MODULI SPACES OF REAL ALGEBRAIC CURVES

MIKA SEPPALA

1. INTRODUCTION
Let g, g > 1, be an integer, k = R or k£ = C, and consider the moduli space
M} = {isomorphism classes of genus g algebraic curves over k}.

The complex moduli space M has been an object of intensive studies for
more than 100 years now. It is known that M? is a normal complex space and
a quasiprojective algebraic variety, and the structure of MY is, by now, fairly
well understood in comparison with that of Mg.

The moduli space of real algebraic genus g curves, M$, is the object of this
review. Some properties of M§ can be derived from those of MZ but Mg is
inherently more complex than M, and new methods are needed. For instance,
M does not have an algebraic structure while M does. Topologically M7 is
more complicated than M — the real moduli space is not even connected.

The main result is that MJ has L3g—2+4J components each of which is a real
analytic subset of a complex orbifold. The moduli space M has a natural
compactification obtained by allowing the curves to have double points in
such a way that each component of the complement of the double points has
a negative Euler characteristic. The moduli space Hi of these stable genus g
real algebraic curves is connected — a property conjectured by Klein.

The aim of this review is to explain the above results. To that end it is
necessary to recall results about the topology and the geometry of real algebraic
curves. That is done in Sections 2 and 3. These results about the topology of
real algebraic curves are needed to count the number of components of AME,
while the geometric results are needed to understand possible degenerations of
real algebraic curves, i.e., to study the compactification M% of the real moduli
space.

Components of Mg will be studied using quasiconformal mappings and clas-
sical theory of Teichmiiller spaces. An effort has been made, in Sections 4
and 5, to explain these tools. Since these deliberations might not be detailed
enough for a novice reader, references to all quoted results are included.

The inclusion R C C induces a mapping f : M — M which simply
forgets the real structure of a real curve. This mapping is not one-to-one,
but it is of some interest anyway. The complex space M has a natural real
structure which is induced by the complex conjugation. This real structure is
an antiholomoprhic involution o* : MY — M¢ which takes the isomorphism
class of a complex algebraic curve onto that of its complex conjugate. It is
immediate that the image f(Mg) C M is left point—wise fixed by this real
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structure, i.e., that f(Mg) is contained in the real part MZ(R) of MZ. It was
first observed by Earle that f(Mg) # MZ(R), i.e., that there are complex
algebraic curves which are isomorphic to their complex conjugates but are
not isomorphic to curves defined by real polynomials. The presence of these
complex curves makes the study of f(M{E) more complicated. It turns out
that for ¢ > 3, f(M§) is that part of MZ(R) where the local real dimension of
M (R) is as large as possible, i.e., 3g —3. Hence f(Mg) is the quasiregular real
part of M and as such a semialgebraic subset of the quasiprojective complex
variety MZ.

This review does not contain new results. Most of the material presented
here dates back to 1970’s but some newer material is also included. Several
of the results explained here were independently proved by mathematicians
in the west and by mathematicians in the former Soviet Union where, in the
1970’s, postdoctoral fellows and graduate students usually were not allowed to
correspond with their colleagues in the West.

Main references to the theory reviewed here are [26] and [33]. A paper of
Earle ([13]), in which he observed that f(Mg) # MZ(R), was an important
motivation for these studies. In that paper, Earle also developed Teichmuiiller
space theory for real algebraic curves. That turned out to be an important
tool for studying the components of MJ.

Much of the material included in Sections 4 and 5 is explained in more detail
in [22] and in [35].

By the real version of the Torelli theorem, one can study of Mg by studying
the moduli space of principally polarized real abelian varieties, and vice versa.
In that way it is possible to endow the components of M with semialgebraic
structures, a result that appears to be out of reach of the analytic and geometric
methods of this review. For details see [34] and Robert Silhol’s paper ([37]) in
this volume.

2. TOPOLOGY OF REAL ALGEBRAIC CURVES

To fix the notation we recall that a topological model for a real algebraic
curve C' consists of an oriented compact genus g surface > together with an
orientation reversing involution o : ¥ — 3. We assume here that g > 1. Real
algebraic curves of the topological type (X,0) are complex structures X on
¥ such that o : (¥,X) — (X, X) is antiholomorphic. Note that whenever
we consider a complex structure on an oriented surface ¥ we assume that the
orientation of this structure agrees with that of 3.

For a real algebraic curve (3, X') we can also consider the associated Klein
surface (cf. [2]) which is the quotient surface X/(o). The fixed-points of the
involution o are boundary points of X/(o). The Klein surface associated to a
real algebraic curve may be non-orientable. In such a case it does not carry
a complex structure but rather a so called dianalytic structure for which the
coordinate transition functions are allowed to be either locally holomorphic or
antiholomorphic.
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Let
n =n(3,0) = the number of the components of the fixed-point set %,
and
k = k(X,0) =2 — the number of components of X \ X,.

The topological invariants n and k together with the genus g of the surface X
determine the topological type of (3, 0) uniquely. This means that if (X, 7)
has the same invariants n and k as (X,0), then there is a homeomorphism
f X — ¥ such that oo f = for7. This also means that the quotient surfaces
¥ /(o) and X/(7) are homeomorphic. Here (o) denotes the group generated
by o.

For a fixed genus g, the invariants n and k satisfy:

ek=0ork=1

e lfk=0,then0<n<g+1landn=g+1mod?2

o [f k=1, thenn <yg.

These are the only restrictions, and there are L3g—2+4J different topological types
of real curves of genus g ([18], [19], [38]; for a recent detailed account see Paola
Frediani’s thesis [14]).

Let (£, X;,0/), j = 1,2, be real algebraic curves. They are real isomorphic
if there is a conformal mapping h : (X1, X;) — (32, X3) such that h ooy =
09 o h. This means that real isomorphic real algebraic curves are of the same
topological type.

3. GEOMETRY OF REAL ALGEBRAIC CURVES

Let X = (3, X) be a real algebraic curve of the topological type (X, 0).
Assume that the genus of the compact topological surface ¥ is at least 2.
Recall that by the definition, ¢ : X — X is an antiholomorphic involution.
Let Z = X/(o) be the associated Klein surface.

Since the genus of the Riemann surface X is > 1, the unit disk D is the
universal cover of the Riemann surface X. If G is the cover group, then
X = D/G. Recall that G is a Fuchsian group consisting of (hyperbolic)
Mobius transformations.

The involution o : X — X lifts to an antiholomorphic self-mapping s : D —
D. The lifting s needs not be an involution anymore. It satisfies, however,
the condition s? € G. The mapping s : D — D is a glide reflection of D onto
itself, i.e., a hyperbolic Mobius transformation followed by a reflection in its
axis. R. J. Sibner ([36]) has analyzed in detail the different generating sets for
the group F = (G, s) generated by the elements of G and by s.

We have

(1) X =D/G, and Z = D/F.

Since the elements of F' (and of G) are isometries of the unit disk equipped
with the hyperbolic metric, the Riemann surface X and the Klein surface 7
both get a hyperbolic metric from that of the unit disk. In this metric, the
boundary components of the Klein surface Z are geodesic curves.
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FIGURE 1. The lengths of the decomposing curves o; together
with the respective gluing angles 0; are the Fenchel-Nielsen co-
ordinates of a Riemann surface. The gluing angles are always
between 0 and 27 but the lengths of the decomposing curves
can be anything. The gluing angles are defined by dropping per-
pendicular geodesics to the curve «; from adjacent decomposing
curves. An ordering as well as orientations of the curves are
needed to make this precise. Let s; be the distance, measured in
the positive direction along the oriented curve «;, between the
end-points of these perpendicular geodesics, and let ¢; denote
the length of ;. Then the gluing angle 6; is defined by 0; =
277'83'/6]'.

Each compact Riemann or Klein surface of genus > 1 can be built by gluing
together pairs of pants, i.e., spheres with three geodesic boundary components.
Conversely, every such Riemann surface can be decomposed into pairs of pants
by disjoint simple closed geodesic curves c;. The gluings of pairs of pants are
specified by so called gluing angles 0; associated to each decomposing curve «;.
These gluing angles 0; together with the lengths of the decomposing geodesic
curves «; form the Fenchel-Nielsen parameters of the Riemann surface X.
These parameters can be extended to Klein surfaces Z = X /(o) with minor
technical modifications ([27]). For a general discussion with precise definitions
of the Fenchel-Nielsen coordinates see [39].

Lipman Bers has shown ([4]) that any hyperbolic compact Riemann surface
admits a length controlled decomposition into pairs of pants. In [33] Seppila
extended that result and showed that, in the case of Riemann surfaces with
an antiholomorphic involution, i.e., in the case of real algebraic curves, this
decomposition can be so chosen that it is invariant under the involution (the
complex conjugation).

In [9] Buser and Seppéld derived the following linear bound:

Theorem 1. Let X be a compact Riemann surface of genus g, g > 1. There
exist, on X, 3g — 3 disjoint simple closed geodesic curves o of length < 21g.
These curves decompose X into pairs of pants. If X admits an antiholomorphic
involution o : X — X, then the curves a; can be chosen in such a way that
the set of these curves is invariant under the mapping o.
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The above bound, 21g, for the lengths of the decomposing curves is much
better than the one that the methods of Bers would yield. In a recent manu-
script, Buser and Seppila have extended these considerations to study ”short”
homology bases for Riemann and Klein surfaces ([10]).

This length controlled o-invariant decomposition of a symmetric Riemann
surface into pairs of pants has important applications in the study of compact-
ifications of the moduli space of real algebraic curves.

4. (QUASICONFORMAL MAPPINGS

Quasiconformal mappings provide convenient tools to study deformations of
Riemann surfaces. In this Section we recall the their basic properties including
the Teichmiiller extremal mapping theorem.

We use the notations
S0 _1(0 .0
“ 9z 2\ oy

s 0 _1(0 0
0z 2\ 0z Z@y '

Furthermore 0,f(z) denotes the derivative of f in the direction of a (unit)
vector a.

and

Definition 1. Let A be an open set in C and K > 1. A sense preserving
homeomorphism f : A — f(A) C C is K-quasiconformal if and only if the
following holds:

e f in absolutely continuous on lines in A.
e max, |0, f(2)| < K min, |0,(z)| almost everywhere in A.

A mapping f is quasiconformal if it is K—quasiconformal for some constant
K. The smallest number K for which a quasiconformal mapping [ is K-
quasiconformal, is called the maximal dilatation of f.

Often quasiconformal mappings are defined using their more geometric prop-
erties (such as the fact that quasiconformal mappings map small circles onto
small ellipses for which the ratio of the axes is bounded). Then the above
definition is actually a theorem (][22, Theorem 1.3.5]). For our purposes it is,
however, convenient to regard this as the definition of quasiconformal map-
pings in the plane.

The property that f is absolutely continuous on lines guarantees that the
mapping f has partial derivatives almost everywhere. Hence the second con-
dition makes sense.

Let f: A — f(A) be a K—quasiconformal mapping and z a point where f
is differentiable and J;(z) > 0.

Since maxg [0,f] = |0f| + |0f], min,|0af| = |0f] — |0f|, the second

condition in the definition of quasiconformal mappings is equivalent to

= K-1
¢ ()] < T 107 )
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Since the Jacobian
Ji(z) = |0f(2)|* = |0f (2)]?

is positive, df(z) # 0, and we can form the quotient

) () = 5r.

Definition 2. The function pi; which is defined almost everywhere by the for-
mula (3) is the complex dilatation of the quasiconformal mapping f.

Observe:
e /i is a Borel measurable function.
e By (2), |us(2)] < k = 557 < 1 almost everywhere.

Definition 3. A Borel measurable function p: A — C which satisfies
ess sup, [|u(z2)|| <1

is a Beltrami differential in the domain A. Let p be a Beltrami differential in
A. The differential equation

(4) of = pdf
15 called a Beltrami equation.

For a holomorphic mapping f, ps vanishes identically, and (4) reduces to
the Cauchy—-Riemann equation 0f = 0.

Theorem 2. A homeomorphism f : A — f(A) is K—quasiconformal if and
only if the partial derivatives of f are locally in L? and satisfy the condition
(2) for almost all z.

Proof. [22, Theorem L.4.1].

Let f and g be quasiconformal mappings of a domain A with complex dilata-
tions py and p,, respectively. Direct computation yields the transformation
rule

2
py(2) — pe(z) ( 99(2)
(5) :U’O_I(C): — ) CZQ(Z),
Jos 1— pp(2),(2) \199(2)]
which is valid for almost all z € A, and hence for almost all ( € g(A).
The above transformation rule can be easily computed but it has deep conse-

uences. Writing (99(2)/109(2)1)” = a, jio(2) = b, (=) = € and figoger = w,
the formula (5) becomes

a& — ab

1—¢b
The mapping £ — w is a Mobius-transformation mapping the unit disk onto
itself. We conclude that the complex dilatation of jioq-1 depends holomorphi-

cally on the complex dilatation py. This fact plays a crucial role when defining
the complex structure of a Teichmiller space.
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The relationship between quasiconformal mappings and their Beltrami dif-
ferentials or complex dilatations is very close. For our purposes they are simply
two views of one object. That follows from the following important result.

Theorem 3 (Existence Theorem). Let p be a measurable function in a do-
main A. Assume that ||| < 1. There exists a quasiconformal mapping of A
whose complex dilatation agrees with p almost everywhere in A.

Proof. [20, p. 136] or [21, p. 191].
The concept of quasiconformality extends naturally for Riemann and Klein
surfaces.

Definition 4. A homeomorphism [ : X — X' between Klein surfaces is K—
quasiconformal if it is locally K—quasiconformal in the following sense: for
each point P € X there is a connected open neighborhood U of P, a dianalytic
local variable z : U — 2(U) C C and a dianalytic local variable w : 'V —
w(V) of a neighborhood V' of f(P) such that the mapping wo foz"! is a
K —quasiconformal homeomorphism of a neighborhood of z(P).

Computing locally we may form the Beltrami differential of a quasiconformal
mapping f : X — X' between Klein surfaces: If {(U;, z;)| ¢ € I} is a dianalytic
atlas of X (whose charts U; are connected), then for each index i € I there
is a dianalytic chart (Vj,,w;,) of X’ such that f(U;) C V;, and wj, o f o 27! is
quasiconformal in z;(Uj;).

Let 7; be the complex dilatation of this quasiconformal mapping. Consider
the family of functions p; = 7; o z; ' associated to the different dianalytic
charts of X. The function p; is a complex valued L*—function defined on U;
and [|pilloo < B < 1.

To see how the different functions p; are related to each other, consider two
intersecting dianalytic charts (U;, z;) and (Uj, z;) of X. Define the function
Ti; - UiNU; — C setting

T;; = (0(zi o zj_l) 4+ 0(z 0 zj_l)) o z;j.

The following transformation formula is a straightforward computation: If

2; 0 zj_l is holomorphic at z;(P), P € U; N Uj, then

~

5(P
5(P

~—

(6) pi(P) = pi(P)

~

If z; o z; ' is antiholomorphic at z;(P), then

~

(P
ii(P)’

Definition 5. We say that a collection = {;]i € I} of measurable functions
i » Uy — C associated to dianalytic charts (U;, z;) of X is a (—1,1)-differential

of the Klein surface X if the functions p; satisfy the transformation rules (6)
and (7). If, in addition,

~—

(7) pi(P) = pi(P)

~

supjcllpallac < 1
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then p is a Beltrami differential of the Klein surface X. Let us use the notation
DEUD(X) for the space of (~1,1)-differentials of X and the notation Bel(X)
for the space of the Beltrami differentials of X.

For a Riemann surface X, (i.e., for an orientable Klein surface X) D=1V (X)
is a complex Banach-space and Bel(X) is its open unit ball. If X is not
orientable, then, since the transformation rule (7) has to hold, elements of
Bel(X) cannot be multiplied by complex numbers. Hence, for a non—orientable
Klein surface X, Bel(X) is the open unit ball of a real Banach space.

By the above remarks, the complex dilatation of a quasiconformal mapping
of a Klein surface X is a Beltrami differential of X. The following theorem
is an immediate application of the existence and the uniqueness theorems of
plane quasiconformal mappings:

Theorem 4. Let p be a Beltrami differential of a Klein surface X = (3, X)
then there exists a dianalytic structure X,, of the topological surface X such that
the identity mapping (£,X) — (X,X,) is quasiconformal with the complex
dilatation p.

If fi : X — fi(X), i = 1,2, are two p—quasiconformal mappings of X, then
there exists an isomorphism g : f1(X) — fo(X) such that fo = go fi.

Proof. LetU = {(U;, z;) | i € I} be a dianalytic atlas of (X, X). Let y; : U; — C
be the measurable function associated to the chart (U;, z;) by the Beltrami
differential pu.

By Theorem 3 there exists 10z, '~quasiconformal mappings flﬁ : 2i(U;) = C.
Choose one for each index i € I.

Then by the transformation rule (5) Uy, = {(U;, f} 0 2 | i € I} is dianalytic
atlas of ¥. Let X, be the dianalytic structure defined by this atlas. By the
definition it is now clear that the identity mapping (X, X) — (X, X,) is p-
quasiconformal proving the first statement.

The second statement follows directly from the transformation rule (5). O

Let X = U/G where G is a reflection group. A (—1,1)—differential u of X lifts
to a function p : U — C. The transformation rules (6) and (7) are equivalent
with the following formulae:

0 h= (o9

for orientation preserving Mobius—transformations g € G' and

) A= (uon)S”

for glide-reflections o € G.
Definition 6. A measurable function p satisfying the transformation rules

(8) and (9) with respect to the elements of a reflection group G, is a (-
1,1)-differential of the group G. If, in addition, ||p)lec < 1, then u is a
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Beltrami differential of the group G. We use the notation D=")(G) for (-
1,1)-differentials of a reflection group G, and the notation Bel(G) for Beltrams
differentials of G.

Provided that the group G' does not contain orientation reversing elements
DED(G) is a complex Banach space and Bel(G) is its open unit ball. If G
contains also glide-reflections, D"V (@) is a real Banach space.

There is a real analytic homeomorphism between the unit disk and the
complex plane. Nevertheless, there are no quasiconformal mappings between
them. This follows rather easily from the quasi-invariance of conformal invari-
ants under quasiconformal mappings. The case of compact Klein surfaces is,
however, different: homeomorphic compact Klein surfaces are also quasicon-
formally equivalent by the following result.

Theorem 5. Let X and Y be compact Klein surfaces. Each homeomorphism
f: X =Y is homotopic to a quasiconformal mapping.

Proof. 1t is well known that each homeomorphism f : X — Y is homotopic
to a diffeomorphism. The dilatation quotient of such a diffeomorphism can
be computed at each point of X. It does not depend on the choices of the
local variables, and it is a continuous function on X. Since X is compact, this
function has a finite maximum K on X. Hence a diffeomorphism homotopic
to f is a quasiconformal mapping of X. There are many ways to find a dif-
feomorphism homotopic to a given homeomorphism. For more details and a
direct construction we refer to [22, Theorem V.1.5.]. O

Let X and Y be homeomorphic compact Klein surfaces. By Theorem 5 there
are quasiconformal mappings X — Y. Teichmiiller considered the problem of
finding, in a given homotopy class of mappings X — Y, one with the smallest
maximal dilatation.

Theorem 6 (Teichmiiller extremal mapping theorem). Let X

and Y be compact Riemann surfaces of genus g > 1 and f : X — Y a
homeomorphism. There exists always a unique quasiconformal mapping F -
X — Y such that the following holds:

e F' is homotopic to the mapping f.

o If g: X =Y is a K,—~quasiconformal mapping and homotopic to f, then
K, > Kp, where K, is the mazimal dilatation of g and K is that of F.
If Ky = Kp, then also g = F.

Teichmiiller gave also an explicit description of the geometry of such an
extremal mapping F'. The most delicate part of this result is the uniqueness
of the extremal mapping. Detailed proofs for the above results of Teichmiiller
can be found, for instance, in [22, Chapter V].

Observe that non—classical Klein surfaces are not usually considered in this
context but the above result holds also for them. In other words we have:
A homotopy class of a homeomorphism between compact non—classical com-
pact Klein surfaces of genus g > 1 always contains a unique quasiconformal
mapping having the smallest mazximal dilatation.
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It is out of the scope of this presentation to prove these results. A clear
exposition can be found, for instance, in the monograph of Olli Lehto [22].
Observe that, in the above theorems, the uniqueness part is not anymore true
if we drop the assumption that the genus is at least two.

5. TEICHMULLER SPACES

5.1. Definitions. There are many alternative definitions for the Teichmiiller
space. We will next discuss some of these equivalent definitions.
Use the notation

M(X) = {complex structures of ¥ which agree with the orientation of X}.
For a non-orientable surface S = ¥/(co), we set

M(S) = {dianalytic structures of S}.

Dianalytic structures differ from analytic structures in that the coordinate
transition functions may also be antiholomorphic. Observe that the fixed—
points of o correspond to boundary points of S. The dianalytic structures of
S are required to be such that they extend to the boundary. This implies that
a dianalytic structure of S lifts to a usual complex structure of 3.

The group Homeo(X) of homeomorphic self-mappings of ¥ acts on M(X) in
the following way. Let o € Homeo(X) and X € M(X). Then o*(X) € M(X)
is defined requiring the mapping

(10) a: (X, a"(X)) = (2, X)

be either holomorphic or antiholomorphic depending on whether « is orienta-
tion preserving or not. In the same way we define the action of Homeo(.S) on
M(S).

It is clear, by the definitions, that the fixed-point set M(X),« consists of
real algebraic curves of the topological type (X, 0).

Consider

Homeoy(X) = {f € Homeo(X)| f homotopic to the identity},
and

Homeoy(S) = {f € Homeo(S)| f homotopic to theidentity},

Definition 7 (of Teichmiiller spaces). The set theoretic quotient
T(Y) = M(X)/Homeo, (%)

s the Teichmiiller space of the surface ¥. We use also the notation TY for
the Teichmiiller space of a genus g surface ¥. In the same way we define the
Teichmdiiller space T'(S) of the surface S =3 /(o) as the quotient

T(S) = M(S)/Homeoy(S).

Observe that homotopic self-mappings of an oriented surface are simultane-
ously orientation preserving. Consequently, if 3 is oriented, then Homeoy(X) is
a subgroup of the group Homeo (X)) of orientation preserving homeomorphic
self-mappings of .
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Definition 8 (of the modular group). For an oriented surface ¥, the group
['(X) = Homeo (X)/Homeoy(X) is the modular group or the mapping class
group of the surface . For non—orientable surfaces S the modular group is

defined setting I'(S) = Homeo(S)/Homeoy(S). We use also the notation I'9
for the modular group of a genus g surface X.

Definition 9 (of the moduli space). For an oriented surface ¥, the quotient
M(Y) = M(X)/Homeo, (X) is the moduli space . The moduli space of a non-
orientable surface S is M(S) = M(S)/Homeo(S). We use also the notation
MY for the moduli space of a smooth genus g surface 3.

It follows from the above definitions that the modular group acts on the
Teichmiiller space, and that M(X) = T'(X)/I'(X). An orientation reversing
self-mapping f of ¥ induces, likewise, a mapping f* : T(X) — T(X),[X] —
[f*(X)], where the analytic structure f*(X) of ¥ is defined requiring (10) be
antianalytic.

Let X,Y € M(X) be two analytic structures of a fixed compact surface X.
By Theorem 5 there are quasiconformal mappings (2, X) — (3, Y) homotopic
to the identity mapping of X. For such a quasiconformal mapping f, let K;
denote the maximal dilatation of f.

Definition 10 (of the Teichmiiller metric). The distance between two points
[X] and [Y] of the Teichmiiller space T'(X) in the Teichmiiller metric 7 of the
T(X) is defined by

~([X],[Y]) = inf{% log K| f € Homeoy(S)}.

The Teichmiiller space T'(X) together with the Teichmiiller metric is home-
omorphic to an Euclidean space ([22, Theorem 9.2, page 241]). This is one
of the deep consequences of the Teichmiiller extremal mapping theorem that
cannot be presented here. We refer to Chapter V of the monograph of Olli
Lehto ([22]) for a complete and detailed treatment.

We observe, nevertheless, that the elements of the modular group I'(X) are
isometries of the Teichmiiller metric. This is an immediate consequence of the
definitions. Hence they are, in particular, homeomorphic self-mappings of the
Teichmuller space.

5.2. Teichmiiller spaces of Beltrami differentials. By Theorems 4 and 5
we can associate, to each Beltrami differential p of a Klein surface X, a Klein
surface X, and vice versa. Consequently, Teichmiiller spaces can be defined
also in terms of Beltrami differentials.

To be more precise, choose a point [X] € T(X), which we will refer to as
the origin of the Teichmiiller space. Consider the space Bel(X) of Beltrami
differentials of X. Each p € Bel(X) defines a unique X, € M(X) such that
the identity mapping of ¥ is a p— quasiconformal mapping X — X,. We
say that two Beltrami differentials p; and ps of X are equivalent, u, =~ s,
if the homotopy class of the identity mapping of ¥ contains an isomorphism
(5, X) = (5, X,):
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Definition 11. The set T(X) = Bel(X)/ ~ is the Teichmiiller space of Bel-
trami differentials of X.

It is an immediate consequence of these definitions that
(11) T(X) = T (), [u] = [Xu],

is a bijection between these two Teichmiiller spaces.
The Teichmiiller metric of T'(X) is the pull back of the Teichmiiller metric
of T'(X) under the mapping (11).

Theorem 7. Teichmiller space T(X) is connected.

Proof. Let u represent an arbitrary point of T(X). Then t — [tu] is a path
connecting the point [u] to the origin of T'(X). Note that this path depends
on the choice of p ([40]). O

Lars Ahlfors showed as early as in 1959([1]) that, for an orientable surface
¥ without boundary, the Teichmiiller space T'(X) has a natural complex struc-
ture. The construction of Ahlfors was based on considering periods of Abelian
differentials. It is not possible to present it here. We will, however, describe a
way to decide which functions are holomorphic on T'(X). Let us assume now
that ¥ is a compact and oriented surface without boundary.

It is convenient to consider the Teichmiiller space T(X) of Beltrami differ-
entials of X instead of T(X). Let m : Bel(X) — T(X) be the projection.
This is a continuous mapping with respect to the L>®—metric on Bel(X) and
the Teichmiiller metric on T(X) (cf. e.g. [22, I11.2.2]). Hence, for any open
UcCT(X), m'(U) is open in Bel(X).

Holomorphic functions on 7(X). Let U C T'(X) be open. We declare a
function f : U — C holomorphic if the composition for is a holomorphic func-

tion on the open set 7~ (U) of the complex Banach space of (-1,1)-differentials
of X.

In this way T'(X) becomes first a ringed space. It is not, a priori, clear that
the above definition actually gives a good complex structure on 7'(X'). That is,
however, the case if ¥ is an oriented surface which does not have boundary (cf.
e.g. [22, Chapter V]). This complex structure of 7'(X) is then transported to a
complex structure of T'(X) by requiring that the mapping (11) is holomorphic.

We still have to check that this complex structure of 7'(X) does not depend
on the choice of the origin X of the Teichmiiller space T(X). But that is
an immediate consequence of the transformation formula (5) and the remark
made after it.

The elements of the modular group are biholomorphic automorphisms of the
Teichmiiller space. Royden has shown ([29, Theorem 1 on page 281] and [30,
Theorem 2 on page 379]), in fact, that for surfaces of genus g > 2, T'(X) is the
full group of holomorphic automorphisms of T'(X). In the same way we verify
that the mapping o* : T(X) — T(X), induced by an orientation reversing
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mapping o : ¥ — X (cf. formula (10)), is an antiholomorphic self-mapping of
the Teichmiiller space (for details see [31, 5.10]).

Theorem 8. The Teichmiiller space of compact genus g Riemann surfaces,
g > 1, is a complex manifold of complex dimension 3g — 3. The elements of
the modular group 'Y are holomorphic automorphisms of T9. For g > 2, I'Y is
the full group of holomorphic automorphisms of TY.

This result can be extended to general finite dimensional Teichmiiller spaces
of oriented surfaces without boundaries. For a proof of this result we refer to
the monograph of F. W. Gardiner [15, 9.2].

5.3. Teichmiiller spaces of real algebraic curves. In order to study Te-
ichmiiller spaces of real algebraic curves of a given topological type (3, 0)
we have two choices. We may consider the quotient surface S = ¥ /(o) and
reproduce the classical theory there. Alternatively we may work on the ori-
ented compact surface ¥ and make the constructions o-equivariantly. Both
approaches lead to the same result.

Let us first consider S = X /(o). In this case T'(S) is not going to be a
complex manifold. The Teichmiiller space is, instead, a real analytic manifold.

The surface ¥ is a compact oriented surface without boundary together
with a projection 7 : ¥ — S that is a ramified double covering mapping. It
is ramified precisely at the points lying over the boundary points of S. The
covering group of 7 is generated by an orientation reversing involution o of X
for which moo = w. The fixed point set of the involution ¢ corresponds to the
boundary points of S.

Above we have observed that the mapping o : ¥ — ¥ induces an antiholo-
morphic self-mapping o* of T'(X). This mapping is an involution since o is an
involution.

For any X € M(S) let 7*(X) be the complex structure of ¥ which agrees
with the orientation of ¥ and for which the projection

™1 (2,7 (X)) = (5. X)

is dianalytic. It is immediate that

7 T(S) = T(3), [X] = [7*(X)],
is a well-defined mapping of Teichmiiller spaces. It is not difficult to show
that the mapping 7* : T(S) — T'(X) is an isometry with respect to the corre-
sponding Teichmiiller metrics. Hence it is, in particular, a homeomorphism of
T(S) onto 7*(T(5)).
Theorem 9. Assume that S = X /(o) is a non—classical surface of genus
g, g > 1. We have

m(T(5)) = T(%)o-
Proof. Let X be a complex structure of S. The complex structure 7*(X) of ¥
has the (defining) property that o : (X,7%(X)) — (X,7*(X)) is an antiholo-
morphic involution. This implies that

[7(X)] € T(E)s-, ie. that 7 (T(S) C T(),-.
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To prove the converse inclusion, take a point [Y] € T(X),«. By the definition
this means that there is a holomorphic mapping f : (X,Y) — (2, 0*(Y")) which
is homotopic to the identity mapping of ¥. (Recall that o*(Y) is defined as
that complex structure of ¥ for which the mapping o : (X,0%(Y)) — (£,Y) is
antiholomorphic.)

The construction implies that 7 = oo f : (£,Y) — (3,Y) is an antiholomor-
phic mapping. Then 72 : (X,Y) — (X,Y) is a holomorphic mapping. Since o
is an involution and f is homotopic to the identity, we conclude that 72 is also
homotopic to the identity. Since the genus of the Riemann surface (3,Y) is
at least 2, the only holomorphic automorphism of (X,Y") that is homotopic to
the identity is the identity itself. This implies that 7: (X,Y) — (£,Y) is an
antiholomorphic involution proving the theorem. O

For a surface S = ¥ /(o) that is either non-orientable or has a non-empty
boundary (or both) we now identify 7'(S) with its image 7*(T'(S)) = T(X),-
in T(X). Since o* is an antiholomorphic involution of T'(¥), its fixed—point
set, 7*(T'(X)), is a real analytic manifold.

The Teichmiiller spaces T'(S) were studied in the 1970’s by several authors
(C. Earle [13], S. Natanzon [26], and M. Seppila [31]).

Let (3,0) and (X, 7) be two different topological models for real algebraic
curves of genus g. Then the respective Teichmiiller spaces, T'(X),« and T'(X),
are both real analytic manifolds. Since the topological types are different, the
mappings o and 7, of the Teichmiiller space T'(X) onto itself, are not conju-
gate in the modular group. Buser and Seppald (1998, [11]) have, however, con-
structed, for any such o and 7, a real analytic diffeomorphism d : T'(X) — T'(X)
such that 0* od = d o 7*. Thus any two real structures ¢* and 7* of the Te-
ichmiiller space are conjugate in the group of real analytic diffeomorphisms of
T(X). This means, in particular, that the Teichmiiller spaces of the respec-
tive real algebraic curves are diffeomorphic as real analytic manifolds (this can
actually be shown also without this conjugating map d).

6. MODULI SPACES

6.1. Complex orbifolds. To describe the structure of the various moduli
spaces we next introduce the concept of complex orbifolds (cf. Ratcliffe [28,
§13.2]).

Let G be the group of biholomorphic self-mappings of C*, and let M be a
Hausdorff space. An (C", G)—orbifold chart for M is a pair (U, ¢) where

e U C M is an open set, and
e ¢ is a homeomorphism of U onto ¢(U) C C" /T’y where I'y a finite sub-
group of G.

A collection of (C", G)-orbifold charts
A={(U;,¢;: U = C"/T;) | i € I}
is an (C", G)—orbifold atlas if
o M =UicU;
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e If U; and U; intersect, then the coordinate change function
gjod;  d(UinUj) — 6;(Ui N ;)
has the property that if x and y are points of C* such that
¢;(¢7 1 (Tix)) = Tjy,

then there is an element g of GG such that gz = y and g lifts ¢; o ¢j’1 in a
neighborhood of z, i.e.,

¢j 0 ¢; ' (Diw) = Tjguw
for all w in a neighborhood of .

Locally, a complex orbifold M is the quotient of an open set in C* mod
the action of finite group of holomorphic automorphisms of C*. A function
f: M — C is a holomorphic function of the complex orbifold if, near every
point, it lifts to a holomorphic mapping of an open set of C" into C. In
the same way we define real analytic functions of a complex orbifold. The
condition regarding the change of variable implies that the above definitions
do not depend on the choice of the local variable.

6.2. Moduli spaces of real curves of a given topological type. The
moduli space of the surface ¥ is

(12) M(E) = M(E)/Homeo, (),

where Homeo, (X) denotes the subgroup of the group Homeo(X) consisting
of those homeomorphisms which preserve the orientation. The modular group
['(X) = Homeo (X)/Homeoy(X) acts on the Teichmiiller space T'(X), and ex-
cluding certain special cases, I'(X) acts properly discontinuously as the full
group of holomorphic automorphisms of 7'(X) ([30]).

Consider the Teichmiiller space T'(X). Let X be a complex stucture on X.
For any choice of X, we can form the Bers’ embedding ([3]) of T'(X) into the
space of quadratic differentials on (X, X'). The construction of this embedding
is rather technical. What matters for us is that the space of quadratic dif-
ferentials of a compact genus ¢ Riemann surface is C3¢~3. Bers’ construction
implies that the subgroup

Ix ={y e I'(X) [([X]) = [X]}
of the modular group fixing the point [X] € T'(X) corresponds to a group of
linear mappings of the space of quadratic differentials of (X, X) onto itself.
Also, since the group I'(X) acts properly discontinuously on T'(X), every group
['y is finite.

It then follows, from the definitions, that the moduli space M (X) = T'(X)/T'(X)
is a complex orbifold.

In the definition of the moduli space of real algebraic curves of a given
topological type (X, 0) it is, as in the case of Teichmiiller spaces, convenient
to consider the quotient surface S = X/(o) rather than working on ¥. The
moduli space of the possibly non—orientable surface S is simply

(13) M(S) = M(S)/Homeo(S5).
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The space M (S) is also referred to as the moduli space of Klein surfaces of
the topological type S.

Complications start at this point. As in the case of Teichmiiller spaces,
consider the mapping

(14) p:M(S) = M(%),[X] — [X9]

defined by the liftings of dianalytic structures X of S = ¥ /(o) to analytic
structures X¢ of ¥. This mapping just forgets the real structure of the real
algebraic curve (i.e., point in M(S)) in question.

Some symmetric Riemann surfaces X¢ admit several antiholomorphic invo-
lutions ( [5], [6], [7], [8], [17], [23], [24], [25]), hence the mapping p : M (S) —
M (X) is not one-to-one.

More precisely, the mapping p is not one-to—one for the following reason.
Define first the modular group I'(S) of the possibly non-orientable surface S
in the usual way by setting

['(S) = Homeo(S) /Homeoy(S).

Then I'(S) acts on the Teichmiiller space T'(.S), and clearly M (S) = T'(S)/T'(S5).
Any homeomorphic self-mapping f of the surface S = ¥ /(o) lifts to a unique
orientation preserving homeomorphism F' of 3. This lifting satisfies F oo =
oo F. In this way, elements of I'(S) lift to elements of I'(X), and we can map
['(S) into ['(X). It is immediate, that T'(S) becomes, in this way, the central-
izer of ¢* in I'(X). In particular, the lifting of I'(S) is not the full modular
group I'(X). Consequently, the mapping p : M(S) — M(X) is not going to be
one—to—one.

Let I'(E,0) = {y € I'(¥) | 0"y = vo*} be the centralizer of 0* in I'(¢). Then
we may consider the intermediate moduli space M(X,0) = T(X)/I'(X,0). The
diagram

T(S) LN (%)

(15) ln lw
T(S)/T(S) = M(S) —2—= M(Z,0) =T(X)/T(,0)

commutes, and now the induced mapping p : M(S) — M(X, o) is one-to—one.

On the other hand, M(X,0) = T(X)/I'(X,0) is a quotient of a complex
manifold via the action of a properly discontinuous subgroup I'(X, o) of the
modular group. In view of the considerations regarding the orbifold structure
of the ordinary moduli space, it follows that M (X, o) is also a complex orb-
ifold. Now the image of M(S) in M (X, 0) is a projection of a real analytic
submanifold 7'(X),- of T(X). Hence it is a real analytic subset of the orbifold
M(X,0) ([32]) in the sense that it is locally the zero set of a real analytic
function on M (X, o).

The situation here is more complicated than what one realizes at first. These
complications are illustrated by the following example (cf. [16]).

Consider the finite complex plane C, and the real analytic subset R consist-
ing of the real points. The group generated by the involution s(z) = —z acts
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on C. The quotient space X = C/(s) is then an orbifold with a singularity at
the origin. The projection is given by

(16) C— X, 2= w=2°

A holomorphic or a real analytic function f in C defines a holomorphic or a
real analytic function on X = C/(s) if and only if fos = f.

The real analytic subset R of C is the zero—set of the s invariant real analytic
function (Im z)2. Here Im 2 denotes the imaginary part of the complex number
z. The projection of R C C in X = C/(s) is the non-negative real line. It is
the zero—set of the real analytic function (Im /w)?. Observe that this is a real
analytic function in X, it is not a real analytic function in C. The quotient
space X has a cone singularity at the origin. The projection of the real analytic
subset R C C has also a singularity at the origin. This time the singularity is
a boundary point. The projection of R in X is, nevertheless, a real analytic
subspace of the complex orbifold X.

Observe that, in this example, the mapping z — 22 of the Riemann surface
C onto C/(s) is holomorphic but not biholomorphic. The mapping is not
conformal at the origin. Hence, as Riemann surfaces, C # C/(s).

The same phenomena is present in the moduli spaces of real curves. They are
real analytic subsets of certain complex orbifolds, but they do have, in general,
boundary points or, rather, cone points. These singular points correspond to
singular points of the complex orbifold (see [16]).

6.3. Moduli spaces of real curves of a given genus. Let ¢ > 1 be an
integer. Consider the moduli space of real algebraic curves of genus g

M3 = {isomorphism classes of real algebraic curves of genus g¢}.

This space is our main object of interest.

By considerations of Section 2, there are m(g) = |24 ] different topological
types of real curves of genus g.

By considerations of the preceding Section, the moduli space M(S) of real
curves of the topological type S = ¥ /(o) is a connected real analytic subset
of a complex orbifold. It is clear that real curves of the same genus but of
different topological types cannot be real isomorphic. It follows that M is the
disjoint union of the m(g) moduli spaces M (S).

It is of some interest to consider the mapping

f:Mﬁ—)Mg

which simply forgets the real structure of a real curve, and maps the real
isomorphism class of a real algebraic curve C' onto the complex isomorphism
class of the same curve (viewed as a complex curves).

We have

Theorem 10. Smooth real algebraic genus g curves in the moduli space of
complex genus g curves form a connected subset, i.e., f(M§) is a connected
subset of M9Y.
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This follows from the observations that real hyperelliptic curves form a con-
nected subset of MY. For a proof see [12].

Any orientation reversing involution ¢ : ¥ — ¥ of the genus g compact
topological surface ¥ induces an antiholomorphic involution ¢* : M9 — M9.
Observe that the induced involution ¢* does not depend on the choice of the
involution o : ¥ — . For if 7 : ¥ — ¥ is another involution, then

T=TOO0OO0 =(goo

where ¢ is an orientation preserving automorphism of ¥. Hence 7% = 0¥ o g* =
o* since g* € 'V =T'(X).
It follows that

f(ME) C MS. = the fixed—point set of o*.

The complex moduli space MY is a complex space together with the real
structure o*. The fixed—point set MY, is the real part of M9. The conclu-
sion is that real curves are contained in the real part of the complex moduli
space. A surprise is that there are complex curves which have real moduli but
which curves are not isomorphic to real curves. Such curves have non—trivial
automorphisms. This argument yields the following:

Theorem 11. Real algebraic curves of genus g, g > 3, in the moduli space
of complex algebraic genus g curves form the quasireqular real part of the real
structure o* of the complex space moduli M9 .

For a proof see [32]. The quasiregular real part consists of those real points
where the local dimension of the real part is as large as possible (i.e. 3g — 3).

These results characterize the space of smooth real algebraic curves in the
moduli space of complex algebraic curves.

6.4. Moduli spaces of stable real curves. A topology can be defined on the
moduli space of smooth genus g, g > 1, Riemann surfaces by using the Fenchel-
Nielsen coordinates (see Section 3 or [39]). To that end, fix a decomposition
of a topological genus g surface into pairs of pants. Let o, j =1,2,...,39 —
3, be the decomposing curves. We now take a geometric point of view to
moduli, and consider, instead of complex structures, the associated hyperbolic
metrics. Without loss of generality we may assume that all hyperbolic metrics
under consideration are such that the decomposing curves a; are simple closed
geodesic curves.

Let now ¢;(X) denote the length of the geodesic curve a; on the Riemann
surface X. Let 0;(X) be the corresponding gluing angle (cf. Figure 1). It turns
out that the parameters ¢; and 6; are real analytic functions on the Teichmiiller
space T'(X) (cf. [39]). Hence the topology of the Teichmiiller space (and that
of the moduli space) could also have been defined by requiring the Fenchel-
Nielsen parameters be continuous.

These parameters are useful when picturing degenerations of Riemann sur-
faces. Let ([Xg]) be a degenerating sequence in the moduli space M9 = M(Y).
By considerations of Section 3, we may choose, for each X, a decomposition
of ¥ into pairs of pants in such a way that the lengths of the decomposing
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curves are always < 21¢g. Important here is that the lengths are bounded; the
bound 21y is of less interest.

Now there are only finitely many combinatorially different decompositions
of ¥ into pairs of pants. Hence, by passing to a subsequence ([X.]|), we may
assume that the lengths of the decomposing curves of a fized pants decompo-
sition of ¥ are bounded.

This means that we may assume, again by passing to a subsequence, that
the sequences of real numbers, formed by the Fenchel-Nielsen coordinates,

f](sz) and GJ(X]CJ)

converge to finite limits £7° and 67°. These limits specify the limiting Riemann
surface. If (;° = 0 for some j, then the curve a; gets pinched to a node.
The limiting Riemann surface is a stable Riemann surface with nodes (see the
exposition of Lipman Bers [3]).

The same description of degeneration applies to real algebraic curves. That
is based on the fact that if X is a genus g, ¢ > 1, Riemann surface admitting
an antiholomorphic involution o, then a length controlled pants decomposition
can always be chosen so that it is ¢ invariant.

Studying the possible degenerations, one can further prove ([33]) a conjec-
ture of Klein (1892, [19, Page 8)):

Theorem 12. The moduli space of stable real algebraic curves of genus g, g >
1, is a connected and compact Hausdorff space.

It is an interesting open problem to study, in more detail, the structure of
the moduli spaces M, and of M%, in particular to compute homology and
cohomology of these spaces.
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