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Unified setting for:

• Modular Hecke algebra (Connes–Moscovici)

• Spectral realization of zeros of ζ(s) (Connes)

• Bost–Connes system with arithmetic spon-

taneous symmetry breaking

• NC boundary of modular curves (Manin-M)
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Q-lattices (Λ, φ) Q-lattice in Rn

lattice Λ ⊂ Rn + labels of torsion points

φ : Qn/Zn −→ QΛ/Λ

group homomorphism (invertible Q-lat is isom)

φ

φ

general case

invertible case

Commensurability

(Λ1, φ1) ∼ (Λ2, φ2)

iff QΛ1 = QΛ2 and

φ1 = φ2 mod Λ1 + Λ2

Q-lattices / Commensurability ⇒ NC space
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Quantum Statistical Mechanics

A = algebra of observables (C∗-algebra)

State: ϕ : A → C linear

ϕ(1) = 1, ϕ(a∗a) ≥ 0

Time evolution σt ∈ Aut(A)

(rep on Hilbert space H)

Hamiltonian H =
d

dt
σt|t=0

Equilibrium state (inverse temperature β = 1/kT)

1

Z(β)
Tr

(

a e−βH
)

Z(β) = Tr
(

e−βH
)
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KMS states ϕ ∈ KMSβ (0 < β <∞)

∀a, b ∈ A ∃ holom function Fa,b(z) on strip: ∀t ∈ R

Fa,b(t) = ϕ(aσt(b)) Fa,b(t + iβ) = ϕ(σt(b)a)

Im z = β

Im z = 0
F(t) = ϕ(aσt(b))

F(t + iβ) = ϕ(σt(b)a)

0

iβ

Ground states (β =∞, T = 0)

At T > 0 simplex KMSβ ; extremal Eβ
(Points on NC space A)

At T = 0: KMS∞ = weak limits of KMSβ

ϕ∞(a) = lim
β→∞

ϕβ(a)
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Symmetries ; action on Eβ

Automorphisms G ⊂ Aut(A), gσt = σtg

Mod Inner: u = unitary σt(u) = u

a 7→ uau∗

Endomorphisms ρσt = σtρ e = ρ(1)

For ϕ(e) 6= 0

ρ∗(ϕ) =
1

ϕ(e)
ϕ ◦ ρ

Mod Inner: u = isometry σt(u) = λitu

Action: (on E∞: warming up/cooling down)

Wβ(ϕ)(a) =
Tr(πϕ(a) e−β H)

Tr( e−β H)
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The Bost–Connes system

J.B. Bost, A. Connes, Hecke algebras, Type III fac-

tors and phase transitions with spontaneous symmetry

breaking in number theory, Selecta Math. (1995)

r ∈ Q/Z ; “phase operators” e(r)

Fock space e(r)|n〉= α(ζn
r )|n〉

ζa/b = ζa
b abstract roots of 1 embedding α : Qcycl ↪→ C

Optical phase: |θm,N〉 = e
(

m
N+1

)

· vN superposition of

occupation states vN = 1
(N+1)1/2

∑N
n=0 |n〉

n ∈ N× = Z>0 ; changes of scale µn

µne(r)µ∗n =
1

n

∑

ns=r
e(s)
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1-dimensional Q-lattices

(Λ, φ) = (λ Z, λ ρ) λ > 0

ρ ∈ Hom(Q/Z, Q/Z) = lim←−Z/nZ = Ẑ

Up to scaling λ: algebra C(Ẑ) ' C∗(Q/Z)

Commensurability Action of N×

αn(f)(ρ) = f(n−1ρ)

1-dimensional Q-lattices / Commensurability

⇒ NC space C∗(Q/Z) o N×
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Hecke algebra A = A1

(Γ0,Γ) = (PZ, PQ) ax + b group

f : Γ0\Γ/Γ0 → C (or to Q)

(f1 ∗ f2)(γ) =
∑

Γ0\Γ
f1(γγ−1

1 )f2(γ1)

f∗(γ) := f(γ−1)

Regular rep `2(Γ0\Γ) ⇒ von Neumann alg

; time evolution

γ ∈ Γ: L(γ) = #Γ0γ and R(γ) = L(γ−1)

σt(f)(γ) =

(

L(γ)

R(γ)

)−it

f(γ)

σt(µn) = nitµn σt(e(r)) = e(r)
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Representations Hilbert space H = `2(N×)

α ∈ Ẑ∗ = GL1(Ẑ) ⇔ embedding α : Qcycl ↪→ C

πα(e(r)) εk = α(ζk
r ) εk

πα(µn) εk = εnk

Hamiltonian H εk = log k εk

Z(β) = Tr
(

e−βH
)

=
∞
∑

k=1

k−β = ζ(β)

Partition function = Riemann zeta function
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Structure of KMS states (Bost–Connes)

• β ≤ 1 ⇒ unique KMSβ state

• β > 1 ⇒ Eβ ∼= Ẑ∗ (free transitive action)

ϕβ,α(x) =
1

ζ(β)
Tr

(

πα(x) e−βH
)

• β =∞ Galois action θ : Gal(Qcycl/Q)
∼=→ Ẑ∗

γ ϕ(x) = ϕ(θ(γ) x)

∀ϕ ∈ E∞ ∀γ ∈ Gal(Qcycl/Q)

and ∀x ∈ AQ (arithmetic subalgebra)

ϕ(AQ) ⊂ Qcycl
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NCG and class field theory

K = number field [K : Q] = n, an algebraic

closure K̄ ; group of symmetries Gal(K̄/K)

Max abelian extension Kab:

Gal(Kab/K) = Gal(K̄/K)ab

Kronecker–Weber: K = Q

Qab = Qcycl Gal(Qab/Q) ' Ẑ∗

Hilbert 12th problem (explicit class field theory)

Generators of Kab + action of Gal(Kab/K)

Solved for: Q and Q(
√
−d) (imaginary quadratic)

Question: Can NCG say something new?

(at least for real quadratic Q(
√

d))
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Bost–Connes system ; Kronecker–Weber

adèlic description: Af = Ẑ⊗Q and A = Af × R

E∞ ' GL1(Q)\GL1(A)/R∗+

Number field K with [K : Q] = n

K∗ ↪→ GLn(Q)

⇒ Seek extension of Bost–Connes system to

GLn(A)

GL2 case ; Modular curves, modular forms

(A.Connes, M.M. Quantum Statistical Mechanics of Q-

lattices)
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2-dimensional Q-lattices

(Λ, φ) = (λ(Z + Zτ), λρ)

λ ∈ C∗, τ ∈ H, ρ ∈M2(Ẑ) = Hom(Q2/Z2, Q2/Z2)

Up to scale λ ∈ C∗ and isomorphism

M2(Ẑ)×H mod Γ = SL(2, Z)

Commensurability action of GL+
2 (Q) (partially

defined)

⇒ NC space

Functions on

U = {(g, ρ, z) ∈ GL+
2 (Q)×M2(Ẑ)×H|gρ ∈M2(Ẑ)}

invariant under Γ×Γ action (g, ρ, z) 7→ (γ1gγ−1
2 , γ2z)
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Hecke algebra A = A2

convolution product

(f1∗f2)(g, ρ, z) =
∑

s∈Γ\GL+
2 (Q):sρ∈M2(Ẑ)

f1(gs−1, sρ, s(z))f2(s, ρ, z)

f∗(g, ρ, z) = f(g−1, gρ, g(z))

Time evolution:

σt(f)(g, ρ, z) = det(g)it f(g, ρ, z)

Hilbert spaces: for ρ ∈M2(Ẑ)

Gρ = {g ∈ GL+
2 (Q) : gρ ∈M2(Ẑ)}

Hρ = `2(Γ\Gρ)
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Representations:

L = (Λ, φ) = (ρ, z) gives representation on Hρ:

(πL(f)ξ) (g) =
∑

s∈Γ\Gρ

f(gs−1, sρ, s(z)) ξ(s)

L = (Λ, φ) invertible ⇒ Hρ
∼= `2(Γ\M+

2 (Z))

Hamiltonian

H εm = logdet(m) εm

⇒ positive energy

Partition function σ(k) =
∑

d|k d

Z(β) = Tr
(

e−βH
)

=
∑

m∈Γ\M+
2 (Z)

det(m)−β

=
∞
∑

k=1

σ(k) k−β = ζ(β)ζ(β − 1)
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Structure of KMS states GL2-system

• β ≤ 1 No KMS states

• 1 < β < 2 Unique ?

• β > 2 ⇒ Eβ ∼= GL2(Q)\GL2(A)/C∗

ϕβ,L(f) =
1

Z(β)

∑

m∈Γ\M+
2 (Z)

f(1, mρ, m(z)) det(m)−β

L = (ρ, z)

(Hard to show: all ϕ ∈ Eβ of this form)

Two phase transitions
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Symmetries 2 < β ≤ ∞

GL2(Af) = GL+
2 (Q)GL(Ẑ) acts on A2

• GL(Ẑ) by automorphisms (deck transformations

of coverings of modular curves)

θγ(f)(g, ρ, z) = f(g, ργ, z)

• GL+
2 (Q) by endomorphisms

θm(f)(g, ρ, z) =

{

f(g, ρm̃−1, z) ρ ∈ m M2(Ẑ)

0 otherwise

m̃ = det(m)m−1

Q∗ ↪→ GL2(Af) acts by inner

⇒ S = Q∗\GL2(Af) symmetries on Eβ

Action of GL+
2 (Q) on E∞: warming/cooling
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Arithmetic subalgebra

Look back at AQ = A1,Q (Bost–Connes case):

homogeneous functions of weight zero on 1-dim Q-lattices

εk,a(Λ, φ) =
∑

y∈Λ+φ(a)

y−k

normalized by covolume ek,a := ck εk,a

(c(Λ) ∼ |Λ| covolume with (2π
√
−1)c(Z) = 1)

GL2 case AQ = A2,Q: Eisenstein series

E2k,a(Λ, φ) =
∑

y∈Λ+φ(a)

y−2k

and

Xa(Λ, φ) =
∑

y∈Λ+φ(a)

y−2 −
∑′

y∈Λ
y−2

normalized to weight zero

⇒ Modular functions
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The modular field

Weierstrass ℘-function:

parameterization w 7→ (1, ℘(w; τ,1), d
dw

℘(w; τ,1))

of elliptic curve y2 = 4x3− g2(τ)x− g3(τ) by C/(Z + Zτ)

Fricke functions: (homog weight zero) v ∈ Q2/Z2

fv(z) = −2735g2(z)g3(z)

∆(z)
℘(λz(v); z,1)

∆(z) = g3
2 − 27g2

3 discriminant, λz(v) := v1z + v2

Generators of the modular field F

(Shimura) Aut(F ) ∼= Q∗\GL2(Af)

τ ∈ H generic ⇒ evaluation f 7→ f(τ)

; embedding F ↪→ C image Fτ

θτ : Gal(Fτ/Q)
'→ Q∗\GL2(Af)
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Galois action on E∞

State ϕ = ϕ∞,L ∈ E∞ (L = (ρ, τ) generic) ⇒

θϕ : Gal(Fτ/Q)
'−→ Q∗\GL2(Af)

θϕ(γ) = ρ−1 θτ(γ) ρ

ϕ = ϕ∞,L with L = (ρ, τ)

∀f ∈ A2,Q and ∀γ ∈ Gal(Fτ/Q)

γ ϕ(f) = ϕ(θϕ(γ)f)

ϕ(A2,Q) ⊂ Fτ
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Shimura varieties: Sh(G, X) = G(Q)\G(Af)×X

Sh(GL2, H±) = GL2(Q)\GL2(Af)×H±

= GL+
2 (Q)\GL2(Af)×H = GL+

2 (Q)\GL2(A)/C∗

Components: π0(Sh(GL2, H±)) = Sh(GL1, {±1})

Sh(GL1, {±1}) = GL1(Q)\GL1(Af)×{±1}= Q∗+\A∗f
Commutative pts of NC space GL1(Q)\Af Bost–Connes

A ' C0(Af) o Q∗+ Morita equiv

Modular curves: Sh(GL2, H±) = adèlic version

of modular tower

lim←−Γ\H congruence subgroups Γ ⊂ SL(2, Z) ;

congr subgr in SL(2, Q) ; components Sh(GL2, H±)
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NC Shimura varieties

Bost–Connes system:

Sh(nc)({±1},GL1) := GL1(Q)\(Af × {±1})

= GL1(Q)\A·/R∗+

A· := Af × R∗

Compactification:

Sh(nc)({±1},GL1) = GL1(Q)\A/R∗+

Dual space (crossed product by time evolution σt)

L = GL1(Q)\A→ GL1(Q)\A/R∗+

R∗+-bundle

Spectral realization of zeros of ζ (Connes)

1-dim Q-lattices (not up to scaling)

mod commensurability
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GL2-system:

Sh(nc)(H±,GL2) := GL2(Q)\(M2(Af)×H±)

Compactification:

Sh(nc)(H±,GL2) := GL2(Q)\(M2(Af)× P1(C))

= GL2(Q)\M2(A)/C∗

P1(C) = H± ∪ P1(R)

⇒ Adding NC boundary of modular curves

Dual system: C∗-bundle GL2(Q)\M2(A)

Modular forms (instead of modular functions)

⇒ Modular Hecke algebra (Connes–Moscovici)

Compatibility:

det× sign : Sh(H±,GL2)→ Sh({±1},GL1)

passing to connected components π0
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Class field theory K = Q(
√
−d)

τ ∈ H CM point K = Q(τ)

Evaluation F → Fτ ⊂ C not embedding

Fτ ' Kab {f(τ), f ∈ F} generators

Galois action

1 // K∗ // GL1(AK,f)

��

'
// Gal(Kab/K) // 1

1 // Q∗ // GL2(Af)
'

// Aut(F) // 1.

AK,f = Af ⊗K

⇒ Specialization of GL2-system at CM points

; CFT for K = Q(τ)

What about Q(
√

d) ??

NC boundary of mod curves in Sh(nc)(H±,GL2)

(Manin’s real multiplication program)
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