Solvmanifolds and
noncommutative tori with real

multiplication
Matilde Marcolli

2007



Background:

Hilbert modular surfaces
X = (H x H)/T
[ = SL»(Og), real quadratic field K = Q(v/d)

w/ singularities, link 3-dim solvmanifolds

1970s: Hirzebruch conjecture: signature de-

fects O

o(X)= _ L —n)

n(0) = L(N,V,0)

Shimizu L-function

1 e
L(A,V,8) = sign(N (1)) [N (p)|
ne(A~{0})/V

1983: proved Atiyah—Donnelly—Singer using APS
1

nes) = sign(A)|A| 7>
AZO

(also higher rank totally real fields)



Atiyah’s question:
Eta function n(s) splits as L(A\,V,s) plus stul_1

Does the arithmetic part come from a non-
commutative geometry?

3-dimensional solvmanifold “model up to ho-
motopy™

Answer: Yes!



Notation:
K = Q(+/d) real quadratic field
aj - K — R, 1=1,2 real embeddings

L c K lattice = lattice A c R?

L> — (ap(),02()) C R?
A = (ag,02)(L)

V = Z totally positive units preserving L
V ={ueOog|uL CL, aju) € R%}

(L = Okg = = fundamental unit)

Acts of V on A
A= (01( ), 02()) — (aw(), ‘a2()) = (a(), taz())



Solvmanifold

S(IAV)=Ax V

action of V on A by
L1 [ 1

A=, O csLLm)

S(R%,R) =R? xR
action of R on R? by
Ou(x,y) = (e'x,e7y), O e SL2(R)

X = S(A,V)\S(R?, R)

T[1(X ) — S(/\,V)



Topology

Hi(X ,2) =N(1QA-A)N\NDZ
abelianization of M (X ) =S(A\,V)
Surjective homomorphism

mA,N)=(A mod (1-A)AN)

Kernel commutators

Poincaré duality

HOX ,2) =7 HI(X,Z2)=7Z

H3(X ,Z2) =Z H?2(X ,Z) =7 & Coker(1 —A)
Ker(1 — A ) =0 and Coker(1 — A) torsion



Action: (equivalent formulation)

Basis {1,6} of a;(L) C R
1 [

__ab
¢ = . 4 €5L2(D)

with =a—+DbB, 6 =c—+db
Fixed points 1/6 and 1/6’

Identifications
S(A\\V) =72 x¢ Z
A, Y= (A =n+ms,k)

A, = o =n+mb, k)



Solvmanifold and universal family

H = hyperbolic plane, &/ = universal family
U H, n_l(r) = E
elliptic curves, up to equivalence descends to

UISL(Z) — H/SL>(Z)

Galois conjugate 6,8’ for lattice A

Geodesic g g = closed geodesic in H/SL(Z)

length( g o) = log

unit generating V acting on A

X = restriction of U//SLy(Z) to geodesic g g



Real multiplication NC tori
VU = e?™fyv
C*-algebra Ag

Morita equivalences (Connes, Rie[el)
Ag, = Ag, & g € SL2(Z)
61 = gb2

Quadratic irrationalities: Q(0) real quadratic

g € SL>(Z), g6 =2=0

Self Morita equivalences

Manin: parallel to elliptic curves with complex
multiplication



Twisted group algebras

[" finitely generated discrete group

o:"'xrr—-uU@)

multiplier, 2-cocycle

o(Y1,Y2)o(y1y2,:Y3) = 0(y1,Y2Y3)0(Y2,Y3)
o(y,1) =o(l,y)=1

Hilbert space 2(I") left/right o-regular repre-
sentations

LYF(v) = F(y Doty y 1Y)
RYF(Y) = f(y'y)a(y'.y)
LY = 0(r. YOGy, RIRS = 0(r.Y)Ry,
left o-regular commutes with right o-regular

C(I", o) = twisted group ring, gen by Ry
C/(I',ad) = norm closure, (reduced) twisted
group C*-algebra



NC tori as twisted group algebras
Ag = C{(Z?,0)
a((n,m), (n",m")) = exp(—2mni(§znm’ + &mn’))

0=¢ —<&

and V = R?

U=R?% (1.0)

(0,1)
UFf(n,m) = e 22N f(n,m + 1)
VF(n,m) = e 2MaMf(n + 1, m)

UV = e2M0y y

Some freedom to choose &1, ¢
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Invariance under SL>(Z):

Cocycle a((n, m), (n’, m")) satisfies

a((n,m), (n',m)) = o((n,m)d, (n", M)
for all ¢ € SLo>(Z) 1 [

o = —¢&1

= Set & =0/2 = —-¢
og((n, M), (k,r)) = exp(mib(nr — mk))

= exp(mio(n,m) A (k, r))

for

L1 [
a
C

(a,b) A (c,d) := det g
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NC tori:
Tp1 = C*(Z%09) = C*(A\ Ogepr_gy-1)
Tp2 = C*(Z% 0y) = C*(\, Oggr_gy-1)

For elliptic curves: natural object E/Op

For NC tori: V acts on Tp ; (automorphisms)
K _
U (RC(In’m)) — Rc(yn,m)cl)k

V(R = Rk

Crossed product Th j %V
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Twisted group algebra of S(A,V)

Given a((n,m), (k,r)) = exp(mie(nr — mk))

g((n,m, k), (n’,m’, k")) := a((n,m), (n’, m)dX)
Is a multiplier for S(A\,V)

C*(A,0) xV = C*(S(A,V), )
(0] k
Rc(yn,m,k) — R?n,m)U
Tavi=TaixiV

Tavi1 = C*(Z?,09) Xy, Z = C*(Z? X¢ Z,0p) =
C*(\, Ogor—p) 1) Xv, V. = C*(S(A,V),Tg—p) 1)

Tav 2 = C*(Z?,09) %, Z = C*(Z? X¢ Z,0p) =
C*(\, 0g@—gy:) ¥Xu,V = C*(S(A,V),0¢@-_p)1)

Note: S(A,V) amenable: C/(S(A\,V),0) = C;,.x(S(A\,V),0)
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Homotopy quotient (Baum—-Connes)

X = homotopy quotient of C*(S(A,V),0)

K-theory computation A = C*(A,0)
Ko(C*(S(\,V),58)) = A
Ki(C*(S(A\,V),0) =N N1 —-A)AN

(Pimsner—Voiculescu six terms exact sequence)

Ko(A) —*Ko(A) —Ko(A x Z)
0 0
Ka(A x Z) 5 K (A) £ K, ()

Twist: no e [edt on K-theory
Ki(C*(S(A,V),0)) = Ki(C*'(S(\,V))
use homotopy exp(—tmioe(mn’ — nm’)), t € [0, 1]

Kasparov assembly map isomorphism
U KIX ) S Ko(CH*(S(A V)))
1 KO(X ) S Ki(C*(S(AV)))

(mapping torus, Thom isomorphism)
Ki+1(C(X)) = Ki(C(T?) xa 7Z)
72 x¢ 7 satisfies BC (Chabert-Echtero [) 1
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An arithmetic quantum Hall e [edt

discrete group I' acting on contractible space
X w/ compact quotient X = X/I

base point Xg € X, crystal charged ions Mxg =
electron-ion interaction

Hamiltonian A+ YV on L2(X) with TyA = ATy
and V invariant

Magnetic field: closed 2-form w w/ y*0w =

global magnetic potential w = dx, hermitian
connection V =d — ix with V2 = iw

X —Y'X = doy
)
oy(X) = X-—-Y'X

Xo
Py (X) — @y (YX) — Qyy (%)
independent of x ¢ X and @y(xo) =0

o(y,y') = exp(—igy(y'x0))

multiplier o : I x I' - U(1)
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Magnetic Laplacian:
NAX=V*V = (d—ix)*(d - ix)
magnetic translations
TPAX = AXT?
Ty F() = exp(igy CO)F(y~1x)

Independent electron approximation:
V invariant under Ty

Discrete model: Hilbert space 2(I‘)

L 1
R = RVi with Rv.f(y) — f(VV:)
i=1
Laplacian = Agiscr = r — R random walk operator
(r = # symm set if generators)

Harper operator

Ho = Rygi, RY. € C(I, 0)
=1

X _
Adiscr =r—THo

magnetic Laplacian; potential V € C(I", 0)
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Harper operators
Noncommutative torus:

Ho=U+U*"+V +V*

(interesting spectral theory: Hofstadter butterfly,
rational/irrational 0)

For X :
Heg=U+U"+V +V*+W +W"*
U=RY 4,V =RY 5 and W=RY

Problem: band structure, gaps in the spectrum

range of the trace on K-theory

U(I",o0) = von Neumann alg: weak closure C(I", 0)

Pe = 1(_oe1(Hoyv) €U, 0)

spectral projections of Hy\ satisfy

Pe € Cr (M, 0)
when E In a gap in the spectrum

= Counting of projections in C/ (I, 0)
17



Counting gaps < count proj’s mod equiv

[tr] : Ko(C;k(r, 0)) — R
where 1(a) = (ad1,01) 2(ry ON Ci(lM,o) and

tr=1QTr:{P eC/(Io)®K)|P*=P, P2=P} =R
Estimate by: [tr](Ko(C{(I,0))) N[O, 1]

Compute via a (twisted) index theorem:

[tr](Ko(C*(S(A,V),5))) = Z + 780’ — )1

18



Spectral flow: Ki(C(X))>1[g], g: X — GLn(O)

B(g) =g tdg € Q1 (X ,gIn(T))

connections Vy = d + up(g) on X x CN =
Chern—Simons form (odd Chern character)

._ . Q'_ d vz
Ch(g) :=cs(d,d+B(g)) = 0 Tr(—du(Vu)e uw)du

I A R ¢ ok+1

Ch@ = D gy TR@™T

Odd Fredholm module pairing w/ [g] € K1
(D, [g]) = SF(D,g™'Dg)

Dirac operator = APS (mapping torus)
]

SF(d,9 1dg) = - A(X )Ch(g)

(2mi)2 x
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Twisted index theorem:

range of trace on Ko(C*(S(A\,V),0))
[ ]

(2ni)2 x

[tr](kzl9]) = Ae® Ch(g)

Mg 1 KH(X) = Ko(C*(S(A,V), D))
twisted Kasparov isomorphism [g] € K1(X)

w closed 2-form on X of cocycle G:
2 cocycle: @ = exp(2mil)
1 ]
m
w closed 2-form on T2 = R?/A flux
]

w = 2mie(® — )1t

T2

parallelogram R = {0, AK(n), A\, A + AK()}
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Sketch of proof:

P= = projs on L2-kernel of DgD; and DDy
Dgp =0 DSP =0

0

X x [0,1] with Dy =3, ® V

du=@—-ud+ugdg, [g]cKIX)

P* have smooth kernels P=(x, y)

e MVIPE(yx, yy)e! ) = pE(x,y)

= P*(x,x) is T = S(A,V )-invariant
[ ]

tr(P¥) = sl trP = ((x, 1), (x, 1)) dx dt,

von Neumann trace, tr P (x, x) ptwise trace

Ind; 2(Dg) =tr(P™) —tr(P )
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Set PE(x,y) = E'l trP = ((x, 1), (y, t)) dt
[1] [1]

trP T((x, t), (x, t)) dx dt = trP = (x, X)dx
% wsl (X, 1), (x,1)) y (X, %)

projections P~ in von Neumann algebra U(I", &)

(after compact perturbation)

Ind(r3y(Dg) = [P 1 - [P 1 € Ko(Ci (I, 3))

Twisted Kasparov map

Hz[9] = Ind(r 7)(Dg)

L 2-index:

Ind, 2(Dg) = tr(P ")—tr(P ") = tr(Ind( ,(Dy))
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2
Heat kernel e—tP

I:ol D ! I%*I‘D 0] —
— g - 2 g=49
D Dy O with D 0 DyD;

_ 2
lim trs(e_tD ) =tr(P +) —tr(P7)
t—oo
%trs(e_wz) = —trs(D?%"P") = trs([De """, D]) = 0
tr(P™) —tr(P7) = lim trs(e™™) = lim trs(e™*™)

-1 L] L]

a2 x xsiChVW = o

Ae® Ch(g),

Ch(v.) = tr(Be**), =g 'dg
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Range computation:

3-manifold X

—~ 1
AX)=1— —p1(X)+---
X) S2P10<)
W 1 2
e =1+w +§oo + ...

Ch(g) = —%Tr(B(g)) + éTr(Bg’(g)) + ...
terms up to dim=3

] |:|1 1
! STHE@) A0+ S THEO)

(2m)2 x
[] []
1 1 3 1
Ch
an? x 5 @) =5 Ch@
(untwisted odd Chern character)
1 14
T N\ ZR
a7 x TE@ e €ZR@)
R(w) = range of linear form
1 —1|:I
To 9] — Tr(B@) Aw eR

(2m)2 6
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]
- Ch1(g) = 2nideg(g|c) € 2niZ

with Chy1(g) = %Tr(ﬁ(g)) and C € H1(X ,7)
1 1
— Ch PD(C 7,
>, Ch1(@ APD(C) €
PD(C) € H%(X ,Z) — H?(X ,R)

w =2mif0’ -0 1o, ® eH3(X,Z)

@ (v,w) = AKM) A A,

for v= ((0,0), (A,k)) and w = ((0,0),(n,r))
1 [ ]

(2n)?2 x

Chq1(g) A w

_ 1 1

= _—_——0(0/—0)" Ch
2ni( ) PD(®) 1(9)

=6(0'— 0) " deg(glppg )) € 88"~ 0) 2
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Dirac operator on X

{dt, eldx, e~ tdy} basis of cotangent bundle
of S(R%,R, ) =R?x R

0 0 0
I = c(dt)— + c(eldx)— + c(e tdy)—
X ( )at ( )ax (e Y)ay

I = —o0g+el—0gy+e ' o0
X 5t 0 5x 1 y 2
1 1
2 e 12 _jetd
dy = 1 9ot oy X 1
e 1o 4+ jetd _9
oy o0X ot
oj, for 1 =0, 1, 2 Pauli matrices

Commutative spectral triple

(C®(X ), L%(X,S),dx )
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Isospectral deformations (Connes—Landi)

Given (C®(X), L2(X, S), dx) with T2 c Isom(X)
L 1
n(f) = m(fh.m)

n,meZzZ
O (T[(fn,m)) — eZT[i(nT1+mT2) T[(fn,m)

VT = (T1,T2) € T?
o(T) =U@)TU)*, VT € B(H), VTt € T?

U@U) =p1(x)) on H = L*(X,S)
U(t) = exp(2mitL) = exp(2mi(t1Lq + 1oL>))

w/ Li1 and L2 the infinitesimal generators

Algebra in B(H) gen by

L 1 ]
mg, 5, (F) = T(Fnm)e2MiEnLa+EmLy)
n,m

T[ELEZ(fn,m)T[ELEZ(hk,r) — e—2ﬂi(€1ﬂf+£2mk)n(fn’m)n(hk’r)
= cocycle

a((n, m), (k, r)) = exp(—2mi(&nr + &mk))
Spectral triple (C®°(X)g, z,, L2(X,S), dx)
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Deforming X isospectrally

Fibration T2 — X — S1I torus action

U@Ux ), 1) = b((x+e'ty,y + e '), 1)

preserves the metric dt? + etdx? + e—tdy?

U(T)ox U(T)" = 0x
Infinitesimal generators

2nL, = eti, 2nL, = et 9
0X oy

U(T) = exp(@mi(T1L1 + T2L2))

Ex((X,y),t) := e2™HO-t(xy)A)

O_i(X,y) = (e7,ely) and ((a,bh),A\) = aA; + b,
1

—u(A\,L1,Lo) :=exp Im

u
A

28
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Connes-Landi deformation C>°(X )y
subalg of B(L2(X ,S) gen by

mu(f) = Ex=u(A, Lq,L>)
o =Uu/2=-&

M(RY) = Ex Zu(A, L1, L)

T(RYOT(RY) = o\, (R34

o(A,n) = exp(2miugA An)
for u =10 and u =0’ get Th ;

= (C*(A, 0), L2(X ,S),dx )
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Representation on L2(X ,S) of C*(S(A,V), %)
(U(klog YP)((x.¥). 1) = W(AK(x,y), 1)
= P((%,y),t —klog )
(R 1)) = ExZu(A, L1, L) U(klog )
(R, 1)TRY, 1) = T K), (0, NTRE kyn.ry)
ALK, 1) = A+ A*(), Kk + 1) € S(AV)

[ 1 U 1
(A K), (N, 1)) = exp 2ni§9)\ A AK(M)
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Unitary equivalences (after ADS)
e Fourier modes on the fibers
0 i ]
dx Py = (aco + 2TIA101 + 2TIA2) P>

TR = e Ay,

[@x , T(RO)] = (101 + N202) RS

e UY\ = Op\Wx: Oy = prod gj, 1 = 1,2, A\j <O

Udx U* = sign(N ()\))(%0'0+2T[i|)\1|01+2T[i|)\2|0'2)

UT(RRU™  OAP) — Op+qWa+n

e For A= AK() #0, pe A

|H1]

N2

UOpPA) (1) = oW (t — log
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~ o~ L1
= — 350 (W)

HE(A~{0})/V

b 1= U = 00 oy 12 sign(rg) K sign(rz) )

Unitarily equivalent: T(R]) U = Pa+q

7" Dacny = sign(N ()N () |2
0o
|N (u)|_1lzaoo —+ 2111 k01 + 2T _k02 LFAk(u)

(W) _
7" = DB,
Dy Bacqy = SIgN(N ()N Q)2 Uarey
[ 1 3 [ 1
BuWaqy = [N (H)|_1/Zaﬁo + 21mi Koy + 21 *o2 Qarq
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Foliations, transverse measures, DOs
1 1

et 0O

0 et

Fixed point (0, 0), stable manifold axis (0,y), unstable
manifold axis (X, 0)

(X,y) = (51 + 20,51 + 520"), (s1,S2) € R?/7Z?

@t:

Kronecker foliations

Lg = {s1 + 500}, Lg = {s1+ 50"}

operators etaax and e t y leaf-wise derivations

factors et and et scallng of transverse measure
0g : Unm — (N + mB) Ynm

O/ : Yn,m — (N + me,) Yn,m

1 ) 1
0] 69/ — IBQ

Pog' = 5o +i% O
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[Dg o 0 ON complement of zero modes

m—
g0 = me,e/
HE(A~ {0V

wlel’el qJAk(u) = (A101 + A202) qJAk(u)

adiabatic limit of
~ 0 i ]
dx Yy — (aoo + 2TIA1 01 + 2TIA202) Yy

Unitary equivalence

By o Pary = Sign(N (D) N2 (Kor + %02) Pary

By = DBy
Db By = SIGNCN (1) IN GOIM2 B akyy

Bg LFAk(p.) = ( I(0-1 + _kGZ) LFAk(p)
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Lorentzian geometry

N() = AMAz = (n+mé)(n+me’) & = p5—p

wave operator

1 + 1 [1 1
D= =
Dy O A2 O
Ds = G
I:I()\) 0 1
N
LF 57 N N

On H= 2(A)@ 2(A) operator
Dey,+ = Diex,+
Z./27-grading

[ 1 L1
1 O
0O -1

C*(N\,0) acting diagonally on 'H
Bounded commutators:

[D,Rplex+ = oA, n)Nx enan+
N+ =n1 and n- =n2

35
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Problems:

e D not self-adjoint
e D has infinite multiplicities in the spectrum:
noncompact symmetry group V = %

Two Issues:
e work over K = Q(+/d) instead of C
e use indefinite inner product spaces (Krein)
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¢ : K — K Galois involution ¢ : x — X’
V a K-vector space, T : V — V Is c-linear if

T(av +bw) =c(a)T(v) +c(b)T (w)
e Lorentzian pairing:
(,):VxV-K

non-degenerate, c-linear in first variable, linear
In the second

e K-Krein space: (V, (-, -)) with c-linear involu-
tonk:V —V

— (k") =c(, K)

— For all v =0 in V, the elements (kv,v) € K
are totally positive

e Krein adjoint TT of K-linear T

(v, Tw) = (T Tv, W)
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e Associated real Hilbert spaces
VR,i =) ®li(K) R
two embeddings 1 : K — R

(v,w) = Z1g ((kv, W) + (V, KW))
= %12 ((kv,w) + (v, Kw))

e For K-linear operator T on K-Krein space V
M;(T) := inf (Tv,Tv), 1=1,2
(v,v)=1

Krein-bounded: M;(T) > —c

(Note: need not be bounded in associated Hilbert space)
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Lorentzian K-spectral triples: (A,V, D)
— A involutive K-algebra

— VY a K-Krein space with action

m: A— Endg(V)
by Krein-bounded

Mj(n(a)) = —oo
n(a*) = n@)’

— Densely defined K-linear D with DI =D

— Krein-bounded commutators Cy := [D, n(a)]

M;(Ca) > —co, Vac A

Continue...

39



...continue

— 4 densely def K-linear U : vV — V

(Uv,Uv) = (v,v), veDom(U)
Uf=uU-land UDU =D

— Commutators C, y := [D, ny(a)] Krein-bounded

Mj(Cay) > —co0, Vac A

nmy(a) = Uin(a)u
— U unbounded U = U* in assoc Hilbert space

— p-summability
I

1 /2
Uen,|D2|Uen>§S <o, Vs>p

L

n
en = o0.n.basis of complement of zero modes
of |D?| on Hilbert space
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Lorentzian K-spectral triple for NC tori

e K-Krein space Va spanned by e, A € A
1
(v.w) :=  c(a))by

A
1
v= ,aeyand w= ,hye
e Action of group ring K[A]
Raén = A1
Mi(R)\) = —00

In this case: bounded in assoc Hilbert space

e Twisted group ring w € K* with N(w) = 0w’ =1
(}\, n) — w(n,m)/\(r,k)

A=((+mbB,n+mb) and n = (r + kb, r + ko)
K*-valued 2-cocycle on A

RARp = (AR,

twisted K(A, )
41



e Action of K(A, ) on Va

Ryen= (N, A)ex+n

Krein-bounded Mj(R, ) > —oo not-bounded in
assoc Hilbert

e Preserves Lorentzian pairing
(Raen, Ryeg) = c(w(n, A))w (L, A)dn g =
N (w(n, A))onc = (en. €7)

e Lorentzian Dirac operator Dk

= T - I
D \ex+ = ;_ Dg‘ WIS Cé)) 0 At
A

Krein self-adjoint D]}L{ = Dk
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e On associated real Hilbert spaces

O A O A
- 1 _ 2
Dy = A O and c(D)) = AN O
e Commutators Krein-bounded

L1 L1

0O A
[Pz, Rylens= (LA 5 o erne

([Dk. Ry IV, [Pk, Ry Iv) = N(A)(V, V)

e Fundamental domain F, in A
o(A) € Z unique s.t. A= APM ), with pe &

1 1
N

Jent =ejon+ JAKW) =AW

U=T1J

oy 0 1

Uer+= o) I+
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e UT=U"1and (Uv,U V) =(v,v). Symmetry
UTDrU = Dy
e Krein-bounded commutators
M;([Dg, UTR, U ]) > —oc

(UT[Dk, Ry JU v, UT[Dg, Ry JU V) = N(A\)(V, V)

e Hilbert space adjoint U* = U

U*en + = (KUTK)ex -+ = c(UNey 4

oy 0 -

0 o)) iy, = U ex+

unbounded
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e Finite summability:
INA)| O
N
D2ley L = e
| K| At 0 |N()\)| A £

e On complement of zero modes
|

1 s/2
2 _
U e+, |Dg|U e)\,i>§ =

A0

'%0\) + —2p(N)y =2\ (n)|~S/2 =

A0

I%!+ —2k)—S/2 —J |N(H)|_S/2

keZ He(AN{0})/V
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Eta function

L 1
no(s) :=  sign((Uen, D?Uen)) @Uen,
N

/2
D2|Uen>§8

Shimizu L-function
1 1 1T 1

S
D () =L AV, Z

S
2
L(A,V,s) Shimizu L-function and

1
7 (3/2) — ( 2k + —2k)—S/2
keZ

3-dim geometry adiabatic Bg g

(s) = 2Z (s/2) IN ()| 572

ne(A~{0H7V
Eta vanishes: symmetry

ZIZe,e/

Restriction ﬁ;e/ to positive modes of Bg

nl’Z;e,(S) = L(A\,V,8/2)Z (s/2) = np,(s)
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Residue:

L(A,V,0
Ress—o "l§+ /(S) — (Iog )
0,8

N e
(s): ( )
keZ

1
F(s)Z (s) = g ()t~ 1dt
1 1
g ()= e (7 O
keZ
g@)=-—-e2'+2h () -2 e 2ét(1 —e~ Y
k=0
h(t)= e
k=0

h@) —h(?) =et=

log(1/t) + C — Ly t"

h®= 2 log o T( 2r — 1)

M(s)Z (s) double pole s = 0, simple poles s € Z<g

1
Ress=0Z (8) = ——

log
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