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What is a Noncommutative space?

measure theory von Neumann algebras
topology C*—algebras
smooth structures smooth subalgebras
Riemannian geometry spectral triples

Warning: More rigid structure in the noncom-
mutative case!

C*-algebras: Gel'fand—Naimark correspondence (loc. comp.
Hausdorff space & Commutative C*-algebra)

X & Co(X) Topology

but for NC tori C*-algebra T ‘“like” C structure, NC
elliptic curves



Noncommutativity from quotients

Algebra of functions for a quotient space X =
Y/ ~:

e Functions on Y with f(a) = f(b) for a ~ b.
Poor!

e Functions f,, on the graph of the equiva-
lence relation. Good!

For sufficiently nice quotients: Morita equiva-
lent.

Simplest example: Y = [0,1]x{0, 1}; equivalence (x,0) ~
(z,1) for z € (0,1). First method: constant functions
C; second method:

{f eC(]0,1]) ® M2(C) : f(0) and f(1) diagonal }

Warning: Different NC spaces from same quo-
tient (Quantization is an art not a functor)




Geometry on NC spaces

Connes, “Geometry from the spectral point of view”,
Lett.Math.Phys. 34 (1995) 3

Infinitesimal distance element ds on a compact Rieman-
nian spin manifold in terms of Dirac operator D. =
Data (C>*(X), L?(S), D) completely determine the Rie-
mannian geometry

Spectral Triples

A ~» C*-algebra (or dense sub-algebra)
H ~~ Hilbert space H
D ~~ (unbounded) “Dirac operator” on H

With the following conditions:
1. D self-adjoint
2. VA ¢ R: (D—\)"1 compact

3. Vac A: [D,a] bounded on H



Spectral triples and zeta functions

(A, H, D) spectral triple
s,2€C (up:=) Tr(a,][[(NIDD)(s=A)"7
A

[T(A, |D|) = orthog. proj. on the eigsp. E(A,|D])
a € A = algebra generated by A and [D, A]

Have: Mellin transform

1 ~+o0
0 OtFLat
I_(Z) /O CL,D,S( )

(*) Ha,D,s(t) — ZTr(a’ H()\, |D\))e(5_>‘)t
A

Ca,,D(Sa z) =

Under suitable hypothesis on asymptotic ex-
pansion of (x):

Ca,p(8,z) admits a unique analytic continuation
and there is an associated

Regularized determinant (Ray-Singer)

d
det (s) := exp(=— Ca,n(s,2)2=0)

oo,a,D
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Arithmetic (Compactifications)

e Moduli spaces: NC spaces as “boundaries”

e Infinite primes: archimedean fibers as NC
spaces

NC Geom and compactifications (philosophy):
(1) NC tori in M-theory (Connes—Douglas—Schwarz)
(2) degenerations of CY manifolds (Kontsevich—Soibelman);

(3) Foliations and boundary of Teichmdiiller spaces (Thurston);

(4) Instantons (Nekrasov—Schwarz);



Modular curves (Simplest significant example of

moduli spaces)

G = finite index subgroup of ' = PSL(2,7Z) or
PGL(2,Z); P := /G cosets; H? = 2-dim real
hyperbolic plane

X = G\H? £ N\ (H? x P)

Compactification by cusps

G\P'(Q) = N\(P*(Q) x P)

If count irrational points PY(R) as “part of
boundary” = NC spaces



NC spaces associated to X:

e M\ (PL(R) x P) = C*-algebra
C(PL(R) x P) x I

Modular interpretation.

Precise: M\P1(R) = Morita equivalence classes
of NC tori Tjy

Heuristic: degeneration of elliptic curves

Jacobi uniformization: ¢ € C*, |g| < 1 (¢ =
exp(2nwiT), Im(7) > 0)

Eq = C*/q"

fundamental domain: annulus radii 1 and q, identifica-
tion via scaling and rotation

As q — exp(2mif) € S1, 6 e R\ Q,
Eq — NC torus Ty



Same classical quotient!

PGL(2,Z) orbits in P1(R) ~ orbits of [0,1] under Tz =
1/x — [1/x] of continued fraction expansion

r~ry<sdnm: T e =Ty

e Action of shift T: [0,1] xP — [0,1] x P
(1 1 —[1/x] 1
T<”’S)_<5‘[5]’< 1 0>'S>

Groupoid
G([0,1]xP, T) = {((x,s), m—n, (y,t)) : T"(x,s) = T"(y,1t)}
G° = {((=,s),0,(x,s))}

= C*-algebra C*(G([0,1] x P,T)), encodes properties of
the dynamics of T, Cuntz-like algebras (Renault)

= limiting behavior (for arithmetic invariants de-
fined on modular curves) when 7 — 0 € R\ Q (e.q.

limiting modular symbols)



Recover modular curves from NC spaces

Notation: T=T .4, R=T-p, p=¢e™/3 I =G\I, R=G\R,; o,7
gen PSL(2,Z) = Z/2%7Z/3, > = 1 and 73 = 1; P; = (o)\P and

Relative homology sequence: (H? := H1(X:\A, B; Z))

0 — Heusps — HUL 00 Ry @ Ho(1) — 7 — 0,

cusps

Ho(I) £ Z[P;], Ho(R) £ Z[Pr], Hf s = Z[P):
0 — Hcusps — Z[P] — Z[PRr] ® Z[P;] — Z — O
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Pimsner—Voiculescu exact sequence for group
[ acting on a tree (Tt ~T, T ~T/{c)UT /(1))

X =PR)xXP, I, =7%2/2= (o), Tr =7/3 = (7):
Ko(C(X)) —2~Ko(C(X) x o) & Ko(C(X) x T2) =% Ko(C(X) x )

! |

K1 (C(X) x I’)<B—K1(C(X) XTe)® Ki1(C(X) x I’T)<6—K1(C’(X))

Can identify K;(C(X)) = Z[P], Ki(C(X) x [,) = Z[PY],
Ki(C(X) x ;) = Z[Pg]

0 — Ker(8) — Z[P] — Z|P;]®Z[Pgr] — Im(B) — 0

canonically isomorphic to

O — chsps — Z[P] — Z[PR] @ Z[]P)[] — Z — O

(Similar for Ko with extra torsion)

e.g. Modular symbols {g(0), g(ico)}s identified with el-

ements in K-theory
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Result from dynamics: shift T : [0,1] x P —
[0,1] x P.

e Modular symbols at irrational points of the
“boundary” (localized on closed geodesics =
periodic cont fr)

geodesics between cusps = modular symbols {«, 5}¢ ho-
mology classes, lin combin of ¢(s) = {g(0), g(ico)}a for
gG=s€P

Limiting modular symbols 3 irrational

{81 e = lim  {z,y("}e € Hi(Xq, R),

, 1
lim

- O kS
WOOAW)”I;@ T"(s)

(A(B) = Lyapunov exponent of T')

Periodic case:

{09} 1
{{*,Bte = ogh, W};QKDOW(S)

Non-periodic case: vanishing result a.e. T-inv measure
(depends on spectral theory of Ruelle transfer operator)

e Modular forms obtained as integral averages
on the boundary
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Application: Mixmaster Universe

Cosmological models with SO(3) symmetry on the space-
like hypersurfaces and cosmological singularity at ¢t — 0O

ds® = —dt®> 4 a(t)dz? + b(t)dy? + c(t)dz?
Kasner metric (3 pi=1=>_,p?
ds? = —dt® + t?P1dz? + t?P2dy? + t2P2d 2>
Mixmaster universe (p; depend on a parameter u)
p1 = —u/(14+utu?) po = (14u)/(1+utu?) p3 = u(l4u)/(1+utu?)

Discretization: Eras, cycles: wu,yq = u_#[u]
and permutation of space axis

Result: Infinite geodesics on the modular curve

Xr,(2) hot ending at cusps « solutions of the
mix-master universe
11-1



NC and Arakelov geometry

Arithmetic surfaces (K = number field Og = ring
of integers) Smooth algebraic curve X over K =
model XOg arithmetic surface over Spec(Og).
Closed fiber of XOK over a prime p € Ok: Xy =
reduction mod p

Arithmetic infinity: embeddings « : K «— C (real
or complex conjugate) = archimedean primes =
Riemann surfaces Xq: X g or X ¢

Spec(Ok): adding “archimedean places” {a}

X: adding formal real linear combinations of “fibers at

oo .

Z)‘O‘Fa’ F, = formal symbols

(8}
Hermitian metric ds§ on each Riemann surface X,
Arakelov's philosophy: Hermitian geometry on

the X, = geometry of the “fibers at infinity”
Fao

12



Green function
compact Riemann surface X, Green function

gu,A- divisor A =3, mg(x), positive real—analytic
2-form du

e [ aplace equation: g, satisfies

00 gy = mi(deg(A)du —6,4)
with 64 the d—current o — Y . mep(x).

e Singularities. z = loc coord in neighb of x
= g4 — mg 109 |z| lOoC real analytic.

e Normalization: g, satisfies [y gadp = 0.

13



Geometric description of the F,?

Manin, “3-dimensional hyperbolic geometry as oo-adic
Arakelov geometry”, Invent.Math. 104 (1991)

e Enrich metric structure on X ¢ with a choice
of Schottky uniformization:

Schottky group: ' C PSL(2,C): discrete, free group of

rank g > 1 purely loxodromic elements

P1(C) D Ar = limit set of I": accumulation pts. of
[-orbits (Cantor set for g > 2)

Qr = IP’I(C) . A\[ connected, non-simply connected
M-invariant domain of discontinuity of [

Xe=Qr/I

Xr = H3/I' hyperbolic handlebody X¢ = 8%

14



e Green function on X, with Schottky uniformiza-
tion:

g((a) — (b),(c) — (d)) =
> "log |{a, b, he, hd) \—ng(a b) Y log|{z(h),z"(h),c,d)]

helr heS(g:)
S(v) conjugacy class of v in I

{(a,b,c,dy = cross ratio

In terms of geodesics in the handlebody X

— ) ordist(a  {hc, hd}, b * {hc, hd})
hel”

+ng(a b) Y ordist(zt(h) * {c,d}, 2" (h) = {c,d}).

heS(g:)

Coefficients X,(a,b) also in terms of geodesics

Geometric idea: Bounded geodesics in X give
the dual graph of the fiber Fy,

Physical interpretation: Holography principle: gravity on
bulk space (Euclidean AdS black holes), field theory (bo-
son/fermion) on the boundary

15



Example: Banados—Teitelboim—Zanelli black hole

Genus one case: H3/(q¢%) «~ X,(C) = C*/(¢*) (Jacobi
uniformization) q: (z,y) — (qz,|q|y)

2m(e|lr—| — 1
q:exp< 7 (i|r—| 7“—|—)> riZE(Mgi,/—MzggjLJ)

14

mass and angular momentum of black hole, —1/62 =

cosmological constant.

Operator product expansion of path integral on the el-
liptic curve X,(C) = Arakelov Green function (Alvarez-
Gaume,Moore,Vafa Comm.Math.Phys. 106 1 (1986))

g(z,1) = log (Iq\BQ('OgZ/'Og DRI -z [] 1L —q2l |1 - q”z_1|>

n=1

in terms of geodesics (gravity on bulk space):

1 0y, (z,1)
= —56(’70) B> ( 1(~0) ) + Zevl(o Zn) —|-n§>:1€%(0 ) Zn).

15-1



T=ux%{0,00}; Z, = q"2* {1,000}, Z, = q¢"z 1 * {1,00}

15-2



Arithmetic of the fibers F, (Serre)

X,, = smooth, proper curve over k = C,R, Hj =
Bettz(X/fmC) Hodge structure
HB ot @ Hpaq
b,q

S & (C, L/{,(HE,S) =
I1,,Tc(s —min(p,g))™" k=C

[, Tc(s—p)" I, Tr(s —p)" Tr(s —p+ 1" k=R

hP4 := dim¢ HPY hP* := dim(Z*(—1)P-eigenspace) of
de-Rham conj. on HPP
Fe(s) := (2r)7°M(s), Tr(s):=2"1277%/21(s/2)

e dt
(Gamma function) I(s) ;:/ ot =
0

Conclusion The archimedean factor is constructed
using a cohomological theory on X/,i
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Complex with monodromy

Consani, “Double complexes and Euler L-factors”, Com-
positio Math. 111 (1998)

X/,i smooth projective algebraic curve over k = C,R

3 (K", d) double complex of real differentiable
Tate-twisted forms on X,  with N = local
monodromy at oo (also real Frobenius F,, for k = R)

For x = C, H*(K",d)N=0 decomposes as (p €
7):
(HOYN=0 — & HO(X e, R(p))
p<0
HHV== & H'(X,c,R(p))
p<0
H)N=0 = & H2(X e, R(p))
p<1

(For k = R: take Fi.-invariants)

17



Regularized determinant

linear operator ¢ : HY(K",d)N=0 — HI(K",d)N=0

¢Q|gr]\§VHq(K',d)N:0 = multipl. by weight P

Archimedean factor:

Lu(H, ) = det(s (s — 6,) | (HON=0)1

Recall: T = self-adjoint operator with pure point spec-
trum (m, = multipl. of )

det(s — T) := exp(—d%CT(s, 2)|z=0)

(r(s,2) =) ma(s—A)7~

AeSpec(T)
cf. Deninger, “On the [-factors attached to motives”,
Invent.Math. 104 (1991)

H*(K,d)N=0 c H*(Cone(N)',d): ¢ restriction of a ‘weight’
operator & : H*(Cone(N)',d) — H*(Cone(N)',d)

Conclusion: H*(Cone(N)',d) carries arithmeti-
cal information on the closed fiber at oo

18



Polarized Hodge—Lefschetz modules
(H*(K7 d)7 Naéa < Tyt >)

Loc. monodromy at oco: N(n) = (27r\/—1)_177

(Tate twist, index shift)

Lefschetz: 4(n) = 2nv—-1)n Aw

(w = Kahler form)

Polarization: v : K7 ® K — R(1)
Equivalently: representation
o :SL(2,R) x SL(2,R) — Aut(K")

re K%, o { (8 aol) : (8 bol)} (z) = a'¥x
0O 1 0O 1
{8 o) +{o(2 )=

Symm. pos. def. bilinear form:

(z,y) = Y(z,0(w,w)y) w= <_01 cl))

19



Bers simultaneus uniformization

X/@ = Qr /I compact, smooth Riemann sur-
face of genus g > 2 uniformized by
[ C PSL(2,C) Schottky group of rank g

e Quasi-circle (Bowen) [-invariant Jordan

curve C C PL(C)
(limit set Ar C C, ]P)l(C) \C =01 U Q5)

C’:ﬂ‘r(CﬂQr) C X/(C7

J ;1 Q; S U;, Ui UUp =PHC)\PHR)

a; = conformal maps, U; ~ H? = upper half plane

o G, :={avya; 1 : yeT} ~T (GicPSL(2,R)
Fuchsian Schottky grps.)

° X/C = X3 U@X1=C'=8X2 Xo, X; = yz/Gz
X,; = Riemann surfaces with boundary C

For real structure ¢ = X(R)
20



Arithmetic spectral triple

From Lefschetz module = (H*(Cone(N)), (-,-))
pre-Hilbert space, with action of (right) SL(2,R)
by bounded operators

Input Schottky uniformization: (real) C*-algebra
Ag actingon 'H = (H*(Cone(N)), (-,-y) comple-
tion in B(H) of group ring R[] ( I c SL(2,R);
when unitary action A = C*(I"))

(Ar,H*(Cone(N)), ®) is a spectral triple
In the family of zeta-functions for the spectral
triple ¢, p(s,z) choose
a .— 0'2(—|d) c Aﬁ P_((D) = ¢|H*(K-’d)N:O
Obtain:

-1
exp _ic (i Z)| —0
dz a,P_QS:D) o’ =

_ Lo(Hg, 8)
Le(HS, s)Le(HE, s)

21



Model of the dual graph Geodesics in X

e Closed geodesics: VyeTl, 3{z*(y)} € PI(C) fixed
points; geodesic in H3 U P!(C) connecting {z*(v)}, for

~v € [ = closed geodesic in X
e Bounded geodesics: images in Xr of geodesics in
H3 U PY(C) having both ends on Ar

Coding of geodesics: Generators {g;}7_; of

[ (gz’+g — gi_l>
Subshift of finite type: (S,T)

S={...a-m...a_1a0a1...ap... |

2 .
a; € {gl}zip Qi41 7'_& ai, Vi € Z}
T(...a—m...a_1a0a1...0p...) =
e Qom41...000142 ... Ap41 - - -

Mapping Torus (suspension flow)

St =8 x[0,1]/(z,0) ~ (Tz,1)
generalized solenoid

22



H1(S7) has a filtration Fy, (dim F, = 2¢(2g—1)"(2g—
2) +1)

H1(S7) has a filtration K, (dmK, = (2g—-1)"+1,
n even, (2g —1)"+4+ (29 — 1), n odd)

e dynamical cohomology: Hj . = ®p<ogrs,Hy,
gro,Hi,, = (F_p/F 1) @r R(p)

e graded subspace V := @,<0 grgpv
gry,V = span{(2nv/—1)PXx_pt1.}
Xnk = [Xs+(w, )] € (Fa—1/Fn2)

e dynamical homology: ny” = Dp>1 grngfy”

grngilyn = Kp—1 @ R(p)
e graded subspace W = ®,>1 grp, W

gro, W = span{(2rv/—1)" Jrgk - - - gk}

p—times
e Involution F, induced by change of orientation

23



Archimedean vs. dynamical cohomology

There are Fso-equivariant isomorphisms U and
U: the diagram commutes (p < 0)

")
grin HY(XHN=0 22 gry o H?(X¥)
v o

B D I
gropV I2(—p1)"V

91 = arithmetic duality isom (between Ker and
Coker of monodromy N)

D = isom from homology/cohomology pairing
on St

Note: Ker(N) and Coker(N) of arithmetic construction
exchanged with Coker(1—T) and Ker(1—T) of dynam-
ical construction: intrinsic duality in U.

Conclusion: Geometric model for Archimedean
cohomology.
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A non-commutative space

A = matrix giving the admissibility condition
for sequences in § (A;; = 1 for |i —j| # g; = O

otherwise)

Cuntz-Krieger algebra: O 4 generated by S;, i =
1,...,2g partial isometries (S = SS*S) with relations:

ZSJS; =1 S,ZkSZ — ZAZJS]S;
J J

Dynamics of action of ' on Af

OA = C(/\r) X I

Other description as crossed product (up to stabiliza-
tion): O4 ~ Fa xrZ with F4 = AF-algebra

Action: of ©®4 on H(Sy) = induced action

1
on den
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Morita equivalent NC-spaces

e Action of O4 = C(Ar) x T on Hc%yn extends
to action of the algebra

(C(AF) ® Co(H3)) x I

e On the homology ny” action of C(Ar) that
extends to action of

CO(%rag)
sections of bundle £ = (C(Ap) x H3) /I — X

Morita equivalence:

(C(Ar) ® Co(H>)) x I =~ Co(Xr, E)

same non-commutative space
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Dynamical spectral triple

Dynamical homology and cohomology fit in a
spectral triple (A, H, D):

o A= (CAP) @ Co(H3)) x T

( “Reduction mod oo")
d
o H = Hc]flyn b M ®CO(%F>5) Hlyn
o Co(Xr,€&) sections of £ = (C(Ar) x H3) /T — Xr

e M bimodule implementing the Morita equiv-
alence (C(Ar) ® Co(H3)) x T ~ Co(Xr, &)

e D multiplication by the weight

D‘grng(}yn — p | D‘grngfyn — p

e D|;1 =D and D

=1 D
dyn M@Hcllyn

27



Archimedean factors from dynamics

Consider the zeta function

Crvpomis D (85 2) 1= Z r (WV,F’Oozidrl(Aa D)) (s—A)7~
AeSpec(D)

WV,Foo:z'd — orthogonal projection on +1 eigenspace
of Fy in V

The regularized determinant

(-t )i
—, 2
P dz Ty, Foo—zd727r o’ z=0

— LR(Hl(X/]R7 R), s)

algebra role:

g

NNy Fo=idl IN = Z
i=1

SN g
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Non-archimedean places

Mumford curves K = finite extension of Q,;, Ak
Bruhat-Tits building 0Ax = PY(K); T Cc PGL(2,K) p-
adic Schottky group

Xr = Qp /I Schottky—Mumford curve

Ar/T dual graph of closed fiber (Al = tree of
free group I extended to subtree of Ag; closed fiber of
min model over Og C K ring of integers:. totally split

degenerate)

For any M-invariant A C Ag: W(A/I') = dou-
bly infinite walks

subshift of finite type and mapping torus W(A /") r

= dynamical cohomology Hj , (A/T)

29



Spectral triple

Algebra: C*-algebra of graph C*(A/I') (gener-
alization of Cuntz-Krieger algebras)

E = graph, C*(F) generated by {P,},cg. orthogonal pro-
jections and {Sw}weEi partial isometries with

SiSw =Py Po= >  SuS;

Action of C*(A/I') on dynamical cohomology

dyn(A/r) (as in archimedean case)

(C*(A/T), Hyyp (A/T) & Hy,, (A/T), D)

spectral triple (D = multipl by weight and 22
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Local factor()\ = eigenvalues of Frobenius)

LOHA(Xr), 8) = [J(1 = Aq~®)~ Aim HCX)
A

Mumford curves: L(H(X),s) = (1 —q %)Y

From zetas of spectral triple:
det (s) = exp (—=(qip+(s,0)) exp (=(gip,-(5,0))

Cain—(s,2) i= > Tr(aly) (s 4+ A)~*
xeSpec(iD)Ni(—o0,0)
CaiDg(s,2) 1= > Tr(aly) (s +X)~°

AeSpec(iD)Ni[0,00)

det = L(HY (X -1
oo,w(%),iD(S) (H*(Xr),s)

NMyrW)Ny =S8 si Y

7

w; = words repres. generators of [

Generalizations for non-split degenerate cases
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