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Abstract

We investigate the validity of the popular coupled-continuum pipe-flow
(CCPF) model for flow in a karst aquifer. The (Navier) Stokes-Darcy model
is used as the “true model” for calibrating the exchange coefficient in the
CCPF model by minimizing the relative differences between results from the
two models or at least by having those differences being below a prescribed
threshold value. We find that although the CCPF model is never in perfect
agreement with the Stokes-Darcy model, there is an almost universal choice for
a nearly optimal exchange coefficient such that the relative error is below one
percent. Our numerics suggest that the nearly optimal choice of the exchange

coefficient should be sufficiently large instead of being a small quantity that is
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proportional to the hydraulic conductivity, as suggested in existing literatures.
We also show that this nearly optimal choice of exchange coefficient is robust
under a wide range of model parameters. This result demonstrates that the
CCPF model is a valid approximation for flows in karst aquifers as long as we
set the fluid exchange coefficient sufficiently large and at least in the simple

two-dimensional setting that we consider.

Key words: exchange coefficient, coupled-continuum pipe-flow (CCPF) model,

Stokes-Darcy model, karst aquifer

1 Introduction

Well developed karst aquifers, in addition to a porous limestone matrix, typically
have large cavernous conduits that are known to largely control groundwater flow
and contaminant transport within the aquifer (Katz et al. 1998). One of the com-
monly used approaches to fluid flow in karst aquifers is the coupled continuum
pipe-flow model (CCPF) (Bauer et al. 2000, 2003; Birk et al. 2003; Chen et al.
1988; Kiral 1998; MacQuarrie et al. 1996). The CCPF model is a dual flow sys-
tem consisting of a matrix representing the bulk mass of permeable limestone and a
conduit system representing the karst conduit network. Flow exchange between the
two systems is controlled by differences in hydraulic heads as well as the hydraulic
conductivity and the geometric setting. In the CCPF model, the groundwater flow
in the matrix is described by the Darcy’s law and the flow in the conduit is modeled
by a pipe-flow model. The water mass exchange flow rate between the two systems is
described by a first-order mass exchange model; the exchange flow rate is assumed to
be linearly proportional to the head difference between the two systems (Barenblatt
et al. 1960; Sauter 1992; Teutsch 1989). The exchange rate coefficient, denoted .,
is a crucial parameter. It is a lumped parameter and its value will depend on many

factors including, among others, the hydraulic conductivity in the matrix, the ex-
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change surface between the conduit and matrix, and conduit geometry (Barenblatt
et al. 1960; Liedl et al. 2003). The value of the exchange rate parameter is not
usually obtained from measurements but rather through curve-fitting. This CCPF
model was utilized in studying conduit genesis (Bauer et al. 2000; 2003; Birk et al.
2003; Clemens et al. 1996; Liedl et al. 2003) and is now incorporated in the latest
version of the US Geological Survey’s popular groundwater software MODFLOW (
Shoemaker et al. 2008; Harbaugh 2005) (The conduit flow process part is usually
termed CFP).

A major advantage of this approach is its relative simplicity and computational
efficiency compared to other models (i.e. the coupled Stokes-Darcy system). Ex-
isting literature suggests that a., should be set to the order of the hydraulic con-
ductivity (Bauer et al. 2000, 2003). Even so, it has been observed that there is
high sensitivity of the solution in this regime of the parameter (Bauer et al. 2000,
2003; Birk et al. 2003; Hua 2009; Liedl et al. 2003). Therefore, there is an urgent
need to provide guidance on the selection of this critical exchange parameter as
well as the validity of the CCPF model. On the other hand, there is an alternative
approach for laminar fluid flows in karst aquifers using the coupled Stokes (in the
conduit) and Darcy (in the matrix) model (Cao et al. 2010; Discacciati et al. 2002;
Faulkner et al. 2009, Layton et al. 2003). The two flow systems are coupled via
the empirical Beavers-Joseph interface boundary condition and the model is known
to be physically and mathematically sound (Beavers and Joseph 1967; Cao et al.
2010b; Discacciati et al. 2002, Saffman 1971). It has been demonstrated that this
model can capture the fluid flow and the transport of contaminants very well in a
controlled environment (Faulkner et al. 2009). Therefore, it makes sense for us to
assess the validity of CCPF model, assuming that the coupled Stokes-Darcy model
is the “true model”.

In this work, we address the following important issues:

e What is the (near) optimal choice of the fluid exchange coefficient a., so
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that the relative error between the solution to the coupled continuum pipe-
flow model and the solution of the established coupled Stokes-Darcy model is

(essentially) minimized?

e How does the (near) optimal choice of exchange coefficient depend on the

system parameters?

e How does the minimum discrepancy (under the near optimal choice of exchange

coefficient) between the two models depend on the system parameters?

There are several natural criteria that can be used to measure the discrepancy
between the solutions of the two models. These different criteria will be discussed
in detail later in section 4.

The problem that we propose to tackle here is a difficult one since it is an
optimization problem constrained by partial differential equations (PDEs). In order

to make the problem relatively amenable, we will make the following assumptions:

1. We consider a conceptual two dimensional domain for a karst aquifer with a
straight horizontal conduit imbedded in the middle of a rectangular porous
media (or matrix). In the coupled continuum pipe-flow model (CCPF), the
conduit will be simplified to a line located at y = 0,i.e.,Q. = (0, L) x {y = 0}.
The matrix domain takes the form of 2, = (0, L) x (0, H,,,) U(0, L) x (—H,,, 0)
where 2H,,, represents the height of the matrix, L is the horizontal length of the
conduit and matrix. In the case of Stokes-Darcy model, the conduit domain
is Q. = (0,L) x (—H,, H.), and the matrix is €2, = (0,L) x (H., H. + H,,,) U
(0,L) x (=Hy — He, —H.)

2. We will assume that the matrix is homogeneous and isotropic with constant
permeability II, and hence constant hydraulic conductivity K = %, where
v is the kinematic viscosity of the fluid (water) and ¢ is the gravitational

acceleration constant.
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3. We investigate the laminar flow regime so that the relatively simple Stokes-

Darcy model and the laminar CFP model are applicable.

4. We consider constant Neumann type boundary condition (equivalent to con-
stant fixed flux) so that the laminar CCPF model and Stokes-Darcy model
can be reduced to systems of ordinary differential equations in terms of the
Fourier coefficients in the horizontal direction. (Of course Fourier expansion
is not applicable in the original variable but can be used after an appropriate

translation of the unknown.)

The linear constant coefficient ODE systems can be reduced to systems of linear
algebraic equations in the setting that we have adopted here. The optimization (to
minimize the difference between the CCPF model and the Stokes-Darcy model) is
then performed on the reduced linear algebraic systems for parameter regime that
corresponds to the Wakulla Spring in Florida (Tincaid 2004). Instead of only search-
ing for the optimal exchange coefficient that absolutely minimizes the discrepancy
between the two models, we also identify those values of exchange coefficient so that
the relative error is less than or equal to one percent (1%). Such an approach is
sensible especially in the presence of uncertainties in terms of geometry, hydraulic
conductivity, boundary conditions etc. The (near) optimal fluid exchange coefficient
., depends on the criterion that we use as expected. However, the conventional
choice of an order one constant multiply the hydraulic conductivity does not seem
to work. Instead, our study suggests a universal near optimal choice of about 25 for
the fluid exchange coefficient so that the relative error is below 1% no matter which
matching criterion is used. Moreover, this near optimal choice of fluid exchange co-
efficient is robust with respect to change of parameters up to an order of magnitude
(low sensitivity). This gives us strong indication of the validity of the simplified
CCPF model provided that we set the fluid exchange coefficient to the near optimal
value (25 for instance).

The rest of the paper is organized as follows. We recall the CCPF model and
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derive its solution formula in section 2. The coupled Stokes-Darcy model is then
investigated in Section 3. We calibrate the exchange coefficient in the CCPF model
by matching the solutions to the CCPF model and the Stokes-Darcy model numeri-
cally in Section 4 under various parameter setting and different matching criterions.

We then offer our conclusion in Section 5.

2 CCPF model

2.1 The Model

Instead of utilizing the original CCPF model that is discrete in space (Bauer et al.
2000, 2003), we utilize a modified continuum version (Cao et al. 2011, Hua 2009,
Wang 2010 ). The exchange coefficient in this continuum model differs from that
of the original CCPF model by a factor of the length of a typical conduit segment.
A heuristic derivation of this continuum model from the original CCPF model, as
well as possible pitfalls of this continuum model in three dimension and reasonable
fixes, are available in the literature (Wang 2010). We will focus on the two spatial

dimension case for simplicity in this work.

2.1.1 The CCPF model

Under the simplifying assumptions on the geometry of the domain and the homo-
geneity and isotropy of the porous media, the continuum version of coupled contin-
uum pipe flow model for laminar flow takes the form ( Cao et al 2011; Hua 20009;

Shoemaker et al 2008, Wang 2010)

_ICA¢m = _Oéem((bm - (bc)éy:O + Sm in Qm

(1)
_Dﬁazl(ic = aex(¢m(0) - ¢c) + Sc n Qc

where Q,,, = (0, L) x (0, H,,) U(0, L) x (—H,,,0) and Q. = (0, L) x {y =0} are the

regions for the matrix and conduit respectively, K = KT is the hydraulic conductivity
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tensor (where K is taken to be a constant under the homogeneous isotropic media
assumption), ¢,, is the hydraulic head in the porous matrix, ¢, is the hydraulic
head in the conduit, ., is the fluid exchange coefficient between the matrix and
the conduit (the key parameter to be calibrated), d,—¢ is the Dirac delta function
concentrated on the conduit y = 0, and S,, and S, are source terms (which will be

set to zero in this study). D = where d is the diameter (or the width in two

12 ’
dimensional case) of the conduit, g is the Earth’s gravitational acceleration, v is the
kinematic viscosity of water, and ¢,,(0) represents the restriction of ¢,, along the
line y = 0.

The first equation is a consequence of Darcy’s equation in the matrix where the
second term in the equation models fluid exchange between the conduit and matrix
via Barenblatt type approach. The second equation is a consequence of conservation

of mass in the conduit where the flow in the conduit is modeled via pipe flow model,

and the second term in the equation models fluid exchange.

2.1.2  The boundary conditions

As we mentioned earlier in the introduction, we will postulate the following Neumann

boundary condition which is equivalent to specifying the flux at the boundary :

( 0, 0o
8x ‘x =0 fml’ 825 ‘m L_fmT’
99 99,
%}xzozfcla %‘x:L:fcm (2)
8¢m
‘y +Hp =0.

Due to the incompressibility of the model, we must have the following compatibil-

ity condition satisfied on the boundary conditions (equivalent to mass conservation):

2]CHm(fmr - fml) + D(fcr - fCl> =0. (?))

It is easy to observe that the case with prescribed head can be investigated in



166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

a similar fashion. However, we will not focus on this part since the Stokes-Darcy
system does not seem to enjoy straightforward Fourier expansion in the horizontal

direction under prescribed pressure head boundary condition.

2.2  Solution to the CCPF model

2.2.1 Solution strategy

Due to the prescribed constant Neumann boundary condition, we can now define

the following two new unknowns

O o) = () = i (e = i) )
Oule) = GUa) = (fu+ 7 (for = Ju)): (5)

. Obm Obm ~ ~ .
It is easy to see that %(O,y) :%(L,y) = 0 and ¢L(0) = ¢L(L) = 0, giving
us homogeneous Neumann boundary conditions. Therefore we can employ Fourier
cosine expansion in the x variable to reduce the CCPF model Eq. (1) into an infinite
system of decoupled ODEs for the Fourier coefficients that we can solve mode by

mode.

2.2.2 The CCPF solution formula

Solving the infinite decoupled ODEs for the Fourier coefficients and converting the
Fourier mode solution for the translated unknowns back into our original variables,

we deduce the following solution formula to the CCPF model:



bm(,9) =Far + 5 (e — ) (2~ 37) + B

Hm = kry km _ kmx
7 (For = Fr)y + D Cile " + et 2Hn=v)) cos <T) .y € (0, Hy)

+ k=1

H,, > - k

k=1

2
¢c(z) - fclx+ %(fcr - fcl) <% + Of) ) +B+ %(.fmr +2fml - fcr - 2fcl)

N i Qea|Cu(1+ €T ™) — Gy cos (lmx)

522
k=1 ey + 13 D L

(7)

12 where B is an arbitrary constant (head is only determined up to a constant), and

183 the coefficients are given by

C()7kL

Ck = L ) (8>
2km(1 — e LHm)
184 With
271_2 ~ 2kmHm
o — 2aemD%Sk(1 —e 1) (©)
, 2kwHm, 2knHm
Qe DE(1+e " 2™) —2K(1 — e 27 ) (g + DET)
185 and

- 2L
)2

Sk: (/{Z ) [(fml_fcl)_(_1> (fmr_fcr>]~ (10)
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3 The coupled Stokes-Darcy system

3.1 The Stokes-Darcy model
3.1.1 The model

The coupled Stokes-Darcy model for laminar flow in the karst aquifer under consid-
eration takes the form (Beavers and Joseph 1967, Cao et al 2010b, Discacciati et al.

2002, Layton et al. 2003, Nield 1977 )

vn —
— Uy +nVp, = —ngj, V- i, =0, inQ,,

i . (1)
—2vV - D(d,.) + Vp. = —gj, V- u.=0, in Q.

where j = (0,1)7 denotes the unit vector in (upward) vertical direction, €2, =
(0,L)x(H.,,H.+H,,)U(0,L)x(—H,,—Hc,—H,.) and Q. = (0, L) x (—H,, H.) are
the regions for the matrix and conduit respectively, ., U., p,, and p. are the velocity
and the kinematic pressure in the matrix and conduit respectively, v denotes the
kinematic viscosity, n the porosity, II the permeability, and D(#) = %(Vﬁ + (Vﬁ)T)
the deformation rate tensor.

The first equation is the classical Darcy’s equation characterizing fluid flow in
the matrix while the second equation is the standard Stokes equations governing
the motion of fluid in the conduit. Compared to the CCPF model, the flow in the
conduit is now modeled via the Stokes equations instead of the simple pipe flow.
Moreover, the fluid exchange is no longer explicitly included in the equations but
modeled through interface boundary conditions described in the next subsection

instead of in an ad-hoc fashion as in the CCPF model.

3.1.2  Boundary and interface conditions

We need to equip the Stokes-Darcy system Eq. (1) with boundary conditions that are

compatible with the Neumann boundary condition for the CCPF model Eq. (2). For

10
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the pressure in the matrix, we prescribe Neumann boundary condition (equivalent
to prescribed flux). For the velocity in the conduit, we utilize the stream function

v which is related to the velocity through

i= (90 WY _gu
i= (-5 ) =4, ©)

and we will prescribe the value of the stream function ¢ at the ends of the conduit

(x = 0, L) that are compatible with parabolic profile. Therefore we postulate the

following boundary conditions.

Opm Opm
%(x’y)‘mzozg'fml’ %(xvy”m:[/:g'fmh
Opm
By @)ty = —9 (3)
3 3
) Y
@D}x:O:q(@—y), w‘x:L:Cr(@—y)

together with the following classical empirical Beavers-Joseph boundary conditions

(Beavers and Joseph 1967)

Ue * NMe = Um * Moime,

—Time - (T(te, Pe)ime) = Prms (4)
~Tme * (T(ﬁc,pc)ﬁmc) = OéBJﬁ?mc (e — ),
where ap; is an empirical constant determined by the geometry and the material
(will be set to ag; = 1 for simplicity in this study), 7i,,. is the unit outer normal to
the matrix at the interface, and 7,,. = (1,0) is the (positive) unit tangent vector to
the interface.
The boundary conditions on the pressure in porous media in Equation (3) are

consistent with the boundary condition on the head in the porous media for the

CCPF model in Equation (2) since

B = 22 4. (5)
g

11
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The prescribed boundary value for the stream-function in Equation (3) implies that

the horizontal velocity in the conduit enjoys the following parabolic profile

y? y?
lomg =00 = 0 (9 =1)weal, =)= e (5 -1). @

The constants in the parabolic profiles for flow in the conduit must be taken in the
following manner so that they are consistent with the specified discharge (flux) for

the CCPF model Eq. (2)

—4CTHC . _4Cch
Jer = 3D ' Ja = 3D

The mass conservation then dictates

. —2(61 — Cr)[’[C
fmr_fml - 3/CHm (8>

which is equivalent to Equation (3).

It is worthwhile to point out that the case with prescribed head can be considered
as well in principle. However the Fourier methodology may not be applicable. For
instance, fixed head implies Fourier sine expansion (after appropriate translation)
for the pressure in the conduit while parabolic profile also suggests Fourier sine
expansion (after appropriate translation) for the horizontal velocity in the conduit,
and these two sine expansions are not consistent with the Stokes equations (1).

It should be noted that the horizontal (x) derivative of the stream function should
be specified at the ends of the conduit (xr = 0, L) as well in order to specify the
whole velocity. This is implicitly done here by the incompressible condition and the
assumption that the translated stream-function (10) enjoys sine expansion in the x
direction in both L? and H! space (hence the translated vertical velocity satisfies

homogeneous Neumann boundary at condition at the ends of the conduit).

12
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3.2 Solution to the Stokes-Darcy system

3.2.1 Solution strategy

For the Darcy part, we use the pressure p,, as the main (prognostic) variable which
satisfies the Laplace equation. Introducing the following translated new unknown

113'2

ﬁm:pm_g x'fml"‘ﬁ(fmr_fml) ) (9>

L . . s OPm
which is equipped with homogeneous Neumann boundary condition = (0,y) = 0 =

9Pm

Tm(L,y). Therefore we could employ Fourier cosine expansion in the x variable for

Pm-
As for the Stokes part, we work with the stream-function ¢ which satisfies the
bi-harmonic equation A%y = 0. In order to homogenize the boundary conditions at

the lateral ends, we introduce the following translated stream-function

T

Fo.9) = va)+ [ [066) + Flon(s) = )] ds (10)

This translated stream-function is zero (homogeneous Dirichlet boundary condition)
at the lateral ends (z = 0,L). Hence, the translated velocity i, = VJ"(ZJ satisfies
the homogenous Dirichlet boundary condition for the horizontal velocity ., and
homogeneous Neumann boundary condition for the translated vertical velocity .o
at the lateral ends. Therefore we could employ Fourier sine expansion in z for the
translated horizontal velocity and the stream function, and Fourier cosine expansion

in x for the translated vertical velocity and pressure in the conduit.

3.2.2  Solution formula for the Stokes-Darcy model

Solving the resulting infinitely many decoupled constant coefficient ODEs for the
Fourier coefficients and revert back to the original variable, we deduce the following
solution formula for the Stokes-Darcy system Eq. (1) together with the boundary

conditions Eq. (3) and interface conditions Eq. (4).

13



261 The head in the matrix is given by

hn(2,y) = fouz + o7 (fmr fo)(@* = y*) + B’

Hm H, 1 y k
+ ————for — fr)y + = 2(056 ' + CgeT") cos (ﬂ) . y>H.
9= L
- H +H - k
m kmy _kry T
— (fmr fml Z 076 Ly + Cge L )COS (T) , Y < _Hm

k:

(11)

s2 and the velocity in the conduit is given by

> ™ k L
Ue,1 (7, Y) :w(y)—l—%(w — vy +z; [_ —ClekLy +_7T026 kry

k
— (1 lmy) Cgekzy — (1 lmry) 046_1?] sin (/mrTx)
1 [ k k (12)
T km y v kry
vate) = =1 [ o) —ulets + 3 [ere 4 ot
k=1

ks Yy k
+ —ngekLy + —C’4ye L} cos (%)

%3 where the coefficients C'}—-Cy are determined via solving the following systems of

x%s linear algebraic equations:

kw(Hm+Hc) _ kn(Hm+He)

e Cs—e — L (=0 (C1)
o kT"(H'nLJrHc) 07 . ekW(Hrz+Hc)CS _ 0 (CQ)

kT\'Hc

c cmHe cmHe H THe cmHe
Cl+6 L}ICQ—l-Hc(ekLH Cg+6_kLH C4>+—< kHC5—6 kLH Cﬁ>:0
1%
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k‘ﬂ‘ knHe knHe knHe knHe knHe knHe
o () [FCre™ 4 Cocm 8 . (Coe ™ — Cuem )] Coe e

2vkm ~ Lv ~,

= ﬁm,k(HC> - I Fc,l,k(HC) + _71- c,l,k(H6> (C4)

, <k:_7r)2_|_ kragg kacC N </{5_7T)2 kg kwI.IFICC
L LVTI ' L LVII ?

+ (2]{—” + @) (1 + IWHC) MOy < L @) <1 - kﬁHc) e,

L VI L L I L
k‘ﬂ‘aBJ\/ﬁ b He ke He ~ ~ II ~
+T ( 05+€ C ) Fclk( ) T (F (H)“—;Fm,l,k(HC))
(C5)
k‘rrHC kTrHc kTrHc kmHc H kmnHc kmHc
PO+ O (e Oy ) (O ) =
1%
(C6)

kmHc kmHc

( ey — 04)} e oM O

~ 21/k7r ~ Lv

Foip(—H.) + gﬁ!m(_Hc) (C7)
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km aBJV) ( k‘TI‘HC)  hrHe ( kn aBJu)
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~

k) = 2 [ (0 f]  Tork£0,

A (13)
Fm 2,0(y) =9,
Foaily) = % (1= (=1 uly) — (=D (v (y) —u®)],
(14)

Foooly) = — /0 y(vr(s) — v(s))ds.

The constant B’ should be set in the following way so that head difference be-

tween the Stokes-Darcy system and the CCPF model can be minimized:

T He

It is observed that the above linear algebraic system for the coefficients C; — Cy
could be very stiff for large k. However, this stiffness is much easier to handle than

the stiffness matrix associated with direct numerical discretization.

4 Calibration results

Here we calibrate the fluid exchange coefficient a,., by matching the solution to

the CCPF model to that of the Stokes-Darcy model based on the solution formulas

16
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presented in the previous two sections. We used 1000 modes in the horizontal
direction (truncation wave number in k) for our numerical calculation. The 1000

modes contains more than 99% of the energy of all solutions.

4.1 Criterions

There are several criterions that can be used to calibrate the (near) optimal choice
of the fluid exchange coefficient a,, as we mentioned earlier in the introduction. The

criterions (in the L? norm) that can be used are

1. head on the interface, i.e., \/fOL |pm(2,0) — hp(x, H.)|? dz;

2. the normal velocity on the interface which is equivalent to fluid exchange rate

between the conduit and the matrix, i.e., IC\/IOL(M — Ohm(zy)

dy ‘y:O dy ‘y:Hc)2 d!L’,

3. the head in the matrix, i.e., \/fon fOL b (2, y) — hn (2, y + H.)|? dz dy;

4. the velocity in the matrix, i.e., IC\/fo " fOL \Vom(z,y) — Vhy(z,y + H.)|? dz dy;

and

5. the discharge in the conduit, i.e., \/fOL\ — D¢l(x) — f_HI;C ueq(z,y) dy|? dz.

As we will see below that the optimal fluid exchange coefficient depends on the
choice of the matching criterion used. Fortunately, it seems that there is some kind
of universality in the sense that an order one choice for the exchange coefficient

works for all criterions reasonably well.

4.2  Wakulla Spring Parameters

We have performed numerical experiments on a set of data corresponding the Wakulla
Spring in Florida. Additional numerical experiments on a data set corresponding to
a laboratory set-up investigated earlier (Faulkner et al. 2009) have been performed
with very much the same result and hence will not be reported here for the sake of

brevity.
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We chose parameters for our numerical experiments based on a real life example:
Wakulla Spring. Wakulla Spring, located near Tallahassee, Florida, is one of the
largest and deepest freshwater springs in the world. The parameters (together with
their units) used in the numerics for a flood season are summarized below: Horizontal
aquifer length (m) L = 32000; Height of the matrix (m) H,, = 100; Half the height
of the conduit (m) H, = 2; Conduit inflow velocity at y = 0 (m/s) ¢, = 0.33H%;
Conduit outflow velocity at y = 0 (m/s) ¢, = 0.32H? (¢; > ¢, and hence a flood
season); Gravity acceleration constant (m/s?) g = 9.8; Kinematic viscosity for water
(m?/s) v = 1075; Height of conduit (m) d = 2H, (this implies that the constant D

in the CCPF model is given by: D = % and the unit is (m?/s)); Permeability (m?)

IT = gzggi%;;; Hydraulic Conductivity (m/s) K = Z2; Normal derivative of head in

the matrix on the left lateral boundary (m/s) fu = —5x1074K~!; Normal derivative

of head in the conduit on the right end (m/s) fo, = =3&H<; Normal derivative of head
in the conduit on the left end (m/s) fo = _%%HC; Normal derivative of head in the

matrix on the right lateral boundary (m/s) fo., = _%;K;If;)m + fu; CCPFE constant
(m) B = —% St — % fmr (this is chosen so that the relative error in head can be
big); Stokes-Darcy constant (m) B’ = B — %(fmr — fm1) (Hm + %), Beavers-Joseph

constant (m) apy = 1.

4.3 Numerical results

The results show the relative error of the root-mean-square (L?-norm) of the differ-
ence of the solutions derived via the two models, instead of the L?-norm itself. The
relative error is computed assuming that the Stokes-Darcy model is the true one.
These results are computed only up to the 1000”* Fourier mode for the Wakulla
Springs data. These 1000 Fourier modes contain more than 99% of the energy
(L?-norm) of all solutions involved.

We first tested the conventional wisdom by setting the exchange coefficient a.,

to be exactly the hydraulic conductivity I (Bauer et al. 2000, 2003, Shoemaker
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et al. 2008). The relative error in terms of head difference on the interface is an
unacceptable 5000% although the relative error in other measures are much less
(4.2% in terms of the normal velocity on the interface, 4.7% in terms of the head
difference in the porous media, and 0.6% in terms of the discharge in the conduit).
Moreover, there exists high sensitivity on ag, in this regime of the parameter as
observed earlier in the literature (Bauer et al. 2000, 2003; Birk et al. 2003; Hua
2009; Liedl et al. 2003).

Next, we tested two extreme cases with a,., = 0 and the limit of a,, — oc. In
both cases we discovered that the relative error is nonzero which gives us confidence
that we can focus on intermediate values for a.,.

It is observed that the relative error never vanishes for the cases that we tested
(see for instance Figure 2). This implies that the CCPF model is never a perfect
match of the Stokes-Darcy model. We also observed that there may not be a finite
value of a,, that minimizes the relative error. (Our numerics with very large wave
number k£ may not be very reliable due to the stiffness of the linear algebraic system
for the coefficients C; — Cs.) However, our numerics demonstrate that there is a
threshold value beyond which the relative error is always below 1% for instance.
This threshold value of the exchange coefficient will be viewed as near optimal
choice. The solid curves in Figure 1 describe relative error as a function of a,
based on either comparing the discharge in the conduit (bottom right panel), or
the normal velocity at the interface (top left panel), or head in the matrix (top
middle panel), or velocity in the matrix, (bottom left), or head at the interface (top
right). The dotted horizontal line is the line with 1% relative error. Our numerics
indicate that the relative error will be below the threshold value of 1% provided that
Qer > 22 for the case of comparing head on the interface, the normal velocity on
the interface criterion requires a., > 0.02, the head in the porous media criterion
requires a,, > 0.02, the velocity in the matrix criterion requires a., > 0.03, and the

discharge in the conduit criterion leads to the constraint cw, > 3.0 x 10~7 with the
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same threshold level of relative error. Table 1 lists the threshold values of a., with
difference threshold levels of relative error using various criterions.

Velocity at the interface Head in the matrix Head at the interface
0.2 0.2 0.25

o
[ o
a N

o
[

Relative error
Relative error
Relative error

0.05

0 0.05 0.1

ex
Velocity in the matrix Discharge in the conduit
0.25 0.025

Relative error
Relative error
o
o
[y
(4]

Figure 1: Graphs of the relative errors in the L?-norm under different criterions.
Each panel shows the critical a., value needed to ensure the relative error to be less
than or equal to 1%.

With the uncertainty concerning the geometry as well as the geological parame-
ters associated with the model in mind, we naturally inquire if the numerical results
that we obtained on the (near) optimal choice of fluid exchange coefficient «., are
robust under perturbation in the geometry and/or geological parameters. Figure 2
shows the relative error when using normal velocity at the interface as our criterion,
given different values of several parameters (top left panel: flux in the conduit; top
right panel: conduit radius; middle left panel: half conduit height; middle right
panel: permeability; bottom: viscosity). We can observe that an order one choice
of a, will guarantee that the relative error is at most 1%. Figure 3 describes the
dependence of the threshold value of ., corresponding to the 1% relative error and
variation of parameters (top left panel: flux in the conduit; top right panel: con-
duit radius; middle left panel: half matrix height; middle right panel: permeability;
bottom panel: viscosity ) using normal velocity at the interface as criterion.

Extensive numerical tests covering a drought season for the Wakulla Springs
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Figure 2: Graphs of the relative error using the optimal «., and varying other
parameters.
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Figure 3: Graphs of the optimal a., based on the variation of other parameters.
Using this range of ay,, the relative error will remain under 1%.

set-up, flood and drought season for a lab set-up (Faulkner et al. 2009), as well as
numerous sensitivity tests including sensitivity on the truncation wave number and
the Beavers-Joseph coefficient (Beavers and Joseph 1967) within the Stokes-Darcy
model have been conducted. All the numerical results are consistent with the results

presented here.
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5 Conclusion

We have conducted extensive numerical experiments on calibrating the optimal fluid
exchange coefficient in the CCPF model Eq. (1) assuming the Stokes-Darcy system

Eq. (1) as the “true model”. Our numerics demonstrate that

1. The CCPF model is never a perfect match of the Stokes-Darcy model no

matter how we choose the exchange coefficient a.,.

. The conventional wisdom of setting a., to be of the order of the hydraulic

conductivity may lead to large (up to 5000%) relative error depending on the
criterions used. Moreover, there exists high sensitivity in this regime of the

exchange coefficient.

. It seems that there exists a natural and universal choice for the fluid exchange

coefficient v, within the CCPF model Eq. (1) that makes the relative error
small. Indeed, we can set the ., sufficiently large (say a., = 25) and obtain
an upper bound on the relative error (1%). These results are robust under
perturbation on parameters as well as in truncation wave numbers in our
numerics. Therefore, the evidences that we have accumulated strongly suggest
that the CCPF model is an effective simplified model for laminar flow in karst
aquifer as long as we choose the fluid exchange coefficient appropriately (at

least 25).

Table 1: Threshold values of ae, (i.e. the smallest value that alpha can have) to
ensure desired bounds on the listed relative error.

Criterion 5% 1%

Comparing the hydraulic head in the matrix 0.004 0.020
Comparing the hydraulic head at the interface 4.2 22

Comparing the normal velocity at the interface 0.004 0.020

Comparing the total discharge in the conduit 3.0 x 107 3.0 x 1077
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