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Abstra ct. In this paper we derive an algorithm that computes, for a given
algebraic hyperelliptic plane curve C of genusp, p> 1, de ned by a polynomial
y2= (X 1):::(X  2p+2 ), an approximation of a Fuchsian group G acting in
the unit disk D such that C = D=G. The method allows us also to approximate
the projection mapping : D ! D=G = C, thus giving a solution to the
Problem of Numerical Uniformization in the caseof hyperelliptic curves. The
method is based on work of P. J. Myrb erg that appeared already in 1920 but
did not get much attention at that time.

Intr oduction

The problem of numerical uniformization of an algebraic plane curve C de ned
by an ane polynomial equation P(x; y) = 0 consistsof:

Finding a domain in the Riemann sphereand a discortinuous group G
of Mebius transformations acting in  such that =G = C
Finding an explicit form of the uniformizing mapping : ! C.

By the Uniformization Theorem, we know that such a presenation is possible.
Explicit constructions for uniformization have beendicult to nd in spite of huge
e orts to solve this problem already for more than hundred yearsago.

Burnside ([1], seealso [18]) found perhapsthe rst explicit uniformization in a
special case.

Later sewral examples of algebraic curves, for which it has been possible to
determine a uniformizing group G, have beenfound by many persons. Hence, for
thesecurves,the rst part of the numerical uniformization problem hasbeensolved.
Thesecurvesare typically characterized by the fact that they have a large number
of authomorphisms. Kulkarni has studied such curves (cf. [13]). More examples
have been found most recertly by Rub Rodr guez and V ctor Gonzalez-Aguilera
[19. They found a 1{dimensional family of Fuchsian groups uniformizing a 1{
dimensional pencil of algebraic curves (without giving explicit uniformizations for

This paper waswritten during my stay at EPF in Lausanne. | would like to thank Peter Buser,

K.{D. Semmler and the Mathematics Department at EPFL for wonderful hospitalit y during that
time.
This paper is largely based on preliminary work done within the former Europ ean HCM{net work
\Computational Conformal Geometry" (ERBCHRX-CT93-0408). Even if the project has ended,
the work goeson. | would like to thank all of my colleagues from that network. The fruitful
discussions during the seweral meetings of the network were instrumental in getting this work
done.



2 MIKA SEPP AL A

curvesin the pencil). Common to these examplesis that it has not beenpossible
to nd or evento approximate the uniformizing projecton : ! C.

One approad to solving the numerical uniformization problem is a orded by so
called accessory parameters These are related to the fact that the inverse of the
uniformizing projection satis es a Sthwarzian di eren tial equation that dependson
these parameters. The accessoryparameters have been studies by Dennis Hejhal
(cf. [6], [7], [8]) Linda Keen et al. ([11],[9]), Irwin Kra ([12]), P. G. Zograf and L.
A. Takhtajan ([21],[25]), J. M. Whittak er ([24]) and others ([5], [20]) but relatively
little is known about them and the Uniformization Problem hasbeensolvedin some
very special casesonly using this method.

In this paper we study a method of P. J. Myrb erg ([15]) that can be usedto
approximate a Schottky uniformization of a given hyperelliptic curve. Myrb erg'sit-
erative method allows oneto write down the projection map asa certain limit. This
projection map is not of the type that Linda Keen meart in the above statemert.
Myrb erg's method leadsto a Schottky uniformization for which the projection is a
mapping from an in nitely punctured sphereonto the given hyperelliptic curve.

Instead of Schottky uniformization, one would like to be able to approximate a
Fuchsian uniformization of a given curve. In comparison with the Sdottky uni-
formization, the Fuchsian uniformization has the advantage that it allows one to
study the hyperbolic geometry of the curve in an explicit fashion. The hyperbolic
metric of a disk (which is the domain of the action of a Fuchsian uniformizing group)
is well understood and subject to explicit computations, while the hyperbolic met-
ric of the domain of the action of a Schottky group is much more complicated and
no explicit formulae for the metric exist. Henceit is desirableto nd numerical ap-
proximations of Fuchsian uniformizations of algebraic curves. Here this is done, for
the rst time, for a non-trivial family of curves, namely for hyperelliptic algebraic
curves.

Myrb erg's work appearedin 1920. He credits Poincare ([16]) for the main idea
in the construction. Similar methods for uniformization, basedon the ideas of
Poincare, have beenpreserted by E. T. Whittak er ([23]) but Myrb erg appearsto
have dewveloped them further. Myrb erg'swork wasalsolater discussedby Fernanda
Esserin an unpublished manuscript [4].

In another direction, Peter Buser and Robert Silhol ([3]) have recertly devel-
oped methods that allow oneto nd a Fuchsian group uniformizing a given real
hyperelliptic curve. They are also able to compute equations for certain surfaces
having given geometric properties. Buser has further studied di erential geomet-
ric methods to calculate lengths of closedgeadesic curves on given (hyperelliptic)
curve. A Fuchsian group uniformizing the curve can be approximated in this way
also. These methods are subject to generalizations. A former student of Buser,
Matthias Wagner ([22]), has dewveloped explicit di eren tial-geometric methods to
uniformize hyperelliptic algebraic curves.

Preliminaries

Myrb erg's method for numerical uniformization [15] allows oneto nd a Mebius
group G uniformizing a hyperelliptic curve C de ned by the ane polynomial

1) y’=  (x ), ;6 ifori6j:
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More precisely given the polynomial de ning the curve C, Myrb erg derived a nu-
merical method to approximate the generatorsg; of a Mebius group G sudh that

C= (G)=G;

where ( G) is the domain of discortin uity of the group G. Furthermore, the method
allows oneto approximate the uniformizing mapping ! =G= C.

In Myrb erg's construction, the group G is freely generatedby p 1 loxodromic
Mebius transformations g;. If all the ;'s in the polynomial de ning the curve C
are real, then the generating transformations g; are actually hyperbolic and they
map the upper half{plane onto itself. In this casethe limit set of the group G is a
nowhere densesubsetof the real line.

In this paper

(1) we recall Myrb erg's construction,

(2) shaw that it actually corverges(convergenceis fast), and

(3) extend it to yield a way to approximate a Fuchsian uniformization of a
given hyperelliptic curve.

The last step amourts to solving the following problem. Let G be a given nitely
generated Schottky group with limit setin the real axis. Let be the domain of
discortinuity of G, and assumethat =G is a Riemann surfaceof gerusp > 1. Find
a Fuchsian group F which is of the rst kind, acts in the upper half{plane U and
for which U=F = =G. This passingfrom a Schottky uniformization to Fuchsian
uniformization usesquasiconformal mappings. Possible implementations depend
on being able to approximate a {quasiconformal self{mapping of the upper half{
plane onto itself for a given Beltrami di erential . This clearly can be done using
numerical methods. For the purposesof the implemertations of this algorithm, it
is important to nd asgood approximations of the {quasiconformal mappings as
possible. This problem is not consideredhere.

Itera tion of the opening of the slots

Assumenow that C is a hyperelliptic plane algebraic curve de ned by the a ne
equation (1). The projection C ! ¢; (x;¥) ! x; of the curve C onto the Riemann
sphereé is rami ed exactly over the points . Assumethat all these points are
real, andthat ;< > < < zp+2. Wewill later get rid of this assumption.

From equation (1), one can solve y in terms of x locally uniquely o the points

j. If one cortinues sudh a solution along a closed curve going around an odd
number of the points j, then the sign of the solution changes. Hencethere are no
global solutions. This dicult y disappears, if one cuts the Riemann sphere open
in such a way that it is not anymore possibleto nd closedloops going around an
odd number of points . This limits the domain of the variable x. In this smaller
domain a global solution (of y in terms of x) to (1) canbefound, i.e., in this smaller
domain

v _
55
@ y= x )
j=1

can be uniquely de ned. Clearly there are two choicesfor the branch of the square
root. Either of them will do.
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One way to achieve this, is to considerthe complemen S of the union of the
intervals

We view S as a domain in the Riemann sphere €, and obsene that any closed
curve going around somepoints ; must go around an even number of such points.
Hence,for x in S, y satisfying equation (1) can be represerted as a function of x.
There are two solutions, let y = (x) denote one of them. Then the other solution
isy= (x).

In the domain S, is a well de ned holomorphic function. Let ; be the curve

the valuesx 2 I;. Considering C as a Riemann surfacewith a hyperbolic metric,
j is a simple closedgeadesiccurve going through two hyperelliptic branch points.
Obserwe that, on ead ;, y takespurely imaginary values.

The complemert of the curves ; consistsof two planar Riemann surfaceswith
p+ 1 boundary curves. The mapping :S! C mapsS conformally onto one of
these componerts, and the hyperelliptic involution exchangesthese componerts.

Next we wish to extend the mapping sothat the imageof becomeshe whole
curve C. This is clearly not possiblewithout modifying the domain S. The iterativ e
modi cation of S, which we proceedto describe, is an idea of P. J. Myrb erg ([15]).
It is basedon an auxiliary mapping that opens the slots I; conformally. That
mapping is introducedin the next subsection.

The opening mapping. Consider a mapping, called opening mapping, which
maps the exterior of an interval in the complex plane onto the exterior of a disk.
We will de ne it in the following way.

Let:

(1) and betwo dierent points in the complex plane
(2) | denotethe closedinterval having and asend{points
(3) m= S—ands= ——
We assumethat the real part of s is non{negative. In the applications considered
here,the and will bereal and we simply assumethat <

Consider the equation

z (Mm+25) _ w (m+5s) 2_
z (m 2 w (m 59

®)

Suitable choice of the square{root givesus, by equation (3), a mapping
(4) :Cnl! CnD;

whereD is a disk certered at m with radius jsj. This mapping extendsto the end{
points and oftheintervall bysetting ( )= (3 + )=dand ( )= ( +3 )=4.
Sothe mapping halvesthe distance of the points and

This mapping plays a certral role in our construction and it is, therefore,
necessanto take a closerlook at it.

We obsene that the following lemmata hold:

Lemma 1. 1 The mapping determined by equation (3) is given by
s —

82
5 L4 L

®) (x)= x+ =
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for jx mj 2jsj,
or
(6) (x)=x st+t3+t°+0 t" ;
wheret=s=x m)andjx mj 2jsj.

Lemma 2. 2 Assumethat the and arerealand < . Then m is also real
and s > 0. In this casethe mapping movespoints of the real axis outside of the
interval [m  2s;m + 2s] towards the mid-point m. For jx mj 2jsj, let

(7) x)=jx  (x)j
or
(8) (x)=jx mj t2+t*+ 2%+ O(t®) ;

wheret = s5(x m).

Then, for x m+ 2s, (x) is strictly decreasing, and, for x m 2s, (x) is
strictly increasing. The function (x) attains its maximum for x = m + 2s and for
X =m 2s. The maximum value is

) (m 2s)=s:
Furthermore,
(10) X!Iilm x)=0:

Both of the above lemmata are simple straightforward technical computations
and proofs are left to the reader.

In the above, the mapping was determined by equation (3) and by requiring
that mapsthe complemern of the interval | onto the complemen of the disk D
with m ascerter and jsj asradius.

The other choice of the sign of the squareroot (when solving w in terms of z
from equation (3)) yields a mapping ~: Cnl ! D. The mapping
mz (m+s)(im 2)

z m
is the elliptic rotation, with angle , of the complex plane keepingthe nite points
m sandm+ s xed. It mapsthe complemen of D onto D and we have
(12) Tz e

In the subsequeh considerationswe usethis mapping with varying parameters
and to perform the desirediteration.

(11) &2) =

Opening the slots. We now considera curve C! given by equation (1) in which
all the branch{p oints ; arereal and arrangedin an increasingorder, i.e.,

1< 2< < 2p#2t

Then the closedintervals |; = [ 2 1; 2], ] = 1,:::;p+ 1, are disjoint. We call
theseintervals slots or, more precisely rst geneation slots.
Let ; bethe mapping dened by the equation (3) with = ;and = .

The mapping 1 opensup the rst slot |, replacing it by a disk D; and maps all
other slots onto new slots 1(1;) which are still intervals in the real axis.

Ieiy2=(x  (x  2):n(x 2pe2)
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Figure 1. The mapping opensa slot of length 4s and replaces
it by adisk D of radius s. The higher generationslots are obtained
asimagesof the other slotsunder an elliptic Mebiustransformation
e mapping the complemen of the closure of disk D onto D itself.
Also the other slots move towards the mid-point m of the slot
that is being opened. The function measuresthis movemert.
The points ( 2 1) and ( ) arethe xed points of the elliptic
transformation g corresponding to this opening of a slot.

The corresponding elliptic rotation e;, de ned by (11), mapsthe complemen of
D1 onto D;. In particular, e; mapsthe deformedslots 1(12); 1(l3);::: onto new
slots ey ( 1(1j));j = 2,3;::: in Dy. Theseare the rst Z”d{generation slots. Let
us denotethem by | .

The opening of a slot and the creation of ond generation slots is illustrated in
Figure (1)
Next, let , bethe mapping de ned by the equation (3) with = ;( 3) and
= 1( 4). The mapping >
opensup the slot 1(12) and replacesit by a disk D,
maps the boundary of the disk D; onto a Jordan curve going through the
points 2( 1( 1)) and 2( 1( 2))
maps the deformed slots 1(l;) onto new slots ,( 1(l})); theseare still
intervals in the real axis

Let e, be the corresponding elliptic rotation, de ned by (11) with

+
(13) m = 1( 3)+ 1( 4) and s = 1(4) 3):
2 4

The rotation e, mapsthe slots ( 1(I3)); 2( 1(l4));:::onto newznd{generation
slotsljz;j = p+ 1:::2pinside the disk D,. The imagese,( 2(IJ-2)) of the rst Z”d{
generation slots Ijz;j = 1;:::p inside D, are referred to as 3rd{generation slots
3.

Repeat this procedureuntil all the rst generation slots have beenopened and
new higher generation slots have beenformed.

In this way, when opening slots, oneforms iterativ ely new slots which are divided
into generations. Order theseslots by generationand within a generationfrom left
to right (these slots are always disjoint intervals in the real line). Later we will
shaow that this ordering is actually irrelevant; the ordering of these slots is related
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to selecting certain fundamertal domain for the action of a group. For purposes
of e ectiv enessof implementations, one should rather order the slots according to
their size.

Continue with openingthe slotsin the order xed above. Iterating this procedure
we get a sequenceof conformal mappings

PiT i1 1:S! é:
At this point we deliberately restrict the domain of de nition of the mappings «

sothat we view the composedmapping as being de ned in S, the complemert of
the union of the slots.

Theorem 3. The sequene@ ( ;) hasa conveming subsguene ( ;,) and the limit
mapping 1 is a conformal mapping of the domain S onto a domain in the Rie-
mann sphee. Furthermore the limit mapping does not depend on the choice of the
converging subsguene.

Proof. Assume that all the rst generation slots are cortained in the interval
[ M;M],ie,that M < ;< < o2 < M. Letx< Morx> M.
By Lemma 2, we concludethat

the sequence ; (x)) )(of real numbers) corverges,and

limj i i (x) 6 limjig j(y) forx 6 y.

In fact, by Lemma 2, for x < M orx > M, the points ;(x);j = 1,2,3;:::;
move towards the slots | ¢ which are cortained in the interval [ M;M]. But these
points cannot crossthe initial slots, they always stay at the same side of them.
Hencethe cornvergence.The points closerto the slots move faster. This meansthat
if x and y are both either < M or > M, then the distance of the iterated points

j(x)and j(y) growsasj ! 1. This meansthat the limit points cannot be the
sameimplying the secondstatemert.

By [14, Theorem 11.5.1] the sequence ;) is a normal family. This follows from
the above quoted result, since ( j(x)) corvergesfor real x with su cien tly large
iXj.

We concludethat ( ;) hasa converging subsequencsud that the limit mapping

1 is either a conformal homeomorphismof S, a constart mapping or a mapping of
S onto two points. By the above remarks, the latter two possibilities are excluded.
Hencewe concludethat ; is a conformal mapping of S onto a domain ; (S).

Assumenow that ; isthe limit mapping of another converging subsequencef
the sequence( ;). Sincethe sequence( j(x)) corvergesfor x < M or x > M
(and x real), it followsthat ; (x) = 1 (x) forx < M or x > M. Sincethe limit
mappings are both conformal, they must agreeeverywhere.

A more detailed analysis of the sequence( ;) implies that the whole sequence
(and not only a subsequencekorvergesto the limit mapping 1 .

At this point, a normalization is useful. The limit mapping 1 is a conformal
mapping of S into the Riemann sphere€. The mapping 1 extendsto the points
irv] = 1:::;2p+ 2. Normalize the limit mapping 1 by requiring that
(14) 1(1)=1; 1(2)=0and ;(3=1

This normalization can always be achieved replacing ; by g 1 wheregis a
suitable Meobius transformation mapping the upper half{plane onto itself. When we
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later considerthe limit mapping 1 we always assumethat it is normalized in the
above manner.

Schottky  unif ormiza tion

It turns out that we can uniformize the curve C de ned by equation (1) by a
Sdottky group G generatedfreely by p hyperbolic Mebius transformations mapping
the real axis onto itself. The domain of discortinuity  of this group G corntains
both the upper and the lower half{planes, and the original curve C is the quotient

=G. Let proj: ! C bethe projection.

To construct the group G, we actually construct the projection rst; the group
G is then the cover group of this projection. We construct the projection so that
we rst construct its' inverse(locally), namely a mapping of a part of the algebraic
curve C onto a domain in the Riemann sphere. That allows us to construct the
complete projection and the group G.

Previously we obsened that, for x in S, one can solvwe y in terms of x from the
equation (1). The solutions were denoted by y = (X). In particular,

S G x7(x (X))

is a conformal mapping of S into C. The image of S in C is a componert of the
complemert of the simple closedcurves ; going through the hyperelliptic branch
points. Hencethe image of S under this (new) mapping is half of the algebraic
curve C. Usethe notation C; = (S) for this half of C.

Consider the mapping

(15) ci! Cp7t o Y(p):

This is going to be a local inverse of the uniformizing projection proj : ! C.
Keep in mind that we assumethe normalization conditions (14) be satis ed.
As the inverseof the mapping (15), the projection is now de ned in the domain

Consider the elliptic transformation e; that we formed after the opening of the
rst slot 1. Considerthe limit

nI!ilm 9 n 2 e 1= 1
Here g is the hyperbolic Mebius transformation normalizing 1 (cf. (14)).
By the sameargumert asbefore, } isa conformal mapping of S onto a domain
1 (S) which, this time, is contained in D1, the topological disk corresponding to
the rst slot. The mapping

Er= 1 (1)1
maps 1 (S) onto 1 (S), i.e., the outside of the disk D; (minus a number of

other disks corresponding to the slots I,;:::;1,+1) gets mapped onto the inside
of D;. The image of E; in the disk D; is D; minus p other (topological) disks
D2p;:::;D %1 .
We iterate this process.All the mappings
P= n|!i1m g n k+l €& Kk 1

are conformal mappings of S onto a domain in €. Fork > p+ 1, %X (S)isa
topological disk minus p other disks inside (which disks contain | (S) for some
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| > k). For eadh disk D,, that getsformed in this way, we assaiate the mappings
E, that mapsthe outside of the disk D, (minus a certain number of other disks)
onto the inside (minus again the samenumber of other disks).
By their de nition, the mappingsE, map a domain of € onto another one. These
two domainsdo not intersect but they do have a commonboundary arc. Requiring
E, to be an involution, we extend E,, rst to the union of thesetwo domains. The
mapping E,, extendsalsoto the commonboundary arc. Let us assumethat E, has
beenextendedin this way. Then the domain of E,, becomesthe Riemann sphere
minus 2p disks Dy.
We claim that E, is actually an elliptic Mobius transformation. To seewhy this
is true, we next extend E,, to (parts of) ead one of the 2p disks Dy in the following
way:
(1) Let Ex bethe mapping assaiated to the disk D
(2) Via the mapping E,,, the disk Dy correspondsto someother disk Dy, i.e., a
small neighborhood of Dy gets mapped by E,, onto a small neighborhood
of the disk D,

(3) Let E, be the mapping assaiated to the disk D,

(4) In D (minus a number of small disks inside), extend the mapping E,, by

E, E, Ex:

Repeat this construction. At the limit one gets a mapping E,* which is a
conformal involution of a domain in € such that the complemen of the domain

is a nowhere densesubset of the real axis. This mapping can, furthermore, be
extendedto a homeomorphicmapping of the Riemann sphereonto itself. A nowhere
densesubsetof the real line is a removable singularity, hencewe concludethat the
mapping E,! is a conformal involution of the Riemann sphere,i.e., that E,! is
an elliptic Mobius transformation.

Schottky  unif ormiza tion
We summarizethe precedingconsiderationsin the following result.

Theorem 4. Hypertolic Mebius transformations g = Ej* Ej;+; ! geneate a
discontinuous group of Mebius transformations. The domain discontinuity of G,

, contains both the lower and the upper half{planes, and the limit{set of G is no{
where densein the real axis. The group G givesa Schottky uniformization of the
hyperelliptic real algebaic M {curve C, i.e.,

=G= C;
Each mapping E]-1 correspndsto the hyperelliptic involution of the algebaic curve
C. Locally the projection ! C is the inverse of mappingsof the type
(16) () 1

This appearsto have beenknown to E. T. Whittak er ([23], seealso[17]). In the
form preseried here, the result comesfrom the 1920 paper of P. J. Myrb erg ([15]).
In that paper Myrb erg credits Poincare ([16]) for the idea of taking a limit of the
opening mappings. Clearly this approac to numerical uniformization was known
to the late masters of complex analysis and geometry. In those days, this method
was, in most cases,too complicated for practical computations by hand.
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Lemma 5. 3 The group G of Theorem 4 does not depend on the choice of ordering
the slots when forming the mappings ¥ .

Proof. Repeat the above construction by using two di erent orderings of the slots.
Denote the respective groups obtained in this fashionby G; and by G,. They both
uniformize the samealgebraiccurve C. The identit y mapping of C inducesa Meobius
transformation f such that G;f = f G,. Furthermore this Mebius transformation
f mapsthe points correspondingto 1, 2 and 3 in the domain of discortinuity of
G onto the respective points in the domain of discortinuity of G,. In view of the
imposednormalization (14), this meansthat f is the identity mapping, i.e., that
Gy = G,. The corresponding normalized mappings 3 do not usually agree;the
images 1 (S) form two di erent piecesof a fundamental domain for the action of
the group G.

Myrb erg's algorithm. For purposesof implemertations, one can compute the
group G as follows.

Input:  An integerp, p> 1, and a set of real numbers 1;:::; 242, pisthe
gerus of the curve in question, and the points ; are the parametersof the
equation (1).

Appro ximation step: Let L denote the length of the largestslot, i.e., L =
maxfj 2 1) )] = L::1;pg. Approximate the mapping 1 of Theo-
rem 3 by computing

bLcn(2p + 2)

for n = 4 or n = 5(increasethis valueif you want better accuracy)openings
of the slots of various generations(open rst generationsslots rst in some
order (best would be to open the largest slots rst), then proceed with
higher order generations of slots). The sequencede ning 1 corverges
very fast; the above number of iterations is su cien t for most purposes.
Fixed{p oints: Using the above computed approximation of the mapping

1 approximate the points 11 = 1 (), theseare goingto bethe xed{
points of the generating elliptic transformations.
Elliptic elements: For j = 1;:::;p+ 1, let E; be the elliptic rotation of

the complex plane by angle and with xed{p oints %j , and %]- . Use
formula (11) to de ne thesetransformations.

Group generators: For j = 1;:::;p, compute g = E;Ej+1. Theseare
hyperbolic Mobius transformations which generatefreely a Schottky group
G. The group G actsin adomain , and the original hyperelliptic algebraic
curve C is now the quotient C = =G.

The above algorithm produces approximations of the generators of the uni-
formizing Schottky group G and approximations of a number of elliptic Meobius
transformations EJ-1 . Each one of theseelliptic transformations approximates the
hyperelliptic involution of the curve C, i.e., the mapping (x;y) 7! (x; y) (cf. (1)).

The corvergenceproof (Theorem 3) requiresonly qualitativ e analysis under the
assumptionsthat all the points ; arereal. Clearly, this is not a necessarycondition
for convergence.But the proof gets much more technical in the generalcase. The
group G becomesalso much more complicated if we drop the reality condition.
Then the generatorsof G are loxodromic, and G is Kleinian.
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Figure 2. A topological side view of the Riemann sphere is
shown on the left. The isometric circles of the hyperbolic Mobius
transformations g; and g, together with their respective images
are also shavn. The group generatedby g; and g, acts in such a
way that a fundamertal domain is the exterior of the disks shovn
on the left. The group simply identi es the isometric circle of g

with its image, ] = 1;2, to form the gerus 2 Riemann surface
shown on the right.

Fuchsian unif ormiza tion of real hyperelliptic M{cur ves

Myrb erg's algorithm producesan approximation of a Schottky uniformization
of a hyperelliptic algebraic curveswhoseall branch points are real. Such a curve
is called hyperelliptic real algebraic M{curv e. The "M' hererefersto the fact that
such a curve hasthe maximal number, allowed by the gerus, of real componerts

Now let C be such a curve, and let G be an approximation of the Schottky group
uniformizing C and obtained by Myrb erg's algorithm.

While the Sdottky uniformization already solves the classical problem of nu-
merical uniformization, it is desirableto be able to approximate generatorsof a
Fuchsian group of the rst kind uniformizing C. This would be useful, for instance,
in the study of the hyperbolic geometry of the algebraic curve in question. Also
that is the usual way to consideruniformization.

Getting Fuchsian groups by deformations. The domain of discortinuity of G
cortains intervals of the real axis. Theseintervals project onto the real componerts
of the hyperelliptic curve C, and the complemen of the real part consistsof two
planar Riemann surfaces,one corresponding the upper half{plane and the other
one corresponding the lower half{plane.

In this sectionour aim isto nd away to approximate generatorsof a Fuchsian
group of the rst kind that uniformizesa given hyperelliptic real algebraic M{curv e.
Later we extend this considerationsto general hyperelliptic curves.

Wedo it by rst performing someviolenceto the curve C.

mation g, j = 1;:::;p. By the construction of Myrb erg's algorithm and by the
assumptionthat ;< ,< < 2p+2, it follows that the xed{p oints satisfy
(17) rgl < a‘gl < rgz < agz < < rgp < agp:

Furthermore, for all indicesj, the isometric circles (consideredas full circlesin
the Riemann sphere) I Cy and their imagesg; (I Cq ), are disjoint. The outside
of all the isometric circles | Cy and their imagesg (1Cqy;), j = 1,2;:::;p; forms
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Curve corresponding to the axis
of g in the upper half{plane

Cut away the annulus
about the gealesiccurve

Curve corresponding to the axis
of g in the lower half{plane

Figure 3. The original Schottky uniformized Riemann surface
=G is deformed by cutting away parts of the handles and iden-
tifying the closedcurve corresponding to the axis of a hyperbolic
Meobius transformation g in the upper half plane with that of the
sameaxis in the lower half{plane. Handlesget shorter and thicker
as illustrated above. There is certain freedom here in the sense
that the gluing angle of this gluing can be freely chosen. Let us

chooseit to be 0.

a fundamertal domain for the action of the Schottky group G. Identifying I Cy
with g (I Cg ) one forms a “handle' for the Riemann surface corresponding to the
algebraic curve C. In the hyperbolic geometry of the domain of discortinuity of
the group G, the interval of the real axis between| Cy and g; (1 Cg ) corresponds
to a simple closedgealesic curve going around this handle. This is illustrated in
Figure (2).

On the original algebraic curve C viewn as the Riemann surface =G, certain
intervals on the real axis project onto gealesiccurvesgoingaround handles. The full
axes(i.e. complete circles orthogonal to the real axis and going through the xed
points of the respective Mobius transformation) of the above mentioned Meobius
transformations project onto two symmetric curvesalso going around a handle in

=G.

Next we delete, from the Riemann surface =G, the annuli bounded by the
projections of the axes. We get a deformed Riemann surface whose handles are
now thicker. This deformedRiemann surfacecan now be uniformized by a Fuchsian
group of the rst kind in the following manner.

For corvenience,obsene that by conjugation we may assumethat rg, = 1 and
ag, = 0, andthat all other xed points of the generatinggroup elemeris are positive.
Obsene that Scottky group G acts alsoin the upper half{plane H. The quotient
H=G is a Riemann surface(of gerus 0) with p+ 1 boundary componerts. The axes

the boundary componerts. The remaining boundary componert correspondsto the
product g1 0 gp. This corresppndencemeansthat the axesof these Meobius
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Figure 4. The quasiconformalmapping f that makesup the de-
formation we had to perform on =G to get a Fuchsian uniformiza-
tion stretchesthe collar on the left to cover the whole shadedcollar
on the right.

transformations project onto simple closedgeadesiccurveson the Riemann surface
H =G which curvesgo around the respective boundary componert.

Under the above normalization assumptionsregarding the location of the xed{
points of the generating hyperbolic Mebius transformation, the deformation illus-
trated in Figure (3), can be performed as follows.

g ( z). Obsene that the xed points of the mappings g; lie in the negative real
axis, while the xed points of the mappingsg; lie in the positive real axis.
Take, asgeneratorsof the Fuchsian group corresponding to the deformedsurface,

the axis of g ( z) asits respective isometric circle with the property that the
image of this isometric circle under the mapping h; is the axisof g, j = 1,2;:::;p.
Obsenethat theng = h; g h; ™.

The mappings h; perform the gluing as described in 3. Obsenwe that the map-
pings h; are not uniquely de ned by the above conditions. They becomeuniquely
de ned by requiring the gluing angleto be 0 (cf. 3).

It follows from the standard theory of Fuchsian groups that the group F thus
generatedis a Fuchsian group of the rst kind acting in the upper half{plane H,
and that H=F is the Riemann surfaceobtained from our original Riemann surface

=G by the deformations described in Figure (3).

Appro ximating a Fuchsian uniformization.  Our aim is to get a Fuchsian uni-
formization for the algebraiccurve C de ned by the equation (1). But what we got
was a Fuchsian uniformization for a Riemann surfacethat is a deformation of the
Riemann surface =G of the algebraiccurve C. We must now make up the violence
we did to =G. That is done by quasiconformal mappings.

Let be asimple closedgealesiccurve on a compact Riemann surface of gerus
p> 1. Let ° denotethe length of . Recall that by the Keen Collar Lemma (cf.
[2], [10)) onecan always nd a collar of width

logcoth™ =4

around . Takenow the largestdisjoint collars allowed by the Collar Lemmaaround
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For corvenience,assumenow that none of the xed{p oints of the generatorsg;
lies at the in nit y. This can always be achieved by a suitable conjugation.

The axesof the elemeris g, are geadesic curvesin the upper{half plane asil-
lustrated in Figure (4) above. Consider the upper side A; of the collar about the
axis of g, i.e., the shaded domain on the left side of Figure (4). That domain
corresponds alsoto a one sided collar on the original Riemann surface =G of the
algebraic curve C. On =G A; is a one{sided collar about the projection of the
axis of g . That collar can be continuedto a one{sidedcollar B; about the geadesic
curve homotopic to the the projection of the axis of g;. This geadesiccurve corre-
spondsto an interval in the real axis. The cortinuation of this collar corresponds
to the larger shadedregion on the right hand side of Figure (4). Let f be a qua-
siconformal mapping which is the identity on the upper boundary of the collar A;
and maps the collar A; onto B;. Apart from the condition that f is the identity
on the upper boundary of A;, the mapping f can be freely chosen. It is to our
advantage, however, to choosef sothat it is asregular as possible,i.e., sothat its
maximal dilatation is as small as possible.

A good choice for f can be obtained as follows. From ead point of the axis of
g drop a gedesic (in the hyperbolic metric of the upper half{plane) curve onto
the real axis. Continue this curve sothat it crossesthrough the one sided collar
A;. Consider the interval of this geadesic curve cortained in the collar A;. Map
this interval by a constart Euclidean stretching so that the image of the interval
becomeshe arc of the geadesicthat is contained in the larger shadedare of Figure
(4).

Continue the mapping f to the lower sidesof the collars about the axesof the
Mebius transformations g; by symmetry, i.e., if ; denotesthe re ection in the axis
of g then set

f(2)=7( @)
for points in the lower half on the collar around the axesof g;. Outside of the
collars about the axesof the elemerts g;, setf to be the identity.

All of the above can be explicitly computed. Let bethe Beltrami di erential of
the mapping f, andlet f bea {quasiconformal mapping of the upper half{plane
onto itself. The following is then obvious by the construction.

Theorem 6. The group

F =fFf!
is a Fuchsiangroup of the rst kind uniformizing the algeric curve C. Uniformizing
projection is given locally in ¥ (S) by

(f)y*f £
Unif ormiza tion of general hyperelliptic cur ves

In this sectionwe extend the above considerationsto cover a generalhyperelliptic
curve C de ned by Equation (1) without the assumptionthat all the parameters
are real. We will do this by quasiconformalmappings.

The starting data is the gerus p of the curve, p> 1, and a setof 2p+ 2 hyperel-
liptic branch points 1;:::; 2p+2 . Without lossof generality we may assumethat
all the parameters ; are nite.

Let h: C! C be a quasiconformal mapping such that h( j) 2 R for all j =
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purposesit would be good to nd onewith assmall maximal dilatation aspossible.
For implementations one can, for instance, do the following:

(1) Find rst adirection € sud that the minimum distance betweenthe lines
going through the points ; in the direction € is aslarge as possible.
(2) Then let the points ; ow to real line along theselines.
Usethe notation ]-O =h( j);j = 1:::;2p+ 2; and let C°be the curve de ned
by
Y= D $)

Uniformization ~ of General Hyp erelliptic Curv es. The curve C%is now a
hyperelliptic real algebraic M{curv e. To approximate Myrb erg's Uniformization of
C do the following:

(1) Compute the complex dilatation  of the quasiconformal mapping h * :

cor c:
(2) Approximate Myrb erg's Uniformization for the curve C% let  be the do-
main of discortinuity of the uniformizing group G andlet : ! CO%be

the projection (cf. (16)).

(3) Approximate the lifting of the Beltrami di erential to a Beltrami di er-
ertial of the group G. Extend this di erential by 0 to all of C.

(4) Approximate a {quasiconfomal mappingH :C! C:

(5) Approximate the generatorsof G = f Gf 1.

Then G is a Mebius group acting discortinuously in = h (), =G =C
and the projection is given by

(18) ! C;z7'h! H (2):

Fuchsian uniformization of generalhyperelliptic curvesis achieved by a further
guasiconformal deformation.
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