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Abstract

We study the well-posedness of the Hele-Shaw-Cahn-Hilliard system modeling binary
fluid flow in porous media with arbitrary viscosity contrast but matched density between
the components. Well-posedness that is global in time in the two dimensional case and
local in time in the three dimensional case are established. Several blow-up criterions in
the three dimensional case are provided as well.

1 Introduction

The modeling and analysis of multi-phase fluid flow is a fascinating, challenging and important
problem [4]. Displacement of oil by water in oil reservoir (usually porous media) is one of the
well-known examples of two component (phase) flows [5].

A common approach to two phase fluids that are macroscopically immiscible is the sharp
interface approach where the two phases are separated by a sharp interface I'(¢). The dy-
namics of the system in porous media is then governed by the following two phase Hele-Shaw
(Darcy) system (Muskat problem) [21, 19, 26]:

V"UJZ‘ZO, in Qi,

u; = —%W(Vpi — Gpje), in Q;,
(up —u2) -n=0, onT,
pas—p1 =Tk on T,

(1.1)

where u; denotes the fluid velocity of the i** fluid which occupies the region €;, n; is the
viscosity, p; is the pressure, p; the density, G is the gravitational force in the direction of the
unit vector e = (0,1) in two dimensional case or e = (0,0, 1) in the three dimensional case,
n is the unit normal to the interface I',  is the (mean) curvature and 7 is the dimensionless
surface tension coefficient. The local in time well-posedness of (1.1) with or without surface
tension is known [2, 3, 14]. Global in time well-posedness with surface tension[15, 11] and
2D without surface tension [28] is also known under the assumption that the initial data is a
small perturbation of a flat interface or a sphere.



A difficulty commonly associated with the sharp interface approach is the topological
change of the interface, especially in terms of pinchoff and reconnection that are important
in applications [4, 21]. As an alternative approach, one could consider the so-called phase
field models (or diffuse interface models) where an order parameter ¢ is introduced and a
capillary stress tensor is used to model the interface between the two fluids and the forces
associated [4].

In this paper, we will consider phase field approach to two phase fluid flow with matched
density in a Hele-Shaw cell or porous media. The dynamical equations are given by the
following Hele-Shaw-Cahn-Hilliard system [21, 13]:

V-u=0,

u=- 12%@) (Vp - ﬁ,ch),
¢ +u-Ve= ﬁAu,
c(0,x) = co(x),

(1.2)

where u is the fluid velocity, ¢ is the order parameter which is related to the concentration
of the fluid, the chemical potential u depends on the order parameter ¢ and is given by

u(e) = fie) - CAe, (1.3)

and Pe is the diffusion Péclet number, C is the Cahn number, and M is a Mach number.
Furthermore, 7(c) is the kinematic viscosity coefficient satisfying

neC?R), 0<A<n(c) <A<, (1.4)
the Helmholtz free energy fo(c) is given by the classical double well potential

fole) = (02 — 1)2. (1.5)

In the above system (1.2), p is not the physical pressure but the combination of certain
generalized Gibbs free energy and the gravitational potential (see [21] for more details).
We will assume that the fluid occupies the two or three dimensional torus T% d = 2,3 for
simplicity.

One may formally derive the sharp interface model (1.1) by taking appropriate limit
within the Hele-Shaw-Cahn-Hilliard system (1.2) [21].

Besides applications in two phase flow in porous media and Hele-Shaw cell, certain simpli-
fied versions of this HSCH model has been also used in tumor growth study [31]. Moreover,
unconditionally stable schemes has been developed [30] and the existence of certain type of
weak solution (without uniqueness) is also derived [16] for the case with matched density and
viscosity.

The goal of this manuscript is to study the well-posedness of the matched density Hele-
Shaw-Cahn-Hilliard system (1.2) with arbitrary viscosity contrast. The mathematics is non-
trivial since the energy is critical in the two dimensional case and super critical in the three
dimensional case (see section 5).

The Hele-Shaw-Cahn-Hilliard system can be formally viewed as an appropriate limit of
the classical Navier-Stokes-Cahn-Hilliard system [4, 21, 18] which is a popular phase field
model for two phase flow. There are a lot of works on the Navier-Stokes-Cahn-Hilliard



system including local in time well-posedness in 2 and 3 dimensional and global in time well-
posedness in 2D under various assumptions [1, 7]. We refer to [22, 23, 24, 4] and references
therein for more related works.

The rest of the paper is organized as follows. We prove a key estimate on the “pressure”
in the second section. This estimate is nontrivial due to the variable coeflicient introduced
with the mismatched viscosity. New estimates on certain commutator operators in fractional
derivative spaces are needed and they are derived in the Appendix. In section three we
present the local in time well-posedness based on certain modified Galerkin approximation
of the HSCH system and the “pressure” estimate from section 2. In section 4 we provide a
Beale-Kao-Majda type blow-up criterion and prove that the system is global in time well-
posed in the two dimensional case. We provide a refined blow-up criterion in the 3D case in
section 5.

2 The estimate of the pressure

In this section, we present the estimate of the modified pressure p. The variable coefficient
necessitates treatment involving fractional derivatives and associated commutator estimates.

Proposition 2.1 Let s > 0. Assume that ¢ € H5+2(Td), and p is a smooth solution of the
elliptic equation

div(nélC)Vp) = div(n(lc),u(c)Vc) (2.1)

If s e (%, g] for some k € N, then the solution p satisfies
19l < F(llel|zoe) (1 + [1Vellzoe) (1 + el r2) [lell grese. (2.2)
Here F is an increasing function on R™.
Proof. Thanks to (1.4), a straightforward energy estimate yields that
VPl < Cllu(e)l 2 Vel < CO+ [lel7e) Vel oo llel g2 (2.3)

Taking the operator (D)* to (2.1) to obtain

div(n(lC)V<D>sp> = div(D)s<n(lc)u(c)Vc) - d1v<<D>s(n(10)Vp> - (77(16)V(D>5p>>
= div(A+ B),

from which and the energy estimate, we infer that
IVpllas < C(I1AlL2 + 1Bl 12)-
Due to the definition of u(c), we have
1 1 1

@N(C)VC = 7f0(0)v0 - C?](C)

n(c) AcVe = Vgi(e) — AcVga(c),



for some g1, g2 with g1(0) = g2(0) = 0. We have by Lemma 6.3 that
{D)*Vg1(c)llrz < F([lellzoe) el s+,
and using Bony’s decomposition to write

AcVga(c) = TacVga(c) + ﬁ(Ac, Vga(c))
= divIy.Vga(c) — Tyv. - VVga(c) + R(Ac, Vga(c)),

then from the proof of Lemma 6.2, it is easy to see that
I{D)*AcVga()llrz < F(llellLo)lIVel oo lle]l reve-
Thus we obtain
1Al 2 < F(llefl o) (L + Vel oo ) lel| o+
and by Lemma 6.4-6.3 and (2.3), for s € (0, 1],
1Bz < F(llellzoe)llell ms+2lVpll L2 < F(llellze) Vel zellel g2 llcll rs+2-
Thus we obtain that for s € (0, 1],
IVpllas < F(llellzee) (1 + Vel ) (1 + llellmz) llel o+, (2.4)

For general s, we will prove it by the induction argument. Let us assume that for s €
1k

r
(%, 5], we have

k
IVpllzs < Fllellzee) (1 + Velloe) (L + el m2) " el grove.

Note that (2.4) means that the cases of k = 1,2 hold. Now let us assume s € (&, 521]. We
infer from Lemma 6.4 and Lemma 6.3 that
I1Bllz2 < F(llellizee) (lellms+2lIVpllzz + llell =l VPl .- 5)-
Then from (2.3) and the induction assumption, it follows that
k+1
1Bl < Fllel o) (1 + [Vellzoe) (L + el m2) ™ llelle+e-
Thus for s € (£, £1], we have
k+1
IVl < FllelLoe) (1 + [Vellpoe) (1 + llellm2)™" llellpro+e-
This completes the proof of Lemma 2.1. |



3 Local well-posedness

In this section we prove the local well-posedness of the Hele-Shaw-Cahn-Hilliard system. The
procedure is mostly standard except the pressure estimate.

Theorem 3.1 Let co(x) € H*(T?) for s > % + 1. Then there exists T > 0 such that the
system (1.2) has a unique solution (c,u) in [0,T] with

c e C([0,T]; H¥(TY) N L2(0, T; H*4(T?)), w e C([0,T); H*~3(T%) N L*(0, T; H*(TY));

and satisfying the following energy estimate

le(t)]Z: + /O () 3o sadr < llcoll s exp ( /O G(r)dr), (3.1)

fort € [0, T], where

2 S22 2([2s]+1
G(t) = F(llellz=) (1 + Vel o) (el o + llell 5 ) (1 + llella2) 0.

Proof. We will use the energy method to prove Theorem 3.1.

Step 1. Construction of an approximate solution sequence.
The construction of the approximate solutions is based on Galerkin method. Let us define
the operator P, by

P,f(x) = fke%rik:-x’ f = f(iE)e_QMk'xdgj,
= o

Then we consider the following approximate system of (1.2):

V-u, =0,

Un = _m (Vpn - ﬁH(Pncn)VPncn)a
Oren + Po(up - VPpey) = PieAPn,u(Pncn),
cn(0,x) = Pyeo(x).

It is easy to see that
IAPap(Pacy) = APap(Pacy)ll2 < C(n, llenllzz, llenll z2)llen — ehllz-

Taking the divergence to the second equation in (3.2) gives

1 1 1
de( ) = (L PR
v 12n(Pncn)vP M 1277(Pncn)u( en)VEne
Thanks to (1.4), straightforward energy estimate yields that
IVpallze < C(n, llenllr2)lenll L2,

thus we infer from the second equation of (3.2) that

[unllz2 < Cn, lleallz2)lenll 2



Therefore, we have
| Pa(un, - VPcy) = Palup, - VPucp)| 2 < C(n, g2, llenll2) len — eill 2

Thus, the Cauchy-Lipschtiz theorem ensures that there exists T;, > 0 such that the approx-
imate system (3.2) has a unique solution ¢, € C([0,T,]; L?(T%)). Note that P2 = Py, Pycy,
is also a solution of (3.2). So the uniqueness implies that P, ¢, = ¢,. Thus, the approximate
system (3.2) reduces to

V-u, =0,

Up = _m(v]?n - ﬁﬂ(cn)vcn)v
Oen + Pn(un -Vep) = %Apnﬂ(cn)v
cn(0,x) = Pheo(z).

(3.3)

In what follows, we denote 7, by the maximal existence time of the solution ¢,. Due to
P,c, = ¢,, the solution ¢, is in fact smooth.

Step 2. Energy estimates.

Although the HSCH model (1.2) has a natural energy (which is somewhat equivalent to
H! estimate, see [21, 30] and section 4 below), it is not sufficient for the strong solution.
Therefore we have to derive estimates in Sobolev spaces with higher derivatives.

For this purpose we take the H*(T?) inner product of the third equation (3.3) with c,,
we obtain

leallts — 5
[ C s — —
2dt" """ Pe
Due to (1.3), we see that
_(APnH(cn)u cTL)Hs = C”ACTLH%{S - (Af(l](cn)’cn)Hs-
We deduce, thanks to Lemma 6.2 that
’ (Af(l)(cn)a Cn)Hs

and by Lemma 6.2 with o =1,

(APnu(cn), cn)HS = —(un -Vep, cn)Hs. (3.4)

< I fo(en)llzs | Acullzs < C(1+ llenllZoe) llenl s | Acnll s (3.5)

|(un - Ven,en) g < Nlun - Veullms el
< CllunllaIVeullzm + lunll g I Venll o) lenlle. (36
Thanks to (3.3), we find that
lmllaze < C(l—Vpllze + |~ pr(en)Venllre)- (3.7)
n(cn) n(cn)

By Lemma 6.2, Lemma 6.3 and Proposition 2.1, the first term on the right hand side of (3.7)
is bounded by

Fllenllzoe) (llenll ,oi g IVPllL2 + 1VPl a2)

< Fllenllz) (1 + [[Venll o) (1 + llenl ) PTH

lenllrere,

6



and the second term is bounded by
Fllleallze) (1 + 1 Venll o) llenllrsve-

Thus we obtain

2s]+1

lnllrs < F(llenllze) (1 + 1Venllzoe) (1 + lenllz2) 2 el oce,

and similarly,

d—1
lunll gy < Fllenllze) (L + [ Venlloe) (L + lenllm2)™ llenl

PEEE

from which and (3.6), we infer that

|(un - Ven,en) | < Flllenllze) (1 + [Ven|l2)

2s}+1|

d—2
% (IVenllzee + lenll 2 ) (L + lenllarz) = lienllgrore lenllae- (3.8)

Here we used the following interpolation inequality:

2-4¢ 41
”CnHHgH < chHH2 ch”Hs .
Plugging (3.5) and (3.8) into (3.4) yields that
Ld
2dt
d—2
< Flllenllze) (1 + 1Venll o) (IVenllzoe + llenll s ) (1 + llenl a2

C
lenllFrs + 5l Acnllir:
Pe

2s|+1
VB rerelnll o,

which along with Young’s inequality implies that

lenllhe + leallfers
2 =2 9 2([25]+1
< Flllenllze) (14 [Venllne) " (IVenllzoe + llenll 5 )7 (1 + lleall ) D) e, 12,

Then Gronwall’s inequality applied gives

t t
s py def
E;(t) = llea(®) s +/0 len (T 1Z7ss2dT < Jlcol s exp(/o Gn(7)dr) (3.9)

for t € [0,T}), where

2 =2 9 2([2s]+1
Go(t) = F(llenll o) (1 + [[Venll o) (1Venll oo + llenll i )7 (1 + llenllgz) "B,

Step 3. Uniform estimates and existence of the solution.
Let us define

o def sup {t € [0,T}) : Ej(1) < 2||col|%s for T € [0,¢]}.

n



From (3.9) and Sobolev embedding, we find that

ES (1)

IN

lcoll s exp («4(||60||Hs)/0 (1 + lle(r)lI5*)dr)

lcoll gz exp (A(lcollms)(t + 7)), € [0,T7).

Here A(-) is some increasing function. Take 7" be small enough such that

IN

N W

1
exp (A(lleoll s )(T +T2)) <
Now we can conclude that T w>T. Otherwise, we have
3 ~
E3(t) < Slleollfys for ¢ € [0, T3],

which contradicts with the definition of Tv;f Thus the approximate solution (¢, u,) exists on
[0,T] and satisfies the following uniform estimate

t
HMM%+AHMﬂ%mWSMmMS (3.10)

for t € [0,7]. On the other hand, it is easy to verify from the third equation of (3.3)
that dyc, is uniformly bounded in L?(0,T; H*~2(T%)). Thus, Lions-Aubin’s compactness
theorem ensures that there exist a subsequence (cp, , up, )i of (¢n,un), and a function ¢ €
L0, T; H3(TY) N L2(0,T; H¥72(T%)) and u € L>®(0,T; H*~2(T%)) N L?(0, T; H*(T%)) such
that

e, — ¢, in L*0,T; Ht(TY)),
—wu, in L*0,T; H*(T%),

Un,,

as k — +oo, for any s’ < s. Then passing to limit in (3.3), it is easy to see that (¢, u) satisfies
(1.2) in the weak sense and (c, u) satisfies (3.1).

Step 4. Continuity in time of the solution.
Revisiting the proof of (3.9), we can in fact obtain better estimate for ¢, (thus for c):
def

2 2j 2
Hc||~°°(O,T;HS(Td)) Z 2 jSHAJ’CHLOO(O,T;L% <C,
j=-1

which will imply ¢ € C([0, T]; H*(T?)). In fact, for any € > 0, take N big enough such that

, 3
Z 22JS||AJ‘CH%OC(0,T;L2) < 1
>N

For any t € (0,7) and § such that ¢ + § € [0,T], we have

N

le(t +6) = c(®)lF: < Y 275 Aje(t +6) — Aje(t)]|72 + %
j—1
N .
< Y 206]10ucl 20,12y + 5
j=—1

£
< 2N22NHatcH%2(O,T;L2)‘5| 3

8



Thus for || small enough, we have
le(t +8) = c(@)|* <e.

That is, ¢(t) is continuous in H*(T?) at the time ¢, thus so does u.

Step 5. Uniqueness of the solution
Assume that (c1,u1) and (c2,u2) are two solutions of (1.2) with the same initial data. We
introduce the difference of two solutions:

(50201—02, (5u:U1—UQ.
Then (d., d,,) satisfies

0ibe +u1 - Ve + 8, - Veo = peA(p(er) — ple2))
Sy = 7172(;1(()21_)2((?2)) (Vp1 — gg(c1)Ver) — 7127,1((;2) (V(p1 = p2) = pp(p(e1)Ver = p(e2)Ver)),
5:(0) = 0.

Making L?(T%) energy estimate yields that

1d C 1
§£||5c||%2 + Fe”ACSCH%Q < FG(A(fé(Cl) - fé(c2)’56))L2 - (5u : vc2750)L2
< O([|Ade] L2 + 18ull£2) 10¢]l £2-

On the other hand, we can deduce from the equation of §,, that

1ullzz < C(I0llze + IV (p1 = p2)l 22 + [[A]| 2)
< CO(lldellz2 + 1A8] £2)-
Thus we obtain
d 2 2
gpl0ellzz < Clloelizz, 1100}l =0,
which along with Gronwall’s inequality implies . = 0, and the uniqueness follows. |

4 Blow-up criterion and global existence in 2D

In this section we prove a Beale-Kato-Majda type blow-up criterion [25] for the Hele-Shaw-
Cahn-Hilliard system. As an application, we obtain the global well-posedness in 2D.

Theorem 4.1 Let co(z) € H*(T?) for s > % + 1, and (c,u) be a solution of (1.2) stated in
Theorem 3.1. Let T* be the mazimal existence time of the solution. If T* < 400, then

T*
/ Vet dt = +oc. (4.11)
0

In particular, this implies T* = +oo for d = 2. That is, the system (1.2) is globally well-posed
i 2D.



Proof. First of all, we derive the basic energy law of the system. Multiplying by p on both
sides of the third equation of (1.2), we get by integration by parts that

1
/ crpdx —I—/ u - Vepdr = —/ |V u|?de.
Td Td Pe J1d

Due to the definition of u, we have

d C )
/Tdct,udx— dt</Td fo(c)da:—i—z/Td\Vc\ dx),

and due to V- u =0,

1
/ u-Vepdr = —M u- (Vp— —pVe)de = 12M/ n(c)|ul®dz.
Td M Td

Td

Thus we obtain the following classical energy equality [21]

dt(/Td fo(e)dx + 2/I‘d Ve dl‘) + Pe/Td |Vul“de + 12M/Td n(c)|ul*dz = 0.
That is,
1 t t
E(t)+ Pe/ /d |V () |Pdzdr + 12M/ /d n(c)|u(r)2dzdr = E(0), (4.12)
0o Jr o Jr
where
def C 2
E(t) = fo(e(t, z))dx + 5 [Ve(t, )| de.
T T
From the energy equality (4.12), it follows that
2 1 2
IOl + g | 1xlEadr < (),
On the other hand, we have

IVAe|lz2 < C(IIVpllzz + Vel 2 + [l Vel 2).

and by Sobolev inequality,

A

le*Vel| 2 Cliell7sVellzs < Clieliipllell s

IN

5 1 1
CllelZllelzs < Cliellzn + S lellms,
which implies that
lellzs < C(IVull2 + el g + llell3n)-
Therefore we conclude that
llell oo o111y + el 20,73 < C(T llcoll ). (4.13)

10



Next, we derive H? energy estimate of the solution. We have

1d

C 1
iaHACH%Q + R||A2C||%2 = —(U . VC7 A2C)L2 + E(A’fé(c), A2C)

IN

1
[ull 21 Vell e A%l 2 + 5 1A fo(e)l 2 A% 2.(4.14)

It is easy to verify that

lullp= < C(IVPlr2 + 1(c)Vell2)
< O(IVellrellAclze + (el ps + llellzo) [ Vell o)
< C(IVellre + llelizs + llelzs) lell 2,

and
1Af5(e)lze < O+ llellZe ) llell 22
Plugging them into (4.14) yields that
d
@HACH% +1A%)7: < C(1+[[Vel i + el + lelzs + el ) el e,
which along with Gronwall’s inequality leads to
t
llell g2 < llcollm2 exp (C’/ H(r)dr), (4.15)
0
where H(t) =1+ [[Vel|7e + el 7o + s + llellz3.

Now we are in position to prove the blow-up criterion. We will prove it by way of
contradiction argument. Assume that T* < +oo and

T*
| 19e@lf~de < +oc,
0
which together with (4.13) and Sobolev’s inequality implies that
T*

H(t)dr < +00,
0

for example,

T* T*
/O le() |t < C/O le®) Il le(®) || gadt < +oo.
Then we infer from (4.15) that

||C||L°°(O,T*;H2) < +-00,

which implies that

T*
/ G(t)dt < +o00, G(t) Dbe asin Theorem 3.1.
0

11



Then the energy inequality (3.1) ensures that
2 ” 2
sup (Ol + [ el sadr < +o0,
te[0,7%] 0

which means that the solution can be continued after £ = T, and thus contradicts with the
definition of 1.

As an application of blow-up criterion, we can deduce the global existence in 2D. Indeed,
in two dimensional case, we get by Gagliardo-Nirenberg inequality and (4.13) that

T* T*
/ IVe(t)||ndt < C / ()12 e adt < +oo,
0 0

which implies T* = +o0 by the blow-up criterion. |

5 A refined blow-up criterion in 3D

We first turn to a simple model relating to the Hele-Shaw-Cahn-Hilliard system:

{ u=—-Vp+AcVe, V-u=0,

¢ +u-Ve+ A%c=0. (5.16)

For this system, we still have the energy equality:

t
IVe(®)lIZ: + 2/0 IVAC(T) 72 + [u(7)|[72dr = [ Veol 2

Moreover, if ¢ is a solution of (5.16), then cy (¢, x) def c(M*t, \z) is also a solution. It is easy

to see that
IVe(t,z)| 12 = A2 1| Ve(Xt, 2)]| 12, / IVACA(T) ||} 2dr = /\z_d/ IV Ac(7)]|72d.
0 0

Thus, the energy is scaling invariance for d = 2. From this view of point, the 2D system is
critical and the 3D system is supercritical like the 3D Navier-Stokes equations. Due to the
bi-Laplacian A?, there is no maximum principle for this system, which is the main obstacle
to obtain the global existence in 3D case. For the 2D critical QG equation

b+ (~A)20+u-VO=0, u=(—(~A)"20,,0,(~A)"20,,6),

Caffarelli and Vasseur [8] proved the global regularity of weak solution. The key step of
their proof is to prove the Holder continuity of the solution by using the DeGiorgi method.
Note that the QG equation has maximum principle. For the 3D Hele-Shaw-Cahn-Hilliard
system, we also show that the Holder continuity of the solution will control the blow-up of
the solution.

Theorem 5.1 Let o € (0,1) and co(x) € H¥(T?) for s > 3. Assume that (c,u) be a solution
of (1.2) stated in Theorem 3.1. Let T* be the maximal ezistence time of the solution. If
T < 400, then

j—h‘< §
/0 l|c(t)]|@adt = +o00.

12



Proof. We will prove it by contradiction argument. Assume that 7% < 400 and

T* §
/ le(t) | &adt < +oo.
0

Taking A; to the third equation of (1.2) to obtain

1

C
atAjC + RAQA]‘C = —Aj(u : VC) + Pe

AA; fo(e).
Making L?(T?) energy estimate, we get by Lemma 6.1 that for j > 0,

d .

@HAJ'CH%Q + 29 Azel 72 < C(I18;(u- Vo)l 2 + 1A f5(e)l22) |1 Ajell 2.
Dividing the above inequality by [|Ajc|/2 gives

d .
el Asellzz + 2V Ajell 2 < C(1A;(u- Vo)llg2 + 1A S ()| 2),

which implies that

3 .
1A;e®)ll2 < [|Ajcoll 2 + C/O e (|8 (w - Ve) (7) | 2 + [ ASo(e(r)12) dr

We denote

def :
lellss . = sup 27°||Aje| .
’ j>-1

Using the definition of Sobolev space, it is easy to find that

lelyee < 37 27%9ell}y < Cllelly . Ve >o0.
j=—1

It follows from (5.18) that
le@lipz < lle@)llL2 + llcollms

3 .
+Csup2Y [ @D (85w T g2 + [AF ()12 dr
320 0

Now we claim that
1A (u - Vo)l 2 < €270 |[u]] pa]|cl| e
Now we have

lullz <
< C(L+ el + llelz) lelleellell s -

Here we used the product estimate

|AcVe| 2 < Cliellgs—ellclca < Cliellg _ Nl

13

Cllu(e)Vellz2 < Cllellgs-allclics + C(llellzs + llelZsllcllz) [ Vell s

(5.17)

(5.18)

(5.19)

(5.20)



which can be proved as in Lemma 6.2. And similarly we have
1Af(€)ll2 < C L+ llellEe) llel g2

Plugging the above estimates into (5.19) yields that
le@lipg , < lle@llL2 + llcollms

t )
+Csup /-0 /0 D (Lt e o + llell3) (1 + llelBe) lell g _dr,
J= )

which along with Hélder inequality gives

le@l 83 ) < le)lleoopr2) + llcollms

4
+(1+ el zoo o1y + ”CH%OO(O,t;Hl)) (te +llell? s

L8 (o,t;ca)) ”C‘|L°°(O,t;B§”oo)'

The above argument is still valid on the interval [T,T*) for T' < T*. Thus we get by using
(4.13) that

le@ Loz ) < llcollar + [leo(T) ] ms

* 4 2
+C(HCOHH1)((T - T)a + HCHL%(T’T*;C[X))HCHLOO(T,T*;B%’OO)'

Due to (5.17), we can choose T' such that

" 4 1
Ollleoll i) (T = T)% el s ) < 5

Then we obtain
le@)ll oo =3 ) < 2(llcollmr + lleo(T) 1 ars),

which implies by | Vc[[z < Cllc||pz _ that

T*
/ IV e(t) | dt < 400,
0

which is impossible by Theorem 4.1 if T* < +o0.
It remains to prove (5.20). As in proof of Lemma 6.2, we have

Aj(u . VC) = Aj Z Sk_1u-VAre + Aj Z Apu-VSi_1c
li—k|<4 li—k|<4

+A; Z Apu-VAge= A + Ay + As.

We get by Lemma 6.1 that

1ALl <C Y ISkl 2| VAkel e < C20ul| 2] ce,
li—k|<4

14



and for Ao,

12lle < C Y [ Akullz]|VSi-rc]
lj—kl<4

< Clulle > >0 2 A
lj—k| <4 6<k—2
< Cllullpelelea Yo Y0 2107 <027 ul|2lel|oa,

j—k| <4 £<k—2

and due to V- u =0,

1Asl e < 1A, Y V- (Al
|k—k!|<1,k>j—3
< 02N 27Muf| 28 A
lk—k'|<1,k>j—3
< 20| g2 el| -

Then the inequality (5.20) follows from the estimates of A;, As and As. The proof of Theorem
5.1 is completed. [ ]

6 Appendix

Let us first recall some basic facts about the Littlewood-Paley theory. Let ¢,x be two
functions in C*°(T?) such that supp@ C {2 < [¢] < 8}, suppy C {|¢| < 3} and

O+ e =1

Jj=0

Then the Littlewood-Paley operators are defined by
Ajf =¢j*f= /Td pilz —y)f)dy, ¢j(x) =2%(2z), j>0,

j—1
Sif=xjxf= > Aufi Af=xx.

k=—1

Some classical spaces can be characterized in terms of A;. Let s € R, the Sobolev space
H*(T?) is defined by

def

df
(T € {ue D(TY) : ul}: € 22| Aul2s < oo}

j>—1

We denote by (u,v)gs the inner product in H*(T%). And for s € (0,1), the Hélder space
C*(T%) is defined by

def def

{u e D (T : |jullc: = sup 27%|| Ajul| L } -
fon

C*(T!

15



We refer to [29] for more details. Let us recall Bony’s decomposition from [6]:

f9=Trg+Tyf + R(f,9), (6.1)
where
Trg= Y Sj1fAjg, R(f9)= D AjfAjg.
j>—1 li—j'1<1

We also denote E(f, 9)=Tyf +R(f,9).

Lemma 6.1 [9] Let k € N,1 < p < q < oco. Then there exists a positive constant C
independent of j such that

a o jlo+dj(t—1
0% fllza + 108, £l e < €27 HYG=D | £ o,
A flle < C279F lslllp 10N flle, 3> 0.
al=k

Lemma 6.2 Let s > 0. Then there holds

1fgllms < C(f Lo llglms + 1f = llglle). (6.2)

If0<o < d , then there holds

gl < CUfllmlglizee + 1FI g, glls+e). (6.3)

HE—

Proof. The inequality (6.2) is classical, see [20]. Here we only present the proof of (6.3).
Using the Bony’s decomposition (6.1) to write

Aj(f9) = Aj(Trg) + Aj(Tyf) + AjR(f 9)-

Taking into considering the support of Fourier transform of the term T'rg, we have

ANj(Trg) = D Aj(Si-1fApg).

7' —j1<4

Dueto0 <o < g, this gives by Lemma 6.1 that

C20%|f||2, ifo =4,
, d
1Sifllze < § ¢ S 25| Af e < CYfl, 40 o <3,
E<j—1

which implies that

C Y ISy-1fllz<lAyglp

7' —7|<4
< Ol g Y 2NNl
5/ —j1<4
C27%¢ | fll 4o llgllmate, (6.4)

18;(Trg)ll 2

IN

A

IN

16



here and hereafter {c;};>_1 denotes a sequence satisfying |[{c;}j>—1/p < 1.
Similarly, we have

1A (Ty)lle < C Y NSy-1glle=l|Ajefllze

5—jl<a
< C Y lglle=llAgflze
5 —jl<4
< C27%¢| gl Loe |1 £l - (6.5)

Noticing that, after taking into account the support of the Fourier transforms,

AjR(f,9) = > Aj(Aj fA;rg),

33" 23 =315'=3" <1

it follows from Lemma 6.1 that

ARG < € X PRIl Al
33" 23=315'=5" <1
< o2 3 UGG A £ ) A
33" 25=3153' =" <1
< C277¢IfIl g0 gl mese. (6.6)
Thanks to the definition of Sobolev space, (6.3) follows from (6.4)-(6.6). |

Lemma 6.3 [29] Let s > 0. Assume that F(-) is a smooth function on R with F(0) = 0.
Then we have

IE(F)lms < O+ || fllzoe) =T £l s,

where the constant C depends on sup | F®E) @) oo .
k<s|+2,[t|<[IfllLoe

Lemma 6.4 Let s > 0. Then there holds
I(D)*(fg) — £(DY*gllrz < C(Iflms+2llgllzz + 11 fllm2lgll -y)-
If s € (0,1], then we have

IKD)*(f9) = F{D)*gll2 < Cllfllms+2llgll2-

Here the Fourier multiplier (D)® is defined by

(D)*f(x) = 3 (L+ k)2 F(R).

keZd

Proof. Using Bony’s decomposition (6.1) to write

(D)*(fg) = (D)*(Tyg) + (D)*Tyf + (D) R(f,9),
f(D)g =Ti(D)*g + Tipysgf + R(f,(D)*g).

17



Thus we have

(D)*(fg) = [(D)*g = (D)*(Trg) = Ty(D)*g + 7 (. 9),

where

m(f,9) = (D)’Tyf + (D)°R(f,9) — Tip)sqf — R(f,(D)"g).

As in the proof of (6.3), we can deduce by Lemma 6.1 that

l7(f, 92 < Cllf =29l 22

We illustrate the process by working out the estimate on the first term. Thanks to Lemma
6.1, we have

DY Tyflze = D IAHDY T fl72 < C Y 2| AT |7

j2—1 j=-1

< C S 2YSp 190 f|2
l7—7'1<4

< O S glde A I

li—5'1<4

< ¢ Y 22| gl 2, A 12

li—3'I<4
< ClglZ=lfIP .o g < CllgllZallf 1 Fos2-

Let m(&1, &) be the symbol of the paraproduct operator Ttg. Then (D)*(Ttg) —Tf(D)*%g
has the symbol

m(&1, &) ((61 + &)° — (&2)°),

which is supported in the region |£; + &2| ~ [£2]. By the fundamental theorem of calculus we
have

1
m(81,&) (€1 + &) — (&2)°) = /0 &1 - m(&, &) VA3 (6 + &2)dt,  h°(£) = (£)°.

It is easy to verify that (£;)0m(&, &) VRS (1€ +£2) (&) 975 with 0 € [0, 1] is a Coifman-Meyer
paraproduct uniformly for ¢ € [0,1]. Then we have

IKD)*(Ttg) — Tr(D)*gll 2 < CI(DY ™ fll o (D)~ gl 1o

+ % =1 and 1 < ¢ < o0, see P. 106 in [32]. Taking 6 = 3 ,(p,q) = (o0, 2) for
0, (p,q) = (6,3) for d = 3, we obtain
(

KDY (Trg) — Tr(D)*gll2 < Cl[fllm2llg]l

In case of s € (0, 1], taking # =1 — s and (p, q) = (00, 2) to obtain

IKD)*(Tyg) = Tr(D)*gllL2 < Cllflms+2llgll -

for 0 € [0, 1],

1
»
d=2, and 0 =

H 3

18



This completes the proof of Lemma 6.4. |
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