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What is a Noncommutative space?

measure theory von Neumann algebras
top ology C {algeb ras

smo oth structures smo oth subalgeb ras
Riemannian geometry spectral triples

W arning: More rigid structure in the noncom-
mutative case!

C -algebras: Gelfand{Naima rk corresp ondence (lo c. comp.
Hausdor space , Commutative C -algebra)

X, Co(X) Topology

but for NC tori C -algebra T \lik e" C structure, NC
elliptic curves



Noncommutativit y from quotients

Algeb ra of functions for a quotient space X =
Y=

Functions on Y with f(a) = f(b) fora Db
Poor!

Functions f_, on the graph of the equiva-
lence relation. Go od!

For suciently nice quotients: Morita equiva-
lent.

Simplest example: Y = [0;1] f 0;1g; equivalence (x; 0)
(x;1) for x 2 (0;1). First metho d: constant functions
C; second metho d:

ff 2 C(0;1]) M2(C): f(0) and f (1) diagonal g

W arning: Dierent NC spaces from same quo-
tient (Quantization is an art not a functo r)




Geometry on NC spaces

Connes, \Geometry from the spectral point of view",
Lett.Math.Phys. 34 (1995) 3

In nitesimal  distance element ds on a compact Rieman-
nian spin manifold in terms of Dirac operator D. )
Data (C! (X);L?(S);D) completely determine the Rie-
mannian geometry

Sp ectral T riples

A C -algebra (or dense sub-algeb ra)
H Hilb ert space H
D (unb ounded) \Dirac operator" on H

With the follo wing conditions:
1. D self-adjoint
2.8 2R: (D ) 1 compact

3. 8a2 A: [D;a] bounded on H



Sp ectral triples and zeta functions

(A;H;D) spectral triple
X Y
$,22C gp:=  Tr(a; (;iDp)(s ) “°

Q( ; JDj) = orthog. proj. on the eigsp. E(; |Dj)
a2 A= algebra generated by A and [D;A]

Have: Mellin transfo rm

1 4+1
X Y
() aD:s(t) = Tr(a; (; jD}))) als )t

Under suitable hyp othesis on asymptotic ex-
pansion of ( ):

a:D (S;Z) admits a unigue analytic continuation
and there is an associated

Regula rized determinant (Ray-Singer)

d
1d§;[D(S) = exp( dz a:D (S; Z)jzzO)
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Arithmetic (Compacti cations)

Mo duli spaces: NC spaces as \b ounda ries"

In nite  primes: archimedean b ers as NC
spaces

NC Geom and compactications (philosophy):
(1) NC tori in M-theo ry (Connes{Douglas{Schw arz)
(2) degenerations of CY manifolds (Kontsevich{Soib elman);

(3) Foliations and boundary of T eichmeuller spaces (Thurston);

(4) Instantons (Nekrasov{Schw arz);



Mo dula r curves (Simplest signicant example of

mo duli spaces)

G = nite index subgroup of = PSL(2;Z) or
PGL(2 ;Z); P:= =G cosets; H2 = 2-dim real
hyp erbolic plane

Xg:= GnH? = n(H? P)

Compacti cation by cusps

GnP}(Q) = n(PY(Q) P)

If count irrational points PY(R) as \part of
boundary" ) NC spaces



NC spaces asso ciated to Xg:

n(PY(R) P)) C -algebra
C(PY(R) P)o

Mo dular interp retation.

Precise: nP(R) = Morita equivalence classes
of NC ton T

Heuristic: degeneration of elliptic curves

Jacobi unifo rmization: g 2 C, jgj < 1 (q =
exp(2 1), Im( ) > 0)

Eq: C:qz

fundamental domain: annulus radii 1 and q, identica-

tion via scaling and rotation

As g! exp(2 i)25Sl, 2RnQ,
Eq ! NC torus T



Same classical quotient!

PGL(2 ;Z) orbits in PY(R) ' orbits of [0;1] under Tx =
1=x [1=x] of continued fraction expansion

X 1Y, OnNm:T"'x=TMy

Action of shift T :[0;1] P! [0;1] P
1

. 11 [1=x] 1
T(X;S) = " v 1 0

Group oid
G([0;1] P;T) = f((x;s);m n;(y;t) : T™(x;s) = T"(y;t)g
Gl = f((x;9);0;(x;8) g

) C -algebra C (G([0;1] P;T)), encodes prop erties of
the dynamics of T, Cuntz-lik e algebras (Renault)

) limiting behavior (for arithmetic invariants de-
ned on modular curves) when ! 2 RnQ (eg.

limiting mo dular symb ols)



Recover mo dular curves from NC spaces

Notation: I = i, R = , = e"3 | = Gnr R = GnR;
gen PSL(2 ;Z) = Z=2 Z=3, 2= 1and 3= 1, P = hinP and
Pr= hinP

Mo dula r complex computing H1(Xg)

Relative homology sequence: (HB:= Hi(XsnA; B;2))

0! Heusps ! HELL T HG(R) Ho(1)! Z! O
Ho(1) = Z[P], Ho(R) = Z[Pr], HRk)s = Z[PI:
0! Heusps! ZIPI! Z[Pr] Z[P]! Z! O
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Pimsner{V oiculescu exact sequence for group
acting on atree (Tt , 7% =hi[ =hi)

X:=PY(R) P, =2Z=2=hi, =2Z=3=hi:
Ko(Cg{X)) ——Ko(C(X)0 ) Ko(C(X)o )—'Ko(C(X)o0)

Ki(C(X)0 ) *—Ky(C(X)o ) Ki(C(X)o )o——Ky(C(X))

Can identify K;(C(X)) = Z[P], Ki(C(X)o ) = Z[P],
Ki(C(X)o )= Z[Pgr]

0! Ker( )! Z[P]! Z[P;] Z[Pr]! Im(™)! O

canonically isomo rphic to

0! Heusps! Z[P]! Z[Pr] Z[Pj]! Z! O

(Simila r for Ko with extra torsion)

e.g. Modular symbols fg(0) ;g(il1 )gg identied with el-

ements in K -theo ry
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Result from dynamics: shift T :[0;1] P!
[0;1] P.

Mo dular symb ols at irrational points of the
\b oundary" (lo calized on closed geodesics =
perio dic cont fr)

geodesics between cusps ) modular symbols f ; gg ho-
mology classes, lin combin of ' (s) = fg(0) ;g(il )gg for
gG=s2P

Limiting mo dula r symb ols irrational
1
ff 5 9ge:= Iim —fxy( )ge 2 Hi(Xe;R);
1 X
Il{"
n! ( )n 1

( ()= Lyapunov exponent of T)

T*(s)

Perio dic case:

£0; g(0 1 X
f o gge = |g()gG=—‘ O TR(s)
09 ¢ ()
Non-p erio dic case: vanishing result a.e. T-inv measure

(dep ends on spectral theo ry of Ruelle transfer op erato r)

Mo dular forms obtained as integral averages
on the boundary
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Application:  Mixmaster Universe

Cosmological mo dels with SO(3) symmetry on the space-
like hyp ersurfaces and cosmological singularity at t! O

ds? = gtz + a(t)dx|23+ b(t)dy? + c(t)dz?
Kasner metric ( pi= 1=, p?)
ds? =  dt?+ t?Pidx? + t2Pdy? + t2Pedz?
Mixmaster universe (p; depend on a parameter u)
pr=  Uu=(l+ u+u®) pz = (1+ u)=(1+ u+u®) pz= u(l+ u)=(1+ u+ u?)

1

Discretization:  Eras, cycles: upy = Un [un]

and permutation of space axis

Result: In nite geodesics on the mo dular curve
X @2 hot ending at cusps , solutions of the

mix-master universe
11-1



NC and Arak elov geometry

Arithmetic surfaces (K = number eld Ok = ring
of integers) Smo oth algebraic curve X over K)
mo del X, , arithmetic surface over Spec(O).
Closed b er of X, over aprime } 2 Og: X} =
reduction mod }

Arithmetic innit y: embeddings :K ]! C (real
or complex conjugate) = archimedean primes )
Riemann surfaces X : X_r or X_¢

Spec(Ok): adding \a rchimedean places" f ¢

X: adding formal real linear combinations of \b ers at

1" X
F; F = formal symbols

Hermitian metric ds? on each Riemann surface X

Arak elov's philosophy: Hermitian geometry on
the X ) geometry of the \b ers at innit y"
F
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Green function
compact Riemann_ surface X, Green function

. P " .
g:a - divisor A=y, mx(Xx), positive real{analytic
2-form d

Laplace equation : ga satis es

@ga = 1(deg(A)d  a)

_ P
with A the {current ' 7! . myx" (X).

Singula rities : z = loc coord in neighb of Xx
) ga mMmyxlog jzj loc real analytic.

L _ R
Normalization : gp satises y gad = 0.
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Geometric  description of the F ?

Manin, \3-dimensional hyperbolic geometry as 1 -adic
Arak elov geometry”, Invent.Math. 104 (1991)

Enrich metric structure on X _c with a choice
of Schottky  unifo rmization:

Schottky group : PSL(2 ;C): discrete, free group of

rank g 1 purely loxodromic elements

PL(C) = limit set of : accumulation pts. of
-0 rbits (Canto r set for g 2)

= PL(C)r connected, non-simply connected
-inva riant domain of discontinuit y of

XC:

X = H3= hyp erb olic handleb ody Xc= @X
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Green function on X_c with Schottky unifo rmiza-
tion:

g((a) (b);(c) (d) =

X X9 X
log jha; b;hc; hdij X-(a;b) log jhz* (h);z (h);c;dij
h2 =1 h2S(g)
S( ) conjugacy class of in

ha; b:c;di = cross ratio

In terms of geodesics in the handleb ody X

X
ordist (a fhc;hdg;b fhc;hdg)
h2
X3 X
+ X-(a;b) ordist (z* (h) fc;dg;z (h) fc;dg):
=1 h2S(g)

Coecients X-(a;b) also in terms of geodesics

Geometric  idea: Bounded geodesics in X give
the dual graph of the b er F

Physical interp retation: Holography principle: gravit y on

bulk space (Euclidean AdS black holes), eld theory (b o-
son/fermion) on the boundary

15



Example: Ba+nados{T eitelb oim{Zanelli black hole

Genus one case: H3=(g?) ! X4(C) = C =(g¢%) (Jacobi
unifo rmization) q: (z;y) 7! (9z;jqy)
|

2 (ijr j ry) 1 . p_—
g= exp Q) L <) 2o 1y M221 ]
2
mass and angular momentum of black hole, =2 =

cosmological constant.

Op erato r product expansion of path integral on the el-
liptic curve Xq(C) = Arakelov Green function (Alva rez-
Gaume,Mo ore,V afa Comm.Math.Phys. 106 1 (1986))

0(z;1) = log jgP°a Z=0ID2j1  7j 1 g'Zjj1 o'z Y

n=1
In terms of geodesics (gravit y on bulk space):
_ 1 Sz X X
R TO R b

15-1



f0;1g ; zn= q'z f1;19, 2z, = "z ?!

f1;1g

15-2



Arithmetic of the b ers F (Serre)

X- = smooth, proper curve over = C;R, Hy =
Hgei (X= ;C), Hodge structure
HB = H P4
pid

s2C; L (Hg;s) :=

8Q - pq

2 " 4 c(s min(p;q)" = C
" >Q Q . p

C g c(s ™ T R(s P r(s pt+ DF =

hP9:= dimcHPY9 hP> = dim( ( 1)P-eigenspace) of

de-Rham conj. on HPP

c(s):= (2 ) °(s); Rr(s):= 212 52(s=2)
Z .,

. dt
(Gamma function) ( s) := e 'S -
0

Conclusion The archimedean facto r is constructed
using a cohomological theory on X_
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Complex with mono dromy

Consani, \Double complexes and Euler L-facto rs", Com-
positio Math. 111 (1998)

X - smooth projective algebraic curve over = C;R

9 (K ;d) double complex of real dierentiable

T ate-t wisted forms on X_- with N = local
mono dromy at 1 (also real Frobenius F; for = R)
For = C, H (K ;d)N=0 decomp oses as (p 2
Z).
(HON = OHO(X=c:R(|O))
p
(HHY? = HAX=<iR(p)
P
(H)Y2 = HAX=<iR(p)
p

(For = R: take F1 -invariants)
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Regula rized determinant

linear operator ¢: HAK ;d)N=0 1 HIK ;d)N=0

qjgr\équ(K qN=0 = multipl. by weight p

Archimedean facto r:

L (9 = det(, (s @) J (HYNP) 3

Recall: T
trum (m

self-adjoint operato r with pure point spec-
multipl. of )

d
det(s T):= exp( — 1(Si2)jz=0)
dz

X
1(8;2) = m(s )~

2Spec(T)
cf. Deninger, \On the -facto rs attached to motives",
Invent.Math. 104 (1991)

H (K ;dN=0 H (Cone( N) ;d): restriction of a ‘weight'
operator :H (Cone (N);d)! H (Cone( N) ;d)

Conclusion : H (Cone (N) ;d) carries arithmeti-
cal information on the closed b er at 1

18



Polarized Ho dge{Lefschetz mo dules
(H (K;d);N;5< 5 >)

Loc. monodromy at 1 : N( )= (2 p_1) 1

(T ate twist, index shift)

Lefschetz: () = (2 P 1) A
(! = Kahler form)
Polarization: K K- ! R(1)

Equivalently: representation
:SL(2;R) SL(2;R)! Aut( K )

ij . a 0 . b O _ iy
x 2 K"Y; 0 al o pr X a'b x
0 1 ., _ .- .01 _
d 0 0 ;0 = N; d 0 0 0 =
Symm. pos. def. bilinear form:
vl — : : _ 0O 1
h,yi = (xX; (w;w)y) w= 1 0

19



Bers simultaneus unifo rmization

X_c = = compact, smooth Riemann sur-
face of genus g 2 unifo rmized by
PSL(2 ;C) Schottky group of rank g

Quasi-circle (Bo wen) -inva riant Jordan

curve C  PL(C)
(limit  set C,P(C)nC= 1[ 2)

C: (C\ ) X:C;

9 i: ! U: Ui[ U= PYC) nPLYR)

i = confo rmal maps, Ui' H? = upper half plane

Gi=f; ;1: 2-g' (G PSL@Z:R)
Fuchsian Schottky grps.)

Xc= X1l g = 6= @x, X2, Xi = Ui=G;
Xi = Riemann surfaces with boundary C

For real structure € = X (R)
20



Arithmetic sp ectral triple

From Lefschetz module ) (H (Cone( N));h; 1)
pre-Hilb ert space, with action of (right) SL(2 ;R)
by bounded operato rs

Input Schottky unifo rmization: (real) C -algebra
A_ acting on H = (H (Cone( N));h; i) comple-
tion in B(H) of group ring R[~] ( ~ SL(@2;R);
when unita ry action A-= C (7))

(A-;H (Cone (N)); ) s a spectral triple

In the family of zeta-functions for the spectral
triple  a.p(S;z) choose

a .= 2( Id) 2 A_ P () = jiH (K ;d)n=o
Obtain:
!
ox d S . 1
P dz a;Pz() 2 Jz=0
Lc(HE;s)

T Le(HY;s9)Lo(HE:s)

21



Mo del of the dual graph Geodesics in X

Closed geodesics: 8 2, 9fz ( )g2 PY(C) xed
points; geodesic in H3[ PY(C) connecting fz ( )g, for

2 ) closed geodesic in X
Bounded geodesics: images in X of geodesics in
H3[ PY(C) having both ends on

Co ding of geo desics: Generato rs fgigig:1 of

(gi+g: g; 1)
Subshift of nite type: (S;T)

S=f:.ram::;ajaar:;;a::: |

a2 fgg’y ; a1 6 a;8i 2 Zg:
T(:::a m:::a 1apaz:.:a:::) =
i@ m+1 -..Q@pala@ziiiasr i

Mapping T orus (susp ension o w)

Str= S [0;1]=(x;0) (Tx; 1)
generalized solenoid

22



H1(St) has
2) + 1)

a ltration Fp (dim F,= 2g9(2g 1" 1(2g

H,(St) has a ltration Kp (dim Kn= (2g 1)"+ 1,

neven, (2g 1"+ (2g 1), n odd)
dynamical cohomology : Hg . = p 00rypHgn
9ropHdyn = (F p=F p 1) rR(p)
graded subspace V :=  ogr,,V
gr,,V = spanf (2 IO_l)'o o1 kO
nk = [ stw)] 2 (Fn 1=Fn 2)
dynamical homology : H®":= 10r,,H H
gropH H{" = Kp 1 R(p)
graded subspace W = 10r,,W
gr,,W = spanf (2 p_l) POk OO

Involution

p tlmes

F1 induced by change of orientation

23



Archimedean vs. dynamical cohomology

There are F1 -equiva riant isomo rphisms U and
U:. the diagram commutes (p 0)

gripH (X YN=0 Lgrif ) HZ(X )
u u

gropV D W

/gl’2( p+1)

1 = arithmetic dualit y isom (b etween K er and
Coker of mono dromy N)

D = isom from homology/cohomology pairing
on St

Note: Ker(N) and Coker(N) of arithmetic construction
exchanged with Coker(1 T) and Ker(1 T) of dynam-
ical construction: intrinsic dualit y in U.

Conclusion: Geometric mo del for Archimedean
cohomology .
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A non-commutative space

A = matrix giving the admissibilit y condition
for sequences in S (Aj = 1 forji jj6 g =0

otherwise)

Cuntz-Krieger algebra: Op generated by S, i =
1;:::;29 partial isometries (S = SS S) with relations:

X X
| Sij =1 S S = | Aij Sij
J J

Dynamics of action of on

OA:C( )O

Other description as crossed product (up to stabiliza-
tion): Oa' FaoOtTZ with Fap = AF-algeb ra

Action: of Ox on H1(St) ) induced action
1
on den

25



Mo rita equivalent NC-spaces

Action of Op = C( )0 on Hg,, extends
to action of the algebra

(C( ) Co(H3) o

On the homology nyn action of C( ) that
extends to action of

Co(X ;E)
sections of bundle E= (C( ) H3= ! X

Mo rita equivalence:

(C( ) Co(H®) o ' Co(X ;E)

same non-commutative Space
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Dynamical spectral triple

Dynamical homology and cohomology t in a
spectral triple (A;H;D):

A= (C( ) Co(H¥) o
(\Reduction mod 1 ")

_ 1 dyn
H=Hgn M cux:pH1

Co(X ;E) sections of E= (C( ) H®»= 1! X

M bimo dule implementing the Morita equiv-
alence (C( ) Co(H3®)) o ' Co(X ;E)

D multiplication by the weight
ngr H: = P ngrszfy”: P

2p° " dyn

DjHéyn: D and DjMH ?yn: 1 D
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Archimedean facto rs from dynamics

Consider the zetaX function

V:F1=id;D(S;Z) = Tr V;F1=id( ) D) (S ) ‘
2Spec(D)
V:E1 =id — orthogonal projection on +1 eigenspace
of F1 InV

The regularized determinant

d s . 1
D —Z JZ:O

ex —
P dz vF1=id2 2

= Lr(HY(X_r:R);s)

algebra role:

NS
_ Ne N
N V:E; =id N = S S
i=1
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Non-a rchimedean places

Mumfo rd curves K = nite extension of Qp;
Bruhat-Tits  building @ x = P(K); PGL(2;K) p-
adic Schottky group

X = = Schottky{Mumfo rd curve

O= dual graph of closed b er ( °= tree of
free group extended to subtree of ; closed b er of
min mo del over Ok K ring of integers: totally split

degenerate)

For any -inva riant kK. W( =) = dou-
bly innite walks

subshift of nite type and mapping torus W( =

) dynamical cohomology HéLyn( =)

29



Spectral triple

Algebra: C -algebra of graph C ( =) (gener-

alization of Cuntz-Krieger algebras)

E = graph, C (E) generated by fPygy2go orthogonal pro-
jections and fSwguoe: partial isometries with

X
SWSW = Pr(w) PV = SWSW

w:s(w)= v
Action of C ( =) on dynamical cohomology

H(:ijn( =) (as in archimedean case)

(C ( =) iHgn( =) Hgn( =):D)

spectral triple (D = multipl by weight and ﬁﬂ
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Lo cal facto r( = eigenvalues of Frob enius)

Y .
LHAX )i = @ g & @mHICO
Mumfo rd curves: L(H1(X):;s)= (1 q S) ¢

From zetas of spectral triple:

det (s) = exp g;iD +(5;0) exp g;iD; (s;0)

1 ;a;iD
X
aip: (s;z) = Tr(a )s+ ) °
2Spec(iD)\Vi(1 ;0)
X
a;iD + (S;2) = Tr(a )s+ ) °

2Spec(iD)\i[0;1)
det s) = L(H(X ' S 1
1;(V);iD() (H(X );s)

X
_ N N
N (V) N = SWiSWi
i
w; = words repres. generato rs of

Generalizations for non-split degenerate cases
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