) = t(ba). A cyclic 1-cocycle satis es t(a;b) = t(b;a) and t(ab;c)
t(a;bg + t(ca;b) = 0, and a cyclic 2-cocycle satis es

t(a;b;c) = t(c;a;b) = t(b;c;a) and

t(ab;c;d) t(a;bc;d) + t(a;b;cd) t(da;b;c) = O



20 MATILDE MAR COLLI AND VAR GHESE MA THAI

Conductance cocycle. A formula for the Hall conductance is obtained from
transport theory. In the caseof = Z?2, the current density in e; direction corre-
sponds to the functional derivative ; of H by A, the corresponding componert
of the magnetic potential. The expected value of current is the givenby tr(P 1H)
for a state P of the system. Using @P = i[P;H]and @ = @éz 2, Wheree, ? e,
one gets

itr(P[@P; 1P]) = iEatr(P[ 2P; 1P]);
wherethe electrostatic potential hasbeengaugedaway, leaving E = %. Because
the charge carriers are Fermions, two di erent charge carriers must occupy di erent
qguantum eigenstatesof the Hamiltonian H. In the zerotemperature limit, charge
carriers occupy all levels below the Fermi level, sothat we canset P = Pg in the
formula above. This givesthe Kubo formula for the conductance

H = tr(Pe[ 1Pr; 2Pe]):

This argumert can be generalizedto our setting, keepinginto accourt the fact that,
in our model, by e ect of the strong multi-electron interaction, to a moving elector

for somelattice in the hyperbolic plane. The following is a general mathematical
formulation of the result.

Given a 1-cocycle a on the discrete group , i.e.
a(12)=a()+al2) 81522 ;
one can de ne a linear functional , on the twisted group algebraC( ; )
a(f)( ) =a()f ():
Then one veri es that , is a derivation:
a(fa)( ) =a( )fg()

a() L, (D92 (1 2)

=P a(n+als) f(0a2) (1 2)

=0 (092 (1 D) a@ 2) (1 2)
(o)) )+ (F ag)( ):

In the caseof a Fuchsian group , the rst cohomologyH *( ;Z) of the group
is a free Abelian group of rank 2g, where g is the gerus of nH. The cohomology

is a symplectic basis.

Wedenote 5, by j and by j.4. Thesederivations giveriseto acyclic 2-cocycle
on the twisted group algebraC( ; ),

X
(4.2) tr (forfasfa) = tr(fo(j(F1) j+g(f2)  j+g(f1) j(F2))):

j=1
trk is called the conductane 2-cocycle
Let Pe denote denote the spectral projection assaiated to the Fermi level, i.e.
Pe = (1 ;(H). Then, in the zero temperature limit, the Hall conductanceis
given by

e = trk (Pe;Pe;Pe):
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Quantum adiabatic limit. We recall briey the justi cation of (4.2) in terms of
the quantum adiabatic limit for a slowly varying time dependert Hamiltonian, cf.
[7].

If H(s) is a smooth family of self-adjoint Hamiltonians and P (s) are spectral pro-
jections on a gap in the spectrum Iof H (s), then

X(s) = 2—1| . R(z;s)@P(s)R(z;s)dz;

with R(z;s) = (H(s) z) !, satis es the commutation relations
[@P(s); P(s)] = [H(s); X (9)]:

The quantum adiabatic limit theorem (cf. [2]) then shows that the adiabatic evo-
lution approximates well the physical evolution, for large values of the adiabatic
parameter ! 1, via an estimate of the form

k(U (s) Ua(s))P(0)k
E Sznpoai()f 2kX (s)P (s)k + k@(X (s)P(s))P (s)kg:

Here the physical ewolution satis es
iQU (s) = H(s)U (s);

U (0) = 1, wheres = t= is a scaledtime, and the adiabatic ewolution is de ned
by the equation

P(s) = Ua(s)P(0)Ua(s)
with U,(0) = 1.
In our setting, the functional derivative ¢H, with respect to a componert Ag of
the magnetic potential, givesa current density Ji. Its expectation value in a state
described by a projection P on a gap in the spectrum of the Hamiltonian is then
computed by tr(P «H). In the quantum adiabatic limit, one canreplace ¢H with
«Ha, wherethe adiabatic Hamiltonian H, satis es

i@Ua(s) = Ha(s)Ua(s)
and the equation of motion

[Ha(s):P(9] = ~@P (o)
This implies that the relation
(4.3) tr(P[@P; «P]) = itr( «(PH3a)) itr(P kHa):

We make somesimplifying assumptions. If the trace is invariant under variations of
Ay, then the rst term in the right hand side of (4.3) vanishes. We alsoassumethat
the only time dependenceof H and P is in the adiabatic variation of a componert
A; distinct from Ay, and we work in the Landau gauge, so that the electrostatic
potential vanishesand the electric eld is givenby E = @\=@. Then we have
@= £E; j, sothat the expectation of the current Jy is given by

tr(P «H) = itr(P[@P; «P])
= iE,-tr(P[,-P; «P1);
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hencethe conductancefor a current in the k direction induced by an electric eld
in the j direction is givenby itr(P[ ;P; «P]). The analytic aspectsof this formal
argumert can be made rigorous following the techniquesusedin [32].

Area cocycle. Our conclusionabove, asin the caseof the integer Hall e ect, is
that one can compute the Hall conductanceby evaluating a certain cyclic cocycle
on a projection, namely on someelemer in K-theory. It is often the casethat, in
order to compute the pairing of a cyclic cocycle with K-theory, one can simplify
the problem by passingto another cocycle in the samecohomologyclass,i.e. that
diers by a coboundary. This is what will happenin our case.

We intro duce another cyclic cocycle, which has a more direct geometric meaning.
On G = PSL(2; R), there is an area cocycle (cf. [12]). This is the 2-cocycle
C:G G! R
C( 1; 2) = (oriented) hyperbolic area of the
gedadesictriangle with

vertices at(zo; ; ‘Zo; 220); 202 H

The restriction of this cocycle to a discrete subgroup PSL(2; R) givesthe area
group cocycleon . This in tt)J(rn de nes a cyclic 2-cacycleon C( ; ) by

(4.4) trc(fo,fa1;f2) = fo( o)f1( 1)f2( 2)C( 15 2) (15 2):
01 2=1

Since C is (polynomially) bounded, trc can be shovn to extend to the smooth
subalgebraR.

Comparison. Two cyclic 2-cocyclest; and t, di er by a coboundary (that is, they
de ne the samecyclic cohomologyclass)i

ti(ao;a1;a2) ta(ao;a;@) = (dva;d)  (ao;ad) + (aza0;a1);
where is a cyclic 1-cocycle.

As in [5], [23], the di erence betweenthe conductancecocycle trx and the area
cocycletrc canbe evaluated in terms of the di erence betweenthe hyperbolic area
of a geadesictriangle and the Euclidean area of its image under the Abel-Jacobi
map. This di erence can be expressedas a sum of three terms

(4.5) U1 2)=h( 251 h( .Y 2+ hL; 1)
where eath term is a di erence of line integrals, one along a geadesicsegmett in H

and one along a straight line in the Jacobianvariety. The cocyclescorrespondingly
dier by

X
tr (Fo;fa;f2)  tre(forfaifa) = fo( o)f1( D)f2( 2)U( 15 2) (1 2):
01 2=1
This expressioncan be Writtenxas (fof1;f2) (fo;faf2) + (f2fo;f1) where
(fo;f1) = fo( 0)f2( 1)h(L; 1) (o5 1)s

0 1=1

with h asin (4.5).

Thus, the cocyclestrkx and trc dier by a coboundary. Sincethey are cohomolo-
gous,trk and trc induce the samemap on K -theory.
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Values of the Hall conductance. The problem of deriving the valuesof the Hall
conductanceis now reducedto computing the pairing of the area cyclic 2-cocycle
with K -theory. The computation is again done through an index theorem. This
time the appropriate framework is (a twisted version of) the Connes{Moscuwici
higher index theorem [13]. We have the following result, [23]:

Theorem 4.1. The valuesof the Hall conductane are given by the twisted higher
index formula 7

(4.6) Inde, . (@ r)=—=  At(ele)e u

gO
where ! = d is the 2-form of the magnetic eld, r 2 = il , cis a cyclic cocycle ¢
and uc is its lift, asin [13], to a 2-form on .

Again, since is 2-dimensional, the formula (4.6) rgducesto just the term

rankE
(4.7 Indg; . (& r)= > 4G Uc:

g0

Notice that, while it seemsat rst that in (4.7) all dependenceon the magnetic eld
hasdisappearedin this formula, in fact it is still presen through the orbifold vector
bundle E that corresponds (through Baum{Connes) to the class of the spectral
projection Pg in Ko(C, ( ; ), of the Fermi level.

When c is the area cocycle, the corresponding 2-form u. is just the hyperbolic
volume fgrm, hencethe right hand side of (4.7) is computed by the Gauss{Bonnet
formula o le= 2 (2¢° 2), sothat

Z
rank(E) _ _
e Ug = rank(E)w = rank(E) on() 2Q

which yields an integer multiple of the orbifold Euler characteristic.

The conclusionis that, in our model, the Hall conductancetakes rational values
that are integer multiples of orbifold Euler characteristics, Rational values of the
conductance

h=tr(Pe;Pe;Pe) = r(Pe;PeiPE) 2 Z or()

4.8) (20 2)

g0

Discussion of the model. A rst important obsenation, in terms of physical
predictions, is that our model of FQHE predicts the existenceof an absolutelower
bound on the fractional valuesof the Hall conductance. The lower bound is imposed
by the orbifold geometry, and doesnot have an analogin other theoretical models,
henceit appearsto be an excellert possible experimental test of the validity of
our theoretical model. The lower bound is obtained from the Hurwitz theorem,
which statesthat the maximal order of a nite group G acting by isometrieson a
smooth Riemann surface g is # G = 84(g° 1). This imposesthe constraint on
the possiblequantum Hall fractions:

2¢° 1) _ 1,

84(° 1) 42
The lower bound is realized by 1=42= orb( (0; 2;3;7)).
A key advantage of our hyperbolic model is that it treats the FQHE within the same
framework developed by Bellissard et al. for the IQHE, with hyperbolic geometry
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replacing Euclidean geometry; to accourt for the e ect of electron correlation, while
remaining formally within a single particle model.

The fractions for the Hall conductancethat we get are obtained from an equivariant
index theorem and are thus topological in nature. Consequetly, the Hall conduc-
tance is seento be stable under small deformations of the Hamiltonian. Thus, this
model can be generalizedto systemswith disorderasin [6], and then the hypothesis
that the Fermi level is in a spectral gap of the Hamiltonian can be relaxed to the
assumptionthat it is in a gap of extended states. This is a necessarystep in order
to establish the presenceof plateaux.

In fact, this solvesthe apparert paradox that we still have a FQHE, even though
the Hamiltonian H ., may not have any spectral gaps. The reasonis that, as
explainedin [6], the domains of the cyclic 2-cocyclestrc and trk are in fact larger
than the smooth subalgebraR. More precisely there is a -subalgebraA sud that
R A U(; )andA is contained in the domainsof trc and trx . A is closed
under the Besor spacefunctional calculus, and the spectral projections Pg of the
Hamiltonian H ., that lie in A are called gapsin extendel states They include
all the spectral projections onto gapsin the energy spectrum, but contain many
more spectral projections. In particular, even though the Hamiltonian H ., may
not have any spectral gaps, it may still have gapsin extendal states The results
extend in a straightforward way to the casewith disorder, where one allows the
potential V to be random, cf. [6].

Let us discussthe comparisonwith experimental data on the quantum Hall e ect.
Our model recovers the obsened fractions (including the elusive 1=2). Table 1
below illustrates how low gerus orbifolds with a small number of cone points are
su cien t to recover many obsened fractions. In this rst table, we considerexper-
imentally obsened fractions, which we recover in our model. Notice how fractions
like 1/3, 2/5, 2/3, which experimentally appear with a wider and more clearly
marked plateau, also correspond to the fractions realized by a larger number of
orbifolds (we only chedked the number of solutions for small values ; 20,n = 3,
g= 0,and < 1). Theseobsenations should be comparedwith the experimental
data, cf. e.g.[28] [8].

Regarding the varying width of the plateaux, what appears promising in Table
1 is the fact that the fractions that are more easily obsened experimentally, i.e.
those that appear with a larger and more clearly marked plateau (cf. e.g. [28],
[8]), also correspond to orbifold Euler characteristics that are realized by a large
number of orbifolds. We canderive a corresponding qualitativ e graph of the widths,
to be compared with the experimental ones. Table 2 showvs how to obtain some
experimentally obsened fractions with > 1 (without counting multiplicities).

The main limitation of our model is that it seemsto predict too many fractions,
which at presert do not seemto correspond to experimentally obsened values. To
our knowledge, however, this is also a limitation in the other theoretical models
available in the literature. Another seriouslimitation is the fact that this model
doesnot explain why even denominator fractions are more di cult to obsene than
odd ones. In fact, evenfor small number of conepoints and low gerus, oneobtains a
large number of orbifold Euler characteristics with even denominator, which are not
justied experimentally. On the occurrenceof even denominatorsin the fractional
guantum Hall e ect experiments, cf. [31] [10] [15. Table 3 provide a list of odd



FQHE: A NONCOMMUT ATIVE GEOMETR Y PERSPECTIVE 25

and even denominator fractions predicted by our model, using gerus zero orbifolds
with three cone points.

Questions and directions. We have discussedhe transition from classicalBloch
theory to noncomnutativ e Bloch theory, ase ect of the presenceof a magnetic eld.
In particular, we have seenthat the Brillouin zone becomesa noncommnutativ e
space. It would be interesting to investigate, using this point of view based on
noncommutativ e geometry, what happensto the algebro-geometrictheory of Fermi
curvesand periods. Another natural question related to the results discussedhere
is whether a Chern{Simons approac to the fractional quantum Hall e ect may give
a dierent justi cation for the presenceof the orbifolds ( g; 1;:::; n). In fact,
these and their symmetric products appear as spacesof vortices in Chern{Simons
(or Seiberg{Witten) theory.

Tables 1 and 2: experimen tal fractions.

| experimental [| g=0n=3 [][ experimental || g=0n=3 |
1=3 (0; 3;6;6) 2=5 (0; 5;5;5)
(0; 4;4;6) (0; 4;4,10)
0; 3;4;12) (0; 3;6;10)
©0; 2;12,12) (0; 3;6;10)
(0; 2;10;15) (0; 3;5;15)
(0; 2;9;18) (0; 2;20;20)
2=3 0; 9;9;9) 3=5 (0; 5;10;,10)
(0; 8;8;12) (0; 6;6;15)
©0; 6;12,12) (0; 4;12,15)
(0; 6;10;15) (0; 4;10;20)
(0; 6;9;18)
(0; 5;15;15)
(0; 5;12;,20)
4=9 ©O; 3;9;9) 5=9 (0; 6;6;9)
(0; 4;4,18) 0; 4;9;12)
(0; 3;6;18) (0; 3;1818)
4=5 (0; 15;15;15) 3=7 (O; 4;4;14)
(0; 12;15;20) (0; 3;6;14)
(0; 10;20; 20)
4=7 ©; 7;7;7) 5= 0; 7;14;14)
experimental g=0org=1 |
8=5 0; 2;4;4,5;5)
11=7 0; 2,2,7,7;7)
14=9 1; 3,9
4=3 1; 3;3)
7=5 (0; 5;5;10;10)
10=7 ©; 7,77, 7)
139 0; 6;6;9;9)
5=2 (1; 6;6;6)

Table 3: predicted fractions.
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| odd | g=0n=3 || even || g=0n=3 |
8=15 (0; 5;6;10) (0; 5;5;15) 1=2 (0; 6;6;6) (0; 5;5;10)
(0; 4;6;20) (0; 3;15;15) (0; 4;8;8) (0; 4,;6;12)
(0; 3;12 20) (0; 4;5;20) (0; 3;1212)
(0; 3;10;15) (0; 3;9;18)
7= (0; 12,12,18) (0; 10;15;18) 1=4 0; 4;4;,4) (0; 3;4,6)
(0; 9;18;18) 0; 3;3;12) (0; 2;8;8)

©; 3:312) (0; 2,8;8)
(0; 2;6;12) (0; 2;5;20)
11=21 0; 6,6;7) (0; 4,7,12) 7=12 (0; 6;8;8) (0; 6;6;12)
(0; 3;14;14) (0; 5;6;20) (0; 4;12,12)
(0; 4;10;15) (0; 4;9;18)

16=21 || (0; 12;12;14) (0; 10;14;15)
(0; 9;14;18)

11=15 || (0; 10;10;15) (0; 1G;12;12)
(0; 9;10;,18) (0; 6;20;20)
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