Q-LATTICES: QUANTUM  STATISTICAL MECHANICS  AND
GALOIS THEOR Y

ALAIN CONNES AND MATILDE MAR COLLI

1. Intr oduction

This paper summarizesthe main aspects of our joint work [4] on quantum statis-
tical mechanics of Q-lattices, with a view towards its relations to class eld theory
investigatedin our joint work with Ramachandran [5].

The noncomnmutativ e geometry of the spaceof Q-lattices modulo the equivalence
relation of commensurability provides a setting that uni es seweral phenomenain-
volving the interaction of noncomnutative geometry and number theory. These
include, in the 1-dimensional case,the Bost{Connes (BC) system [1] with arith-
metic spontaneous symmetry breaking and its dual spaceunder the duality given
by taking the crossedproduct with the time ewlution. The latter is the noncom-
mutativ e spaceunderlying the construction of the spectral realization of the zeros
of the Riemann zeta function in [3]. The corresponding spacein the 2-dimensional
casecontains in its algebra of coordinates the modular Hedke algebras of [6] [7].
The noncommnutativ e compacti cations of modular curvesof [14] also appear here
as a stratum in the compacti cation of the spaceof commensurability classesof
2-dimensional Q-lattices.

Moreover, an interesting and di cult problem is the generalization of the results
of [1] to other number elds. (For an overview of existing results in this direction

we refer the readerto the \further developmerts" section of [4] and the references
guoted therein.)

The spaceof commensurability classesof 2-dimensional Q-lattices up to scaling,
which is the main object of this paper, provides a new approach to the problem, for
the caseof quadratic elds. In fact, while the BC systemis closely related to the
Kronecker{W eber construction of the maximal abelian extensionof Q, we shall see
that the 2-dimensional systemintroduced in [4] is naturally related to the Galois
theory of the modular eld, which in turn lies at the heart of the explicit class eld
theory problem for imaginary quadratic elds. A generalizationof the results of [1]
to imaginary quadratic elds is being investigated in [5]. Moreover, the fact that
the noncomnutativ e modular curvesof [14] appearin the compacti cation suggests
the possibleexistenceof a path towards the caseof real quadratic elds, alongthe
lines of Manin's real multiplication program [13].

The fundamertal notions in all that follows are those of Q-lattices and commensu-
rabilit y.

Denition 1.1. A Q-lattice in R" consists of a pair ( ; ) of a lattice R" (a
cocompact free akelian sutgroup of R" of rank n) togetherwith a systemof labels of
1
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invertible case

Figure 1. Genericand invertible 2-dimensional Q-lattices

its torsion points given by a homomorphism of akelian groups

Q"=z" 1 Q =:
Two Q-lattices are commensu@ble,
(15 1) (25 2);

i Q :1=Q »and
1= 2 mod 1+ »

Commensurability de nes an equivalencerelation among Q-lattices. By de nition
a Q-lattice is invertible when is an isomorphism. Two invertible Q-lattices are
commensurableif and only if they are equal. While most Q-lattices are not com-
mensurableto an invertible one, the setof invertible Q-lattices givesa cross-section
of the equivalencerelation on the subsetof Q-lattices that have this property.

The equivalencerelation of commensurability on the spaceof Q-lattices is subtle
enough an operation that the resulting quotient can only be described e cien tly
through noncomrrutativ e geometry (it is crucial for this that one doesnot restrict
to the invertible ones). In particular, whenviewed asa setin the classicalsensethe
spacelL,, of commensurabilty classesof Q-lattices in R" has the typical property
of noncomnutativ e spaces:it hasthe cardinality of the continuum but one cannot
construct a courtable collection of measurablefunctions that separatepoints of L.
If, instead of taking the quotient as a set, one encales the equivalence relation
in a \dynamical" manner, i.e. one builds a convolution algebra from the various
identi cations, oneobtains very interesting algebras,playing the role of coordinate
algebrason the spacesL .

In particular the topology of the spacelL, is encaded by a C -algebra C (L,).
TheseC -algebrasand the dynamical systemsobtained from the natural time evo-
lution on the C -algebrasC (L1=R,) and C (L,=C ) of Q-lattices up to scaling,
are the certral objects of this paper.
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2. Quantum Statistical Mechanics

In quantum statistical medanics, the algeba of observablesis a C -algebra A.
Expectation values are assignedto obsenablesthrough states A state is a linear
functional ' : A! C satisfying normalization and positivity,

'=1 '(aa) O
On can think of a state as a probability measureon the NC spaceX related to A
by A =\C(X)".
The time ewolution of a quantum statistical medanical system is given as a 1-
parameter family of automorphisms ; 2 Aut(A) of the C -algebraof obsenables.

Given a represertation of the C -algebra A asa concretealgebraof operators on a
Hilb ert spaceH, onecanconsiderthe Hamiltonian implemerting the time evolution
in the represenation. This is the operator

T tit=o0:
Onethen looksfor equilibrium states, depending on a thermodynamical parameter,
the inversetemperature = 1=kT (where for simplicity we can put the Boltzmann

constart k equalto one).
The analog of integrating against the Gibbs measureon the phase spacefor a

classicalHamiltonian systemis givenin this quantum medanical setting by states
of the form

1
2.1 "(@= s——~Tr ae "
(2.) @= 75
with the partition function given by
(2.2) Z()=Tr e "

The expression(2.1), however, makes senseonly under the assumption that the
operator exp(  H) is of trace class. Often, this is the caseonly in a certain range
(low temperature). Thus, one needsa better notion of \equilibrium states", which
makessensemore generally and is satis ed in particular by states of the form (2.1).

The correct notion is provided by the Kub o{Martin{Sc hwinger condition (KMS)
(cf. [2], [8], [9]). Givena C -dynamical system(A; ) { that is, a C -algebrawith a
1-parameter group of automorphisms{ a state' on A satis es the KMS condition
at inversetemperature 0< < 1 i forall a;b2 A there exists a function F,(2)
holomorphic on the strip 0 < =(z) < corntinuousto the boundary and bounded,
such that for all t 2 R

(2.3) Fap(t) =" (a «(0) and Fgp(t+i )="( «(ba):

The analogousnotion at zero temperature (= 1 ) is more subtle. In fact, one
may usethe the samenotion of KMS states, that is, the existencefor eat a;b 2
A of a bounded holomorphic function F5,(z) on the upper half plane sud that
Fap(t) ="' (a ¢(b). This de nition of KMS; statesis often usedin the literature.
However, it is well known that this condition is considerablyweaker than (2.3). For
instance, the set KMS of KMS statesat < 1 is a Choquet simplex (for which
we call E the set of extremal points). In general, this simplicial structure is lost
at = 1, if oneadopts this notion of KMS states. In the simple caseof the trivial
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Imz=>b

ib F(t+ib) =] (s (b)a)

0 F() =] (as(0)

Imz=0

Figure 2. The KMS condition

time ewolution, for instance, all statessatisfy such weaker de nition of KMS; while
only tracial statessatisfy (2.3)at < 1.

Thus, a better notion of KMS; condition is obtained by considering states that
are weak limits of KMS statesas ! 1,

(2.4) "1 (@) = Ili{n ' (a) 8az2A:

This restoresthe property that the set KMS; is a simplex and one can regard
the set E; of its extreme points as an analog of the set of classi@al points on the
noncomnutativ e spaceA.

In particular, in the casesof arithmetic interest, one can think of the set E; as
the \classical points" of a noncomrmutativ e arithmetic variety. For instance for the
GL(2)-systemwith C -algebraA = C (L,=C ), the setE; is the classicalShimura
variety

B = GL2(Q)nGL2(A)=C ;
while the noncomnutativ e spaceL,=C is a noncomnutativ e arithmetic variety
cortaining E; asits set of \classical points".

As we shall seebelow, the arithmetic structure will be specied by an arithmetic
subalgebraA g of A. This will play akeyrole in the relation betweenthe symmetries
of the system and the action of the Galois group on states' 2 E; evaluated on
Ag.

2.1. Symmetries. An important role in quantum statistical mecanicsis played
by symmetries. Typically, symmetries of the algebra A compatible with the time
ewolution induce symmetriesof the equilibrium statesE at di erent temperatures.
Especially important are the phenomenaof symmetry breaking. In sudh casesthere
is a global underlying group G of symmetriesof the algebraA but in certain ranges
of temperature the choice of an equilibrium state ' breaks the symmetry to a
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smaller subgroup G- = fg2 G: g' ="'g, whereg denotesthe induced action
on states. Various systemscan exhibit one or more phasetransitions, or none at
all. A typical situation in physical systemsseesa unique KMS state for all values
of the parameter above a certain critical temperature ( < ). This corresponds
to a chaotic phasesuc asrandomly distributed spinsin a ferromagnet. When the
system cools down and reades the critical temperature, the unique equilibrium
state brancheso into alarger setKMS and the symmetry is broken by the choice
of an extremal state in E . We will seein detail one such caseand a casewith
multiple phasetransitions.

A very important point is that we needto considerboth symmetries by automor-
phisms and by endomorphisms.

Automorphisms: A subgroup G  Aut(A) is compatible with ¢ if for all g2 G
andfor all t 2 Rwehaveg { = (g. There is then an induced action of G on KMS
states and in particular on the setE . If u is a unitary, acting on A by

Adu: a7! uau

and satisfying {(u) = u, then we say that Adu is an inner automorphism of (A; ).
Inner automorphisms act trivially on KMS states.

Endomorphisms: Let =  bea -homomorphism. Consider the idempotent
e= (1). If' 2 E is a state such that ' (e) 6 0, then there is a well de ned

pullback ,
(2.5) ()= 75"

Let u be an isometry compatible with the time ewolution by
(2.6) (= "u >0

Onehasu u= 1anduu = e. We say that Adu de ned by a 7! uau is an inner
endomorphismof (A; (). The condition (2.6) ensuresthat (Adu) ' is well de ned
accordingto (2.5) and the KMS condition showsthat the induced action of an inner
endomorphismon KMS statesiis trivial.

One needsto be especially careful in de ning the action of endomorphismsby (2.5).
In fact, there are caseswhere for KMS; statesone nds only ' (e) = 0, yet it is
still possibleto de ne an interesting action of endomorphismsby a procedure of
\w arming up and cooling down". For this to work one needssu cien tly favorable
conditions, namely that the \w arming up" map

Tr( - (a)e ")

(2.7) W (@) = oy

givesa homeomorphismW :E ! E forall suciently large. One can then
de ne the action by

28) ()@= lim (W)@

forall' 2 B andalla2 A.
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3. The Bost{Connes system

In [1] Bost and Connesconstructed a C -dynamical system (A; ) with sponta-
neous symmetry breaking, which encales the arithmetic of the cyclotomic eld
QY that is, of the maximal abelian extension of Q by the Kronecker{W eber
theorem.

The algebra A of the Bost{Connes systemis generatedby two typesof operators.
The rst type consistsof phaseoperators e(r), parameterizedby elemens r 2 Q=Z.
These can be represerted on the Fock spacegeneratedby occupation numbers jni
asthe operators

(3.2) e(n)jni = ( Mjni:

Here we denote by .-, = ¢ the abstract roots of unity generating QY and by
: QY | C anembedding that identies Q% with the sub eld of C generated
by the concrete roots of unity.

The operators (3.1) are familiar in the theory of quantum optics, where they are
usedto de ne the quartized optical phaseas a state

m
N+1

where vy is a superposition of occupation states
1 X
= 1=2
(N + 1)t=>

jmni=e VN ;

VN jni:

In such quantization of the phase, N is chosenas a scale at which the phaseis
discretized. One needsthen to ensurethat the results are consistert over changes
of scale.

The other operators that generatethe Bost{Connes algebra can be thought of as
implemerting the changesof scalesin the optical phasesin a consistert way. These
operators are isometries ,, parameterizedby positiveintegersn 2 N = Z. . The
changesof scaleare described by the action of the | on the e(r) by

1 X
(3.2) ne(r) n = &)
ns=r
In addition to this compatibilit y condition, the operators e(r) and , satisfy other
simple relations. Thesegive a presertation of the algebraA of the form ([1], [10)):
nn=1foraln2N ,
k n= «kn,forallk;n2 N ,
e0)=1,¢e(r) =¢( r), ande(r)e(s) = e(r + s), for all r;s 2 Q=Z,
Foralln2 N andall r 2 Q=Z, the relation (3.2) holds.

One considerson the algebra A the time ewolution given by
(3.3) t(n)=n" o (e(r) = er):

3.1. Hecke algebra. The fact that (3.3) de nes a natural time ewolution is best
understood by describing the algebra A as a Hede algebra for the pair of groups
( 0;) = (Pz;Pg), whereP is the ax+ b group. This is the way the algebra A was
introducedin [1].
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Whenewer the inclusion ¢ has the property that the left o orbits of any

2 = g are nite (samefor right orbits on the left coset), one can considerthe
Hedkealgebraof the pair ( ¢; ) givenby functionson on = o with the convolution
product

X
(3.4) (Fr f22( )= fa( (Hf2(2)

and the involution f () :=f( 1).

The Hede algebra de ned this way has a regular represenation on the Hilbert
space’?( on) X
((®)))= FC b (o)
oh

The canonicaltime ewolution on the corresponding von Neumann algebrais deter-
mined by the ratio of the length of left and right ¢ orbits,

L() it

(3.5) (f)() = RO) f();

where,for 2 = gwesetL( )=# o andR( )=1L( Y.

In the caseof the pair ( o; ) of parabolic subgroups(P*;Pé) of GL; (Q), the
Hedke algebra (3.4) givesthe Bost{Connes algebra and the time ewolution (3.5) is
given by (3.3).

3.2. 1-dimensional Q-lattices. We now return to the point of view of Q-lattices.
As showed in [4], the algebra A of the Bost{Connes system has a natural inter-
pretation as the noncommutativ e algebra of coordinates of the spacel ;=R, of
1-dimensional Q-lattices (up to scaling) modulo commensurability.

In fact, a 1-dimensional Q-lattice can always be written in the form

(3.6) (s)=02 )
for some > 0 and some
(3.7) 2 Hom(Q=Z;Q=Z) = lim Z=nZ = 2:

By considering lattices up to scaling, we eliminate the factor > 0 so that 1-
dimensional Q-lattices up to scale are completely speci ed by the choice of the
elemert 2 2. Thus, the algebra of coordinates of the spaceof 1-dimensional
Q-lattices up to scaleis the commutative C -algebra

(3.8) C(2)' C (Q=2):
The identi cation in (3.8) results from the fact that 2 is the Pontrjagin dual of
Q=Z.

The equivalencerelation of commensurability is implemented by the action of the
semigroupN on Q-lattices. The corresponding action on the algebra (3.8) is by

_ f(nt) 2n2
(3.9) n(H)O) = otherwise.
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Thus, the quotient of the spaceof 1-dimensional Q-lattices up to scaleby the com-
mensurability relation and its algebra of coordinates of is given by the semigroup
crossedproduct

(3.10) C (Q=2)o N :
This is another description of the Bost{Connes algebra, as (3.10) has the right set
of generatorsand relations, with (3.2) implementing the semigroupaction (3.9)

3.3. Structure of KMS states. The Bost{Connes algebrahasirreducible repre-
sertations on the Hilbert spaceH = “2(N ). Theseare parameterizedby elemeris

2 2 = GL1(2). Any such elemeri de nes an embedding : Q%¢ | C and the
corresponding represertation is of the form

(e(r)) « (9 «

(n) k=

(3.11)

The Hamiltonian implemerting the time ewolution (3.9) on H is
(3.12) H k= logk «

Thus, the partition function of the Bost{Connes systemis the Riemann zeta func-
tion

(3.13) Z()=Tre " = k = ():

Bost and Connesshawved in [1] that KMS states have the following structure, with
a phasetransition at = 1.
In the range 1 there is a unique KMS state. Its restriction to Q[Q=Z]
is of the form
Y 1 p !
" (e(a=h) = b ﬁ3
, : p
p prime ; pjb
For 1< 1 the set of extremal KMS states E can be identied with
2 . It hasa free and transitiv e action of this group induced by an action on

A by automorphisms. The extremal KMS state correspondingto 2 2
is of the form

(3.14) () = Tr  (x)e H

r
()
At = 1 the Galois group Gal(Q%“=Q) acts on the values of states
' 2 B onanarithmetic subalgebraAg A. Thesehavethe property that
'(Ag) Q9 and that the isomorphism (class eld theory isomorphism)

: Gal(Qwe=Q) I 2 intertwines the Galois action on values with the
action of 2 by symmetries, namely,

(3.15) )= (0)x);
forall' 2 F ,foral 2 Gal(Q¥®=Q) and for all x 2 Aq



Q-LATTICES: QUANTUM  STATISTICAL MECHANICS AND GALOIS THEOR Y 9

Here the arithmetic subalgebracan be taken as the algebra over Q generated by
the e(r) and ,; |, or equivalently asthe Hede algebra of compactly supported
Q-valued functions on gn with the convolution product (3.4). As we shall see,a
di erent description of the arithmetic subalgebrais given in [4] in terms of homo-
geneousweight zero functions of Q-lattices.

The choice of an \arithmetic subalgebra” correspondsto endaving the noncomnu-
tative spaceA with an arithmetic structure. The subalgebracorresponds to the
rational functions and the values of KMS; states at elemerts of this subalgebra
should be thought of as\v aluesof rational functions at classicalpoints" (cf. [5]).

What is remarkable about the ground states of this systemis that, when evaluated
on the rational obsenablesof the system,they only a ect valuesthat are algebraic
numbers. Moreover, these span the maximal abelian extension of Q and the class
eld theory isomorphism intertwines the two actions of the idelesclassgroup, as
symmetry group of the system, and of the Galois group, as permutations of the
expectation valuesof the rational obsenables.

In general, the fact that the Galois action on the values of states would presene
positivity (i.e. would give values of other states) is a very unusual property. We
refer to such states as\fabulous states".

3.4. Noncomm utativ e Geometry and Class Field Theory. The main result
of Bost{Connes [1] on the structure of KMS states for the system described above
suggeststhe possibility of a connection between noncomnutative geometry and
class eld theory.

If K is a number eld with [K : Q] = n, and K is an algebraic closure of K, then
one has the Galois group Gal(K=K). This group of symmetriesis a very beautiful
object, and quite mysterious even in the caseof K = Q. On the other hand, one
can considera smaller eld than K, namely the maximal atelian extension K2 of
K. This hasthe property that

Gal(K?=K) = Gal(K=K)?:
The Kronecker{W eber theorem shaws that for K = Q
Q*=QY" and Gal(Q*=Q)' 2:

Finding an analogousresult for more generalnumber elds is the content of Hilb ert's
12th problem, the problem of explicit class eld theory. For a number eld K one
knows that there is an identi cation (the class eld theory isomorphism)

(3.16) :Ck=Dx ! Gal(K®=K);

where Cx = A=K is the group of idele classesand Dk the connectedcomponert
of the identity in Ck. In the explicit class eld theory problem onewants to obtain
an explicit set of generatorsfor K& and an explicit description of the action of
Gal(K&=K).

Remarkably, a complete solution to HHb_ert's 12th problem exists only for Q and
for the imaginary quadratic eﬁjg Q( d). The rst challengeis posedby the
caseof real quadratic elds Q( d). It is natural to ask whether noncomnutativ e
geometry can provide somenew insight on the Hilbert 12th problem, at least for
the caseof real quadratic elds. A seriesof beautiful re ections on this theme is
givenin Manin's real multiplication project [13].



10 ALAIN CONNES AND MATILDE MAR COLLI

The Bost{Connes system has also an adelic description [1], where the algebra A is
Morita equivalent to the crossedproduct

(3.17) Co(Ar) 0 Q.

(cf. [11]) with A = 2 Q the nite adelesof Q. The set of extremal KMS states
below critical temperature can also be described as the adelic quotient

(3.18) B ' GL1(Q)NGL1(A)=R,;

with A = As R the full adelesof Q.

Given a number eld K with [K : Q] = n, there is an embedding K | GL,(Q)
of its multiplicativ e group in GL,(Q). Sud embedding induces an embedding of
GL1(Ak: ) whereAxs = Ar K arethe nite adelesof K into GL,, (Ar).

This suggestsa possible strategy to dewvelop an approach to explicit class eld

theory via the construction of \fabulous states" for quantum statistical mecanical
systemsasscaiated to other number elds, by studying GL, analogsof the Bost{

Connessystem. This was done (especially in the caseof GL7) in [4]. In the case
of GL,, one seesthat the geometry of modular curvesand the algebra of modular
forms appear naturally. Theseare the main ingredients alsoin the solution of the
explicit class eld theory problem for imaginary quadratic elds (cf. [16]).

4. The GL, system
In this section we will describe the main features of the GL, analog of the Bost{
Connessystem, according to the results of [4].

In the following, to avoid confusion, we usethe notation A; and Ay.q for the C -
algebraof the Bost{Connes systemand its arithmetic subalgebraand A, and A;.q
for the analogsin the GL, case.

Any 2-dimensional Q-lattice can be written in the form

(;)=0@&+2Z2); )
for some 2 C ,some 2 H, andsome 2 M,(2) = Hom(Q?=Z2;Q2=z2). Thus,
the spaceof 2-dimensional Q-lattices up to the scalefactor 2 C and up to
isomorphisms,is given by
(4.1) M2(2) H mod = SL(2;2):
The commensurability relation giving the spacelL ,=C is implemented by the par-
tially de ned action of GLj (Q).

More precisely we proceedas follows. We choosea basisfe; = 1;e;, = igof C as
a vector spaceover R, with respect to which we de ne the action of GL; (R) on C.
If weset o= Zej+Ze,=2Z2+iZ,anelemen 2 M2(2) de nes a homomorphism

1Q%=Z%1 Q o= o; (@ = (e + 2Ae)er:
Considerthe quotient of the space
(4.2) 0:=1f(g; )2GL5(Q) M22) GL;(R): g 2Mz(2)g
by the action of given by
(4.3) (15209 )=(19,% 25 2 )

The groupoid R, of the equivalencerelation of commensurability on 2-dimensional
Q-lattices (not considered up to scaling for the momert) is a locally compact
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groupoid, which can be parameterized by the quotient of (4.2) by via the

mapr : 0! Ry,

(4.4) r@: )= 9t o ) o t):

We then considerthe quotient by scaling. Upon identifying C GL; (R) by
a+ib2C 7! ab b 5 6L (R):

the quotient GL; (R)=C canbeidenti ed with the hyperbolic plane H in the usual
way

ab

d

If ( «; k) k= 1;2 are a pair of commensurable2-dimensional Q-lattices, then for
any 2 C ,the Q-lattices ( «; k) are alsocommensurable,with

rg;  HD=r(g; )
However, the action of C on Q-lattices is not free due to the presenceof lattices
(such as ) with nontrivial automorphisms. Thus, the quotient Z = R,=C is no
longer a groupoid. Still, one can de ne a convolution algebrafor Z by restricting

the corvolution product of R, to homogeneousunctions of weight zero, where a
function f hasweight k if it satis es

f(g; )= *f(g; ) 8 2C:
The spaceZ is the quotient of the space
(4.5) Ui=1f(g;2)2GL;(Q M22) Hig 2 M2(2)g

by the action of . Herethe spaceM 2(2) H hasa partially de ned action of
GL; (Q) given by

2 GL:(R) 7!

ai+b
Ci d2H

a(; 2) = (9; 9(2);
where g(z) denotesaction as fractional linear transformation.

Thus, the quotient L,=C of the spaceof 2-dimensional Q-lattices up to scaleby
the relation of commensurability is a noncomnutativ e spacewhosealgebra of co-
ordinates is a Hedke algebra obtained as follows.

Considerthe spaceC:(Z) of continuouscompactly supported functionson Z. These
can be seen,equivalertly, as functions on U asin (4.5) invariant under the
action (g; ; 2) 7' ( 19 » % 22).
One endows C¢(Z) with the convoluti%? product
(4.6) (fr f2)g;; 2)= f1(gs L;s; s(@)fa(s;; 2)
s2 nGL} (Q):s 2M(2)

and the involution f (g; ; z) = f(g 1;9; 9(2)).
The time ewolution is given by

(4.7) (f)(g; ; 2) = det(g)" f (g; ; 2):
For 2 M2(2) let
(4.8) G :=fg2GL;(Q) : g 2My(2)g

and considerthe Hilbert spaceH = “?( nG ).
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A 2-dimensional Q-lattice L = ( ; ) = (; z) determines a represenation of the
Hedke algebraby bounded operatorsxon H , setting

(4.9) (L(f))(9= f(gs *s;8(2)) (s):

s2 nG
In particular, when the Q-lattice L = ( ; ) is invertible one obtains
H =2( nM; (2)):
In this case,the Hamiltonian implemerting the time ewolution (4.7) is given by the
operator
(4.10) H n = logdet(m) n:

Thus, in the special caseof invertible Q-lattices (4.9) yields a positive energy rep-
resentation. In generalfor Q-lattices which are not commensurableto an invertible
one, the corresponding Hamiltonian H is not bounded below.

The Hedke algebra (4.6) admits a C -algebracompletion A ,, wherethe norm is the
sup over all represertations | .

The partition function for this GL, systemis given by

X R
(4.11) Z()= det(m) = Kk = () 1y
m2 nM; (2) k=1
where (k) = g, d.
This already hints to the fact that the system might have more than one phase

transition. In fact, the form of the partition function suggeststhe possibility that
two distinct phasetransitions might happenat = land = 2.

5. KMS states and symmetries

The structure of KMS statesfor the GL,-systemis analysedin [4]. The main result
is the following.

Theorem 5.1. The KMS statesof the GL,-systemhavethe following properties:

(1) In the range 1 there are no KMS states.
(2) In therange > 2 the set of extremal KMS statesis given by the classial
Shimura variety

(5.1) E = GL2(Q)NGL,(A)=C :

This shows that the extremal KMS states at su cien tly low temperature are pa-
rameterized by the invertible Q-lattices. The explicit expressionfor theseextremal
KMS statesis obtained as

(5.2) = 50

m2 nM; (2)
whereL = (; z) is an invertible Q-lattice.

The dicult part of the proof is to show that indeed all extremal KMS states

are of this form. When ! 1 from above, the dierent pure phasesmerge, so it

is reasonableto expect that in the intermediate range 1 < < 2 there will be a

uniqgue KMS state. Thus, the system exhibits two distinct phasetransitions at
=2and =1.

f(1;m; m(z)) det(m)
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The main step in the proof of Theorem 5.1 is the construction of a subalgebra
generatedby projections ,(k;!1), where p is a prime number and k; | are integers
with k [, with the following properties

If ' isa KMS state for the GL, system,then it satis es
(k)= p &N pk@+p Ha p )T pt o) k<

(e = p? @ p )T p) k =
If p aredistinct prime numbers, then
0 1

Y Y
C@ L kiIDA = (ki)
i i
In particular these properties show that there cannot be any KMS state in the
range0< < 1.

5.1. Symmetries. In the range 2 < 1, there is a very interesting action of
symmetries on the KMS states of the GL,-system.

The symmetry group of A, (including both automorphisms and endomorphisms)
can be identi ed with the group

(5.3) GL2(Ar) = GL3 (Q)GL2(2):

Here the group GL,(2) acts by automorphisms,
(5.4) (f)g;;2)="1(g ;2):

Geometrically, this is the group of ded transformations of coverings of modular
curves. In fact, when we consider the (compact) modular curve X (n) over the
cyclotomic eld Q( ,), theseform a tower over the base X (1) = P over Q, and
the group GL2(Z=nZ)= 1 is the group of automorphisms of the projection X (n) !
X (1), (cf. [15], [5]) sothat one obtains the automorphism group

(5.5) GL2(2)= 1= lim GL,(Z=nZ)=f 1g:

n

On the other hand, the group GL; (Q) in (5.3) acts by endomorphisms,

f(g m Lz) 2mMy(2)
(5.6) m(f)(g 5 2) = .

0 otherwise
wherem = det(m)m 1.
The subgroupQ ! GL,(As) acts by inner, hencethe group of symmetries of the
set of extremal statesE is of the form

(5.7) S= Q nGLy(Af):

In the caseof E; states(de ned asweaklimits) the action of GL (Q) is more subtle
to de ne. In fact, (5.6) doesnot directly induce a nontrivial action on E; . However,
there is a nontrivial action induced by the action on E statesfor su cien tly large

. The action onthe KMS; statesis obtained by a\w arming up and cooling down
procedure”, asin (2.7) and (2.8).
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5.2. Lattice functions. In the caseof the BC system, the arithmetic subalgebra
A1,q can be regardedas the algebrageneratedby the ,; ,, and by homogeneous
functions of weight zero on 1-dim Q-lattices obtained as a normalization of the
functions
X

(5.8) ka( 5 )= y

y2+ (a)
by covolume, namely, by the functions ex.a := ¢ .o, Wherec() is proportional to
the covolumej j and satis es

(2 ID_1) c(2) = 1

It is natural therefore to expect that the analogousA.q of the GL, system will
involve Eisenstein series X

(5.9) Eaca( ;)= y *
y2 + (a)
and
X X o
(5.10) Xa( ;)= y 2 y ?
y2 + (a) y2

normalized to weight zero, in a similar fashion.

This points to the fact that modular functions should appear naturally as the
rational subalgebraof the GL, system. This can alsobe noticed from the fact that
the group of symmetries S describedin (5.7) is in fact the Galois group of the eld
of modular functions, by a deeparithmetic result of Shimura [16].

As we shall seebelow, in fact A,.q will turn out to be a subalgebraof unbounded
multipliers of A,. Modular functions will appear naturally from a simple set of
conditions specifying the arithmetic nature of these multipliers.

5.3. The modular eld. Werecall briey somebasicfacts and results about the
modular eld. Let F denotethe eld of modular functions over Q2, namely the
union of the elds Fy of modular functions of level N rational over the cyclotomic
eld Q( »), that is, such that the g-expansionin powers of g*™ = exp(2 i =N)
hasall coe cien ts in Q(e? =N).

The action of the Galois group 2 ' Gal(Q2’=Q) on the coe cien ts determinesa
homomorphism

(5.11) cycl: 21 Aut( F):
The modular eld has an explicit set of generatorsgiven by the Fricke functions
([26], [12)). If } is the Weierstrass} -function, which givesthe parameterization

w7l (L} (w; 1)) %w; 1)
of the elliptic curve

y2= 43 g )x  gs( )

by the quotient C=(Z + Z ), then the Fricke functions are homogeneoudunctions
of 1-dimensionallattices of weight zero, parameterizedby v 2 Q?=Z2, of the form

(5.12) fu(2) = 2735% F( L(v): 2 1);

where ( z) = @3 2703 is the discriminant and (V) := viZ + Va.
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The following important result of Shimura completely determinesthe Galois group
of the modular eld:

Aut (F) = Q nGL2(A¢):

If 2 H is a generic point, then the ewvaluation map f 7! f ( ) is an embedding
F ! C. Wedenoteby F the imagein C. This yields an identi cation

(5.13) -Gal(F =Q) ! Q nGLy(Af):

5.4. Arithmetic  subalgebra. Wedeterminea natural arithmetic subalgebraA ;.q
of unbounded multipliers of A,. Unbounded multipliers on A, are endoved with
the samecornvolution product (4.6).

Elemerts of A,.q are cortinuous functions on Z (cf. (4.5)), with nite support in
the variable g2 nGL; (Q). For conveniencewe adopt the notation

fg)(@)=1(g; 2)

sothat f(g. )y 2 C(H). Let py : M2(2) ! M2(Z=NZ) be the canonical projection.
We say that f is of level N if

Flg) = famncy  8(G )
Then f is completely determined by the functions
fgm) 2 C(H);  form2 M2(Z=NZ):
Notice that the invariance
f@g::2)="1( ; (2);
forall 2 andfor all (g; ; z) 2 U, implies that we have
(5.14) fgmyi =f@my; 8 2 (N)\g?!ag

sothat f is invariant under a congruencesubgroup.
Thus, we de ne the arithmetic Aj.q asfollows.

De nition  5.1. A continuous function on Z is in the arithmetic sulalgeba A ;.o
if it satis es the following properties:

(1) The support of f in nGL; (Q) is nite.
(2) The function f is of nite levelwith

fgm)2 F  8(g;m):
(3) The function f satis es the cyclotomic condition:
fg ym) = cyel(u) fgm);
for all g2 GL; (Q) diagonal and all u 2 2, with

_u 0
(U)— 0 1

and cycl asin (5.11).
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If we took all but the last condition, this would allow the algebraAj.q to cortain
the cyclotomic eld Q%  C, but this would prevert the existenceof \fabulous
states", becausethe \fabulous" property would not be compatible with C-linearity.
The cyclotomic condition forcesthe spectrum of the corresponding elemeris of A.q
to contain all Galois conjugatesof any sud root, sothat theseelemens cannot be
scalar. This is achieved via a simple an natural consistencycondition on the roots
of unity that appear in the coe cien ts of the g-series.

The algebra A,.q de ned by the properties above is a subalgebraof unbounded
multipliers of A, which is globally invariant under the group of symmetries S.

5.5. Galois action on E; . Considerastate’ ="' 1. 2 E , wherethe invertible
Q-lattice L = (; ) is generic,in the sensethat 2 H is genericsothat one has
the identi cation (5.13).

Theorem 5.2. For' ;. 2 E with L = (; ) generic, the valuesof the state on
elementsof the arithmetic sulalgeba lie in the imagein C of the modular eld,

(5.15) "(A2q) F;

and the isomorphism

(5.16) . :Gal(F =Q) ! Q nGLy(A¢);
given by

(5.17) ()=t ()

for asin (5.13), intertwines the Galois action on the valuesof the state with the
action of symmetries,

(5.18) Y(F)=" (- ()f); 8f 2A,0; 8 2Gal(F =Q):

6. Noncommut ative Shimura varieties

This point of view is stressedin our joint work with Ramadandran [5].

With the notation Sh(G; X) := G(Q)nG(As) X, the Shimura variety assiated
to the tower of modular curvesis described by the adelic quotient
Sh(GL2;H )= GL2(Q)nGL2(Af) H
(6.1)
= GL;(Q)nGL2(Af) H = GL;(Q)nGL(A)=C :

The inverselimit lim nH over congruencesubgroups SL(2; Z) givesa connected
componert, while by taking congruencesubgroupsin SL(2; Q) oneobtains the adelic
version Sh(GL2;H ).

The set of componerts of Sh(GL,;H ) is given by

(6.2) 0(Sh(GL2;H )) = Sh(GL4;f 1g);
where
(6.3) Sh(GL1;f 1g9) = GL1(Q)nGL1(As) f 1g= Q. nA;

is the Shimura variety assaiated to the cyclotomic tower (cf. [5] [15]).

As we shall seebelow, (6.3) can be thought of asthe \set of classicalpoints" of the
noncomnutativ e spaceof the BC system,wherethe algebraA ; is Morita equivalent
to Co(Ar)0 Q. . The result of [1] showsin particular that, at zerotemperature, the
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BC system settles onto its \commutativ e points" (extremal KMS; states) which
form the classicalShimura variety (6.3).

Similarly, the results of Theorem 5.1 and 5.2 show the analogousbehavior in the
GL, system. At zerotemperature, the systemsettlesonto its \commutativ e points"
given by the Shimura variety (6.1).

This leadsus naturally to think of the algebrasof the BC systemand of the GL,
system as noncommutative Shimura varieties. The rst is assaiated to the adelic
guotient

(6.4) Sh(™)(f 1g;GL;) == GL1(Q)n(A; f 1g) = GL1(Q)nA =R,
with A == A R.

This has a compacti ¢ ation, obtained by replacing A by A, asin [3],
(6.5) Sh()(f  1g;GL;) = GL1(Q)nA=R, :

The compacti cation consistsof adding the trivial lattice (with a possibly nontrivial
Q-structure).

The dual space(namely the principal R, -bundle obtained by taking the crossed
product by time ewolution ) is the spaceof adele classes

(6.6) L; = GL1(Q)nA! GL1(Q)nA=R,

that givesthe spectral realization of zerosof the Riemann function in [3]. This
dual spacecorresponds to considering commensurability classesof 1-dimensional
Q-lattices (not up to scaling).

In the caseof the GL,-system, similarly, we have a noncomrutativ e Shimura variety

(6.7) Sh(™)(H ;GLj) := GL2(Q)n(M2(As) H ):

This also admits a compacti cation, now given by adding the boundary P1(R) to
H , asin the noncomnutativ e compacti cation of modular curvesof [14],

(6.8) Sh()(H ;GL,) := GL(Q)N(M2(Ar) PY(C)) = GL2(Q)NM2(A)=C ;

whereP(C) = H [ P*(R). This correspondsto adding to the spaceof commensu-
rabilit y classesof 2-dimensional Q-lattices the pseudolattices(in the senseof [13]),
here consideredtogether with a Q-structure.

In this casewe can also considerthe dual system. This is a C -bundle
(6.9) L2 = GL2(Q)nM2(A):

On this dual spacemodular forms appear naturally instead of modular functions
and the algebra of coordinates contains the modular Hede algebra of Connes{
Moscovici ([6], [7]) as arithmetic subalgebra.

The identi cation (6.2) then givesthe compatibility betweenthe GL; and the GL,
system. At the level of the classicalcommutativ e spaces this is given by the map

(6.10) det sign:Sh(H ;GLy)! Sh(f 1g;GLj);

which correspondsin fact to passingto the set ¢ of connectedcomponerts.
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7. Class Field Theor y

In our joint work with Ramacdandran [5], we use the GL, systemto extend the
relation betweennoncomrmutativ e geometry and class eld theory illustrated in the
BC systemfor the caseof Q to the next important case,that of imaginary quadratic
elds.

Thus, we assumethat K = Q(p ~d). A point 2 HisaCM (complex multiplica-
tion) point for K if we have K = Q( ). This is a non-generic case,in the senseof
the properties of the modular eld under the evaluation map. In fact, in this case,
the evaluation F ! F C doesnot give an embedding.

The imagein C of the modular eld can be characterized ([16]) and is the maximal
abelian extensionof K,

(7.1) F ' K

The valuesff ( ); f 2 Fg give a set of geneators of K& and the Galois action is
described explicitly in the following way ([16])

1— Ik —JGLy(Aky ) —JGal(Kab=K) —/1

1—IQ ——/GLy(A ) ——Aut(F) ——1;

where Axs = A; K. This givesa complete solution to the problem of explicit
class eld theory for imaginary quadratic elds.

As in the BC system one seesthe explicit class eld theory of Q2 appear in the
symmetries of E; states, the class eld theory for imaginary quadratic elds ap-
pears naturally in relation to the GL, system. In fact, one can consider a special
classof 2-dimensional Q-lattices, given by thosethat alsohave the similarly de ned
structure of a 1-dimensionalK-lattice. The commensurability relation (compatible
with the K-structure) givesa systemAy which is closelyrelated to both the origi-
nal BC systemand the GL,-systemand has properties in commonwith both. The
arithmetic structure of the GL,-systeminducesa corresponding arithmetic struc-
ture Ax;q on the Ak system, which also inherits a natural time ewolution. The
Galois theory of KMS; states of the GL»-system has a parallel result for the Ak
system, which mirrors the relation betweenthe explicit class eld theory of imag-
inary quadratic elds and the Galois theory of the modular eld described above.
(See[5] for detalils.)

The next fundamertal questionin the direction of generalizationsof the BC system
to other numbeb elds is how to approach the more complicated caseof real qua-
dratic elds, Q(' d), for which there is not yet a complete solution to the explicit
class eld theory problem. Manin's real multiplication program [13] suggeststhat
the right geometric setup may still be found within the GL,-system, by looking at
the boundary strata of Sh(n¢)(H ;GL>).
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