SUPERMANIF OLDS FROM FEYNMAN
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Abstra ct. We generalize the computation of Feynman integrals of log divergent
graphs in terms of the Kirc hho polynomial to the caseof graphs with both fermionic
and bosonic edges, to which we assign a set of ordinary and Grassmann variables.
This procedure gives a computation of the Feynman integrals in terms of a period on
a supermanifold, for graphs admitting a basis of the rst homology satisfying a condi-
tion generalizing the log divergencein this context. The analog in this setting of the
graph hypersurfaces is a graph supermanifold given by the divisor of zeros and poles
of the Berezinian of a matrix asscaciated to the graph, inside a superprojectiv e space.
We intro duce a Grothendieck group for supermanifolds and we identify the subgroup
generated by the graph supermanifolds. This can be seenas a general procedure to

construct interesting classesof supermanifolds with asscciated periods.
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The investigation of the relation betweenFeynman integrals and motivesoriginates in

1

the work of Broadhurst and Kreimer [9], where it is showvn that zeta and multiple zeta
valuesappear systematically in the evaluation of Feynman diagrams. Theseare very spe-
cial periods, namely they are believed to arise as periods of mixed Tate motives. An
important question in the eld then becameunderstanding the a priori reasonfor the
appearanceof this special classof motivesin quantum eld theory. Surprisingly, the work
of Belkale and Brosnan [3] revealed a universality result for the varieties assaiated to
Feynman graphs, namely they generatethe Grothendieck ring of varieties. This means



2 MAR COLLI AND REJ

that, as motives,they can be arbitrarily far from the mixed Tate case. The question then
moved on to whether the piece of the cohomologyof the graph hypersurfacecomplemen,
which is involved in the ewaluation of the Feynman integral as a period, actually hap-
pensto be mixed Tate. The recert results of [8], seealso [7], analyze this problem in
depth in the caseof the \wheels with n-spokes" graphs. There are considerabletechnical
di culties involved in the cohomological calculations, even for relatively uncomplicated
graphs, due to the singularities of the graph hypersurfacesand to the fact that generally
their complexity grows very rapidly with the combinatorial complexity of the graphs. A
di erent approac to the relation between Feynman integrals and mixed Tate motives
wasgiven by Connes{Marcolli in [11], from the point of view of Tannakian categoriesand
motivic Galois groups. This approach originated from the earlier work of Connes{Kreimer
[10] where it is shown that the Feynman graphs of a given physical theory form a com-
mutativ e, non-cocommutativ e, Hopf algebras. This de nes dually an a ne group scheme,
called the group of di eographisms of the theory, whoseLie algebrabracket is given by the
symmetrized insertion of one graph into another at vertices. The Connes{Kreimer Hopf
algebra structure of perturbativ e renormalization was extended from the caseof scalar
eld theoriesto the caseof QED, and more general gaugetheories, by van Suijlekom in
[24]. He showved that the Ward identities de ne a Hopf ideal in the Connes{Kreimer Hopf
algebra of Feynman graphs. A related question of motivic lifts of the Connes{Kreimer
Hopf algebrais formulated in [7].

The fact that the graph hypersurfacesgeneratethe Grothendiedk ring of varieties means
that the computation of the Feynman integral in terms of a period on the complemen of
a graph hypersurfacein a projective spacegivesa generalprocedureto construct a large
classof interesting varieties with assaiated periods. Our purposehereis to shaw that this
general procedure can be adapted to produce a large classof interesting supermanifolds
with assaiated periods.

In the setting of [8] and [7] oneis assuming,from the physical viewpoint, that all edges
of the graph are of the samenature, as would be the casein a scalar eld theory with
Lagrangian
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However, in more general theories, one has graphs that are constructed out of di erent
types of edges,which correspond to di erent propagatorsin the corresponding Feynman
rules. We considerthe caseof theories with fermions, where graphs have both fermionic
and bosonic legs. From the mathematical point of view, it is natural to replacethe usual
construction of the graph hypersurfaceby a di erent construction which assignsto the
edgeseither ordinary variables (bosonic) or Grassmannvariables (fermionic). This proce-
dure yields a natural way to construct a family of sugermanifolds assaiated to this type
of Feynman graphs.

We give a computation of the Feynman integral in terms of a bosonicand a fermionic
integration, sothat the integral is computed as a period on a supermanifold that is the
complemen of a divisor in a superprojective space,de ned by the set of zerosand poles
of the Berezinian of a matrix M (t) assciated to a graph  and a choice of a basis B
for H1(). We refer to the divisor de ned by this Berezinian asthe graph supermanifold
X( B)-

(As)in the caseof the ordinary graph hypersurfaces,we are interested in understanding
their motiving nature rst by looking at their classedn the Grothendiedk ring of varieties.
To this purpose,we intro ducea Grothendiedk ring K o(SV¢) of supermanifold and we prove
that it is a polynomial ring K o(Vc)[T] over the Grothendieck ring of ordinary varieties. We
then usethis result to prove that the classesof the graph supermanifolds X .z generate
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the subring K o(Vc)[T?], where the degreetwo appearsdue to a fermion doubling usedin
the computation of the Feynman integral.

In a dierent perspective, an interest in supermanifolds and their periods has recertly
surfacedin the context of mirror symmetry, see[23], [2], [13]. We do not know, at presen,
whether the classesof supermanifolds consideredhere and their periods may be of any
relevanceto that context. We mertion somepoints of contact in x4 below.

As the refereepointed out to us, a theory of parametric Feynman integrals for scalar
supersymmetric theories was developed in [17]. The type of integrals we are considering
here is slightly dierent from those of [17], hence we cannot apply directly the results
of that paper. It would be interesting to seewhat classof graph supermanifolds can be
obtained from the parametric integrals of [17].

Acknowledgmen t. The rst author is partially supported by NSF grant DMS-
0651925. The secondauthor is supported as a Marie Curie Early Stage Researter at
Durham University and by the Clay Mathematical Institute.

1.1. Graph varieties and perio ds. The evaluation of Feynmanintegralsin perturbativ e
guantum eld theory can be expressed,in the caseof logarithmically divergert graphs
(which have n loops and 2n edges),in terms of a period in the algebro{geometric sense.
This is obtained asthe integration over a simplex of an algebraicdi eren tial form involving
the graph polynomial of the Feynman gr?)h (cf. [7], [8])

(1.2) 7
with the graph polynomial (Kirc hho polynomial) of the graph , the simplex in
P?" 1 and
Xn ,
(1.3) = ( D'x;dxy &  dxn:

i=1
The logarithmically divergert caseis the one where periods are de ned independertly of
a renormalization procedure. In the more general case,the problem arisesfrom the fact
that the integrand acquires poles along exceptional divisors in the blowup along facesof
the simplex (see[8], [7]).

In the following, given a graph we dentg(te b¥ the graph polynomial

(1.4) (x) = Xe;
T ezT

where the sum is over all the spanning trees T of and the product is over edges
not belongingto T. These give homogeneouspolynomials in the variables x = (X¢) =

(X1, ;Xzg() ) asswiated to the edgesof , where eat variable appears of degreeat
most onein each monomial. They de ne hypersurfaces
(1.5) X =fx=(x¢)2 PPEO 1) (x) = Og:

Theseare typically singular hypersurfaces.
In the caseof the log divergent graphs consideredin [8], the motive involved in the
evaluation of the Feynman integral as a period is of the form

H2 YPryY: r( \Y);

where n is the number of loops, P ! P?" 1 is a blowup along linear spaces,Y is the
strict transform of X and s the total inverseimage of the coordinate simplex of P?" 1,

The recen results of Bergbauer{Rej [4] provide an explicit combinatorial formula for
the graph polynomial under insertion of one graph into another.
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1.2. Grothendiec k ring. Recall that the Grothendieck ring K o(Vk ) of varieties is gen-
erated by quasi-projective varieties over a eld K with the relation

(1.6) [X]1=[Y]+[Xr Y]

for Y X aclosedsubvariety. It is madeinto a ring by the product of varieties.

Basedon computer experimerts, which shaved that many graph hypersurfacessatisfy

the condition

#X (Fq) = P (a);
for some polynomial P , Kontsevich conjectured that the X would be always mixed
Tate. The main result of Belkale{Brosnan [3] disproved the conjecture by showing that
the classes[X ] are very general. In fact, they span the Grothendieck ring of varieties,
which meansthat the X can be quite arbitrary as motives. As discussedin [8] and [7],
it is especially interesting to construct explicit strati cations of the graph hypersurfaces
and try to identify which strata are likely to be non-mixed-Tate.

In the Grothendiedk ring K o(Vc) the class[Al] = [C] is often denoted by L and is the
classof the Lefschetz motive, with [P}]= 1+ L and 1= [pt] = [A°].

There are two opposite ways to deal with the Lefschetz motive L. If, asin the theory
of motives, one formally inverts L, one enrichesin this way the Grothendied ring of
varieties by the Tate motivesL", n 2 Z. In the theory of motives, one usually denotes
Q(1) the formal inverseof the Lefschetz motive, with Q(n) = Q(1) ". The category of
pure (respectively, mixed) Tate motivesis the subcategory of the abelian (respectively,
triangulated) category of motivesgeneratedby the Q(n).

If, instead, one maps the Lefschetz motive L to zero, one obtains the semigroupring
of stable birational equivalenceclassesof varieties, by the result of [14], which we brie y
recall. Two irreducible varieties X and Y are said to be stably birationally equivalert if
X P"isbirational to Y P™ for somen;m 0. It is provedin [14], that there is aring
isomorphism

(1.7) Ko[Vc]=l = Z[SB];

where SB is the semigroupof stable birational classeof varieties with the product induced
by the product of varieties, Z[SB] is the assa@iated semigroupring, and | K[Vc] is the
ideal generatedby the class[A'] of the ane line. The result of [14] essetially dependson
the Abramovich{Karu{Matsuki{WIlo darczyk factorization theorem [1], which shows that
any rational birational map of smooth complete varieties decompsesas a sequenceof
blowups and blowdowns, and on Hironaka's resolution of singularities.

2. Supermanif olds and motives

2.1. Supermanifolds. We recall here a few basic facts of supergeometrythat we needin
the following. The standard referencefor the theory of supermanifolds is Manin's [16].

By a complex supermanifold one understandsa datum X = (X;A) with the following
properties: A is a sheafof supercommutativ e rings on X ; (X; Ox ) is a complex manifold,
where Ox = A=N, with N the ideal of nilpotents in A; the quotient E = N=N? is
locally free over Ox and A is locally isomorphic to the exterior algebra o, (E), where
the grading is the Z,-grading by odd/even degrees. The supermanifold is split if the
isomorphismA =, (E) is global.

Example 2.1. Projective superspace. The complex projective superspaceP™™ is the
supermanifold (X ; A) with X = P" the usual complex projective spaceand

A= (C™ cO( 1)
with the exterior powers  graded by odd/even degree. It is a split supermanifold.
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A morphism F : X3 ! X, of supermanifolds X; = (Xi;Aji), i = 1;2, consistsof a
pair F = (f;f#) of a morphism of the underlying complex manifolds f : X1 ! X»
together with a morphismf# : A, ! f A; of sheavesof supercomnutativ e rings with the
property that at ead point x 2 X ; the induced morphism f# : (Ay); o) ! (Ar)x satis es
f7(m ) My, onthe maximal ideals of germs of sectionsvanishing at the point (cf.
[16], x4.1).

In particular, an emtedding of complex supermanifolds is a morphism F = (f;f#) as
above, with the property that f : X; | X, is an embeddingand f# : A, ! f Ay s
surjective. As in ordinary geometry, we de ne the ideal sheafof X; to be the kernel

(2.1) Ix, = Ker(f* : Ayl f Ay):

An equivalent characterization of an embedding of supermanifold is given as follows. If
wedenoteby E;, fori = 1;2the holomorphic vector bundleson X; suchthat O(E;) = E =
Ni:NiZ, with the notation as above, then an embedding F : X; | X, is an embedding
f : X1 ! X;sud that the induced morphism of vector bundlesf :E,! E; issurjective
(cf. [15]). Thus,we say that Y = (Y;B) is a closedsub-supermanifold of X = (X;A) when
there exists a closedembeddingY X and the pullback of E5 under this embedding
surjectsto Eg.

An open submanifold U = (U;B) ! X = (X;A) is given by an open embedding
U ! X of the underlying complex manifolds and an isomorphism of sheavesAjy = B.
When Y X is a closed embedding and U = X r Y, the ideal sheafof Y satis es
lvju = Aju.

A subvariety in superprojective spaceis a supermanifold

(2.2) X=X PY( (C" cO( 1)=)ix);
wherel = |y is an ideal generatedby nitely many homogeneouspolynomials of given
Z=2-parity. In other words, if we denote by (Xo;:::;Xn; 1;:::; m) the bosonic and

fermionic coordinates of P"/™, then a projective subvariety can be obtained by assign-
ing a number of equations of the form

X
(2.3) ev=odd (¥ 0511 Xn; 13015 m) = Piyoic(Xoi i) in i = 0;
i1< <ig
wherethe Py, ..., (Xo;:::;Xn) are homogeneougolynomials in the bosonicvariables.

Notice that there are strong constraints in supergeometryon realizing supermanifolds as
submanifolds of superprojective space. For instance, Penkov and Skornyakov [19] shoved
that super Grassmanniansin generaldo not embed in superprojective space,cf. [16]. The
result of LeBrun, Poon, and Wells [15] shows that a supermanifold X = (X;A) with
compact X can be embeddedin some superprojective spaceP™™ if and only if it has a
positive rank-one sheafof A-modules.

Notice that, in the above, we have beenworking with complexprojective superspaceand
complex subvarieties. However, it is possibleto consider supergeometryin an arithmetic
context, asshown in [22], sothat it makessenseo investigateextensionsof motivic notions
to the supergeometry setting. In the presert paper we limit our investigation of motivic
aspects of supermanifolds to the analysis of their classesin a suitable Grothendieck ring.

2.2. A Grothendiec k group. We begin by discussingthe Grothendied group of vari-
etiesin the supergeometry context and its relation to the Grothendiedk group of ordinary
varieties.

We rst recall the following notation from [12] xI1.2.3. Given a locally closed subset
Y X and asheafA on X, there exists a unique sheafAy with the property that

(2.4) Avijy = Ajy and Avjxry =0
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In the casewhereY is closed,this satises Ay =i (Ajy) wherei : Y ! X isthe inclusion,
and whenY isopenit satises Ay = Ker(A! i (Ajxrvy)).

De nition  2.2. Let SV¢ be the category of complex supermanifolds with morphisms de-
ned as atove. Let Ko(SVc) denote the free atelian group geneated by the isomorphism
classesof objects X 2 SVc subject to the following relations. Let F : Y | X be a closal
emledding of supermanifolds. Then

(2.5) [XT=[Y]+ [Xr Y]
where X r Y is the supermanifold
(26) Xr Y:(Xr Y;ij)(ry):

In particular, in the casewhere A = Ox is the structure sheafof X, the relation (2.5)
reducesto the usual relation

(2.7) [X]1=[Y]+[XTr Y]
in the Grothendiedk group of ordinary varieties, for a closedembeddingyY  X.

Lemma 2.3. All supermanifolds decomposein Ko(SVc) as a nite combination of split
supermanifolds, and in fact of supermanifolds where the vector bunde E with O(E) = E=
N =N 2 is trivial.

Proof. This is a consequencef the devissageof coherent sheaves. Namely, for any coherert
sheafA over a Noetherian reducedirreducible schemethere exists a denseopen set U such
that such that Ajy is free. The relation (2.5) then ensuresthat, givena pair X = (X;A)
and the sequenceof sheares

ol i(Aju)! Al j (Aiv)! G
assaiated to the open embeddingU X with complemert Y = X r U, the class[X;A]
satis es
[X5A]= [U;Aujul + [Y;AYIv ]
The sheafAy on X, which has support Y, has a chain of subsheaesAy A;
Ak = Osud that eadt quotient Aj=A;+; iscoherert onY. Thus,onecan nd a strati ca-
tion where on eat open stratum the supermanifold is split and with trivial vector bundle.

The supermanifold X = (X;A) decomposesas a sum of the corresponding classesin the
Grothendieck group.

The fact that the vector bundle that constitutes the fermionic part of a supermanifold
is trivial when seenin the Grothendieck group is the analog for supermanifolds of the
fact that any projective bundle is equivalent to a product in the Grothendiedk group of
ordinary varieties.

It follows from Lemma 2.3 above that the product makesK ¢(SVc¢) into a ring with
XIYT=[X Y]

In fact, we have the following more precise description of Kq(SV¢) in terms of the
Grothendieck ring of ordinary varieties.

Corollary 2.4. The Grothendieck ring Ko(SVc) of supervarieties is a polynomial ring
over the Grothendieck ring of ordinary varieties of the form

(2.8) Ko(SVc) = Ko(Ve)[TI;

where T = [A%1] is the classof the ane superspace of dimension (0; 1).



SUPERMANIF OLDS FROM FEYNMAN GRAPHS 7

It then follows that the relation (1.7) betweenthe Grothendieck ring and the semigroup
ring of stable birational equivalenceclassesextendsto this context.

Notice that, in the supermanifold case,there are now two di erent typesof Lefsthetz
motives, namely the bosonic one L, = [AY°] and the fermionic one Ly = [A%]. By
analogy to what happensin motivic integration and in the theory of motives, we may
want to localize at the Lefschetz motives,i.e. invert both Ly and L. That is, according
to Corollary 2.4, we considerthe eld of fractions of Ko(Vc)[L,'] = S *Ko(Vc), with
respect to the multiplicativ e semigroup S = f1;Lp;L2;:::g and then the ring of Laurent
polynomials

(2.9) S 'Ko(Vo)lLt;Ls 1= Ko(Vo)lLy 5L Le T

This suggestsextensionsof motivic integration to the context of supermanifolds, but we
will not pursue this line of thought further in the presen paper.

There is also a natural extensionto supermanifolds of the usual notion of birational
equivalence. We say that two supermanifolds X = (X;A) and (Y;B) are birational if there
exist open denseembeddings of supermanifoldsU X and V Y and an isomorphism
U = V. Similarly, one can give a notion analogousto that of stable birational equivalence
by requiring that there are superprojective spacesP™™ and P'iS such that X  P"™ and
Y P'is arebirational. Onethen nds the following. We denoteby Z[SSB] the semigroup
ring of stable birational equivalenceclassesof supermanifolds.

Corollary 2.5. There is a surjective ring homomorphism Ko(SVc) !  Z[SSB], which
induces an isomorphism

(2.10) Ko(SVc)=l = Z[SSB]:
wher | is the ideal geneated by the classes[A°] and [A%1].

The formal inversesof L; and Ly correspond to two typesof Tate objects for motives
of supermanifold, respectively fermionic and bosonic Tate motives. We seefrom Corollary
2.4 and (2.9) that the fermionic part of the supermanifolds only contribution to the class
in the Grothendieck ring is always of this fermonic Tate type, while only the bosonicpart
can provide non-Tate contributions.

2.3. Integration on supermanifolds. The analogof the determinant in supergeometry
is given by the Berezinian. This is de ned in the following way. Supposegiven a matrix
M of the form

M11 My

M = ;

Mo1 Mo
where the M1; and M, are square matrices with entries of order zero and the M1, and
M1 have elemerts of order one. Then the Berezinian of M is the expression

dettM11 MM 221M 21) .

(2.11) Ber(M) = det(M 22)

It satis es Ber(MN ) = Ber(M )Ber(N).

It is shawn in [5] that Grassmann integration satis es a change of variable formula
where the Jacobian of the coordinate changeis given by the Berezinian Ber(J) with J
the matrix J = &— with X = (x;; () and Y = (yj; s). We explain in x3 below how
to usethis to replace expressionsof the form (1.2) for Feynman integrals, with similar
expressionsinvolving a Berezinian and a Grassmannintegration over a supermanifold.
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2.4. Divisors. There is a well developed theory of divisors on supermanifolds, originating
from [21]. A Cartier divisor on a supermanifold X of dimension (njm) is de ned by a
collection of even meromorphic functions ; de ned on an open covering U; | X, with

i 1 a holomorphic function on U; \ U; nowhere vanishing on the underlying U; \ U;.
Classesof divisors correspond to equivalenceclassesof line bundles and can be described
in terms of integer linear combinations of (N 1jm)-dimensional subvarietiesY  X.

3. Supermanif olds fr om graphs

3.1. Feynman's tric k and Schwinger parameters. We begin by describing a simple
generalization of the well known \F eynman trick",

z
1 ! 1

- = —d :

ab~ , (xa+t (L x)pz
which will be useful in the following. The results recalled here are well known in the
physicsliterature (seee.g.[6]x8 and x18), but we give a brief and self contained treatment

here for the reader's corvenience. A similar derivation from a more algebro-geometric
viewpoint can be found in [8].

Lemma 3.1. Let , denotethe n-dimensional simplex

X
(3.2) n=f(tintn) 2 (RO ti 1o

i=1
Letdv , = dt; dt, 1 be the volume form on | induced by the standard Euclidean
metric in R". Then, for given nonzemw parameters ¢, for i = 1;:::;n, the following
identity holds:

z
1 1
3.2 =(n 1) dv ;
5.2 Giiih D » o (it Ftagp)” T
P
wheret, = 1 inzllti.
Proof. The following identit y holds:
(3.3) 1 . Z, zZ, ( s L
= g (St TSnh) g s tdsy  dsy:
& d° (k) (k) o o ' no

The s; areusually called Schwinger parametersin the physicsliterature. Wethen perform a
changeof variables, by setting S= [, s ands; = St;, with t; 2 [0;1]with ~ [_, t; = 1.
Thus, we rewrite (3.3) in the form

zZ, Z P
1 (kit+  +ky) T Lk 10tk 1 (g nt)

¢ g (k) (ka) o o (i@t Ftag)lt tke

The result (3.2) then follows as a particular caseof this more generalidentit y, with k; = 1
fori=1;:::;;nand (n)=(n 1)L

(3.4) dty  dtn:

One can also give an inductiv e proof of (3.2) by Stokestheorem, which avoids intro-
ducing any transcendertal functions, but the argument we recalled here is standard and
it suces for our purposes.

The Feynman trick is then related to the graph polynomial in the following way
(seeagain [6], x18 and [18]). Supposegivena graph . Let n= #E() be the number of
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edgesof andlet * = by() be the number of loops, i.e. the rank of H*( ;Z). Suppose

chosena set of generato%sfll; siiilkgof HY( ;Z). Wethen dene then “-matrix j as
3 +1 edgee 2 loop |y, sameorientation
(3.5) Kk = 1 edgee 2 loop Ik, reverseorientation
0 otherwise.

Also let M bethe ® ° real symmetric matrix

X
(3.6) M ()= ti Kk ir;

i=0
fort = (to;:::;th 1) 2 npandt, = 1 iti. Let s, k = 1;:::;" be real variables

be real variablesp; 2 RP assaiated to the edgesof . Let g (p) denotethe quadratic form

(3.7) G(p) = pf mf;

for xed parametersm; > 0. Thesecorrespond to the Feynman propagators
1 1

3.8 B

. g pf om

for a scalar eld theory, assaiated by the Feynman rules to the edgesof the graph. One
can make a change of variables
X X
p = u + ik Sk; with the constraint tiup k = O
k=1 i=0
Then we have the following result.

Lemma 3.2. The following identity holds

Z
1 X -~
B9 RPr——d’s; d°s =Cy detM (1) P ti(uf md) "B
( i=0 tiQ) =0
Proof. After the changzeof variables, the left hand side reads

5 d®s; g°s _

(I in:() ti(ui2 m|2) + kr(M YkrSkSr)"
The integral can then be reduced by a change of variables that diagonalizesthe matrix
M to an integral of the form

Z
dP x dP x- - C. a n+D«:2Y D=2,
(a k kXE)n ' k=1 k
with Z
cp = Txp Px.
" 1 X"

This is the basisfor the well known formula that relates the computation of Feynman
integrals to periods, usedin [8]. In fact, we have the following.

Corollary 3.3. In the caseof graphswhere the number of edgesand the number of loops
are related by n = D =2, the Feynman integral is computed by
z
d® s, d°s _ dtg dtn 1

3.10 -1 "2 -c :
(310 ® G T (tesiiity)P2
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whee t, = 1 P .t and

(3.11) (t) = det(M (t)):

Proof. Notice that, in the caseof graphswith n = D =2, the integration (3.9) reducesto
d®s; d°s

(3.12) P — =C, det(M (t)) P72
( i=0 tiQ)n

We now consider a modi ed version of this construction, where we deal with graphs
that have both bosonicand fermionic legs,and we maintain the distinction betweenthese
two types at all stagesby assigningto them dierent sets of ordinary and Grassmann
variables. Strictly from the physicists point of view this is an unnecessarycomplication,
becausethe formulae we recalledin this sectionadapt to compute Feynman integrals also
in theorieswith fermionic elds, but from the mathematical viewpoint this procedurewill
provide us with a natural way of constructing an interesting classof supermanifolds with
assaiated periods.

3.2. The case of Grassmann variables. Considernow the caseof Feynmanpropagators
and Feynman diagrams that come from theories with both bosonic and fermionic elds.
This meansthat, in addition to terms of the form (1.1), the Lagrangian also corntains
fermion interaction terms. The form of such terms is sewerely constrained (seee.g. [20],
x5.3): for instance, in dimensionD = 4 renormalizable interaction terms can only involve
at most two fermion and one boson eld.

The perturbativ e expansionfor suc theories corresponsingly involve graphs  with two
dierent typesof edges:fermionic and bosonic edges. The Feynman rules assignto ead
bosonicedgea propagator of the form (3.8) and to fermionic edgesa propagator

. p+m i

(3.13) |pz i 5 m:

Notice that in physically signi cant theoriesonewould havei(g m) 'with p=p , but
for simplicity we work here with propagators of the form (3.13), without tensor indices.
In the following we usethe notation

(3.14) ap) = p*> m%  qp) =i+ m)

for the quadratic and linear forms that appear in the propagators (3.8) and (3.13). In the
following, again just to simplify notation, we also drop the massterms in the propagator
(i.e. we setm = 0) and ignore the resulting infrared divergenceproblem. The reader can
easily reinstate the massesvhenewer needed.

Thus, the terms of the form (qu  ¢,) *, which we encourtered in the purely bosonic
case,are now replacedby terms of the form

(3.15) U;

G O

wheren = #E() is the total number of edgesin the graph and f = #E;() is the
number of fermionic edges.

We rst prove an analog of Lemma 3.1, where we now intro duce an extra set of Grass-
mann variables assaiated to the fermionic edges.The derivation we presen su ers from a
kind of \fermion doubling problem", in asead fermionic edgecontributes an ordinary in-
tegration variables, which essetially accourt for the denominator ¢ in (3.13) and (3.15),
as well as a pair of Grassman variables accourting for the numerator g; in (3.13) and
(3.15).
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Let Qs denotethe 2f  2f antisymmetric matrix

0 1
0O g 0 O 0 O
g 0 0 O 0 O
0 0 0 q 0 0
(3.16) Qs = 0 0 g O 0 0
0 0 0 O 0 o
0 0 0 O g O

Lemma 3.4. Let . denotethe suersppee , A%2". Then the following identity

holds:
Z

(3.17) u - Kn;f dtl dtn 1d ]i t d 2f f ;
G O o (it ooy + 3 TQg )N
with
2'(n 1)
Knt = Q7 ( )

i (n+f k+ 1)

Proof. We rst shaw that the following identity holds for integration in the Grassmann

variables = ( 1;:::; 21):
z
di dy _ fl )
(3.18) (1+%—th) = o ¢ 01 Q-
In fact, we expand using the Taylor series
R
1+x) = ‘ xX
k=0
and the identit y
1 X
> 'Qr = G 2 1 2

i=1
together with the fact that the degreezerovariablesx; = 5 1 i commute, to obtain

1, 2 X k

1+ Q) = ( o2 12)"
2 k
k=0 i=1

The rules of Grassmannintegration then imply that only the coe cient of 4 2f fe-
mains as a result of the integration. This gives(3.18).
For simplicity of notation, we then write T = tyop +  t,0n, Sothat we have
z

1
iz (G + thCh + % tQp )N | 1 no1d 1 of
z
fl n+f
2T f @ g T "IT fdy dty
z
= ﬂ n+f ql CIf dtl dtn 1 _ fl n+f ql qf .

e+ Ftg)" 27(n 1) f a G
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3.3. Graphs with fermionic legs. Consider now the caseof graphs that have both
bosonicand fermionic legs. We mimic the procedure described above, but by using both
ordinary and Grassmannvariablesin the process.

we replacethe matrix  of (3.5), with a matrix of the form

(3.19) fere e

ipl iblb

variables , 2 A% with r¢ = 1;:::;°t = ‘¢t + “pr. That is, we assignto ead purely
fermionic loop a Grassmannmomertum variable, to ead purely bosonicloop an ordinary
momertum variable, and to the loops cortaining both fermionic and bosoniclegs a pair
(sr; ) of an ordinary and a Grassman variable. In (3.19) above we write r; and ryp,
respectively, for the indexing sets of these Grassmannand ordinary variables.

We then considera change of variables
X X X X

(3.20) pi, = Ui, + iore e ¥ ibro Sy pi; = Ui, + irre ore T irrpSrp:
rs Iy rs Iy
analogousto the one used before, where now, for reasonsof homogeneit, we need to
assumethat the ;, are of degreeone and the j, are of degreezero, sincethe p; are
even (ordinary) variables.
We apply the change of vari;bles (3.20)2 to the expression

(3.21) tip? + 2i¢ 1 2i¢ Pi :
i it
We assumeagain, asin the purely bosoniccase(cf. (18.35) of [6]), the relations
X
tip vy =0
i

for each loop variabler = rpandr = r¢.

We can then rewrite (3.21) in the form

X

X
tiUi2 + 2i¢ 1 2i Ui
1 ¢
X X X X
+ (0 i, wr0)S, S0 ( tiire o) v oro
Fpsro i rerd i |
X X X '
+ ( I’-I irb irf)srb rs r¢ S‘b( tI irf ifb)
rpls i i
X X X X
+ ( 2is 1 2ig ifrb)srb"' ( 2if 1 2ig ifrf) rf:

ry it re g
Notice the minussignin front of the quadratic term in the ., , sincefor order-onevariables
reoir? = o - We write the above in the simpler notation

(3.22) T + s Mp(t)s Mi(t) +  Mip(t)s s Mp(t) + Np( )s+ Ne() ;
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where denotestransposition, s= (s;,), = ( ), and
T= itIiDUi2+ Pif 2i; 1 2if Ui s

M(t) = Piti ity ir O3

Me(t) = tiir, o= Mi();

(3.23)
be(t): iti irp irgs
P
Np( ) = i 2t 1 2i¢ Qtrps
Nf( ) = i 2iy 1 2if ifrg .

Sincethe i, are of degreeoneandthe ;6 of degreezero,the matrices M, and M are
of degreezero, the My and M, of degreeone, while the N, and N¢ are, respectively, of
degreezero and one. Thus, the expression(3.22) is of degreezero. Notice that, sincethe

ir, are of order one, the matrix My (t) is antisymmetric. We alsoset My (t) = My p(t) =

M¢p(t) -
We then consideran integral of the form
z
PdD51 cgs«bdD 1 dP o, _
C tpf+ i 2 12 Pi )" T

(3.24)
dD S dD Sy dD 1 dD r .
(T + s Mp(t)s+ Np( )s M¢(t) +  Mip(t)s s Mep(t) + Ne() )" T°

wherethe d® ; = d ;; d jp are Grassmannvariables integrations and the d°s are
ordinary integrations.

Recall that for Grassmannvariables we have the following change of variable formula.

Lemma 3.5. Supmsegiven an invertible antisymmetric N N -matrix A with entries of
degree zer and an N -vector J with entries of degree one. Then we have

1 1
(3.25) A + E(J D= A + 27 A 1,
for = A 1.
Proof. The result is immediate: sinceA = A, we simply have
1 1 1 1
= + — - - :
A A 2J > J 4J A

We then usethis changeof variable to write
Mi(t) +  Mip(t)s sMip(t) +3( Ne() Ne() )

(3.26)
Mi(t)  2(Mrp(®)s+ 3Nr () Mi(t) *(Myu®s+ 3Nr()
with
(3.27) = M) T Myss+ N ()
2 2
We have

ZMis(s+ SN () Mr(®) *(Mis(s+ 3Ni () =

%S Myt ()M« (1) 1be(t)5+ %(Nf( ) M; (1) 1be(t)5+ S Myt ()M« (1) 1Nf( )
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#2eNE () M () "N ()
We then let
(3.28) U(t; ;8):= T+ C(t; )+ s Ap(t)s+ By(t; )s;
where
Ap(t) = Mp(t) M (M (1) My p(t)
(3.29) Bo(t; )= Np( ) 3Nt () M¢(t) *Mep(t)
C(t; )= Ni () Me(t) *N¢():
Thus, we write the denominator of (3.24) in the form

(3.30) u@; st f 1+% Xi(t; ;s)

where we usethe notation
(3.31) Xi(t ;s):= 2U(t; :s) Mg (1):
Thus, the Grassmannintegration in (3.24) gives,asin Lemma 3.4,

Y4 .
d® d® - D" =2 )
: f e detMy (9)°;

=Chtry 0
1+1 Xi(t ;9) nt SRRV CRE

where C,+ ~, is a combinatorial factor obtained asin Lemma 3.4.

(3.32)

We then proceedto the remaining ordinary integration in (3.24). We have, dropping a

multiplicativ e constart,
Z

D D a.
(3.33) det(M; (t)P2 45 d°S,

U(t; ;S)” f+Dy=2"
This now can be computed as in the original casewe reviewed in x3.1 above. We use
the changeof variablesv = s+ %M b(t) INp( ) . Wethen have

(339) v ADY = 5 Au(D)s+ 35 Bt ) + 2Bu(t )5+ ZBult JAnD) "Bolt; ) ;

where Ap(t) = Ap(t) and (By(t; )s) = By(t; )s.
We then rewrite (3.33) in the form
Z

D D\,
d°vy  d°ve,

D=2 .
(3.35) det(M+ (1)) (T+C %BbAble + v Apv)" T+D ;2"
Setthen
(3.36) T ) =T )+ C(t ) %Bb(t: YA, H(OBu(L )

sothat we write the above as .
det(Ms (t))P=2 dPvy  dPv, )
T'(t; )n f+D =2 (1+V Xb(t; )V)” f+D¢=2"

with

Xp(t; )= T(t ) Ap(t):
Then, up to a multiplicativ e constart, the integral gives
o140 det(My ()2

n+f
(3.37) T eA(0)PZ
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Consider rst the term
det(M; (1))°=2

det(Ap(t))P=2
in (3.37) above. This can be identi ed with a Berezinian. In fact, we have

det(M¢ (t))° =

— D=2.
(3:38) det(Mp(t) %be(t)Mf (t) Mg p(t))D=2 = Ber(M (1)) ;
where
(3.39) M (t) = Mp(t)  3Mib(t)

sMpe (1) Mg (1)

We now look more closely at the remaining term T~ "*f T+ 20 in (3.37). We know
from (3.36), (3.29), ang((3.23) thi)i(t we can write 1)‘((t; ) in the form

(3.40) T(t )= UWti+ Uiz 120+ Ci() 212 2 12
i j i<j
wherethe rst sumis over all edgesand the other two sumsare over fermionic edges.We
set i = 2 1 2. Using a changeof variables = = ; + %Cu, we rewrite the above as
X 5 1 X
T )= uiti - Zu Cu+ Cj 2i 12 2 12;
i i<
with 75 = 5 1 2. We denote by
X 1
f(t)= u’t;, ZuCu
i 4
and we write 'y
* 1~ o~
T =1 T
k T
p k=0
where we usethe notation 3~ C~ = i Ci 2012 2 12-

Thus, we can write tEe Feynman integral in the form

B9
: q:stl s, d® 1 & . =

(1]
Z
()1 2
(3.41) S dti  dtnd 1 doa;
o T T EC wBerM (o2 -t
where ( t) is T=2 times the coe cien t of 1 ot in the expansion
|
-k
b3 i~ ¢
ko K f
More explicitly, this term is of the fg)(rm
( t) = Ciliz(t) Cif 1l (t);

over indicesi, with 25 1 < i2a and for k = f =2. The multiplicativ e constart in front of
the integral on the right hand side above is given by

n+f S(C¢ p)
f=2

We then obtain the following result.
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Theorem 3.6. Supmsegivena graph with n edges,of whichf fermionic andb=n f
bosonic. Assumethat there exists a choice of a basis for Hy() satisfying the condition

f D.. .
(342) n E + E( f b) =0
Then the fo%lowing identity holds: ~
dr O D D D . _ (1 .
4 Po— « YW E oot t:
(3.43) @ Chd s d°s,d” ¢ d° Ber(M (t))D=2dl dtp,

Proof. This follows directly from (3.41), after imposing n %+ %(‘f "p) = 0 and

performing the Grassmannintegration of the resulting term

()1
44 ————————dt t :
(3.44) Ber(M (t))D:Zdl dtpdy  d

nj2f

3.4. Graph supermanifolds. The result of the previous section shows that we have an

analog of the period integral Z
dt]_ dtn

_det(M (t))P=2
given by the similar expression
(1)
, Ber(M (t))b=2
Again we seethat, in this case,divergencesrisefrom the intersectionsbetweenthe domain

of integration given by the simplex , and the subvariety of P" ! de ned by the solutions
of the equation

(3.45) dt,  dtn:

Ber(M (t))P=?
(3.46) BerM)"™ _ o,
(1
Lemma 3.7. For generic graphs, the set of zers of (3.46) de nes a hypersurface in P",
hene a divisor in P" 32f of dimension (n  2j2f ). The support of this divisor is the same
as that of the principal divisor de ned by Ber(M (t)).

Proof. The generic condition on graphs is imposedto avoid the caseswith M (t) 0.
Thus, supposegivena pair ( ;B) that is generic,in the sensethat M« (t) is not identically
zero. The equation (3.46) is satis ed by solutions of
1
det(Mp(t)  ZMopr (DM () *Myp(t) = O

and by polesof ( t). Using the formulae (3.29) and (3.23) we seethat the denominator of
( t) isgivenby powersof det(M; (1)) and det(Ap(t)) = det(M(t) %M bt ()M (1) Mg p(t)).
Thus, the set of solutions of (3.46) is the union of zerosand polesof Ber(M (t)). The multi-
plicities are given by the powers of thesedeterminants that appearin ( t)Ber(M (t)) °=2.

De nition  3.8. Let be a graph with bosonic and fermionic edgesand B a choice of a
basisof H1() . We denoteby X 5y P" 32 thelocusof zes and polesof Ber(M (t)) =
0. We refer to X gy asthe graph supermanifold.

In the degeneratecasesof graphssuch that M; (t) 0, we simply setX( .5y = P" 12,
Examples of this sort are provided by data ( ;B) sud that there is only one loop
in B cortaining fermionic edges. Other special casesarise when we consider graphs
with only bosonic or only fermionic edges. In the rst case,we go back to the origi-
nal calculation without Grassmann variables and we therefore simply recover X .5y =
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2 ap

G

I ff:0 Ifb =2 | beO

Figure 1. Choicesof a basisfor H1().

Figure 2. A graph with a basisof Hy() satisfying (3.42).

X = ft: det(Mp(t)) = 0g P" 10 In the casewith only fermionic edges,we have
det(Mp(t) %M bt ()M (1) Mg p(t)) 0 since both Mp(t) and My (t) are identically
zero. It is then natural to simply assumethat, in suc cases,the graph supermanifold is
simply givenby X gy = P U2,

3.5. Examples from Feynman graphs. Westill needto ched that the condition (3.42)
we imposedon the graph is satis ed by some classesof interesting graphs. First of all,
notice that the condition doesnot depend on the graph alone, but on the choice of a basis
for H1(). The samegraph can admit choicesfor which (3.42) is satis ed and others for
which it fails to hold. For example,considerthe graph illustrated in Figure 1, for a theory
in dimension D = 6, where we denoted bosonic edgesby the dotted line and fermionic
onesby the full line. There exists a choice of a basisof H1() for which (3.42) is satis ed,
asthe rst choicein the gure shows, while not all choicessatisfy this condition, as one
can seein the secondcase.

One canseeeasilythat onecanconstruct many examplesof graphsthat admit a basisof
H1() satisfying (3.42). For instance,the graph in Figure 2 is a slightly more complicated
examplein D = 6 of a graph satisfying the condition. Again we useddotted lines for the
bosonicedgesand full lines for the fermionic ones.

Let us consideragain the example of the very simple graph of Figure 1, with the rst
choice of the basisB for H;(). This hastwo generators, one of them a loop made of
fermionic edgesand the seconda loop containing both fermionic and bosonic edges. Let
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5

have
Mb(t) =t + 1+ 13
sinceonly the secondloop in the basis contains bosonic edges,while we have
M ps (t) = (t]_ + ot + (o + tg) = tl(l; 1) + tz(l; 1) + t3(0; 1) + t4(0; 0) + t5(0; 0)

and

_ 0 ty+ to
Me (1) = (t1 + t2) 0
Thus, we obtain in this case

1

0 — tp+t
1 = (ty + toity + to + tirts 1+ 12
Mpt ()M (1) “Mip(t) = (t1 + to;ts + t2 + t3) 1 0 th+ tp+ tg
itz
(ta+ta+t3)
= (g + to;tg + to + t3 tittz = t1+tr+t3)+t+tr+tg O
1

Thus, in this particular examplewe have My (t)M¢ (t) *M¢p(t) Oforallt = (tg;:::;ts),
sothat Ber(M (t)) = det(Mp(t)) det(M; (t)) = (t1 + tp + t3)=(t1 + t»)? and the locus of
zerosand polesX( .5y  P%8 is the union of ty + to + t3 = Oand t; + t, = 0in P° (the
latter counted with multiplicit y two), with the restriction of the sheaffrom P58,

3.6. The univ ersalit y prop erty. Lemma 3.9 below shows to what extent the \univ er-
sality property" of graph hypersurfaces,i.e. the fact that they generatethe Grothendieck
group of varieties, continuesto hold when passingto supermanifolds.

Lemma 3.9. Let R be the subring of the Grothendieck ring K o(SV¢) of supermanifolds
spanned by the [X( .g)], for X .g) the graph sugermanifolds de ned by the divisor of zeros
and poles of the Berezinian Ber(M (t)), with B a choice of a basisof H1() . Then

R = Ko(Vo)[T?  Ko(SVe);
wher T = [A%1],

Proof. By Corollary 2.4 and the universality result of [3], it suces to prove that the
subring of Ko(SVc) generatedby the [X( .g)] cortains the classesof the ordinary graph
hypersurfacesin K o(Vc) and the class[A%2].
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B F

Figure 4. Graphswith "y = 0.

To shaw that R cortains the ordinary graph hypersurfaces,considerthe special class
of graphs that are of the form schematically illustrated in Figure 4. These are unions of
two graphs, one only with bosonicedgesand one only with fermionic edges,with a single
vertex in common. Notice that in actual physical theories the combinatorics of graphs
with only fermionic edgesis seerely restricted (see[20], x5.3) depending on the dimension
D in which the theory is considered. However, for the purposeof this universality result,
we allow arbitrary D and corresponding graphs, just asin the result of [3] one does not
restrict to the Feynman graphs of any particular theory.

The graphs of Figure 4 provide examplesof graphs with basesof Hl() cortamlng
loops with only fermionic or only bosoniclegs,i.e. with ", = 0, = ¢t and "p = “pp.
This implies that, for all thesegraphs = g [y ¢ with the corresponding basesof H,
onehas My (t) O, sincefor ead edgevariable t; one of the two factors i, i, is zero.
Thus, for this classof exampleswe have Ber(M (t)) = det(Mp(t))=det(M; (t)). Moreover,
we seethat for these examplesdet(My(t)) =  ,(t) is the usual graph polynomial of the
graph g with only bosonic edges. Sincesuch g can be any arbitrary ordinary graph,
we seethat the locus of zerosalone, and just for this special subsetof the possiblegraphs,
already su ces to generatethe full Ko(Vc) sinceit givesall the graph varieties [X 1.

To shaw then that the subring R cortains the classes[A%2'], for all f, rst notice
that the classes[P"][A%% ] = [pt]]A%2'] + [AUOJ[A%2F ]+  + [AMO][A%2f] belong to
R, for all n and f. These are supplied, for instance, by the graphs with a single loop
containing fermionic edges,as obsened above. This implies that elemens of the form
[ANIOJ[AY2f ] = [P"][A%27] [P" 1][AY%2] belongto R. In particular the graph consisting
of a single fermionic edgeclosedin a loop gives[A%?' ] in R.

Notice that in [3], in order to provethat the correspoding graph hypersurfacesgenerate
Ko(Vc), one considersall graphs and not only the log divergert oneswith n = D =2,
even though only for the log divergernt onesthe period has the physical interpretation as
Feynmanintegral. Similarly, here,in Lemma 3.9, we considerall ( ;B) and not just those
satisfying the condition (3.42).

The fact that we only nd classesof the even dimensional superplanes[A%2'] in R
instead of all the possibleclassegA%" ] is a consequencef the fermion doubling usedin
Lemma 3.4 in the represenation of the Feynman integral in terms of an ordinary and a
fermionic integration.

4. Supermanif olds and mirr ors

We discusshere some points of contact betweenthe construction we outlined in this
paper and the supermanifolds and periods that appear in the theory of mirror symmetry.

Supermanifolds arise in the theory of mirror symmetry (seefor instance [23], [2], [13])
in order to describe mirrors of rigid Calabi{Y au manifolds, where the lack of moduli of
complex structures prevents the existence of Kehler moduli on the mirror. The mirror
still exists, not asa convertional Kehler manifold, but as a supermanifold embeddedin a
(weighted) super-projective space.
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For instance, in the construction givenin [23], oneconsidersthe hypersurfacein (weighted)
projective spacegiven by the vanishing of a superpotential X = fW = 0g P". The local
ring of the hypersurfaceX is givenby polynomials in the coordinates modulo the Jacobian
ideal Rx = C[x;]=dW(x;). To ensurethe vanishing of the rst Chern class, one corrects
the superpotential W by additional quadratic terms in either bosonic or fermionic vari-
ables, so that the condition W = 0 de nes a supermanifold embedded in a (weighted)
super-projective space,instead of an ordinary hypersurfacein projective space.

In the ordinary case,oneobtains the primitiv e part of the middle cohomologyH LX)
and its Hodge decomposition via the Poincare rZesidue

(4.1) Res(!)= !
C
with C a 1-cycle encircling the hypersurfaceX , applied to forms of the form
P(xo;:::;%
(4.2) I (P) = (Ow—k”);
P .
with = i”:O( 1) ixjdxe @&; dx,, asin (1.3) with ; the weights in tpe caseof

weighted projective spaces,and with P 2 Ry satisfying kdeg(W) = deg(P) + ; ;.

In the supermanifold case,one replacesthe calulation of the Hodge structure on the
mirror done using the technique described above, by a supergeometry analog, where the
forms (4.2) are replacedby forms

(4.3)

Wk '
where here the superpotential W is modi ed by the presenceof an additional quadratic
term in the fermionic variables ; , + om 1 2m-

In comparison to the setting discussedin this paper, notice that the procedure of
replacing the potential W by W= W+ ; »+ om 1 2m, With the additional fermionic

integration, is very similar to the rst stepin our derivation wherewe replacedthe original

expressionT = ticp +  thGy by the modied oneT + 3 RQ with 3 Q = g1 12+

+ g 2t 1 2. Thus,replacing the ordinary integration TR“ (t)dt by the integration
R(T(M)+ 3 Q) "*fdtd isan analogof replacingthe integral W kdt with the integral
W+ 12+ om 1 2m) ¥dtd usedin the mirror symmetry cortext. However, there
seemsto be no analog, in that setting, for the type of periods of the form (3.45) that
we obtain here and for the corresponding type of supermanifolds de ned by divisors of
Bereziniansconsideredhere.
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