SHORT HOMOLOGY BASES FOR RIEMANN SURFACES
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ABSTRACT. The homological systole of a compact Riemann surface X is the
minimal length of a simple closed non-separating geodesic curve. Since any
homology basis of X must contain curves that intersect any non-separating
closed curve, surfaces having small homological systoles cannot have short
homology basis. It turns out that this basically the only obstruction to finding
short homology basis. We show, in fact, that a compact hyperbolic genus g
Riemann surface X with homological systole € has always a canonical homology
basis which consists of curves v satisfying the length bound

4
v) <(g—1) 1059+ 4arcsin(—)
€

1. INTRODUCTION

A compact Riemann surface of genus g, g > 1, can be decomposed into pairs of
pants, i.e., into three hole spheres, by cutting the surface along 3g — 3 simple closed
non—intersecting geodesic curves. These curves can always be chosen in such a way
that their hyperbolic lengths are bounded by 21g ([7]).

First length controlled decompositions of Riemann surfaces into pairs of pants
were found by Lipman Bers ([3]). His method did, however, yield a bound that was
much larger than the above mentioned 21g.

The same question can be asked about homology bases of Riemann surfaces: is
it possible to estimate lengths of closed geodesic curves constituting a basis for the
homology of a given genus g, g > 1, Riemann surface? More precisely, one would
like to find a canonical homology basis oy, 51, ..., a4, 34 consisting of curves that
are as short as possible.

A canonical homology basis is characterized by the property that the curves o
and 3; are simple closed curves, each «; intersects 3; exactly at one point, and
there are no other intersection points. Such bases are needed when computing
period matrices of Riemann surfaces, or when forming a fundamental domain for
a uniformizing group. If the curves «; and 3; are short, then the sides of the
corresponding fundamental domain are also short. This, on the other hand, has
potential applications to various computational problems.

After having posed the problem of finding a short homology basis for a given
Riemann surface, one observes immediately, that it is not possible to find a universal
bound that would depend only on the genus of the Riemann surface in question.
For if v is a short non—separating simple closed geodesic curve, then any homology
basis contains a curve that intersects y. By the Collar Theorem ([6]), any such
curve is necessarily long (cf. also Example 3). As the length of v goes to zero, the
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length of any closed intersecting curve grows towards infinity. Hence one cannot
find any length controlled homology basis in which the bound for the lengths of the
curves would depend only on the genus.

This leads one to define the homological systole of a Riemann surface as the
minimal length of simple closed non—separating geodesic curves. The main result
of this paper is that one can always find a homology basis consisting of curves whose
lengths are bounded by an expression depending only on the homological systole
and on the genus of the Riemann surface.

More precisely, we prove, in Section 3:

Theorem 7. Let X be a compact Riemann surface of genus g > 2 which has
a partition with longest geodesic of length L and whose homological systole is ¢.
Then there exists a canonical homology basis {a1, f1,..., a4, 34} on X such that
any «; belongs to the partition and the length ¢(5;), of any curve 3;, satisfies

(1) 0(B;) < (29 — 2)(2L + 2 arcsinh 1)

Observe that in the above the constant L can be replaced by 21g to get a bound
that depends only on the genus g and on the homological systole € of the Riemann
surface in question.

Bounds for the lengths of individual homologically trivial and non trivial shortest
closed curves have been studied for quite a long time. The name “systole” for such
curves is due to Berger [1]. We refer to Gromov [9] and [8] for a broad bibliography
on the subject and for a large number of new results. For systoles in connection
with the Schottky problem we refer to [4], for systoles in connection with arithmetic
Fuchsian groups we refer to [10]. As for curve systems, short partitions have been
investigated in [2], [3], [5], [7], [12], [11], [13].

2. HOMOLOGY BASES AND PARTITIONS

In this section we study homology bases and partitions from a purely topological
point of view. We begin with the following definition.

A topologically marked pair of pants is a compact bordered surface Y of signature
(0,3) with boundary curves ¢y, ¢, c3 together with three pairwise disjoint simple
arcs pi2, P13, P23, where p;; has its initial point on ¢;, its end point on ¢; and all
other points in the interior of Y. We call these arcs connectors. In the final section,
where Y carries again a hyperbolic metric with geodesic boundary, the connectors
will be the usual common perpendiculars decomposing Y into right angled geodesic
hexagons.

A topologically marked pants decomposition of a compact orientable surface X
of genus g > 2 is a partition P of X with topologically marked pairs of pants.
Formally, P is understood as the set formed by the 3g — 3 partitioning curves and
the 2g — 2 pairs of pants. For the rest of this section we shall now assume that such
a partition P is given on X.

As no metric is specified on X, there is no measure of shortness of curves. How-
ever, one can do the following. We shall say that a simple arc v on X is elementary
if v is contained in one of the pairs of pants Y of P and satisfies the subsequent
conditions. A curve will then be considered combinatorially “short” if it can be
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FIGURE 1. Elementary arcs.

decomposed into a sequence of elementary arcs where, moreover, the number of
these arcs is “small”.
We denote by © the interior of v, that is, the arc without its end points. The
conditions for v on Y}, are as follows.
(1) The end points of v lie on the boundary of Y}, and v is contained in the
interior of Y.
(2) © intersects p12 Upaz Upsp in at most two points.

As a limit case we also accept the connectors p;; themselves as elementary arcs.
If the end points of v lie on different boundary components of of Yj, we shall say
that v is of type I. If the end points lie on the same boundary component and v
is not homotopic to an arc on the boundary, then v is of type II. Finally, if v is
homotopic to an arc on the boundary of Yj, then we shall say that v is trivial. Fig.
1 shows some cases, the dotted lines are the connectors.

For any closed curve ¢ on X which is the union of non overlapping elementary
arcs the number of these arcs will be denoted by ¢p(c). We shall call ¢p(c) the
combinatorial length of c.

We now show that there exist combinatorially short homology bases.

Theorem 1. There exists a canonical homology basis a1, f1, ..., ag, By on X
with the following properties.

(1) Each «; belongs to P.
(2) Each g; satisfies ¢p(8;) < 2g — 2.
(3) No f; intersects a seperating curve of P.

Proof. If P contains a separating curve 7, we cut X open along 7 to obtain two
bordered surfaces ¥, ¥ of signatures (¢,1) and (¢g”, 1) respectively, with ¢’ +¢” =
g. If one of the components ¥’ or X is again separated by some curve in P, then we
cut the component open along this curve, and so on. After finitely many steps we
obtain surfaces X1, ..., %, of signatures (g1,m1), ..., (gn, My), where g1+- - -+g, =
g and where for k = 1,...,n, no curve of P in the interior of ¥, separates %5. (If
the above n does not exist, then n = 1 and ¥; = X.) This preliminary procedure
will guarantee point (3) of the theorem.

Now let Xi, be one of the components with g # 0 and denote, by Py, the pants
decomposition of ¥ induced by P. We cut ¥j open along a non separating curve
of Py, into a connected surface X of signature (g — 1,my +2). If gy — 1 # 0 then
Py, contains a curve not separating ¥} and we cut X1 open along it to obtain a
surface ¥2 of signature (gi — 2, my +4), and so on. This procedure yields a surface
Sy, of signature (0, my + 2g) tesselated with 2g; — 2 + my, pairs of pants of P. We
now denote by Py the corresponding pants decomposition of Si. The combinatorial
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FI1GURE 2. Constructing the boundary lane.

scheme of Py, is a three regular graph G without closed edge paths. Gy has my +2gy
half edges and 2gx + my — 3 edges.

Since Gy has no closed edge paths (i.e. G is a tree), the surface Sy may be
reconstructed out of the pants in Py, by starting with a first pair of pants, say
Y1, then paste the neighboring pair of pants Y5 along the corresponding boundary
component of Y7, say along 71, to obtain a surface of signature (0,4) as shown in
Fig.2, then paste Y3 along 75 to get a surface of signature (0,5), and so on. Sy is
finished after 2g + my — 3 steps.

The procedure thus described allows us to construct a sequence of curves on Sy,
which we shall call a boundary lane and which is obtained inductively as follows (see
Fig.2). OnY; the boundary lane is formed by the three arcs p12, p13, p23. On Y1UY5
we connect the p;; of Y7 and the p},; of Y5 which meet v, by inserting two disjoint
arcs on ;. The four curves obtained up to now yield the boundary lane on Y; UY5.
This is shown by the four dotted arcs on the right hand side in Fig.2. Proceeding
in this way for each new pair of pants which is added, we obtain a boundary lane
on Sj which is a union L = Ay +--- + Xy, ¢ = my + 2g;, of pairwise disjoint simple
arcs, where \; goes from a first boundary component of Si; to a second one, A5 goes
from the second boundary component to a third one, etc. Finally, A\, goes back
to the first boundary component. Since Sy has genus 0, L separates Sy into two
topological disks Zj, and Zj. Observe that with an arbitrarily small homotopy L
may be deformed such that the deformed lane consists of 3(2g, + my — 2) arcs of
type 1. Fig.3 shows part of L schematically together with additional curves which
we define next.

For i = 1,..., gk, we denote by a; and a} the pair of boundary components of
Sk which were obtained at step ¢ during the cutting process (i.e. pasting together
a; and af for i = 1,...,gi yields Xj). Then we draw for each i =1,...,9, + 1 a
closed curve w; which goes along L and surrounds each boundary curve ¢ of Sg in
the following way. If ¢ is none of the a;, a};, then ; goes around c in Zj. If ¢ is a;
or a; and ¢ < j, then @; goes around c in Z;, as well. If cis a; or a; and 7 > 7, then
@; goes around ¢ in Zj,. The &; consist of arcs of L and of arcs on the boundary of
Sk.

Now we use small homotopies to deform each w; into a closed curve w; contained
in the interior of Si such that wi,...,wq,+1 are pairwise disjoint and such that
each w; is a union of elementary arcs. It is not difficult to check that this is possible
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FIGURE 3. Domains of signature (0,4) along the boundary lane.

except for the case where Sj consists of a single pair of pants. In this particular
case the w; are homotopic to one of the boundary components and we shall say
that they “consist of 0 elementary arcs”.

Since Sj consists of 2gx + my — 2 pairs of pants and has 2g; + my boundary
components none of which is intersected by the w;, we can perform the above
homotopies such that any w; consists of

329k +mir —2) — (295 + my) = 4gi +2my, — 6

elementary arcs (where some of them may be trivial arcs).

The curves are shown in Fig. 3 where wy is the lowest curve, ws is above wy, wg is
above wy, etc. For i =1,..., g, the four curves w;, wit+1, a; and a} bound a domain
Q; of signature (0,4) as shown by the shaded area. The domains €y,...,Q,, do
not overlap each other.

For each ¢ we draw a curve b; in 2; going from a point on a; to an equivalent
point (with respect to the pasting) on af. Taking the shorter of the two paths along
L from a; to a; we achieve that b; consists of at most 2gy, +my — 2 elementary arcs.

Since the ; do not overlap, the b; are pairwise disjoint. It follows that on X
the a; and b; are closed curves with the intersection properties as required for a
canonical homology basis. Since 2g; +my;—2 < 2g—2 , this proves the theorem. [

Observing that the constructions and length estimates in the preceding proof
depend only on the components ¥, we actually have the following more detailed
version of Theorem 1, where we also admit surfaces with boundary.

For the statement of the theorem we note that for a bordered surface S of
signature (g,m) a canonical homology basis is a curve system ai, f31,..., g, 3,
P1,--+,Pm—1, Where p1,..., pm—1 are boundary components and a1, f1, ..., a4, G4
have the configuration of a canonical homology basis on a compact unbordered
surface of genus g.

Theorem 2. Let P be a pants decomposition of the compact orientable surface
¥ of signature (g, m), g > 1, denote by ¥1,...,%, the components obtained by
cutting 3 open along all separating curves occurring in P, and let #3; be the
number of pairs of pants of P in Xk, k = 1,...,n. Then there exists a canonical
homology basis o, 51, ...,aq,Bg,p1,- - pm—1 on X such that

(1) a1,...,a4 and p1,..., pm—1 belong to P.
(2) each f; is contained in some X and satisfies {p(8;) < #Xp. O
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We point out that the upper bound 2g — 2 in Theorem 1 for the combinatorial
length of all B is the best possible. For this we consider the following.

Example 3. Start with a pair of pants all of whose boundary geodesics have the
same length ¢ and paste two copies of it together in order to obtain a surface €2
of signature (1,2) with boundary components vy, and vz. Then take g — 1 copies
Q,...,Qy-1 of Q with respective boundary geodesics v s, Yri, ¢ =1,...,9 — L.

We construct a “necklace” N out of these copies by pasting €; to Q;41 along
YR, and vr i+1, for ¢ = 1,...,9 — 2 and by pasting ©2,_1 to ©; along yg 4—1 and
vr,1- The resulting surface IV has genus g. We let ;,...,v4—1 be the geodesics in
N obtained from Yg 1,...,VR,g—1 respectively. They are all non separating.

If B is a canonical homology basis on N then by the lemma below, at least one
curve b € B has intersection number (b,7y1) # 0. On the surface N’ obtained by
cutting N open along ~; the curve b is cut into a number of arcs, one of which
connects the two boundary components with each other. This follows from the fact
that (b,v1) # 0. We conclude that b crosses at least 2g — 2 times a pair of pants.

Lemma 4. Let B be a homology basis on a compact orientable surface X. For any
non separating simple closed curve ¢ on X there exists b € B with (b, ¢) # 0.

Proof. Otherwise (¢, 3) = 0 for any cycle 3, but ¢ is non separating and there exists
a cycle ¢ with (¢,c) = 1. O

3. LENGTH ESTIMATES

Let us now derive metric length estimates. All partitioning curves are assumed
to be closed geodesics, and on any pair of pants the connectors are the common
perpendiculars between the boundary geodesics.

Replacing the curves constructed in the preceding section by geodesics in their
homotopy classes we obtain short homology bases in the sense of the hyperbolic
metric. In order to get length estimates we proceed as follows. First we replace any
elementary arc of the given curve by a homotopic arc with the same end points.
By the minimal intersection property of geodesics, this new arc is also elementary
and we shall give a length estimate for it in Proposition 5. Thus we have a piece-
wise geodesic curve with controlled length and the smooth closed geodesic in its
homotopy class is then even shorter.

Proposition 5. Let Y be a pair of pants such that all boundary geodesics have
lengths between ¢ and L, where 0 < ¢ < L. Then any elementary geodesic arc n
on Y has length £(n) < 2L + 2arcsinh 2.

Proof. The three common perpendiculars p;; between the boundary geodesics 71,
Y2, v3 of Y decompose Y into two isometric right angled hyperbolic geodesic
hexagons G and G’ (cf. [6]), where G has the succession of sides ai, p12, a2, pos,
as, p13- With these symbols we shall also denote the lengths of the sides.

Consider an elementary geodesic arc n on Y. If 7 is trivial then 7 is a simple arc
on the boundary and has length less than L.

Now let n be of type II with end points on 77 as shown in Fig. 4. 7 is homotopic
with fixed end points to a piecewise geodesic curve ¢’ B¢, where ¢’ and ¢” are arcs
on v; and B is the arc of length 2b formed by the common orthogonals on G and
G’ from ~; to pog. Since the interior of 7 intersects the union pio Upog Upi3 at most
twice, the total length of ¢ and ¢’ is at most £(;) < L. From the trigonometry of
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FI1GURE 4. Arc of type I on a pair of pants

hexagons (cf. [6]) it follows that b becomes maximal when ; assumes the minimal
length € and 7 and 73 assume the maximal length L. In this extremal case b is given
by the formula cosh% = sinh bsinh 7. After some calculus involving monotonicity
of derivatives we then get

L 4
(2) b < 7 + arcsinh =

This settles the length estimate for arcs of type I1, so let n be of type I, say with
end points on v, and ~s3.

Here 7 is homotopic with fixed end points to the piecewise geodesic curve caposcs,
where ¢y, c3 are arcs on 7y, 3 respectively. The length of pa3 becomes maximal
when 72 and 73 have length € and v; has length L. In this extremal case we have
the formula cosh % = sinh § sinh %pgg from which we deduce the inequality

L 2
(3) pa3 < 3 + 2 arcsinh —.
€

If n intersects pa3 then the interior of 5 intersects p12 U p13 at most once. Hence
the total length of ¢y and c3 is at most %L and we are done in this case. If 1 does
not intersect po3 then the total length of ¢o and c3 may reach 2L so that we must
refine the estimates a bit. Using the trigonometric formulas for hexagons we get
coshn = g(co, c3,a1), where

h 2z ch 2
g(x,y,2) = W(chz + chachy) — sh 22 sh 2y.
An elementary argument now shows that for any z,y with § < x,y < % we have
g(z,y, %) < 2L + arcsinh 4. 0

Example 6. If in Example 3 we take pairs of pants with all boundary geodesics
of length ¢, then the distance A between two boundary geodesics of a pair of pants
satisfies sh%sh% = ch §. It follows that any homology basis on the surface N
constructed in the example has at least one curve of length > 4(g — 1) arcsinh g
Hence, in certain cases the upper bound in Theorem 7 is close to optimal.

Theorem 1 and Proposition 5 yield now:
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Theorem 7. Let X be a compact Riemann surface of genus g > 2 which has
a partition with longest geodesic of length L and whose homological systole is ¢.
Then there exists a canonical homology basis {1, 31,. .., g, 84} on X such that
any «; belongs to the partition and the length £(5;), of any curve §;, satisfies

(4) 0(B;) < (29 — 2)(2L + 2 arcsinh 2)
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