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Some Goals:
Moduli spaces in arithmetic geometry:

Enrich the boundary structure with “invisible”
degenerations:

e Modular curves

(elliptic curves and noncommutative tori)

e Shimura varieties

e Moduli spaces of Drinfeld modules, etc.

L-functions:

e Modular forms and modular symbols
extensions on the boundary

e Spectral realization of L-functions
and cohomological interpretation

e L-functions of motives

(geometry of archimedean factors)

e |L-functions for real quadratic fields
(Stark’s numbers)



Noncommutative geometry as a tool

Equivalence relation R on X:
quotient Y = X/R.

Even for very good X = X/R pathological!

Classical: functions on the quotient
AY) :={f e A(X)|f is R —invariant}

= often too few functions
A(Y) = C only constants

NCG: A(Y) noncommutative algebra

AY) = A(TR)

functions on the graph I'p C X x X of the
equivalence relation
(compact support or rapid decay)

Convolution product

(frxfo)(x,y) = > fi(z,u)fo(u,y)

T~uU~Y

involution f*(z,y) = f(y,x).



A(Iz) noncommutative algebra = Y = X/R
noncommutative space

Recall: Co(X) < X Gelfand—Naimark equiv of categories
abelian C*-algebras, loc comp Hausdorff spaces

Result of NCG:

Y = X/R noncommutative space with NC al-
gebra of functions A(Y) := A(I') is

e as good as X to do geometry
(deRham forms, cohomology, vector bundles, con-
nections, curvatures, integration, points and subva-

rieties)

e but with new phenomena
(time evolution, thermodynamics, quantum phe-

nomena)



An example: Q-lattices
(from joint work with Alain Connes)

Definition: (A, ¢) Q-lattice in R
lattice A C R"™ 4 labels of torsion points

¢ Q"/Z" — QN/N

group homomorphism (invertible Q-lat if isom)

Commensurability (A1, ¢1) ~ (A2, ¢2)
iff @/\1 = Q/\Q and ¢1 = ¢o mod A1 4+ Ao

Q-lattices / Commensurability = NC space
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More concretely: 1-dimension

(N, ¢) =(AZ,Ap) A>0
p € Hom(Q/Z,Q/Z) = lim Z/nZ = 7

Up to scaling A: algebra C(Z)

Commensurability Action of N = Z+

an(f)(p) = f(n"1p)

(partially defined action of Q)

Invertible:
A%/QY = GL1(Q)\(GL1(Ay) x {£1}) = Sh(GL1,£1)

simplest (zero-dim) example of Shimura variety

Non-invertible:
Co(Af>>4@j_ ~ Shnc(GLl,:l:l)

“non-commutative’” Shimura variety



1-dimensional QQ-lattices up to scale / Commens.

= NC space C(Z) x N

Crossed product algebra

fixfa(rp)= > fi(rs 1 sp)fa(s, p)

seQ* ,sp€Z

f*(rp) = f(r=1,rp)

Representations: R, = {r € Q% : rp € Z}

(mo(HE () =Y flrs™h, sp)E(s)

seER,

on ¢?(R,). Completion: || f]| = sup, ||m,(f)]

Time evolution
(ratio of covolumes of commensurable pairs)

covol(A)"

e IR

(o0 YA, @), (N, 6)) = (

(ot £)(r, p) = " f(r, p)



Quantum statistical mechanics

(A, o) C*-algebra and time evolution
State: ¢ : A — C linear ¢(1) =1, p(a*a) >0

Representation 7 : A — B(H): Hamiltonian

7(o¢(a)) = e r(a)e

Symmetries:

e Automorphisms: G C Aut(A), gor = o9
Inner: uw = unitary, ot(u) = u, a — uau®
e Endomorphisms: poy = op, € = p(1)

Inner: u = isometry oy(u) = Ay



KMS states ¢ € KMSg

Imz=

It F(t +iB) = d(o(b)a)

F(1) = ¢(aoy(b))

Imz=0 0

Va,b € A 3 holom function F, ;(z) on strip:

Fa,b(t) = p(aot(b)) Fa,b(t +i8) = ¢(o¢(b)a)
Vit e R



Example: Gibbs states inverse temperature 0 < 8 < o©

% Tr (a e_ﬁH) Z(B) =TTr (e_ﬁH)

At T'> 0 simplex KMSz ~» extremal &g
At T = 0 (ground states) weak limits

pro(a) = lim p5(a)

Classical points of NC space

Action of symmetries (mod inner): endomor-
phisms

p(p) = Lso op, forple)#=0
w(e)

On £ warming up/cooling down

Tr(mp(a) e—PH)
Tr(eBH)

Wg(p)(a) =
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Main idea: Recover classical moduli spaces as
set of low temperature KMS states.

Extra structure: high temperature regime, phase

transitions, algebra of quantum mechanical observables

Bost—Connes: For (C(Z) x N, o)

Classification of KMS states:
e 3 <1 = unique KMSg state

¢ 3>1 = & = Sh(GL1,+1)

x =i 7o (x) e PH
Qpﬁ,a( ) (8 TI’( o) )

e 3 = oo Galois action 0 : Gal(Q%/Q) = 7
v e(z) = p(0(y) z)
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Generalizations:

System GL; GL K = Q(v/—d)
Z(B) ¢(8) (BB -1) ¢k (B)

Symm Ap ,/Q" GL2(Ag,r)/Q" Ax /K
Aut 7* GL>(Z) O/ O*
End GLI(Q) CI(O)
Gal Gal(Q?/Q) Aut(F) Gal(K*/K)
Ev | Sh(GL1,41) | Sh(GLy, H¥) Ay /K

In 2-dimensions GL» (Connes-Marcolli)
Q(+v/—d) (Connes-Marcolli-Ramachandran)
Shimura varieties (Ha-Paugam)

Function fields (Consani-Marcolli)

Function fields case K = F,(C) requires char p valued

functions; time evolution o
L-function

. Zp, — Aut(A) and Goss

Z(s) =) I* s€80=Ci x1Z
1
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The function field case (Consani-M.)

2-dim Q-lattices & pointed Tate module [CMR]

TE = HY(E,Z), ¢1,65€TE.

Commensurability < isogeny

Function fields K = F,(C):
Elliptic curves/lattices = Drinfeld modules

Lk 1 1-dim K-lattices mod commens. Ak ,/K*
(choice of v = oo on curve C) = convolution algebra

K. = completion at v = oo; K. = algebraic closure:

Cs = completion; Goss L-function

Z(s) =Y I° s€80c=Ck xXZp
1

Quantum statistical mechanics:
p-adic time evolution o : Z;, — Aut(A)
= Partition function Z(s), KMS states Ay /K*
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General procedure: Endomotives
(from joint work with Connes and Consani)

Algebraic category of endomotives:

Objects: Agx = A xS

A= I@)Aa Xao = Spec(Aq)

(@
X, = Artin motives over K
S = unital abelian semigroup of endomorphisms with
p:1 A= ede with e = p(1)

Morphisms: étale correspondences

G(Xa,S) — G(X/,,8") spaces Z such that the
right action of G(X/,, ") is étale.

(i.e. Z = Spec(M) right Ag-module: M finite projective)

Q-linear space M ((Xq,S), (X.,,S")) formal linear combi-
nations U = ) . a;Z;

Composition: ZoW =27 xgW

fibered product over groupoid of the action of S’ on X’
13



Analytic category of endomotives: X(K)/S

Objects: C*-algebras C(X) x S

C* —algebra A =C(X(K)) xS =C*")
Uniform condition: p = lim u. counting on X,
dp*p
dp
= state p on A

loc constant on X = X (K)

Morphisms: étale correspondences Z

g . Z — X discrete fiber and 1 =comp operator in Mz
right module over C*(X) from C.(G)-valued inn prod

e, s)i= 3 &mzos)

zeg~' ()

For G—G’ spaces Z — Z(K) = =2
C.(Z) right mod over C.(G)

Morphisms = in KK or cyclic category

14



Galois action: G = Gal(K/K)
on characters X(K) = Hom(A4,K)

automorphisms of A=C(X) x S

Revisit the example: ¢(Z) = Cc*(Q/Z)
(Fourier transform)

X, = Spec(A,), An = Q[Z/nZ]

A = lim 4, = Q[Q/Z]

S = N action on canonical basis e,, r € Q/Z

pn(€r> — % Z €s

ns=r

Galois action ¢, = X(el/n) = cyclotomic action of

Gab — Ga|(@cycl/@)

Examples from self-maps of algebraic varieties
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Data: (X, S) endomotive /K:

e C*-algebra A =C(X) x S

e arithmetic subalgebra Agx = A% S
e state v : A — C (from uniform p)

e Galois action G C Aut(A)

Enters Thermodynamics:
(A, ) = o with ¢ KMSq (Tomita—Takesaki)

GNS H, with cyclic separating vector &
Mg and M’¢ dense in 'H, (M =von Neumann alg)

Sp 1 ME— Mg af i Sp(af) = a’¢
Syt ME— M'E d€ Sp(d€) = a”¢
closable = polar decomposition S, = J@A;/Q
Jo conjugate-linear involution J, = JZ = J(;l
A, = S5S, self-adjoint positive J,AuJ, = 5,55 = A

o JoMJp=M"and ATMA" = M

at(a) = AgaA;it a e M

e T he state ¢ is a KMS; state for the modular
automorphism group o} = a_¢
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Classical points: QB

if o preserves Ax x C = KMS; state on A

Qg3 C Eg regular extremal KMSg states
(low temparature: type I, i.e. factor M type 1)
€ € QB = irreducible representation

me . A — B(H(€))

Gibbs states: o (me(a)) = e re(a)e 1
with Tr(e %) < oo
Tr(we(a)e_ﬁH)
e(a) =

Tr(e—AH)
Notice: H not uniquely determined H «— H + ¢
Real line bundle Q23 = {(e, H)}

A, H) = (e, H+1log)) VIeRL
R% — €3 — €3 with section Tr(e ##) =1
Qg ~ Qg X Rj_

Injections cz 5 : Qz — Qg for 5/ > 3
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Dual system: (A,6) algebra: A=A x,R

(2y)(s) = [ e orly(s—D)dt, @,y € SR, A)

[x(t) Updt € .AA@

Scaling action § of A € RY on A

HA(/x(t) U, dt) = /xita;(t) U, di

(e,H) € Q5 = irred reps of A

me ([ 2O Urdt) = [ me(w(®) e at

Scaling action: m 0 0\ = 7y 1)

Function field case: (Consani-M.):

Scaling action on dual system

= Frobenius action (up to Wick rotation)

= "“Scaling = Frobenius in characteristic zero

18



Function fields: scaling and Frobenius
K% = Fra. X uZ xU x= Sign(az)ugg"(x)(@ like z = re?
s € Seo =C% X Zp, N € Ki

As = £ded) N}y = 15 = zded(D 1)y

| . N _ (DY /
time evolution oy(f)(L,L") = Wf(L, L")

Dual system and scaling by A € KX
H=Gx%Z, GCC;, teC(H,A)

X=/H€(S)Usd,u(s)
scaling 0,\(X) = [, £(s)X\Usdp(s)

O (X) :/HE(S)QZdegO\)USd,U,(S)

Oxlz,(X) =/H€(s)()\>yU5d,u(s)

Algebra A maps to A(Ag/K*)

injective Artin homomorphism @ : K — Gal(K®/K) (lo-
cal class field theory K = K)

e 0)\|c — FrZ Frobenius

® 03|z, — Gal(K/K"") inertia
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Trace class property:

me ([ 2(8) Updt) € £1(H(e))

for z € ﬂg (analytic continuation to strip of KMSg
with rapid decay along boundary)

Restriction map:

Ag T 0S5, LY 15 C(2p)
m(x)(e,H) = 7. g(z) V(e H) € Qg

(no obstruction hypothesis for Tr)

Morphism of cyclic modules
AL T O (g, L1

G
—~ O7'('h = . . . .
AFB (Trem) C(£23)" equivariant for scaling action of R7.

Abelian category: can take cokernels

D(A, o) = Coker(9)

Cyclic cohomology: HCp(D(A, ¢)) with

e Scaling action: induced IR{*_I_ representation

o If (A,p) from an endomotive: Galois repre-
sentation

19



Quick excursus: cyclic category and NC spaces
(Connes)

Cyclic category: [n] € Obj(N)
6i i [n—1] — [n], o;: [n+ 1] — [n]

5]'51' = 5i5j—1 for 1 < 7, 0j0; = 0i0j41, 1<
51'0'3'_1 1< 7
ajéz-: 1, ife=j5o0ori=353+4+1

52'_10']' 1> 7+ 1.
ot [n] — [n]
Tn0i = 0i—1Tn—1 1 <1< n, Tndo = On

— . — 2
ThOi = 0i—1Tp4+1 1 S 1SN, Thoo = OnT

n+1 —
Tn ==

Category C cyclic objects: covariant functors A — C

Unital algebra A over a field K: K(A)-module
A% = covariant functor A — Vectg

[n] = A2 = AQ A - QA
5i=@® - ®a")—@®  -Qdd™T® - @a")
o= (@8 - ®a") (@8 - 2d®10dTle. . ®d")
=@ - ®d)—(a"®d® - -®a"1)
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More morphisms:
e Morphism of algebras ¢ : A — B = ¢ : A! — B
e Traces

T A-K= 7 AT S K

e A — B bimodules £ = &%= 710 pf
p: A— Endg(€) and 7 : Endg(€) — B

Abelian category: HC™(A) = Ext™(Af K%

For non-unital A: A C A“"™ essential ideal
(e.g. A" = A = 1-point compactification)
A-module (A, Ac©mp)s

S a0® - ®an  a; € A

at least one a; belongs to A
Trace class operators £1, algebra B

(B® LY — B

Tr((xo®t0) Q... (xn®tn)) =20 R ... R xy Tr(to---ty)
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Back to our chosen example: A= C(Z) xN

o(f) = /Z FLp)du(p) = ou(f)(rp) = 17 f(r, p)
Cp = 2F x RY, = Cg = Aly/Q* (for 8> 1)

Dual system A= C*(G§)

h('r7 P )‘) — /ft(ﬁ p))‘ZtUtdt

where commensurability of Q-lattices (not up to scale):
groupoid

G={(r,p,\) €QL XxZ xR : rpel}

A= C*(G) with G = G/R%

Scaling+Galois = 7Z* x R% = Cg action
x = character of Z*

Px = / gx(g) dg
Z*

py = idempotent in cat of endomotives and in EndaD (A, ¢)

HCo(py D(A, ¢))
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Adeles class space

Morita equivalence C(Z) x N = (Co(Agf) X Q7 )~
(7 = char function of Z)

Agr/Q%F  dual system Ay/Q*
AQ = A@,f X R*
Adeles class space Xg 1= Ag/Q*
(added point 0 € R)

The adeles class space and Riemann’s zeta (Connes)
0 — L§(Ag/Q")o — L§(Ag/Q*) - C* -0
f(0)=0and f(0O) =0

* ¢

e(H)g) =1gl""? 3 flag), Vg€ g
qeQ*
compatible with Cg actions

U(h) = /C o) Uyd'g  h e S(Co)

(comp support) acts on 'H
H = ®,H, X € characters of Z*
Hy ={§ € H: Uy = x(9)§} w/ R -action gen by D,
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Connes’ spectral realization and trace formula

Spec(Dy) = {s € iR | Ly (% + s) = O}

L, = L-function with Grossencharakter x
x = 1 = ((s) Riemann zeta

Trace formula (semi-local): S = fin many places

/ h(u_l)
u|

Tr(RAU(R)) = 2h(1) log A+ Z / d*ut-o(1)

Ra = cutoff regularization, f = principal value

Weil's explicit formula (distributional form):

-1
R(0) + h(1) —ZW) Z/Q Tl(—u)|

Geometric idea: periodic orbits of the action
of C@ on X@ ~ C@
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Guillemin—Sternberg distributional trace formula

Flow on manifold F; = exp(tv)
(Ui f)(z) = f(Fe(z)) f € C(M)

transversality: 1 — (F})« invertible

T ([ hOU i) = ¥ [ S d
vy u ) *

v = periodic orbits and I, = isotropy group

Schwartz kernel (T'f)(z) = [ k(z,y)f(y) dy

Traiser(T) = /k(a:,:c) dx

For (Tf)(x) = f(F(x)) kernel

(TF)(a) = / 5(y — F(2))f(y)dy
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Cohomological interpretation:

(from joint work w/ Connes and Consani)

The restriction morphism § = (Tr o 7)f for the
BC system (C(Z) x N, 0y):

0(f)= > f(Linp,nd) = 3 Fla(p, ) = €(f)

neN qeQ*
f = ext by zero outside Z x Rt C Ag
Hilbert space L$(Ag/Q*)o replaced by A-module flbm
different analytic techniques (as in R.Meyer)

= Cohomological interpretation of & via
scaling action 6 on HCy(D(A, ¢))

Action of Cp = Aj/Q* on H' = HCo(D(A, ¢))
I(f) = ; f(g)¥y,d’g [ € S(Cq)

= Weil's explicit formula

/ u—]_
T ) = FO)+FL)— Ao F1)-Y /( ™) oo

K*,ex,) 11— |
f € S(Ck) (strong Schwartz space)

Self inters of diagonal A e A =log|a| = —log|D|

(D = discriminant for #£-field, Euler char x(C) for F,(C))
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Observation:

e Tr(RAU(f)): only zeros on critical line
Trace formula (global) & RH

o Tr(9¥(f)|41): all zeros involved
RH < positivity

Tr (O(f * fDla) >0 Vf e S(Co)
where
(f1 % £2)(g) = / A F2(k L g)d"g

multiplicative Haar measure d*g and adjoint

fAg) =gl f(g™ 1)

= Better for comparing with Weil's proof for
function fields

e Explicit formula
e Positivity: (correspondences, linear equiv, RR, etc.)
27



Weil's proof in a nutshell
K = F,(C) function field, Xx = places deg n, = # orbit
of Fr on fiber C(F,) — Xk

s) = _ sy —1 P(q™?)
) =10 -0 = = s

P(T) =[](1—=X,T) char polynomial of Fr* on HL(C,Qy)

C(Fy) D Fix(Fr') = > (—1)*Tr(Frv|HE(C, Qp))
k

RH < eigenvalues A\, with |A;] = ¢1/2

Correspondences: divisors Z C C x C; degree, code-
gree, trace:

AZ2)=Ze(PxC) d(Z)=2Ze(CxP)

Tr(Z2)=d(Z)+d(Z2) - ZeA

RH < Weil positivity Tr(Zx2Z") >0
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Steps: Frobenius correspondence
e Adjust degree mod trivial correspondences

CxPand Px C

e Riemann—Roch: P — Z(P) of deg = ¢ lin

equiv to effective

e Using d(Z + Z2') = d(2)d(Z) = gd'(Z) = d'(Z x Z')

Tr(Zx Z'") = 2¢d'(Z) + (29 — 2)d'(Z) — Y e A
> (49 —2)d'(Z2) — (49 —4)d/(Z) = 2d'(Z) > O

Building a dictionary

Alg Geom/NT NCG
C(F,) alg points =k classical points
Weil explicit formula Tr(9(f)|r)

Frobenius correspondence

Z(f) = Jo, f(9) Zyd'g

Trivial correspondences

Y = Range(Trom)

Adjusting the degree Fubini step
by trivial correspondences | on test functions in V
Principal divisors Felele

Riemann—Roch

Index theorem
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Classical points of the periodic orbits
Ck action on Xg = Ag/K*
P={(zx,u) € Xg x Cgluz =2z} u#*1= Jve Ik

XK,’U — {xEXK|xU :O}
Isotropy D cocompact K* = {(ky) | kw = 1 Yw # v} C Ck
Xg., NC spaces Ak ,/K* (Ak, = {a € Akla, = 0})
AK,’U — C*<QK,1})7 gK,’U — {(kvx) S gK | Ly = O}

groupoid gg = K* x Ag with C*(gk) alg of Xx = Ax/K*
smooth subalgebra S(Gk )

restricted groupoid for X ,:
G =K x AL) = {(g,a) € G |a, g0 € AL)}

A =TI, K with K{ = interior of {z € K| |z| < 1}
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Quantum Statistical Mechanics on Xy
state o(f) = [,o f(1,a)da = time evolution:

ot (£)(k,x) = |k|¥ f(k, )

additive Haar measure scales d(ka,) = |k|vda, = KMS;

EK = U CK . a(v)
’UEZK

with ag}]) = 1 for w # v and aq(f)) =0
Yy € =g positive energy representation of AK’U
Hamiltonian

(Hy &)(k,y) = 10g |klv £(k, y)

low temperature KMS states: classical points of Xk,

Function field: =g = C(Fy)
equiv Fr action: N/N, = ¢*/q™* = Z/n,Z

= =g = C(F1) over “field with one element”?
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Correspondences:
Graph of scaling action by g € Ck

Zg ={(z,9 '2)} C Ag/K* x Ag/K"

Z(f) = ¢, f(9) Zyd*g with f € S(Ck)

degree and codegree

AZ(H) = FW) = [ fw)luld*u

with d(Z,) = |g|

(Z() = d(Z(F) = | f(w) d*u= F(0)

Adjusting degree d(Z(f)) = f(1) adding h € V
h(u, \) = > n(nX)

e
AeRYL, uelZr, Cop=17 xRy
Notice: can find h € V with h(1) #% 0 since

/R;n(m) A\ £ ;/Rn(n,\)d/\ — 0

Fubini thm does not apply
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Back to the dictionary:

Virtual correspondences bivariant class I

Modulo torsion KK(A,B®Il;)

Effective correspondences | Epimorphism of C*-modules

Degree of correspondence Pointwise index d(IM)

deg D(P) > g =~ effective | d(I"') >0 = 3K, + K onto

Lefschetz formula bivariant Chern of Z(h)
(localization on graph Z(h))
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