
NONCOMMUT ATIVE GEOMETR Y AND NUMBER THEOR Y

Noncommutativ e geometry is a modern �eld of mathematics created by Alain Connesat
the beginning of the eighties. It provides powerful tools to treat spacesthat are essentially
of a quantum nature. Unlike the caseof ordinary spaces,their algebra of coordinates is
noncommutativ e, re
ecting phenomenalike the Heisenberg uncertainty principle in quantum
mechanics.

What is especially interesting is the fact that such quantum spacesare abundant in mathe-
matics. One obtains them easilywhenoneconsidersequivalencerelations which are sodrastic
that they tend to collapsemost points together, yet one wishesto retain enoughinformation
in the processto be able to do interesting geometry on the resulting space.

In such cases,noncommutativ e geometryshows that there is a quantum cloud surrounding
the classical space, which retains all the essential geometric information, even when the
underlying classicalspacebecomesextremely degenerate.It is to this quantum aura that all
sophisticated tools of geometry and mathematical analysis, properly reinterpreted, can still
be applied.

It becameincreasingly evident in recent yearsthat the tools of noncommutativ e geometry
may �nd new and important applications to Number Theory, a very di�eren t branch of pure
mathematics with an ancient and illustrious history. This happenedmostly through a new
approach of Connesto the Riemannhypothesis(at present the most famousunsolvedproblem
in mathematics).

The �rst instance of such connections between noncommutativ e geometry and number
theory emergedearlier, when Bost and Connesdiscovereda very interesting noncommutativ e
spacewith remarkable arithmetic properties. The system it describes consistsof quantized
optical phases,discretizedat di�eren t scales.Theseare essentially the phasorsusedin model-
ing quantum computers (cf. Figure 1). A mechanism that accounts for consistencyover scale
changesorganizes the phasors via a kind of renormalization procedure. This consistency
condition imposesthe equivalencerelation that makesthe resulting spacenoncommutativ e.
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Figure 1. Phaseoperators: Z=6Z discretization.
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Figure 2. Construction of polygonsby ruler and compass

The systemobtained this way hasan intrinsic dynamics which makesit evolve in time and
onecan considercorresponding thermodynamical equilibrium statesat various temperatures.
Above a certain critical temperature the distribution of phasesis essentially chaotic and there
is a unique equilibrium state. At the critical temperature the system undergoes a phase
transition with spontaneous symmetry breaking and below critical temperature the system
exhibits many di�eren t equilibrium states parameterizedby arithmetic data.

Especially interesting is what happensat zerotemperature. There the arithmetic structure
that governs the action of the symmetry group of the system on the extremal ground states
is the sameone that answers the famous mathematical problem (solved by Gauss)of which
regular polygonscan be constructed using only ruler and compass(cf. Figure 2).

The crucial feature that allows for a solution of this geometric problem is the fact that in
addition to the obvious rotational symmetriesof regular polygonsthere existsanother hidden
and much more subtle symmetry coming from the Galois group Gal( �Q=Q), a very beautiful
and still mysterious object, which in this casemanifests itself not through the multiplicativ e
action of roots of unit y (rotations of the vertices of the polygons) but through the operation
of raising them to powers.

Thus, from the example of the Bost Connesnoncommutativ e space,a dictionary emerges
that relates the phenomenaof spontaneous symmetry breaking in quantum statistical me-
chanicsto the mathematicsof Galois theory. Moreover, the partition function of this quantum
statistical mechanical system is an object of central interest in Number Theory, namely the
Riemann zeta function (cf. Figure 3).

More recently, other results that point to deepconnectionsbetweennoncommutativ e geom-
etry and number theory appearedin the work of Connesand Moscovici on the modular Hecke
algebraswhich shows that the Rankin{Cohen brackets, an important algebraic structure on
modular forms extensively studied years ago by Zagier (at MPIM), have a natural interpre-
tation in the languageof noncommutativ e geometry. Modular forms are a very important
classof functions that plays a fundamental role in many �elds of mathematics, especially in
Number Theory and Arithmetic Geometry. They exhibit very elaborate symmetry patterns
associated to certain tessellationsof the hyperbolic plane (cf. Figure 4).
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Figure 3. The Riemann zeta function

Figure 4. The modular curve

When viewed with the eyesof noncommutativ e geometry the algebraic structures studied
by Zagier appearasa manifestation of a type of symmetry of noncommutativ e spaces,related
to the transversegeometry of codimension one foliations (Figure 5), which was investigated
extensively in work of Connesand Moscovici.

The special tessellationsof the hyperbolic plane mentioned in relation to modular forms
give rise to a family of 2-dimensionalsurfacesknown as the modular curves. Recent work of
Manin and Marcolli (both at MPIM) showed that much of the rich arithmetic structure of the
modular curves is captured by a noncommutativ e space,which arises from the tessellation
restricted to the in�nitely distant horizon of the hyperbolic plane (the bottom horizontal line
in Figure 4). The fact that the in�nite horizon of modular curves hides a noncommutativ e
spacewas also observed in work of Connes, Douglas and Schwarz in the context of String
Theory.

Ongoingwork of Connesand Marcolli (at MPIM) uncoveredthe remarkablefact that all the
instanceslisted above of interactions betweennumber theory and noncommutativ e geometry
(Connes' work on the Riemann zeta function, the Bost{Connes system, the modular Hecke
algebra, the noncommutativ e boundary of modular curves) are in fact manifestations of
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Figure 5. An exampleof codimension one foliations
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general case

invertible case

Figure 6. Q-lattices

one and the sameunderlying noncommutativ e space,namely the spaceof commensurability
classesof Q-lattices.

A lattice consistsof arrays of points in a vector space,disposedlike atoms in a crystal. For
example, the set of points with integer coordinates in the plane is a 2-dimensional lattice. A
Q-lattice is onesuch object whereonehasa way of labeling the points of rational coordinates
inside the fundamental cell of the lattice. If each rational point is labeled in a unique way
the Q-lattice is said to be invertible, while in generalone also allows for labelings that miss
certain arrays of points while assigningmultiple labels to others (cf. Figure 6).

When studying the geometricproperties of Q-lattices, it is natural to treat as the sameob-
ject all Q-lattices that have the samerational points and where the respective labelingsagree
whenever both are de�ned. This determinesan equivalencerelation on the set of Q-lattices.
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One observes that the identi�cations produced by this seeminglyharmlessequivalencerela-
tion are in fact drastic enough to give rise to a noncommutativ e space. On the other hand,
if one restricts the attention to just invertible Q-lattices, these are organized in a classical
space. In the caseof 2-dimensional lattices, the parameterizing spaceis the family of all
modular curves.

Since Q-lattices exist in any dimension, there is in any dimension a corresponding non-
commutativ e space.The Bost{Connes spaceis just the spaceof commensurability classesof
1-dimensionalQ-lattices consideredup to a scaling factor. The noncommutativ e spaceintro-
ducedby Connesin the spectral realization of the zerosof the Riemann zeta function (whose
position in the plane is the content of the Riemann hypothesis)is the spaceof commensurabil-
it y classesof 1-dimensionalQ-lattices with the scalefactor taken into account. The modular
Hecke algebra of Connesand Moscovici is a pieceof the algebra of coordinates on the space
of commensurability classesof 2-dimensional Q-lattices and the noncommutativ e boundary
of modular curves is a stratum in this spacethat accounts for possibledegenerationsof the
2-dimensional lattice.

The noncommutativ e spaceof commensurability classesof 2-dimensionalQ-lattices up to
scalealso has a natural time evolution and one can investigate the structure of the corre-
sponding thermodynamical equilibria. At zerotemperature this quantum spacefreezeson the
underlying classicalspace(the family of modular curves)and all quantum 
uctuations cease.
The extremal states at zero temperature correspond to points on a modular curve. When
the temperature risesquantum e�ects becomepredominant and the systemundergoesa �rst
phase transition where all the di�eren t equilibrium states merge, leaving a unique chaotic
state. There is then a secondcritical temperature where the system experiencesanother
phasetransition after which no equilibrium state survives.

What acts as group of symmetries of this quantum mechanical system is the group of all
arithmetic symmetries of the modular functions. As in the 1-dimensional case,the induced
action on the extremal states at zero temperature is via Galois theory. In this 2-dimensional
system, however, not all symmetries act directly on the classicalspaceat zero temperature
as they needthe more re�ned structure of the quantum system,henceoneobtains the Galois
action at zero temperature by warming up below critical temperature, looking at the full
symmetriesof the quantum system,and then cooling down again to zero temperature where
arithmeticit y becomesapparent.

The noncommutativ e spaceof commensurability classesof Q-lattices with its rich arith-
metic structure provides a valuable tool for investigating many related number theoretic
questions. For instance, in the spectral realization of zerosof the Riemann zeta function an
important question is how to passconsistently to extensionsof the �eld of rational numbers.
Dealing with such questions will involve the noncommutativ e spacesof higher dimensional
Q-lattices and their interrelations.


