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Figure: 20-Year Aaa and Baa bond spreads.
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Definition
A credit spread is the premium paid to insure the risk of default of the
underlying entity, i.e. it is the difference between the risk free rate, ri,

and the yield on the corporate bond, y;.

Bt = eirtt
Dl’ - Leiyrt

In D, /LB,
S = ——
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Table: Modigliani-Miller theorem
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e Default time 7 = inf{t : ming<s<: Vs < D}
(] P(T > t) = P(minogsgt Vs > D) =E [1mi”0§s§: Vs>D}
o D = RT~1{T§T} + D.l{.,.>7—}
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e Default time 7 = T‘]‘{VTSD} + OO]-{VT>D}
e P(r>T)=P(Vyr > D)
o D = VT-]-{V7—§D} + D-l{V7—>D}
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e Default time 7 = T‘]‘{VTSD} =+ OO]-{VT>D}
e P(r>T)=P(Vyr > D)
e Dr =D~ (D~ V7)y = D, = De "(T=8) — P,(V7,D)
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e First to default time 7 = inf{t : ming<s<; V! < D', i =1,2}

® P(7 > t) = E [Lminge,c, V2> D mingcoc, V25> 02}
e Dr = V-,l—.(l)'l{r(l)gT} + Di~1{7—(1)>T}
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Summary

One period models, default only happens at T.

Default is triggered by crossing a level, recovery happens at maturity.

In 2 dimensions, we are assuming rescaling.

Pricing a 0-coupon bond / computing survival probabilities

One dimension Two dimensions

E [1min0§5§t V5>D} E [1{mingS5§r V31>Dt ming<s< V52>D2}]
E [1{vr>0] E [1{min(V%,V%>>D}}
P:(Vr,D) P (VE, V3, D)

e Black Scholes framework !!



Structural Models of Credit

Spectral Element Methods
[e]e]e} o
(e]e] 000
[e]e] 000000
o oo

Pricing problem

Theorem (Feyman-Kac)

F(t.,x) =E [e " (T0f(5p)| 7]

(Ou+ Ay, —r)F(u,x) =0 t<u<T,xe(0,00)"
< { F(T,x) = f(x) Vx € (0, 00)"
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Pricing problem
Theorem (Feyman-Kac)

F(t,x) =E [ "T-0f(58)| 7]

(Ou+ Ay, —r)F(u,x)=0 t<u<T,xe€(0,00)"
< { F(T,x) = f(x) Vx € (0, 00)"

Proof.

Vi = e "F(t,S:) = F(t,S:)

t t
_ :E(O,So) +/ gbudsu +/ (0 + A, — r)Fdu
0 0
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odels of Credit

One dimension

Problem (1d Black-Scholes PDE)

Yox) + u(X)ox + p(x)p 0<x<L

{ 0r = Ox(v(x
©(0,t) = Bi(t), (L, t) = B,(t) t>0
SO(X’ 0) = wo(x) 0<x<L

v(x) =0x2/2, u(x)=(r—o)x, p(x)=—r
L = Smax, QDO(X) = (K - X)+

ﬂrIO
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T

Xk (&) = xu_1 + A2

VAV yAN . k+1
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Two dimensions

Problem (2d Black-Scholes)

% =V-(v-Vo)+q-Vo+p-p, (x,y)€D,0<t<T
o(x,y,0) =po(x,y), (x.y)€D
e(x,y,t) = pb(x,y,t), (x,y) €D
1[ 0282 poios (r—o?— 1p0o102)s1
v=y 2.2 = _ 2 _ 1 =—=r
2| poioz 0383 (r—o035 — 5p0102)%

CPO(Xay) = (k - min(X7}/))+
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Figure: Rainbow Payoff K = 0.5, S}, = S2..
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00e000

S | S | (K- m'n(51752))
0 y
X 0 K
Srlnax y (K - y)+
X Sr%ax (K _ X)+

Table: Boundary for a put option on the minimum
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L k:].,...,K, {( ,_j) ij=0"
by wio i — (V- F* o) = (@ Vo, 05)n + (0% - Vo, 6

o i € ODK(EX), j € ODk(n"),

Z {d)uwwjjk <V'Fk,¢§->/v} _ Z {(qk‘v¢,¢z’>N

keK(Dy) keK(8Dx)
+ (" VP, BN}
e k€ K(0D), i € 9D(£X), j € OD(n¥),

e ©b(Xis Yj, tat1)
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K=25=52=05,r =2%,01 =20%,02 =30%, T =0.5 N. =10, N = 16
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Future research

e Current

e Convergence analysis of Spectral Element methods in 2-d.
e Add jumps components in the PDE: integral term.

e Add dependence structure on jump sizes / frequency.

e Solve problem on ming<s<7 Ss rather than St.

e Prospect

o Multi-periods.
e More that two assets: Monte Carlo.
e Comparison to intensity models !

e s
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Merci !
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