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Background:.

Hilbert modular surfaces
X=MHxH)/T
[ = SL(O), real quadratic field K = Q(v/d)

w/ singularities, link 3-dim solvmanifolds

1970s: Hirzebruch conjecture: signature de-
fects

o(X) = /XL — n(0)

n(0) = L(N',V,0)
Shimizu L-function

LA, V,s) = S sign(N () [N (p)|™?
pe(A{0})/V

1983: proved Ativah—Donnelly—=Singer using APS

n(s) = ) sign(N)[A]7°
A#£0
(also higher rank totally real fields)



Atiyah’s question:
Eta function n(s) splits as L(A,V,s) plus stuff

Does the arithmetic part come from a non-
commutative geometry?

3-dimensional solvmanifold “model up to ho-
motopy”

Answer: Yes!



Notation:
K = Q(+/d) real quadratic field
a; . K— R, :=1,2 real embeddings

L C K lattice = lattice A C R?
L3 (a1(),an(f)) C R?
N = (a1,02)(L)

V = £ totally positive units preserving L
V ={uc¢€ OH*duL C L, o;(u) ERj_}

(L = Og = ¢ = fundamental unit)

Acts of V on A
A= (a1(£),a2(£)) — (ea1(€),€ax(£)) = (ea1(€),e taz(£))



Solvmanifold

SN,V =AXcV
action of V.on A by

A, = (8 O) € SLo(R)

6/

S(R°R) =R’ xR
action of R on R? by
@t(xa y) — (etxa e_ty)a @t S SLQ(R)

Xe = S(A, V\S(R?,R)

™1 (Xe) — S(/\7 V)



Topology
abelianization of 71(X¢) = S(A, V)

Surjective homomorphism

(A n) = (A mod (1 — A)A,n)

Kernel commutators

Poincaré duality

HY(X,7) =7 HYX.,Z)=7

H3(X,Z) =7 H?*(Xe,7Z) =7 @ Coker(1 — Ae)
Ker(l — A.) = 0 and Coker(1 — A,) torsion



Action: (equivalent formulation)
Basis {1,0} of a1(L) C R
ve= [ ") esLyz)
¢ c d
with e = a + b0, €0 = c + d6

Fixed points 1/0 and 1/6’

Identifications
SN, V) =172 %, 7
(N, ) — (01 =n+mb, k)

A €)= (Mo =n+mb, —k)



Solvmanifold and universal family

H = hyperbolic plane, U = universal family
U-SH, 7 Yr)=E;
elliptic curves, up to equivalence descends to

U/SLx(Z) — H/SLx(Z)

Galois conjugate 0,0’ for lattice A

Geodesic £ o = closed geodesic in H/SL>(Z)

length(£y o) = log e

unit generating V acting on A

Xe = restriction of U/SL,(Z) to geodesic 57979/



Real multiplication NC tori
VU = e2™yuv
C*-algebra Ay

Morita equivalences (Connes, Rieffel)

Ag, = Ag, & g € SL>(Z)

01 = g0

Quadratic irrationalities: Q(0) real quadratic

dg € SLo(Z), g0 =2=6

Self Morita equivalences

Manin: parallel to elliptic curves with complex
multiplication



Twisted group algebras

[ finitely generated discrete group
o:I"xlm—U(1)
multiplier, 2-cocycle
o(v1,72)0(v172,73) = o(v1,7273)o(V2,73)
o(v,1) =0o(1,7) =1

Hilbert space ¢2(I") left/right o-regular repre-
sentations

LIfF(Y) = f( o (v 1)
RIf(y) = fG¥' ey, v)
LILS = o(v,Y)L RSRS = o(v,Y)RI,

left o-regular commutes with right o-regular

C(I', o) = twisted group ring, gen by RS
CH(I",o) = norm closure, (reduced) twisted
group C*-algebra



NC tori as twisted group algebras
Ag = CH(Z?,0)
a((n,m), (n',m")) = exp(—2mi({xnm’ + Eamn’))
0=8&—&
U= R,y and V = R7,
Uf(n,m) = e 2™2" f(n,m+ 1)
Vf(n,m) = e 2™ f(n 4 1,m)

Uv = e*™vu

Some freedom to choose &4, &>
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Invariance under SL»(Z):

Cocycle o((n,m), (n’,m")) satisfies

o((n,m), (n',m")) = o((n,m)ep, (n',m")p)
for all ¢ € SLo(Z) iff

o= —&1

= Set & = 9/2 = —&1
og((n,m), (k,r)) = exp(mwif(nr — mk))

= exp(wif(n,m) A (k,r))

for

(a.b) A (c,d) = det (a Z)

C
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NC tori:

C*(ZQ,O'Q) = C*(/\’UQ(@/—Q)_l)
C*(ZQ,O'Q/) = C*(/\,O'e/(e/_e)_]_)

Th 1
Th2

For elliptic curves: natural object E/O7%

For NC tori: V acts on Tp; (automorphisms)

k o DO
Ve (B(n,m)) = B m) o
ve(RS) = Ry

Crossed product T/\,i X; V

12



Twisted group algebra of S(A,V)

Given o((n,m), (k,r)) = exp(wif(nr — mk))
5((n,m, k), (n/,m', k') :== o((n,m), (n/,m")f)
is @ multiplier for S(A, V)

C*(N,o) xV =C*(S(A\,V),5)
5‘ s RO‘ ’Uk
(n,m,k) (n,m)~e€
Tav:=Ta; >V

Tavy = C*(Z2,09) ¥, Z = C*(Z? Xy, Z,59) =
C*(N,00(9—-0)1) X0, V. = C*(S(N, V), 59(9—0)1)

Tavp = C*(Z2,09) X0, Z = C*(Z? Xy, L,59) =
C*(Nog-g)1) ¥u, V. = C*(S(A, V), 5y o-0)+)

Note: S(A,V) amenable: C*(S(A,V),5) =C ..(S(N,V),5)
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Homotopy quotient (Baum—Connes)

Xe = homotopy quotient of C*(S(A, V), o)

K-theory computation A= C*(A, o)
Ko(C*"(S(A,V),5)) = A
Ki(C*(S(I\,V),0)) =ENDAN/(1— A)N

(Pimsner—Voiculescu six terms exact sequence)

Ko(A) =~ Ko(A) — Ko(A x Z)

I E

K1 (A % Z)— K1 (A) <=2 K1 (A)

Twist: no effect on K-theory
Ki(C*(S(N,V),5)) = Ki(C*(S(A, V)

use homotopy exp(—tmif(mn’ — nm')), t € [0, 1]

Kasparov assembly map isomorphism
n: K1 (Xe) = Ko(C*(S(A,V)))
n: K9(Xe) = K1(C*(S(A,V)))

(mapping torus, Thom isomorphism)
Ki+1(C(Xo)) = Ki(C(T?) x4, Z)
72 %, 7 satisfies BC (Chabert-Echteroff)
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An arithmetic quantum Hall effect

discrete group ' acting on contractible space
X w/ compact quotient X = X /I

base point zg € X, crystal charged ions Mzg =
electron-ion interaction

Hamiltonian A4V on L?(X) with TyA = AT,
and V invariant

Magnetic field: closed 2-form w w/ v*w = w

global magnetic potential w = dy, hermitian
connection V = d — iy with V2 = jw

X — 7YX = doy
¢ () =/ X — VX

ﬁbv(x) - ?bv’(’yx) - ¢77’(x)
independent of x € X and ¢,(z0) =0

o(v,7") = exp(—igy(v'z0))
multiplier o : ' x I = U(1)
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Magnetic Laplacian:
AX = V*V = (d —ix)*(d — ix)
magnetic translations
T AX = AXTS
TS f(x) = exp(ign () f(y~ ')

Independent electron approximation:
V invariant under T§b

Discrete model: Hilbert space ¢2(IN)

R=) R, with Ryf(7)=f(y)
=1

Laplacian = Ayiser = r — R random walk operator
(r = # symm set if generators)
Harper operator

.
Ho = Y RJ, RJ €C(l,o0)
i=1
X _
Adiscr =7 Ho
magnetic Laplacian; potential V € C(I", o)

16



Harper operators
Noncommutative torus:

c=U+U+V 4V

(interesting spectral theory: Hofstadter butterfly,

rational/irrational 6)
For Xe:

He =U+U"+V+V +W 4+ W*

V = R? and W = R?

U= Ry (1,0,0) (0,0,1)

(0,1,0)’

Problem: band structure, gaps in the spectrum

range of the trace on K-theory

U(IM, 0) = von Neumann alg: weak closure C(I", o)

Pp = 1(—oo,E] <H0,V> cU(l,o)

spectral projections of Hg,v satisfy

Prp € C;f(r,O')
when E in a gap in the spectrum

= Counting of projections in C;(I", o)
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Counting gaps < count proj’'s mod equiv

[tr] 1 Ko(Cr(T,0))) — R
where 7(a) = (a51,51>€2(|—) on C¥(I',o) and

tr=7r@Tr:{PecC/(lo)®K)|P*=P, PP=P} —R
Estimate by: [tr](Ko(Cy(I,0))) N[0, 1]

Compute via a (twisted) index theorem:

[tr](Ko(C*(S(A,V),5))) = Z + 7Z6(6 — )~ 1
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Spectral flow: Ki(C(X.)) 3 [g], g: Xc — GLN(C)

B(g) = g tdg € Q1 (X, gly(C))

connections Vy = d 4+ u3(g9) on X x CVN =
Chern—=Simons form (odd Chern character)

Ch(g) = es(d, d+0(9) = [ TrCo(Vu)e¥E)d

Ch(g) = Z(— ) o h), Tr(B(9)**™)

Odd Fredholm module pairing w/ [g] € K1
(D, [g]) = SF(D, g *Dg)

Dirac operator = APS (mapping torus)

SP@.9799) = ~ 553 [ ACXICh(o)
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Twisted index theorem:

range of trace on Ko(C*(S(A,V),d5))
—1

(27)2 Jx,

[trl(uslg]) = Ae?Ch(g)

s KH(Xe) = Ko(C*(S(A, V), 5))

twisted Kasparov isomorphism [¢] € K1(X,)

we Closed 2-form on X¢ of cocycle o

2 cocycle: ¢ = exp(2wi)

C(OA k), (1, 7)) = ﬁfnw

w closed 2-form on T2 = R?/A flux

/ w=27i0(0 — ) !
T2

parallelogram R = {0, A*(n),\,\ + A¥(n)}
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Sketch of proof:

P* = projs on L?-kernel of DyD; and D;Dy
DyPt =0 DiPT =0

0
Dgza‘FDu

on X x [0,1] with Dy = @, ® V

Ju=(1—-uw)d+ug g, lg] € K(Xe)

P* have smooth kernels PE(z,vy)
e (@) pE(yz,4y) e W) = PE(z,y)
= P*(z,z) is = S(A,V)-invariant

tr(Pt) = /X P, (2,0) da dt,

von Neumann trace, tr Pi(w,x) ptwise trace
Ind;>(Dg) = tr(P1) — tr(P™)
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Set PE(z,y) = Jq1 trPE((z,t), (y,t)) dt

tr PE x,t),(x,t)) dxdt =/ tr PE x,x)dx
[ (CON DY [Pt (2,2)
projections P in von Neumann algebra U(I", &)

(after compact perturbation)

Ind(r 5(Dg) = [PT] — [P7] € Ko(C;(T,5))

Twisted Kasparov map

1zlgl = Ind(r 5y(Dg)

L2-index:

Ind;2(Dy) = tr(PT)—tr(P7) = tr(Indr 5(Dy))
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2
Heat kernel e~ tP

— g — g=9

Jim try(e tP?) = tr(PT) — tr(P™)
— OO

0

atrs(e_”y) = —try (D% 7)) = tr([De 'P",D]) =0

tr(PT) —tr(P) = lim try(e P) = lim try(e ')

_ —1 1 — T We
~ (2m0)?2 /Xexsl AChVW = 502 [ A e Chla),

Ch(V,) = tr(Beldtui)), g = g~1dg,
fSl Ch(V.,) = Ch(g)
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Range computation:

3-manifold X

. 1
A(Xe) =1— gpl(Xe) + -

1
ewf=1—l—w€—|—§w€2—|—~-~

1 1
Ch(g) = —Tr(6(9)) + aTr(m(g)) 4+ ...
terms up to dim=3

(271r>2 / : (_?1“(5(9)) Nw T %T r(ﬁ(g)3))

e 5 @D = 5 [ i)

(untwisted odd Chern character)

Tr(8(g)) A we € ZR(w)

1 —1/
(27)2 6 JXx.
R(w) = range of linear form

T, : [g9] —

el RUCONTE
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/C Chy(g) = 2rideg(glc) € 2miZ

with Chi(g) = 2 Tr(B8(g)) and C € Hi(X,,Z)

zim /Xe Chy(g) A PD(C) € 7
PD(C) € H*(X,Z) — H?(X.,R)
we = 2mi0(0' — 0) 1%, ©e € H(Xe,7Z)
Ge(v,w) = AF(n) A,
for v = ((0,0), (A, k)) and w = ((0,0), (n,7))

1
(27)2 Jx.

Chl(g) N We

__i ' —1
= 500 —0) /PD(@Chl(g)

= 0(0' — 0) " deg(glpp(z,)) € 00" — 0)"'Z
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Dirac operator on X

{dt, eldx, e tdy} basis of cotangent bundle
of S(R2,R,e) =R? xR

_ 9 t7.3.9 ~t 370
dx. = c(dt) ey + c(e dx)ax + c(e dy)ay

0 ;0 o
= —o0og+e—o1+e "—0
Dx. 5,70 5.0 e
0 —t 0 . t 0
Px. = Y ’ 8_3“/_@26%
€ —t1 - 1
(& 8—y+16% — It

o;, for : =0, 1,2 Pauli matrices

Commutative spectral triple

(C®(Xe), L*(Xe, S), Dx.)
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Isospectral deformations (Connes—Landi)

Given (C®°(X), L%(X, 8), @x) with T2 C Isom(X)
w(f) = Z 7T(f?’b,m)

n,me
OZT(T"(fn,m)) — 627Tz'(n7'1+m7'2) W(fn,m)
Vr = (11, m™) € T?
a-(T) =U(()TU(r)*, VT € B(H), Vr € T?
U(r)y(z) =¢(r71(x)) on H=L*(X,S)

U(r) = exp(2mitL) = exp(2mi(m1L1 + m™L>))

w/ L1 and L» the infinitesimal generators

Algebra in B(H) gen by
Ter e (f) = D 7T(fn,m)e_Qm(flnLQ"‘&le)

n,m

e es () Te, g, (M) = e 2 &t emB (6 Y (B
= COcycle

o((n,m), (k,r)) = exp(—=2mi({&1nr + {&omk))
Spectral triple (C®°(X)¢, ¢,, L?(X, S), dx)
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Deforming X, isospectrally

Fibration T2 — X. — S1 torus action

U™z, y),t) =9 ((z+ e,y + e ), t)
preserves the metric dt? + etdz? + e~ tdy?
U(r)ox U(T)" = 0x,

Infinitesimal generators

0
2wl = eta—, 2nlLo = e

t 9
X Y

U(r) = exp(2mi(T1L1 + m2L2))

Ex((z,y),t) = 2™H{O—(y)A)

O©_(x,y) = (e tz,ely) and {((a,b),\) = al1 + bAs

:u(>‘7 L17 LQ) .= €Xp (ZWMA A (L17 L2)>
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Connes-Landi deformation C°(Xe¢)y
subalg of B(L?(X., S) gen by

Wu(f) — E)\E’UJ()‘) L17 LQ)
o =u/2=—&
W(Ri) — E)\ EU()‘a Lla LQ)
(R (Ry) = o(A,n)m(R34,)

o(A,n) = exp(miug A An)

for u =6 and u = 0" get Ty

=4 (C*(Aa 0-)7 LQ(X€7 S)7 @X})
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Representation on L2(X,, S) of C*(S(A,V), &)
(U(klog e)1) ((z,y),t) = P(AE(z,y),1)
— ¢(($, y)a t— k IOg 6)

m(R{\ 1)) = ExZu(X, L1, L2) U(kloge)

W(R?A,k))W(R?n,T)) = ((\ k), (n, T))W(R?)\,k)(n,r))

A k)Y(mr) = (N + AF(n), k+ 1) € S(A, V)

F((\ k), (1.7)) = exp (m%x A A’;(n))
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Unitary equivalences (after ADS)

e Fourier modes on the fibers

0 . .
Dx Y\ = (aao + 2miA101 + 2miA2) Yy

m(R7)wy = 2T, 1y

[@x., m(R])] = (mo1 + n202) Ry

o Uy = o\Yy): oy=prodo;, 1t =1,2, \; <O
. _ o0 , .
UPx U™ = Slgn(N(A))(gffo-l-leM|01+27TZ|>\2|02)

U%(R%)u* : O‘X(b)\ — O->\+77w>\+77

o For A= AF(u) #0, pe Fy

~ _ B |11
U(oapr)(t) = oxp(t — log |N(M)|1/2)
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~

P=3"+ >

pe(A{0})/V

Ua = UNDN) = o3 v () 1/2(sign () ek sign (Az)eH)

Unitarily equivalent: #(R9) Py = Pty
3" Dy = SIGN(N (1)) IN ()] /2.
(|N(,u)|1/2%ao 4+ 2micbor + 27Ti€k0'2) &Af(u)
= (1)
@7 = DuBy

Dy aru) = sign(N(u))| N (p)[*/? D Ax ()

~ 0 , . -
B gy = (|N(,u)|_1/2aao + 2wieb o1 + 2mie k’02> Y ar(w)
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Foliations, transverse measures, DOSs

(et 0
@t_<0 e_t>

Fixed point (0,0), stable manifold axis (0,y), unstable
manifold axis (x,0)

(z,y) = (51 + 520,51 + s20"), (s1,82) € R?/Z?

Kronecker foliations

Lo = {s1+ 520}, Ly ={s1+ 520}

operators eta% and e_ta% leaf-wise derivations

factors et and et scaling of transverse measure
69 - Yn,m — (N + mb) Ynm

59/ . ¢n7m — (TL + me,) wn,m

_( 0 Sy—idy
Do g = (59, +idg O )
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Dy g0 On complement of zero modes

Do o0 = > 0.6

pe(A{0})/V

@5,9/ wA?(M) = (A101 + Ao02) wA?(M)

adiabatic limit of

~ 0 , .
Px. Py — (ago + 27miA101 + 2miAp02) Py
Unitary equivalence
Do PDarcuy = SIgN(N () [N ()2 (For + e 7F02) Par

Dy = DBy
DY D gy = SIgNN () IN I 4,

By Dap(uy = (€01 + € 02) Bar,
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Lorentzian geometry

N(A) = Ao = (n+mb)(n+mb) & 0 = p§—p3

wave operator

5o (0 DYy ._ (0 M
AD;O.AQO

(N 0
DA_( 0 N(A))

On H = 2(N\) @ ¢2(N\) operator

Dey + = Dyey +

=0 %)

C*(N\, o) acting diagonally on 'H
Bounded commutators:

Z,/27-grading

[D, Rylex + = a(A,n) nx epqn +

N+ =m and n— =n2
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Problems:
e D not self-adjoint
e D has infinite multiplicities in the spectrum:

noncompact symmetry group V = £

Two issues:
e work over K = Q(+/d) instead of C
e use indefinite inner product spaces (Krein)
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¢ : K — K Galois involution ¢ : x — '
V a K-vector space, T : V — V is c-linear if

T(av + bw) = c(a)T(v) + c¢(b)T (w)
e Lorentzian pairing:
(,):VxV-—-K

non-degenerate, c-linear in first variable, linear
in the second

e K-Krein space: (V,(-,-)) with c-linear involu-
tionk: V-V

= (k) = c(-, k)

— For all v # 0 in V, the elements (kv,v) € K
are totally positive

e Krein adjoint TT of K-linear T

(v, Tw) = (TT’U, w)
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e Associated real Hilbert spaces
VR,?L =) ®Li(K) R
two embeddings ¢; : K — R

(v, w)y = %Ll ((kv,w) + (v, Kw))
= %LQ ((kv,w) + (v, Kw))

e For K-linear operator T on K-Krein space V
M, (T) := in)f v(Tv, Tv), 1=1,2
UV, V)=

Krein-bounded: M,(T) > —cc

(Note: need not be bounded in associated Hilbert space)
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Lorentzian K-spectral triples: (A,V,D)
— A involutive K-algebra

— VY a K-Krein space with action

™. A— EndK(V)
by Krein-bounded

M;(m(a)) > —o0
m(a*) = w(a)T

— Densely defined K-linear D with DI = D

— Krein-bounded commutators C, := [D, 7(a)]

MZ(CQ) > — 00, \V/CL < A
Continue...
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...continue

— 4 densely def K-linear U : V — V

(Uv,Uv) = (v,v), v & Dom(U)
Ul'=U"1 and UTDU =D

— Commutators C, iy := [D, my7(a)] Krein-bounded

Mi(ca,U) > —o00, VaeAd

my(a) = Uln(a)U
— U unbounded U = U™ in assoc Hilbert space

— p-summability

—s/2

Z‘(U@n, |D2|U€n> < 00, Vs >p
n

en, — 0.n.basis of complement of zero modes
of |D?| on Hilbert space

40



Lorentzian K-spectral triple for NC tori

o K-Krein space Va spanned by ey, A € A

(7)7 w) = Z C(a)\)bA

A

v=>  axey and w =), bye,

e Action of group ring K[A]
R>\en — €>\_|_n

MZ(R)\) > —00

In this case: bounded in assoc Hilbert space

e [T wisted group ring w € K* with N(w) = ww' =1

W(Aﬂ?) — w(n,m)/\(r,k)

A=(n+mb,n+mb) and n= (r + kb, r + k6')
K*-valued 2-cocycle @ on A

twisted K(A, @)
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e Action of K(A,w) on Vx

yen = w(n, Nexty

Krein-bounded M;(RY) > —oo not-bounded in
assoc Hilbert

e Preserves Lorentzian pairing
(RY ey, RYec) = c(w(n, A))w((, A)dyc =
N(w(n,A))d,¢c = (e, ec)

e Lorentzian Dirac operator Dk

_ (o Df (0 ¢
D yex+ = p— 0 N T \eo) o) At
A

Krein self-adjoint D]}L{ = Dk
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e On associated real Hilbert spaces

(0 A\ ({0 X
D) = <)\2 0) and C(D)\) = ()\1 O)

e Commutators Krein-bounded

D, Bflens = =) ([ ) exenes
([DK7 R?]Ua [DKa Rz)\ﬂ]v) — N(A> (Ua U)

e Fundamental domain Fy in A
o(\) € Z unique s.t. A = A?N (L), with u € Fy/

P(A) 0
Teey 4 1= 0 PN EX,+

Jert =ejoye JAF(W) = A" (w)
Ue =1TcJ
Ueer . = (e—p(k) 0 ) .
€A, 0 PN ) ZJ(A), £
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o Ul = U1 and (U, Uew) = (v,v). Symmetry
UlDgU. = Dk
e Krein-bounded commutators
M ([P, UIRFU) > —oo

(UET [DKa RAw] UEU) (]eJr [DK7 R)\w] UGU) — N(A) (Ua U)

e Hilbert space adjoint U} = Uk

Urer+ = (kUlk)ey 1 = c(UDey +

= 0 ) emE = Vet

unbounded
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e Finite summability:

DZlers = ('Nf{\)' |N(()>\)|> r

e On complement of zero modes

2
> ‘(Ueek,ia Di|Ueex +)
A0

3 (2PN 4 6—2/0()\))—8/2|N()\)|—8/2 —
A#£0

Z (€2k 4 6—2k>—s/2 Z |N(N>|_8/2
keZ ne(AN{0})/V

—s/2
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Eta function

77D(3) = ZSign(<U6n7D2U€n>) ‘<U€’I’L7 |D2|U€n> /2

Shimizu L-function

S S
= L /\,V,—)Z (—)
UDK(S) ( 2 € 2
L(A,V,s) Shimizu L-function and

ZE(S/Q) — Z(EQk + E—2k:)—s/2

keZ

3-dim geometry adiabatic Dy 4

Cp, () =22e(s/2) > IN(w|
’ pe(AN{0})/V
Eta vanishes: symmetry

Restriction ;‘b;@, to positive modes of By

n-+ (8) = L(A\,V,5/2)Zc(s/2) = np,(s)
Dy g
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Residue:

L(A,V,0)
Ress:O 77@4— /(S) — 10g €
0,0

ZE(S) — Z(EQk + G_Qk)_s

keZ

0.}

r(s)ZE(s):/ ge(t) 57 tdt

0

0= (5o

keZ

ge(t) — _e—2t + QhE(t) _9 Z e_ezkt(l . 6—6*2kt)
k=0

he(t) = f: e
k=0

S

he(t) — he(é%t) = et = i
r=0

1 — (=1
he(t) = log(1/t C — t"
(t) 21l0ge a(1/t) + 7;)7’!(627“—1)
(s)Z.(s) double pole s = 0, simple poles s € Z.g
1
Res;—0Z.(s) =
log €
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