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Some Goals:

Mo duli spaces in arithmetic geometry:

Enrich the bounda ry structure with \invisible"
degenerations:

� Mo dula r curves
(elliptic curves and noncommutative to ri)

� Shimura varieties
� Mo duli spaces of Drinfeld mo dules, etc.

L-functions:

� Mo dula r fo rms and mo dula r symb ols
extensions on the bounda ry
� Spectral realization of L-functions
and cohomological interp retation
� L-functions of motives
(geometry of archimedean facto rs)
� L-functions fo r real quadratic �elds
(Sta rk's numb ers)
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Noncommutative geometry as a to ol

Equivalence relation R on X :
quotient Y = X =R .

Even fo r very go od X ) X =R pathological!

Classical: functions on the quotient
A ( Y ) := f f 2 A ( X ) j f is R � inva riant g

) often to o few functions

A ( Y ) = C only constants

NCG: A ( Y ) noncommutative algeb ra

A ( Y ) := A (� R )

functions on the graph � R � X � X of the
equivalence relation
(compact supp ort or rapid decay)

Convolution pro duct

( f 1 � f 2)( x; y) =
X

x� u� y
f 1( x; u) f 2( u; y)

involution f � ( x; y) = f ( y; x).

3



A (� R ) noncommutative algeb ra ) Y = X =R
noncommutative space
Recall: C0( X ) , X Gelfand{Naima rk equiv of catego ries

abelian C � -algeb ras, lo c comp Hausdo r� spaces

Result of NCG:

Y = X =R noncommutative space with NC al-
gebra of functions A ( Y ) := A (� R ) is

� as go od as X to do geometry
(deRham fo rms, cohomology , vecto r bundles, con-

nections, curvatures, integration, points and subva-

rieties)

� but with new phenomena
(time evolution, thermo dynamics, quantum phe-

nomena)
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An example: Q-lattices
(from joint work with Alain Connes)

De�nition: (� ; � ) Q-lattice in Rn

lattice � � Rn + lab els of to rsion points

� : Qn=Zn � ! Q� =�

group homomo rphism (invertible Q-lat if isom)

f

f

general case

invertible case

Commensurabilit y (� 1 ; � 1) � (� 2; � 2)
i� Q� 1 = Q� 2 and � 1 = � 2 mo d � 1 + � 2

Q-lattices / Commensurabilit y ) NC space
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Mo re concretely: 1-dimension

(� ; � ) = ( � Z; � � ) � > 0

� 2 Hom( Q=Z; Q=Z) = lim � n Z=nZ = Ẑ

Up to scaling � : algeb ra C( Ẑ)

Commensurabilit y Action of N = Z> 0

� n( f )( � ) = f ( n � 1 � )

(pa rtially de�ned action of Q�
+ )

Invertible:

A �
f =Q�

+ = GL 1( Q) n(GL 1( A f ) � f� 1g) = Sh(GL 1 ; � 1)

simplest (zero-dim) example of Shimura variet y

Non-invertible:

C0( A f ) o Q�
+ , Shnc(GL 1 ; � 1)

\non-commutative" Shimura variet y
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1-dimensional Q-lattices up to scale / Commens.

) NC space C( Ẑ) o N

Crossed pro duct algeb ra

f 1 � f 2( r ; � ) =
X

s2 Q�
+ ;s� 2 Ẑ

f 1( r s� 1; s� ) f 2( s; � )

f � ( r ; � ) = f ( r � 1 ; r � )

Representations: R � = f r 2 Q�
+ : r � 2 Ẑg

( � � ( f ) � )( r ) =
X

s2 R �

f ( r s� 1 ; s� ) � ( s)

on `2( R � ). Completion: kf k = sup � k� � ( f ) k

Time evolution
(ratio of covolumes of commensurable pairs)

( � t f )((� ; � ) ; (� 0; � 0)) =

�
covol (� 0)
covol (�)

� it

f ((� ; � ) ; (� 0; � 0))

( � t f )( r ; � ) = r it f ( r ; � )
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Quantum statistical mechanics

( A ; � t ) C � -algeb ra and time evolution

State: ' : A ! C linea r ' (1) = 1, ' ( a� a) � 0

Representation � : A ! B( H ): Hamiltonian

� ( � t ( a)) = eitH � ( a) e� itH

Symmetries:

� Automo rphisms: G � Aut( A ), g� t = � tg

Inner: u = unita ry, � t ( u) = u, a 7! uau �

� Endomo rphisms: �� t = � t � , e = � (1)

Inner: u = isometry � t ( u) = � it u
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KMS states ' 2 KMS �

Im z = b

Im z = 0
F(t) = j (as t(b))

F(t + ib) = j (s t(b)a)

0

ib

8a; b 2 A 9 holom function Fa;b( z) on strip:

Fa;b( t ) = ' ( a� t ( b)) Fa;b( t + i� ) = ' ( � t ( b) a)

8t 2 R
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Example: Gibbs states inverse temp erature 0 < � < 1

1
Z ( � )

T r
�
a e� � H �

Z ( � ) = T r
�
e� � H �

At T > 0 simplex KMS � ; extremal E�
At T = 0 (ground states) weak limits

' 1 ( a) = lim
� !1

' � ( a)

Classical points of NC space

Action of symmetries (mo d inner): endomo r-
phisms

� � ( ' ) =
1

' ( e)
' � �; fo r ' ( e) 6= 0

On E1 warming up/co oling down

W� ( ' )( a) =
T r( � ' ( a) e� � H )

T r( e� � H )
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Main idea: Recover classical mo duli spaces as
set of low temp erature KMS states.

Extra structure: high temp erature regime, phase

transitions, algeb ra of quantum mechanical observables

Bost{Connes: For ( C( Ẑ) o N; � t )

Classi�cation of KMS states:

� � � 1 ) unique KMS � state

� � > 1 ) E� = Sh(GL 1; � 1)

' � ;� ( x) =
1

� ( � )
T r

�
� � ( x) e� � H �

� � = 1 Galois action � : Gal ( Qcycl=Q)
�=! Ẑ �


 ' ( x) = ' ( � ( 
 ) x)
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Generalizations:

System GL 1 GL 2 K = Q(
p

� d)

Z ( � ) � ( � ) � ( � ) � ( � � 1) � K ( � )

Symm A �
Q;f =Q� GL 2( AQ;f ) =Q� A �

K;f =K �

Aut Ẑ � GL 2( Ẑ) Ô � =O �

End GL +
2 ( Q) Cl( O)

Gal Gal( Qab=Q) Aut( F ) Gal( K ab=K )

E1 Sh(GL 1; � 1) Sh(GL 2 ; H � ) A �
K;f =K �

In 2-dimensions GL 2 (Connes-Ma rcolli)

Q(
p

� d) (Connes-Ma rcolli-Ramachandran)

Shimura varieties (Ha-P augam)

Function �elds (Consani-Ma rcolli)

Function �elds case K = Fq( C) requires char p valued
functions; time evolution � : Zp ! Aut( A ) and Goss
L-function

Z ( s) =
X

I

I � s s 2 S1 = C�
1 � Zp
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The function �eld case (Consani-M.)

2-dim Q-lattices , pointed T ate mo dule [CMR]

T E = H 1( E ; Ẑ) ; � 1; � 2 2 T E :

Commensurabilit y , isogeny

Function �elds K = Fq( C):
Elliptic curves/lattices ) Drinfeld mo dules

L K ;1 1-dim K -lattices mo d commens. AK ;f =K �

(choice of v = 1 on curve C) ) convolution algeb ra

K1 = completion at v = 1 ; �K1 = algeb raic closure;

C1 = completion; Goss L -function

Z ( s) =
X

I
I � s s 2 S1 = C�

1 � Zp

Quantum statistical mechanics:
p-adic time evolution � : Zp ! Aut( A )
) Partition function Z ( s), KMS states A �

K=K �
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General pro cedure: Endomotives
(from joint work with Connes and Consani)

Algeb raic catego ry of endomotives:

Objects: A K = A o S

A = lim� !�
A � X � = Spec( A � )

X � = Artin motives over K

S = unital abelian semigroup of endomo rphisms with

� : A
'
! eAe with e = � (1)

Mo rphisms: �etale corresp ondences
G( X � ; S) � G( X 0

� 0; S0) spaces Z such that the
right action of G( X 0

� 0; S0) is �etale.
(i.e. Z = Spec( M ) right A K -mo dule: M �nite projective)

Q-linea r space M (( X � ; S) ; ( X 0
� 0; S0)) fo rmal linea r combi-

nations U =
P

i ai Z i

Comp osition: Z � W = Z � G0 W

�b ered pro duct over group oid of the action of S0 on X 0
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Analytic catego ry of endomotives: X ( �K ) =S

Objects: C � -algeb ras C( X ) o S

C � � algeb ra A = C( X ( �K )) o S = C � ( G)

Unifo rm condition: � = lim � � � counting on X �

d� � �
d�

lo c constant on X = X ( �K )

) state ' on A

Mo rphisms: �etale corresp ondences Z

g : Z ! X discrete �b er and 1 =comp op erato r in M Z
right mo dule over C � ( X ) from Cc( G)-valued inn pro d

h� ; � i ( x; s) :=
X

z2 g� 1( x)

�� ( z) � ( z � s)

For G{ G0 spaces Z 7! Z ( �K ) = Z
Cc( Z ) right mo d over Cc( G)

Mo rphisms ) in KK or cyclic catego ry
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Galois action: G = Gal( �K=K )
on characters X ( �K ) = Hom ( A; �K )

A n
�
! �K 7! A n

�
! �K

g
! �K

automo rphisms of A = C( X ) o S

Revisit the example: C( Ẑ) �= C � ( Q=Z)
(F ourier transfo rm)

X n = Spec( A n) ; A n = Q[Z=nZ]

A = lim� !
n

A n = Q[Q=Z]

S = N action on canonical basis er , r 2 Q=Z

� n( er ) =
1
n

X

ns= r

es

Galois action � n = � ( e1=n) ) cyclotomic action of

Gab = Gal( Qcycl=Q)

Examples from self-maps of algeb raic varieties
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Data: ( X ; S) endomotive =K :
� C � -algeb ra A = C( X ) o S
� arithmetic subalgeb ra A K = A o S
� state ' : A ! C (from unifo rm � )

� Galois action G � Aut( A )

Enters Thermo dynamics:
( A ; ' ) ) � t with ' KMS 1 (T omita{T akesaki)

GNS H ' with cyclic separating vecto r �
M � and M 0� dense in H ' ( M =von Neumann alg)

S' : M � ! M � a� 7! S' ( a� ) = a� �

S�
' : M 0� ! M 0� a0� 7! S�

' ( a0� ) = a0� �

closable ) polar decomp osition S' = J ' � 1=2
'

J ' conjugate-linea r involution J ' = J �
' = J � 1

'

� ' = S�
' S' self-adjoint positive J ' � ' J ' = S' S�

' = � � 1
'

� J ' M J ' = M 0 and � it
' M � � it

' = M

� t ( a) = � it
' a� � it

' a 2 M

� The state ' is a KMS 1 state fo r the mo dula r
automo rphism group � '

t = � � t
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Classical points: 
 �
if � '

t preserves A K o C ) KMS 1 state on A


 � � E� regula r extremal KMS � states
(lo w tempa rature: t yp e I1 , i.e. facto r M typ e I1 )

� 2 
 � ) irreducible representation

� � : A ! B( H ( � ))

H � = H ( � ) 
 H 0 M = f T 
 1 : T 2 B( H ( � )) g

Gibbs states: � '
t ( � � ( a)) = eitH � � ( a) e� itH

with T r( e� � H ) < 1

� ( a) =
T r( � � ( a) e� � H )

T r( e� � H )
Notice: H not uniquely determined H $ H + c

Real line bundle ~
 � = f ( "; H ) g

� ( "; H ) = ( "; H + log � ) 8� 2 R�
+

R�
+ ! ~
 � ! 
 � with section T r( e� � H ) = 1

~
 � ' 
 � � R�
+

Injections c� 0;� : 
 � ! 
 � 0 fo r � 0 > �
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Dual system: ( Â ; � ) algeb ra: Â = A o � R

( x?y )( s) =
Z

R
x( t ) � t ( y( s� t )) dt; x; y 2 S( R; A C)

R
x( t ) Ut dt 2 Â C

Scaling action � of � 2 R�
+ on Â

� � (
Z

x( t ) Ut dt) =
Z

� it x( t ) Ut dt

( "; H ) 2 ~
 � ) irred reps of Â

� ";H (
Z

x( t ) Ut dt) =
Z

� " ( x( t )) eitH dt

Scaling action: � ";H � � � = � � ( ";H )

Function �eld case: (Consani-M.) :
Scaling action on dual system
= Frob enius action (up to Wick rotation)

) \Scaling = Frob enius in characteristic zero"
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F unction �elds: scaling and F rob enius
K �

1 = F�
qd1 � uZ

1 � U x = sign ( x) uv1 ( x)
1 hxi lik e z = r ei�

s 2 S1 = C�
1 � Zp, � 2 K �

1

� s = xdeg( � ) h� i y ) I s = xdeg( I ) hI i y

time evolution � y( f )( L; L 0) =
hI i y

hJ i y f ( L; L 0)

Dual system and scaling by � 2 K �
1

H = G � Zp, G � C�
1 , ` 2 C( H ; A )

X =
Z

H
` ( s) Usd� ( s)

scaling � � ( X ) =
R

H ` ( s) � sUsd� ( s)

� � jG( X ) =
Z

H
` ( s) xdeg( � ) Usd� ( s)

� � jZp( X ) =
Z

H
` ( s) h� i yUsd� ( s)

Algeb ra Â maps to A ( AK=K � )
injective Artin homomo rphism � : K ! Gal( K ab=K ) (lo-
cal class �eld theo ry K = K 1 )
� � � jG 7! F r Z Frob enius
� � � jZp 7! Gal( K ab=K un ) inertia
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T race class prop ert y:

� ";H (
Z

x( t ) Ut dt) 2 L 1( H ( " ))

fo r x 2 Â � (analytic continuation to strip of KMS �

with rapid decay along bounda ry)

Restriction map:

Â �
�� ! C( ~
 � ; L 1) T r� ! C( ~
 � )

� ( x)( "; H ) = � ";H ( x) 8( "; H ) 2 ~
 �

(no obstruction hyp othesis fo r T r)

Mo rphism of cyclic mo dules

Â \
�

�! C( ~
 � ; L 1) \

Â \
�

(T r � � ) \

� ! C( ~
 � ) \ equiva riant fo r scaling action of R�
+

Ab elian catego ry: can tak e cok ernels

D ( A ; ' ) = Cok er( � )

Cyclic cohomology: H C0( D ( A ; ' )) with
� Scaling action: induced R�

+ representation
� If ( A ; ' ) from an endomotive: Galois repre-
sentation
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Quick excursus: cyclic catego ry and NC spaces
(Connes)

Cyclic catego ry: [n] 2 Obj (�)
� i : [n � 1] ! [n], � j : [n + 1] ! [n]

� j � i = � i � j � 1 fo r i < j; � j � i = � i � j +1 ; i � j

� j � i =

8
<

:

� i � j � 1 i < j
1n if i = j or i = j + 1
� i � 1 � j i > j + 1:

� n : [n] ! [n]

� n � i = � i � 1 � n� 1 1 � i � n; � n � 0 = � n

� n � i = � i � 1 � n+1 1 � i � n; � n � 0 = � n � 2
n+1

� n+1
n = 1n :

Catego ry C cyclic objects: cova riant functo rs � ! C

Unital algeb ra A over a �eld K : K (�)-mo dule
A \ = cova riant functo r � ! V ectK

[n] ) A 
 ( n+1)

= A 
 A � � � 
 A

� i ) ( a0 
 � � � 
 an) 7! ( a0 
 � � � 
 ai ai +1 
 � � � 
 an)

� j ) ( a0 
 � � � 
 an) 7! ( a0 
 � � � 
 ai 
 1 
 ai +1 
 � � � 
 an)

� n ) ( a0 
 � � � 
 an) 7! ( an 
 a0 
 � � � 
 an� 1)
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Mo re mo rphisms:
� Mo rphism of algeb ras � : A ! B ) � \ : A \ ! B\

� T races

� : A ! K ) � \ : A \ ! K \

� \ ( x0 
 � � � 
 xn) = � ( x0 � � � xn)

� A � B bimo dules E ) E\ = � \ � � \

� : A ! End B( E) and � : End B( E) ! B

Ab elian catego ry: H Cn( A ) = Ext n( A \ ; K \ )

For non-unital A : A � A comp essential ideal
(e.g. A comp = ~A = 1-p oint compacti�cation)
�-mo dule ( A ; A comp) \

X
a0 
 � � � 
 an aj 2 A comp

at least one aj belongs to A
T race class op erato rs L 1, algeb ra B

( B 
 ~L 1) \ ! B\

T r(( x0 
 t0) 
 : : : 
 ( xn 
 tn)) = x0 
 : : : 
 xn T r( t0 � � � tn)
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Back to our chosen example: A = C( Ẑ) o N

' ( f ) =
Z

Ẑ
f (1 ; � ) d� ( � ) ) � t ( f )( r ; � ) = r it f ( r ; � )

~
 � = Ẑ� � R�
+ = CQ = A�

Q=Q� (fo r � > 1)

Dual system Â = C � ( ~G)

h( r ; �; � ) =
Z

f t ( r ; � ) � it Utdt

where commensurabilit y of Q-lattices (not up to scale):
group oid

~G = f ( r ; �; � ) 2 Q�
+ � Ẑ � R�

+ : r � 2 Ẑg

A = C � ( G) with G = ~G=R�
+

Scaling+Galois ) Ẑ� � R�
+ = CQ action

� = character of Ẑ �

p� =
Z

Ẑ �

g� ( g) dg

p� = idemp otent in cat of endomotives and in End � D ( A ; ' )

H C0( p� D ( A ; ' ))
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Adeles class space

Mo rita equivalence C( Ẑ) o N = ( C0( AQ;f ) o Q�
+ ) �

( � = char function of Ẑ)

AQ;f =Q�
+ dual system A �

Q=Q�

A �
Q = AQ;f � R�

Adeles class space X Q := AQ=Q�

(added point 0 2 R)

The adeles class space and Riemann's zeta (Connes)

0 ! L 2
� ( AQ=Q� ) 0 ! L 2

� ( AQ=Q� ) ! C2 ! 0

f (0) = 0 and f̂ (0) = 0

0 ! L 2
� ( AQ=Q� ) 0

E! L 2
� ( CQ) ! H ! 0

E( f )( g) = jgj1=2 X

q2 Q�
f ( qg) ; 8g 2 CQ

compatible with CQ actions

U( h) =
Z

CQ

h( g) Ug d� g h 2 S( CQ)

(comp supp ort) acts on H

H = � � H � � 2 characters of Ẑ �

H � = f � 2 H : Ug� = � ( g) � g w/ R�
+ -action gen by D �
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Connes' spectral realization and trace fo rmula

Spec( D � ) =
�

s 2 iR j L �

� 1

2
+ s

�

= 0
�

L � = L-function with Gr•ossencha rakter �
� = 1 ) � ( s) Riemann zeta

T race fo rmula (semi-lo cal): S = �n many places

T r( R � U( h)) = 2h(1) log �+
X

v2 S

Z 0

Q�
v

h( u� 1)

j1 � uj
d� u+ o(1)

R � = cuto� regula rization,
R0 = principal value

W eil's explicit fo rmula (distributional fo rm):

ĥ(0) + ĥ(1) �
X

�

ĥ( � ) =
X

v

Z 0

Q�
v

h( u � 1)
j1 � uj

d� u

Geometric idea: perio dic orbits of the action
of CQ on X Q r CQ
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Guillemin{Sternb erg distributional trace fo rmula

Flo w on manifold Ft = exp( tv )

( Ut f )( x) = f ( Ft ( x)) f 2 C1 ( M )

( Ft ) � : Tx=Rvx ! Tx=Rvx = Nx

transversalit y: 1 � ( F t ) � invertible

T rdistr (
Z

h( t) Ut dt) =
X




Z

I 


h( u)

j1 � ( Fu) � j
d� u


 = perio dic orbits and I 
 = isotrop y group

Schw artz kernel ( T f )( x) =
R

k( x; y) f ( y) dy

T rdistr ( T ) =
Z

k( x; x) dx

For ( T f )( x) = f ( F ( x)) kernel

( T f )( x) =
Z

� ( y � F ( x)) f ( y) dy
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Cohomological interp retation:
(from joint work w/ Connes and Consani)

The restriction mo rphism � = (T r � � ) \ fo r the
BC system ( C( Ẑ) o N; � t ):

� ( f ) =
X

n2 N
f (1 ; n�; n� ) =

X

q2 Q�

~f ( q( �; � )) = E( ~f )

~f = ext by zero outside Ẑ � R+ � AQ

Hilb ert space L 2
� ( AQ=Q� ) 0 replaced by �-mo dule Â \

� ;0

di�erent analytic techniques (as in R.Mey er)

) Cohomological interp retation of E via
scaling action � on H C0( D ( A ; ' ))

Action of CQ = A �
Q=Q� on H 1 = H C0( D ( A ; ' ))

#( f ) =
Z

CQ

f ( g) #g d� g f 2 S( CQ)

) W eil's explicit fo rmula

T r( #( f ) jH 1) = f̂ (0)+ f̂ (1) � � � � f (1) �
X

v

Z 0

( K �
v ;eK v )

h( u � 1)
j1 � uj

d� u

f 2 S( CK ) (strong Schw artz space)

Self inters of diagonal � � � = log jaj = � log jD j

( D = discriminant fo r #-�eld, Euler char � ( C) fo r Fq( C))
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Observation:

� T r( R � U( f )): only zeros on critical line
T race fo rmula (global) , RH

� T r( #( f ) jH 1 ): all zeros involved
RH , positivit y

T r
�
#( f ? f ] ) jH 1

�
� 0 8f 2 S( CQ)

where

( f 1 ? f 2)( g) =
Z

f 1( k) f 2( k � 1g) d� g

multiplicative Haar measure d� g and adjoint

f ] ( g) = jgj � 1f ( g� 1)

) Better fo r compa ring with W eil's pro of fo r
function �elds

� Explicit fo rmula
� Positivit y: (co rresp ondences, linea r equiv, RR, etc.)
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W eil's pro of in a nutshell
K = Fq( C) function �eld, � K = places deg nv = # orbit

of Fr on �b er C( �Fq) ! � K

� K ( s) =
Y

� K

(1 � q� nvs) � 1 =
P ( q� s)

(1 � q� s)(1 � q1� s)

P ( T ) =
Q

(1 � � nT ) char polynomial of Fr � on H 1
et ( �C; Q` )

C( �Fq) � Fix(F r j ) =
X

k

( � 1) kT r(F r � j jH k
et ( �C; Q` ))

RH , eigenvalues � n with j� j j = q1=2

Corresp ondences: diviso rs Z � C � C; degree, co de-
gree, trace:

d( Z ) = Z � ( P � C) d0( Z ) = Z � ( C � P )

T r( Z ) = d( Z ) + d0( Z ) � Z � �

RH , W eil positivit y T r( Z ? Z 0) > 0
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Steps: Frob enius corresp ondence
� Adjust degree mo d trivial corresp ondences
C � P and P � C
� Riemann{Ro ch: P 7! Z ( P ) of deg = g lin
equiv to e�ective
� Using d( Z ? Z 0) = d( Z ) d0( Z ) = gd0( Z ) = d0( Z ? Z 0)

T r( Z ? Z 0) = 2gd0( Z ) + (2 g � 2) d0( Z ) � Y � �

� (4 g � 2) d0( Z ) � (4 g � 4) d0( Z ) = 2d0( Z ) � 0

Building a dictiona ry

Alg Geom/NT NCG
C( �Fq) alg points � K classical points

W eil explicit fo rmula T r( #( f ) jH 1)
Frob enius corresp ondence Z ( f ) =

R
CK

f ( g) Zg d� g
T rivial corresp ondences V = Range(T r � � )

Adjusting the degree Fubini step
by trivial corresp ondences on test functions in V

Principal diviso rs ???
Riemann{Ro ch Index theo rem
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Classical points of the perio dic orbits
CK action on X K = AK=K �

P = f ( x; u) 2 X K � CK j u x = xg u 6= 1 ) 9v 2 � K :

X K ;v = f x 2 X K j xv = 0g

Isotrop y � co compact K �
v = f ( kw) j kw = 1 8w 6= vg � CK

X K ;v NC spaces AK ;v=K � ( AK;v = f a 2 AK jav = 0g)

A K ;v = C � ( GK ;v) ; GK ;v = f ( k; x) 2 GK j xv = 0g

group oid GK = K � n AK with C � ( GK ) alg of X K = AK=K �

smo oth subalgeb ra S( GK;v)

restricted group oid fo r X K;v :

G(1)
K;v := K � n A(1)

K;v = f ( g; a) 2 GK;v j a; ga 2 A(1)
K;vg

A(1)
K;v =

Q
w K (1)

w with K (1)
w = interio r of f x 2 K w j jx j � 1g
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Quantum Statistical Mechanics on X K ;v
state ' ( f ) =

R
A(1)

K;v
f (1 ; a) da ) time evolution:

� v
t ( f )( k; x) = jkj itv f ( k; x)

additive Haar measure scales d( kav) = jkjvdav ) KMS 1

� K :=
[

v2 � K

CK � a( v)

with a( v)
w = 1 fo r w 6= v and a( v)

v = 0

y 2 � K positive energy representation of A K ;v
Hamiltonian

( H y � )( k; y) = log jkjv � ( k; y)

low temp erature KMS states: classical points of X K;v

Function �eld: � K = C( �Fq)
equiv Fr action: N=N v = qZ=qnvZ = Z=nvZ

) � Q = C( �F1) over \�eld with one element"?

31



Corresp ondences:
Graph of scaling action by g 2 CK

Zg = f ( x; g� 1x) g � AK=K � � AK=K �

Z ( f ) =
R

CK
f ( g) Zg d� g with f 2 S( CK )

degree and co degree

d( Z ( f )) = f̂ (1) =
Z

f ( u) juj d� u

with d( Zg) = jgj

d0( Z ( f )) = d( Z ( �f ] )) =
Z

f ( u) d� u = f̂ (0)

Adjusting degree d( Z ( f )) = f̂ (1) adding h 2 V

h( u; � ) =
X

n2 Z�

� ( n� )

� 2 R�
+ , u 2 Ẑ � , CQ = Ẑ � � R�

+

Notice: can �nd h 2 V with ĥ(1) 6= 0 since
Z

R

X

n
� ( n� ) d� 6=

X

n

Z

R
� ( n� ) d� = 0

Fubini thm do es not apply
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Back to the dictiona ry:

Virtual corresp ondences biva riant class �

Mo dulo to rsion K K ( A; B 
 II1)

E�ective corresp ondences Epimo rphism of C � -mo dules

Degree of corresp ondence Point wise index d(�)

deg D ( P ) � g )� e�ective d(�) > 0 ) 9K ; � + K onto

Lefschetz fo rmula biva riant Chern of Z ( h)
(lo calization on graph Z ( h))
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