APPROXIMATION OF THE STATIONARY
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ABSTRACT. In this article we consider a temporal linear semi-
implicit approximation of the two-dimensional Rayleigh-Bénard
convection problem. We prove that the stationary statistical prop-
erties of this linear semi-implicit scheme converge to those of the
2D Rayleigh-Bénard problem as the time step approaches zero.
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1. INTRODUCTION

In this article we consider temporal approximation of the equations
that govern the two-dimensional Rayleigh-Bénard convection problem.
We show that the stationary statistical properties of a linear semi-
implicit numerical scheme converge to those of the Rayleigh-Bénard
problem at vanishing step size following a general framework proposed
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in [26] for temporal approximations of stationary statistical proper-
ties for dissipative dynamical systems. For convenience we recall the
following result, proven in [26]:

Theorem 1 (Convergence of Stationary Statistical Properties). Let
{S(t),t > 0} be a continuous semigroup on a separable Hilbert space
H which generates a continuous dissipative dynamical system (in the
sense of possessing a compact global attractor A) on H. Let {S,0 <
k < ko} be a family of continuous maps on H which generates a family
of discrete dissipative dynamical systems (with global attractor Ax) on
H. Suppose that the following three conditions are satisfied:

H1 : [Uniform dissipativity] There exists k; € (0, ko) such that {Sk, 0 <
k < k1} is uniformly dissipative in the sense that

(1.1) K = Upcr<i; Ak

is pre-compact in H.

H2 : [Uniform convergence on the unit time interval| Sy uniformly
converges to S on the unit time interval (modulo an initial layer)
and uniformly for initial data from the global attractor of Sy in
the sense that for any ¢, € (0,1)

(1.2) lim sup |Sgu — S(nk)ul| = 0.
k—0 uce Ay, nkE[to,l}

H3 : [Uniform continuity of the continuous system| {S(t),¢ > 0} is
uniformly continuous on K on the unit time interval in the sense
that for any 7% € [0, 1]

(1.3) lim sup ||S(t)u — S(T™)u|| = 0.
t=T" ek
Then the stationary statistical properties of the discrete dynamical sys-

tem {Sk,0 < k < k1} converge to the stationary statistical properties
of the continuous dynamical system S.

Our aim in this article is to verify the three conditions stipulated in
the theorem above on a specific semi-implicit linear approximation of
the 2D Boussinesq system for Rayleigh-Bénard convection. The verifi-
cation of these three conditions then leads to the desired convergence of
stationary statistical properties associated with the numerical schemes
to that of the 2D Boussinesq system.

Statistical properties for systems like the Boussinesq equations for
Rayleigh-Bénard convection are of great importance. For systems with
chaotic and/or turbulent behaviour, it is imperative to study the sta-
tistical behaviour of the system instead of single trajectories alone
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[17, 16, 11]. Indeed, much of the classical turbulence theories are for-
mulated in statistical forms (via spatial and temporal averages), for

3
T
tion rate per unit mass as well as the Kolmogorov k3 energy spectrum
in the inertial range in three dimensional homogeneous isotropic tur-
bulence [7, 13, 17, 5].

For a given abstract autonomous continuous in time dynamical sys-
tem determined by a semigroup {S(¢),t > 0} on a separable metric
space H, we recall that if the system reaches a statistical equilibrium
in the sense that the statistics are time independent (stationary statis-
tical properties), the probability measure p on H that describes the sta-
tionary statistical properties can be characterized via either the strong
(pull-back) or weak (push-forward) formulation [5, 14, 16].

Let {S(t),t > 0} be a continuous semigroup on a metric space H
which generates a dynamical system on H. A Borel probability mea-
sure p on H is called an Invariant Measure (Stationary Statistical
Solution) of the dynamical system if

(1.4) W(E) = u(S™M0)(E)), vt > 0,VE € B(H),

where B(H) represents the o-algebra of all Borel sets on H. Equiva-
lently, the invariant measure p can be characterized through the fol-
lowing push-forward weak invariance formulation

(1.5) /H B(w) dp(u) = / B(S(t)u) dp(w), ¥t > 0,

H
for all bounded continuous test functionals ®.

Invariant measure (stationary statistical solution) for a discrete dy-
namical system generated by a map Sgjserete ON a metric space H is
defined in a similar fashion with the continuous time ¢ replaced by
discrete time n =0,1,2,....

We say that the stationary statistical properties of the discrete dy-
namical system converge to those of the continuous dynamical system
if the invariant measures converge in the weak sense.

instance the famous Kolmogorov scaling law of the energy dissipa-

We are usually interested in [, ®(u) du(u) (statistical average) for
various test functionals ®. These averaged quantities are also called
observables in physics literatures. Due to the presumed complexity
of the dynamics, the physically interesting stationary statistical prop-
erties need to be calculated using numerical methods in generic case.
Even under the ergodicity assumption, it is not at all clear that classi-
cal numerical schemes which provide accurate approximations on finite
time intervals will remain meaningful for stationary statistical prop-
erties (long time properties), since small errors will be amplified and
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accumulated over long time, except in the case that the underlying
dynamics is asymptotically stable, where statistical approach is not
necessary since there is no chaos. Addressing issues like this is of great
importance in many real life applications such as numerical study of
climate change, since the climate is the long time statistical property of
the underlying system. Therefore, it is central and a challenge to search
for numerical methods that are able to capture stationary statistical
properties of infinite dimensional complex dynamical system. In a se-
ries of recent works, one of the authors of this manuscript, together with
a collaborator, proposed a general framework for constructing temporal
approximations of dissipative systems such as the 2D Rayleigh-Bénard
convection system, so that the stationary statistical properties of the
numerical scheme converge to those of the underlying Boussinesq sys-
tem [26, 25, 2, 1]. The main contribution of this article is the appli-
cation of the general theory proposed in [26] to the Boussinesq system
for Rayleigh-Bénard convection in the 2D case.

One of the main themes in constructing temporal approximations
that guarantee the convergence of the stationary statistical proper-
ties is the preservation of the dissipativity in some appropriate sense.
Similar ideas of preservation of dissipativity have been proposed and
investigated by many authors (see [19, 20, 3, 4, 9, 21, 10, 24, 23] among
many others). All these previous works emphasized different aspects
of dissipativity (uniform boundedness of solutions, global attractors)
without referencing to the statistical properties.

In this article, we are going to discretize the equations that model
the two-dimensional Rayleigh-Bénard convection problem using a tem-
poral semi-implicit Euler scheme. One of the technical difficulties we
encounter is related to the specific treatment of the temperature, for
which the utilization of the maximum principle is needed (see Lemma
2 below).

The article is organized as follows: in section 2 we introduce the
Rayleigh-Bénard convection problem and the semi-implicit Euler scheme
that approximates the solution to the equations that model the prob-
lem, in section 3 we prove condition H1, the uniform dissipativity of
the scheme, in section 4 we prove condition H2, the finite time uniform
convergence, and in section 5 we first prove condition H3, the finite
time uniform continuity and then we conclude with the main theorem
(see Theorem 2 below) and another important result on convergence of
attractors (see Theorem 4 below).
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2. THE RAYLEIGH-BENARD CONVECTION PROBLEM

Let Q© = (0,1) x (0,1) be the domain occupied by the fluid and let e
be the unit upward vertical vector. The Rayleigh-Bénard convection
problem can be modeled by the Boussinesq approximation and they
read (see, e.g., [6], [22]):

ov

(2.1) E—F(V'V)V—I/AV—{—V]?: —ey(T —T7),
T

(2.2) 68_15 + (v V)T — kAT =0,

(2.3) divv = 0;

here v = (vy, v9) is the velocity, p is the pressure, T" is the temperature,
T7 is the temperature at the top boundary, x5 = 1, and v, k are positive
constants. We supplement these equations with the initial conditions

(2.4) v(z,0) = vo(x),
T(x,0) = T°(x),

8

where vo :  — R2?, 7% : Q — R are given, and with the boundary
conditions

(2.6) v=0 at xo=0 and zy=1,
(27 T=To=Ti+1 at 2=0 and T =T, at xzy5=1,

and

p, v, T and the first derivatives of v and T" are periodic
(2.8) . : o
of period 1 in the direction x4,

meaning that ¢|,,—o = ¢|,=1 for the corresponding functions ¢.
Letting

(29) HZT—T0+ZE2,

and changing p to

(2.10) p— (:Ez - %%) ;
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equations (2.1)—(2.3) together with the boundary conditions (2.6)—(2.8)
become

(2.11) g_‘t, + (v -V)v —vAv + Vp = —eqb,

(2.12) % +(v-V)0 — vy — KAO =0,

(2.13) divv =0,

(2.14) v=0 at xo=0 and zy=1,

(2.15) 0=0 at 22=0 and x9=1,

(2.16) (2.8) holds with T replaced by 6.

These equations are supplemented with the initial conditions
(2.17) v(z,0) = vo(x),

(2.18) 0(z,0) = T°(z) — Ty + 29 =: Op(x).

For the mathematical setting of the problem we define the space H =
H, x Hy, where

(2.19)
Hy = {v € L*(Q)?, va]s,=0 = 2|s,=1 = 0, 015,20 = V1|41, divv =0, },
(2.20) Hy = L*(Q),

and we denote the scalar products and norms in Hy, Hy and H by (-, -)
and |- |.
We also define the space V = V; x V3, where
(2.21)
Vi={v e H(Q)? V|s—o = V]s=1 = 0,V periodic in z; with period 1, div v =0},
(2.22)
Vo = {9 € H'(Q), 0]4y—0 = 0]4s,—1 = 0,0 periodic in z; with period 1} .

The space V5 is a Hilbert space with the scalar product and the norm

(2.23) ((6,9)) = / Vo Vdr, |6 = (@ 0).

and we have the Poincaré inequality
(2.24) 8l < lloll, V¢ e Viorla
We denote both scalar products and norms in V; and V' by ((-,-)) and

-1
Let D(A) = D(A;) x D(A,), where

(2.25)D(4;) = {v € VinNH*Q)* v periodic in z; with period 1},
(2.26)D(Ay) = {6 € Vo N H*(Q), 6 periodic in 21 with period 1},
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and let A be the linear operator from D(A) into H and from V into V’
defined by

(2.27) (Aug,uz) = a(ug,uz), Vu; = {v;,0;} € D(A), i = 1,2,
with
(2.28) a(uy,uz) = v((v1, v2)) + k((61,62)).

We consider the trilinear continuous form b on V', defined by
(2.29) b(ua,uz,us) =bi(v1, va, v3) + ba(v1, 00,03), Vu; = {v;,0;} €V,
where

ow;
(230) bl(Yvwvz) = Z /lea_szj dx7VY7W7Z € Hl(Q)27

1,j=1,2

2 00
2.31) by(y, ¢, 0) = i——1 da,Vy € HY(Q)?, ¢, HY(Q).
@231) bty o) = [ ugivdr ity € HOP 00 € KO

The form b, is trilinear continuous on V; x Vi x V; and enjoys the
following properties:

(2.32) [bu(y, w.2)| < aolylllyll" 2wzl 2]z 2, Yy, wz e W,

b1(y, w,2)| < coly['*|Ay]Y?|[wl||z],

(2.33)
Vy € D(Ay), we W, ze Hy,
(2.34) b1 (y, w, 2)| < eyl 2w Aw[?]2),
' Vy e Vi,w € D(A,),z € Hy,
(2.35) bi(y,w,w)=0, Vy,wel,
the last equation implying
(236) bl(Yawaz) = _bl(Y7Z>w)> VY>W>Z € Vi

The form by is trilinear continuous on V; x V5 x V5 and enjoys the
following properties, similar to (2.32)—(2.36):
(2.37)

[ba(y, ¢, 0)| < aulyl 2y I2 1l 210172, Yy € Vi, 6,9 € Va,

b2y, &, 0)| < aly V2 Ay V2|6l ],
vy€D<A1)7¢E‘/27¢€H27

[ba(y, &, 0) < aoly|"Zlly (216l 2| Ag| 2 [0,
\V/y < ‘/1, Qﬁ < D(AQ), ’Qb € H27

(2.38)

(2.39)
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the last equation implying
(241) bg(}’, ¢7¢) = _62(y7w7¢>7 vy € ‘/17 ¢7¢ € ‘/2

We associate with b the bilinear continuous operator B from V x V
into V' and from D(A) x D(A) into H, such that

(2.42) (B(u1,u2),us)yy = b(ug,uz,uz), Yug,ug,uszelV.
We also define the continuous operator in H
(2.43) Ru = {es0, —v2}, u = {v,0}.

For more details about the function spaces D(A), V and H, as well as
the operators A, B, R and b, the reader is referred to, e.g., [22].

In the above notation, the system (2.11)—(2.13) can be written as
the functional evolution equation

(2.44) u; + Au+ B(u) + R(u) =0, u(0) = ug = {vo, 0o}

In the two-dimensional case under consideration, the solution to the
Rayleigh-Bénard convection problem is known to be smooth for all
time (cf. [22]). Using the maximum principle for parabolic equations,
one can show that § € L>(R; L?(Q2)) and the velocity v is bounded
uniformly for all time by

. 05 —
(245) |V(t>|%2(g)2 <e t|V0|%2(Q)2 + ﬁ(l — € t),

where 0., = |0]L(®,;2(0))- Furthermore, using techniques based on
the uniform Gronwall lemma (cf. [22]), one can bound the solution u
of (2.44) uniformly in V for all £ > 0.

In this article we discretize (2.44) in time using the semi-implicit
Euler scheme,

v — Vn—l

A7 + (v V)WV — VAV + VP = —eof™ > 1,
on — n—1
At
where v%(z) = vo(z), and 0°(z) = 0y(x) = T°(x) — Ty + x4 are given,
and we prove that the stationary statistical properties of the numerical

scheme converge to those of the continuous dynamical system as the
time step approaches zero.

(2.46)

(2.47) + (v V)0 — T — KA =0, n > 1,

Remark 2.1. Using the Lax-Milgram theorem (see, e.g., [15], [22]), one
can prove that the solution to (2.46)—(2.47) exists and is unique pro-
vided that At < 1. We therefore can define, for each £ = At > 0, the
discrete semigroup Sy, : H — H that associates with any (v*~1, 6" 1) €
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H the unique solution, (v",60"), to (2.46)—(2.47). Moreover, the dis-
crete semigroup is regularizing in the sense that Syu € V,Vu € H.

For more information on semigroups and dynamical systems gener-
ated by semigroups, the interested reader is referred to, e.g., [22], [21],
18], [12], [8].

3. UNIFORM DISSIPATIVITY

In proving the convergence of the stationary statistical properties
of the numerical scheme to those of the continuous dynamical system
as the time step approaches zero, we first show that condition H1 of
Theorem 1 is satisfied, that is, we show the uniform dissipativity of the
scheme. In order to do that, we prove the existence of an absorbing
ball in V' and the uniform dissipativity of the numerical scheme will
then be guaranteed by the Rellich compactness theorem.

3.1. L?-Uniform Boundedness of v and ™. In order to prove the
L?-uniform boundedness of v" and 6", we recall the classical truncation
operators, that associate with the function ¢, the functions ¢, and ¢_,
given by

3.1)  pi(r) = max(p(x),0), @ (r) = max(—p(x),0).

Note that, with this notation, we have p = ¢, — ¢, |p| = @1 + p_
and ¢,p_ = 0. Using these operators, we can prove the following
preliminary lemma

Lemma 1. If p,9 € L*(Q), then
(3.2) 200 — ¥, 01) = o P = |0 * + s — ¥4l
(3.3) 20—, 0 ) 2 o P =Y+ lo- — v~
Proof. We have
200 =¥, 04) = 2(pr — - — Uy +_, 04)
= 2(p+ — V1, 04) — 2(- =V, p4)
= ot)? = [P+ lor — s P + 2/9@@—<P+ dx
> Joi)? = [P + o — vy,

since ¥_p, > 0. The proof is similar for (3.3) and the lemma is
proved. U

(3.4)

We are now able to prove the L?-uniform boundedness of 6™:
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Lemma 2. If v and 0" satisfy (2.46) and (2.47), then

(3.5) 107 < |2+ (16%] + [6°]) (1 + 26A8) 72, Vn > 1.

Moreover, there exists M; = M;(|6|), given in (3.18) below, such that

(3.6) 07| < M, Vn > 1.

Proof. Rewriting (2.47) as

o —ont
At

multiplying the above equation by 2A¢(0" —x5), in Hy, and using (3.2),
we obtain:

(3.8)

(3.7) (VL V)07 — ) — KAG = 0,

(0" = @2) 4 [* = (077" — @)
(0" = w2)1 — (077" — @)1 [P + 24tk (6" — w2)+[* < 0.
Using the Poincaré inequality (2.24), we find

1

(3.9) (6" — o) |* < —|(0"" —@2) [,
where

(3.10) a =1+ 2rAt.

Using recursively (3.9), we find

B 0" = w2)e < (14 2600 (8 — w5). |2
Similarly, using (3.3), we obtain

(3.12) (0" — 20+ 1)_ > < (1 +26A8)7"|(0° — 25 +1)_|*.
Setting

(3.13) 0" = (0" —29)y — (0" — a0+ 1)_,
(3.14) 0" = 0" — 0",

we have

(3.15) o = 6" + 0,

and recalling (3.1), we note that

(3.16) Ty — 1< 0" < .

By (3.13), (3.11) and (3.12), we derive

7] < (0" — w2)4| + (0" — 22 + 1)
< (14 26A8)72(10%] + 16°]).

The conclusion of the lemma follows right away with

(3.18) Mi(16o]) = 1902 + 103 ] + 162 .

(3.17)
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This concludes the proof of Lemma 2. U

Corollary 3.1. B;:(0,2||'/?), the ball in L? centered at 0 and radius
2|Q2|'/2, is an absorbing ball for #" in L2.

Proof. Indeed, let B be any bounded set in L? and assume that it is
included in a ball B(0, R) of L% Tt is easy to deduce from (3.5) that

2R
‘9‘1/2

1
for any 6, € B(0, R), there exists Nj(R,At) := —— ) such that
0" € Br2(0,2|Q|Y?),¥n > N{. O

We are now able to prove the L?-uniform boundedness of v". More
precisely, we have the following:

Lemma 3. Let (v, 6") be the solution of the numerical scheme (2.46)—
(2.47). Then for every At > 0, we have

M2
(3.19) V' < (L+vAD) " |[vo|*+ — [L— (1 +vAH) "], Vn >0.
1%

Moreover, there exists Ky = Ki(|vo,|6o|), such that
(3.20) V' < K;, Vn>0,

and

U 4 . 1 moo
3.21 At P < VT2 + ZAt 2. Vi=1.---
(321) v JZ_;HV (A ;I % Vi=1,---,n,

n ‘ . 1 moo
3.22 At 67 < |01 + At 20 Yi=1,--,n.
(3.22) & ;H 17 < |+R ;IV %, Vi NG

Proof. Taking the scalar product of (2.46) with 2A¢v™ in H; and using
the relation

as well as the skew property (2.35), we obtain
(3.24)

V2 — VR V= VTP R 20AE ||[VT)E = —2A¢(ep0", V7).

Using the Cauchy—Schwarz inequality and the Poincaré inequality (2.24),
we majorize the right-hand side of (3.24) by

—2At(ex0™,v™) < 2At|ex0" ||V < 2A86" || v"|

3.25 1
(3.25) < 2AHOM||V"| < vAH VTR + = At 072
14
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Relations (3.24) and (3.25) imply
1

(3.26) VP2 = VPR [V = VTR R DAL VTR < A0
v

Using again the Poincaré inequality (2.24), we find

1 1

(3.27) VP2 < —|v"THE 4 — A0,
o av

where

(3.28) a=1+vAt

Using recursively (3.27), we find

1 1 o1 4
n2<_ 02 ZAt _‘9n+1722
VIS RV A Tl

(3.29)
om0 M? n
< (1+vAt) " VO + s [1—-(1+vAt)™"],

which proves (3.19).

Taking K? = [v9|? + Af—; relation (3.20) follows right away.

Adding inequalities (3.26) with n from ¢ to m we obtain (3.21) with
n in place of m.

Now, taking the scalar product of (2.47) with 2A¢0™ in Hy and using
the skew property (2.40), we obtain

(3.30) |67 — |07 2 + |07 — 0" + 26A¢ |02 = 2A¢(02 7, 67).

Using again the Cauchy—Schwarz inequality and the Poincaré inequality
(2.24), we majorize the right-hand side of (3.30) by

DALY, 67) < 2ALI 1|67 < 2A¢ v L[07
(3:31) < kA6 + %At v
Relations (3.30) and (3.31) imply
(3.32) 0P — |07 12 + |67 — 0" + kA 07 < %At L

Summing inequalities (3.32) with n from ¢ to m we obtain (3.22) with
n in place of m. O

Corollary 3.2. Let py = 2|Q|/2 + \/g‘+|l/2 Then By (0, po), the ball in
H centered at 0 and radius py, is an absorbing ball for (v, 6") in H.
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Proof. Indeed, let B be any bounded set in H and assume that it is
included in a ball B(0, R) of H. For any initial data (v°,6°) € B,
Corollary 3.1 implies that

(3.33) 07| < 2|1Q|"%,Vn > N}(R, At),
and then (3.27) becomes

1 4

(3.34) V' 2 < —[v"H2 4+ —|Q|AL, Vi > Nj (R, At),
« av

where

(3.35) a=1+rvAt

[terating the above inequality, we find (for any n > N} (R, At))
(3.36)

n—N}

VP doar sy L
v — at

‘V - a(n_N&)

—(n—N! 1 4 —(n—N1
— (14 vA)~ "N NP 2 [1—(1+1/At)( No>],
14

—(n—N*t 4 4
< (1 + vAp)~ ) {R2+§(\Q\ +2R%)| + 0]
(by (3.19) and (3.18)),
and one can see that
n 5
(3.37) v < §|Q|,Vn > No(R, At) := Ny + N¢,
where
| v2[R2+ % (1Q]+2R2)]

(3.38) N2(R, At) = — il

0 vAt
We, therefore, have that (v, 0") € By(0,pg), for all n > Ny(R, At),
which completes the proof of the corollary. O

3.2. H'-Uniform Boundedness of v* and 6". In order to prove
the H'-uniform boundedness of v and 6", we need the following two
lemmas, whose proofs can be found in [20]:

Lemma 4. Given At > 0 and positive sequences &,, 1, and (, such
that

(3.39) En < &n1(1+ Atn,q) + ALG,, forn > 1,
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we have, for any n > 2,

n n—1
(3.40) € < (50 + ng) exp (Z Atm)-
i=1 =0

Lemma 5. Given At > 0, a positive integer ng, positive sequences &,,
N, and ¢, such that
(3.41) En < &1 (14 Atnyq) + AL, for n > ny,

and given the bounds

N+ko N+ko
Z Atnn S ay, Z AtCn S a2,
n=ko n=ko
(3.42) -
Z Atgn S as,
n=ko

for any kg > ng, we have,
as

(3.43) £ < (N N

Proposition 1. Let 7" > 0 be arbitrarily fixed and let (v™,60") be
the solution of the numerical scheme (2.46)—(2.47). Then there exists
Ky = Ky(||voll, |60|, T), such that for every At > 0, we have

+a2> e, Vn > N + ng.

(3.44) v < Ka,  Vn >0,

 fon n—1)2 o 276, o -
ZHV — v §K4+FK1K4(m—Z—|—1)At
(3.45) n=i v
2
+ =Mi(m —i+1)At, Vi=1,--- ,m.
v
Moreover, for any initial data from H, there exists K3(T') such that
(3.46) IV < K3, VYn >N+ Ny+1,

where N := |T/At| and Ty = NyAt is the time the approximate
solution (v", ™) enters the absorbing ball B(0, py) in H.

Proof. Taking the scalar product of (2.46) with —2AtAv™ in H;, we
obtain

V7= = I A V™ = v = 2880 (v v AV

3.47
(3.47) + 2UAL| AV 2 = 2At(ex6™, AV™).
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Using property (2.34) of the trilinear form b; we have the following
bound of the nonlinear term,

(3.48)

2Atbl(vn71’vn7Avn) < 201) At ‘Vn71‘1/2an71H1/2HVnH1/2‘Avn’3/2

27¢}
< SAHAV + AL
Using the Cauchy—Schwarz inequality we bound the right-hand side
of (3.47) by
2At(ex0", Av™) < 2At|0" || Av"|

3.49 2
(3.49) < UAtAV]E + At

2 v
Relations (3.47)—(3.49) imply

V2 = V2 (v = v+ v A AV
(3.50) 27¢h
< —bAtl PRIV + A7b‘|9"|2
from which we obtain
n2 27Cb n—1 n2 n—1/2 n|2
(3.51)  [v"]IF < 1+—At| v ) v+ A7f|9|

We rewrite (3.51) in the form

(3.52) En < &1 (1 + Atnp_q) + AtC,,
with

n 2764 n— n 2 n
(3.53) &n=IIV"I1?, nn= ﬁlv PPV, = =16"?

and recalling (3.6) and (3.20), we compute the following:

n

(3.54) Z At < Z M2At —MQnAt
= 27¢}
> Aty = bKQZAtllv I?
=0
(3.55) L2 M2 4
<k [KQ + |+ DL R A

(by (3.21)).
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Then conclusion (3.40) of Lemma 4 yields
(3.56)

n 2 2764 M2
27¢}
exp {—Mf’ KfAtHVOIP} = K2(||vol|, [6o], nAt),

and thus
(3.57) IV"II? < K3(Ivoll, 160], T + Tp),¥n = 0,-- -, N + Np.

In order to derive a bound on ||v"||? valid for n > N + Ny + 1, we
will apply (the discrete uniform Gronwall) Lemma 5. In order to do
so, we recall that |[v"| < po, |0"| < po, for n > Ny, and we compute the
following (for ko > Ny + 1):

N+ko N+kg

27
> Aty = bAt > VPRIV
(3.58) n=ko n=ko
27 4 2
sgﬁﬁﬁﬁ+%w+wAtwy@m»
N+ko N+ko 2 2
— “1pn|2 = 2
(3.59) DAt =) 0" < (N + DAL,
n=ko n=ko
N+kg N+ko
At =) Ay
(3.60) n=ko n=ko

<1 [+ B+ ac| oy gaw),

Then conclusion (3.43) of Lemma 5 yields
(3.61)

1 2
TL2< _ 2
Nl _{ CNAL {p + = (N+1)A ] —i—VpO(N—l—l)At}
exp{2 % 2{p +—= N—i—l)At}}
1%

<ol Tr ]+ o)

74
exp{ Vcpr [p + pT”  K2(T), Vn>N+Ny+1.
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Combining the above bound with (3.57), we obtain both conclusion
(3.44) and conclusion (3.46) of the lemma.

Taking the sum of (3.50) with n from i to m and using (3.44), as
well as (3.6) and (3.20), gives (3.45) and thus the proof of Proposition
1 is complete. O

We are now going to prove the H!-uniform boundedness of #", for
all n > 0. In order to do so, we will first use (the discrete Gronwall)
Lemma 4 to derive an upper bound on ||0"|, n < N, for some N > 0,
and then we will use another version of the discrete uniform Gronwall
lemma (see Lemma 6 below) to obtain an upper bound on ||6"||, n > N.

Lemma 6. We are given At > 0, positive integers ng, N and positive
sequences &,, My, ¢, such that

1
(3.62) Atn, < 2 for n > ny,
(3.63) (1 = At < &1 + AL, for n > ny.
Assume also that
N+ko N+ko
Atznngala AtZCn§a27
n=kg n=ko
(3.64) o
At Z gn S as,
n=ko

for any kg > ng. We then have,

3.65 0 < (s +az) e,
(3.65) & < NAt
for any n > N + ny.

Proof. Let n; and ny be such that ng < ny < ng < ny + N. Using
recursively (3.63), we derive

(3.66)
1 ni+N
bt  Frts e M 2

Using the fact that 1—2 > e™%*, Vo € (0, 5), and recalling assumptions
(3.64), and (3.64),, we obtain

Enitn < (Enpmr + ag)e™™

Multiplying this inequality by At, summing nsy from n; +1 to ny + N
and using assumption (3.64), gives conclusion (3.65) of the lemma. [
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Proposition 2. Let (vg,6y) € V and let (v, 0™) be the solution of the
numerical scheme (2.46)—(2.47). Also, let T' > 0 be arbitrarily fixed
and let At be such that

<"
2T KK}
where K(-,-) is given in Lemma 3 and Ky(-,-) is given in Proposition
1. Then there exists K7(||vol|, ||6ol|, T), such that

(3.68) 167 < K7, V¥n > 1,

(3.67) At =k,

f: 16" — 6" 1|2 <K2 + 227—:§’1K12KZK$(m — i+ 1)At
(3.69) n=i
+%K12(m—i+1)At, Vi=1,---,m.
Moreover, for any initial data from H, there exists K¢(T') such that
(3.70) 160" < K¢, Vn >N+ N+ 1,

where N := |T/At| and Ty = NyAt is the time the approximate
solution (v",6™) enters the absorbing ball B(0, p) in H.

Proof. Taking the scalar product of (2.47) with —2AtA6™ in Hy, we
obtain
107117 = 10" H[* + (|07 — 077 * — 2Atby (v, 0", AG")

3.71
(3.71) + 2At (v, AO™) + 2k AL A2 = 0.

Using property (2.39) of the trilinear form by, we have the following
bound of the nonlinear term,

(3.72)
2AtbQ(Vn_1,0n7A(9n) < 2Cb At |Vn—1’1/2HVn—1”1/2”971”1/2’A9n’3/2
k w2, 276 n—112||,n—112(gn||2
< LA+ 2T Aty P

Using the Cauchy—Schwarz inequality, we also have
2At(vy, AG™) < 2At|vT | A"
3.73 2
(3.13) < SAHA? + Z AtV
2 K
Relations (3.71)—(3.73) imply
1071 = 110"~ 1> + 10" — 0" H|* + At 20"

(3.74) 27c}

2
n—12 n—1(12|1pn |2 n|2
< A RIS A,
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from which, recalling (3.20) and (3.44), we obtain

1 2
(3.75) 167> < =[l0"]? + —At KT,
o QK
where
3.76 276% )
(3.76) a=1- T FKIKIAL (>0 by (3.67)).

Using recursively (3.75), we find

27¢} - 4k?
n|2 <« 1— bK2K2At 90 2
o < (1= S wewac) - (101 + g

(377) <4%K%KZHAI‘» ||90||2_|_ 4,14;2
- 27K}

1
(since l—-x>4"z¢ (0, 5)) )

27021 2 12 4/12
o <43 e

= K (Ivoll 100l T + To), ¥n =0, -+, N + N.
In order to derive a bound on ||6"]|? valid for n > N + Ny + 1, we
rewrite (3.74) in the form (3.63), with

27¢!
. = Hn 2 = b
B79) &= 01 =

and for ko > Ny + 1, we compute (recalling that |[v"| < pg, [0"] < po,
for n > Ny):

and thus

(3.78)

_ _ 2
VIR and (= =T

N+ko 2704 N+ko
_ b n—1|2 n||2
Aty =52 A Y VT
(3.80) n=ko n=ko
27 4 2
< Tk [+ v+ e | oy (320
2v v
— _ n 2 < _ 2
(3.81) Aty Co=At ) —[V'[* < Zp5(N + )AL,
n=ko n=ko
N+ko N+ko
ALY g =0t > on)?
(3.82) n=ko n=ko

1 2
<~ {pg + %(N +1)At| (by (3.22)).
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Then conclusion (3.65) of Lemma 6 yields

271 2 548 2
o2 <0 (2 4 2y 2% a4y 4
(3.83) 1= 7+ 5 AT Jey e (L F ’

= K{(T), Vn> N+ N+ 1.

Combining the above inequality with (3.78) we obtain conclusions (3.68)
and (3.70) of the lemma.

Summing (3.74) with n from i to m and using (3.68), as well as
(3.20) and (3.44), we obtain (3.69), and this completes the proof of
Proposition 2. 0

Remark 3.1. The uniform bounds (3.46) and (3.70) imply the ex-
istence of an absorbing ball of radius p; := max{K3, K¢} in V that
absorbs any bounded set in H. Since by the Rellich compactness theo-
rem V' is compactly imbedded in H, the existence of the absorbing set
in V guarantees the uniform dissipativity of the numerical scheme.

Relations (3.46) and (3.70) also imply the existence of a compact
global attractor, Ay, for each time step k = At satisfying (3.67) and
we have the following

Proposition 3 (Uniform dissipativity). The scheme (2.46)— (2.47) pos-
sesses an absorbing ball in V' and

(384) sp [(v,0)]) < pu,
(v,0)eK

where p; > 0 is the radius of the absorbing ball and K = Up<g<g, Ax.

4. FINITE TIME UNIFORM CONVERGENCE

We now show that condition H2 of Theorem 1 is satisfied, that is, the
solutions of the numerical scheme converge uniformly (with respect to
the initial data from the union of the global attractors) to the solution
of the continuous system on the interval [0, 1].

For any function 1 and for any £ = At > 0, we define the following:

(4.1) br(t) =", te[(n—1)k nk),

t —nk

k: (Y — ™), t € [(n— 1k, nk).

(4.2) Up(t) = y" +
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With the above notations, equations (2.46) and (2.47) can be rewritten
as (for t € [(n — 1)k, nk)):

(43) 8‘76’;@) + (Vk(t - ]{3) : V)Vk(t) - VAVk(t) + Vpk(t) = 629k(t>,
(4.4) aea’“t(t) + (Vi(t = k) - V)0(t) — (it — k)2 — KAO(t) = 0,
(45)

D) | (00 9 )alt) — vA%l0) + Vilt) = o) + 6l
@o) PO @) )0 — @al1)s — A = i)
where
(4.7)

fo(t) = (Vi(t) - V)Vi(t) = (Vi(t — k) - V)vi(t) = vA(VR(E) = vi(t))
+ V(Bi(t) — pa(t) — ea(O(t) — Ox(t)),
gi(t) = (Vi(t) - V)Bi(t) — (Vi(t — k) - V)Oi(1)
— (Vi(t) = vi(t — k)2 — KA(Gk () — Ox(1)).
We now prove that fi and g are "small” in the following sense:

Lemma 7. For any 7% > 0 there exist Ko(||vo||,||6ol], T7) and Kio(||vol|, ||6ol, T*)
such that

(4.8)

(4.9) ||fk||%2(o,T*;V1/) < AtKy,
and
(4.10) gk lIZ20,7+3) < AtKio.

Proof. Let us first note that for any ¢ € [(n — 1)k, nk) we have
~ t—(n+ 1k

(4.11) V() = (t = k) = —————=(" —¢"7),
(1.12) Jult) — nlt) = =R (0 - ),
Using property (2.32) of the trilinear form b;, we have
(4.13)

[(Ve(t) - V)Vi(t) = (vie(t = k) - V)ve(E)llvy
< c([lvi(t) = v = B) Vel + Vet = B)I[[Vi(t) = vi(@)]]
< cKy||vh — v (by (4.11), (4.12), (3.44)).



22 TONE, WANG

We also have

(4.14) VI AEK(E) = Vi)l < vIV" =",
(4.15) le2(Bi(8) — () lvy < (16" — 6" 1].
Relations (4.13)-(4.15) imply

(4.16) () llvy < eKs(lv" = v+ [lo" — 0" )),
and thus

(4.17)

N+1
160122 000y = / I = 3 / IR0

< AtKy([[voll, ||90||,T*) (by (345) and (3.69)),

which proves (4.9).
Now using property (2.37) of the trilinear form by, we have

(4.18)
(¥ (t) - V)0x(t) = Vit = k) - V)0i(8) vy
< (|9 (t) = vi(t = B[00 + Vit = k) 16x(2) — (D)
< cKyl|0™ — 0"t (by (4.11), (4.12),(3.44)).

We also have

(4.19) 1V (8) = Vit = F))2llvy < ellv™ =",
(4.20) R AG(E) = 0 (D)lvg < el — "7
Relations (4.18)—(4.20) imply
(4.21) lgr(®)llvy < e([v™ = v + 1+ Ka) 0" — 6" ])),
and thus
(4.22)

N+1

Hng%Q(O,T*;V’) = Hgk vadt E gk (t det
2
0 (n—1)At¢

< AtKio(]|voll, HQOH,T*) (by (3.45) and (3.69)),
which proves (4.10).
Thus, the lemma is proved. 0

Proposition 4 (Finite time uniform convergence). For any 7 > 0 we
have

(4.23) lim sup Sk (vo,00) — S(nk)(vo, )] = 0.

k=0 (v,00) €Ay, nke[0,T%]
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Proof. Let

(4.24) G(t) = v(t) = 9x(t),  mi(t) = 6() — Ox(2).
Subtracting (4.5) and (4.6) from (2.11) and (2.12), respectively, we
obtain

(4.25) a%—f) + (&) - VIV(E) + (Fa(t) - V)&(t) — vAG(D)
+ V(p(t) — Dr(t)) = eam(t) — £i(?),
One(t) | 7 . -

+ (&(t) - V)O(t) + (Vi (t) - V)ii(t) — (&e(t))2
— kAn(t) = —g(t).
Multiplying (4.25) by 5{(25) and integrating over €2, we find

(4.27) %%'éﬂtﬂ?+b1<§;<t>,v<t>,é<t>>+u||5k<t>||2

= (eame(t), &(t)) — (Bult), &(1))-
Using property (2.32) of the form b;, we bound the nonlinear term as
b (& (1), v(£), & (1) < clS @ISOl v(D)]

< ZIEIP + SEOP v

Using the Cauchy—Schwarz inequality, we also have

[(eami(t), k(0D < me(8)]1€(2)]
(4.29) < ()11 (1))

< &I + =l (0)P,

(60, ()] < Eet) 1601

< SIGOI + ZIIE O
Relations (4.27)—(4.30) imply
d - - .
SIEOP + VIO < V@160

C C
SO + S

(4.26) ot

(4.28)

(4.30)

(4.31)

Now multiplying (4.26) by nx(¢) and integrating over €2, we find

1d -

(4.32) 5 g O+ 02(&4(1). 0. 1(1)) — ((€(0))2, i)

+ e ()1* = —(gu(t), (1))
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Using property (2.37) of the form by, we bound the nonlinear term as
(4.33)
ba(&(6), (1), mi (1)) < cl& (D21 E IO me (0)] /2 [ m ()]
Vo= K
< |l + = lIme ()]
< ZI& @I + Tl
c - c
+ OO & OF + —l16@) P01
Using the Cauchy—Schwarz inequality, we also have the following bounds:
(G2 m(E)] < 160 (0)]|mi(2)]
K c =
< k)17 + =€)
< S0l + SIE)P
(g6 @) me ()] < Mg () [[v [l (@) ]
K c
< Slm@1” + ~llgx(O1v-
Relations (4.32)—(4.35) imply

(4.35)

COF + slln@I <ZIEOI + 166 PGP
(4.36) + 0O + ~ &0
+ =g
Adding (4.31) and (4.36), we obtain
(GO + () + S + slln(e)
<< (V@I + 1601 + ) 160
be 5+ 1801 ) o

C
+ 28R +

d
dt
(4.37)

lgr (117

Since the solution (v, #) of the continuous problem is uniformly bounded
in V for all £ > 0 (cf. [22]), inequality (4.37) becomes

C
K

CUGWP + ImOF) + 2V IEDI + wlln(e)|?
< Ku(IG®P + @) + 18O 17 + = la @l

where K77 = Kq1(||vol|, ||fo||) depends on the initial data, but is inde-
pendent of ¢.

(4.38)
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By Gronwall’s lemma and using the fact that 56(0) =n(0) = 0, we
obtain

€@ + )1 < Kia(lfill 200007 + 195122 0.00v))

(4.39) < KipAt(Ko + Kio)  (by (4.9) and (4.10)),

where K5 depends on the initial data. Taking (vo, 6p) in K and using
(3.84), the bound above becomes independent on the initial data and
we obtain

(4.40) () + Ime(t)? < cAt,
for some constant ¢ > 0.
Thus,
lim sup Sk (Vo, 0o) — S(nk)(vo, 0o)|
k=0 (vo,00)€ Ay, nke[0,T]
“lm swp|(v,67) — (v(nk),6(nk))|
Ll k=0 (vo,60)€ Ay, nke[0,T%]
WD i sup (SR, Gu(nk)) — (v(nk), 0(nk))
k=0 (vy,00)€ Ay, nke[0,T%)
= lim sup |(€k(nk), nk(nk))| =0,
k—0 (Vo,eo)EAk,nkE[O,T*]
and the lemma is proved. U

5. FINITE TIME UNIFORM CONTINUITY

The last step in proving the convergence of the stationary statistical
properties of the numerical scheme to those of the continuous dynamical
system is to show that condition H3 of Theorem 1 is satisfied, that is,
the solution of the continuous system is uniformly (with respect to the
initial data from the union of the global attractors) continuous on the
unit time interval [0, 1].

In order to do that, we need to note that we have the following
bounds on the solution (v, ) to the continuous problem (2.11)-(2.16)
(see, e.g., [22]), for any initial data (vo,6p) € K:

(5.1) (v, Dl oeo.r=v) < ¢,
(5.2) ||(AV, AQ)HLQ(O,T*;L?(Q)?’) S C.

Proposition 5 (Finite time uniform continuity). For any T* € [0, 1]
we have

(5.3) lim  sup  |S(£)(vo,0) — S(T*)(vo,0)| = 0.

t—=T* (V() ,90)6K
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Proof. For any (vg,6) € K, we have

(5.4)
|S(t)(vo,60) — S(T)(vo, )| = [(v(t) = v(T™),0(t) — 0(T))|

_ ‘(/tT Z—Z(s)ds, /tT* j—i(s)ds) ‘

Integrating (2.11) from ¢ to 7™, we obtain
(5.5)

/t Z_:(S)ds /t ((v(s) - V)v(s) = vAV(s) + Vp(s) + ea6(s))ds

<c

[ (v(s)[2|Av(s)|2 [v(s)]| + |Av(s)| + [6(s)])ds
<cy/|T*—t| (by (5.1) and (5.2)).

Similarly, integrating (2.12) from ¢ to 7, we obtain
(5.6)

46
—(s)d
/t s (s)ds

/t (v(s) - V)0(s) — va(s) — KAO(s))ds

SC/t (IV(s) 2| AV(s)[210(s)I] + [Av(s)] + [v(s)| + £]A0(s) )ds

< e/|T* —t| (by (5.1) and (5.2)).

Combining (5.5) and (5.6), we obtain conclusion (5.3) of the proposi-
tion. Thus, Proposition 5 is proved. U

Propositions 3, 4 and 5, as well as Theorem 1, enable us to draw the
following conclusion, which represents our main result:

Theorem 2. Let {Sj,0 < k < ki} be the family of continuous semi-
groups on H that associates with any (v*~1 §"~!) € H the unique so-
lution, (v™,0™), to (2.46)—(2.47) and let {S(¢),t > 0} be the continuous
semigroup on H that associates with any (v°,0%) € H the unique solu-
tion, (v(t),0(t)), to (2.11)—(2.18). Then the stationary statistical prop-
erties of the discrete dynamical system generated by {Sk,0 < k < k;}
converge to those of the continuous dynamical system generated by
{S(t),t > 0} as the time step approaches zero.

Besides the above result on the convergence of the statistical prop-
erties, we have also obtained a result on the convergence of attractors.
In order to see that, we recall the following theorem (see, e.g., [26]):
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Theorem 3 (Convergence of Global attractors). Let {S(t),t > 0}
be a continuous semigroup on a Banach space H which generates a
continuous dissipative dynamical system (in the sense of possessing a
compact global attractor A) on H. Let {Sk,0 < k < ko} be a family of
continuous maps on H which generates a family of discrete dissipative
dynamical systems (with global attractor A;) on H. Suppose that the
following two conditions are satisfied:

H4 : [Uniform boundedness| There exists k1 € (0, ko] such that {Sy, 0 <
k < ky} is uniformly bounded in the sense that

(5.7) K = U0<k§k1¢4k

is bounded in H.

Hb5 : [Finite time uniform convergence| Sy uniformly converges to S
on any finite time interval (modulo an initial layer) and uni-
formly for initial data from the global attractor of S in the
sense that there exists ¢y > 0 such that for any 7% >ty > 0

(5.8) lim sup |Sgu — S(nk)ul| = 0.

k—0 uc Ay, nkelto,T*]
Then the global attractors converge in the sense of Hausdorff semi-
distance, i.e.,

(5.9) ]leirr(lJ disty(Ay, A) =0,

where

(5.10) disty(Ag, A) = sup inf ||z —y||x.
€A yeA

Propositions 3 and 4 guarantee that conditions (5.7) and (5.8) of the
above theorem are satisfied, and therefore, we have the following

Theorem 4. Let {S,0 < k < k1} be the family of continuous semi-
groups on H that associates with any (v"~! 6"71) € H the unique
solution, (v",6"), to (2.46)—(2.47) and let {S(¢),t > 0} be the contin-
uous semigroup on H that associates with any (v°,6°) € H the unique
solution, (v(t),0(t)), to (2.11)—(2.18). Then the global attractors Ay, of
the discrete dynamical system generated by {Sk,0 < k < ki } converge
to the global attractor A of the continuous dynamical system generated
by {S(t),t > 0}, where the convergence is understood in the sense of
the semi-distance defined in (5.10).
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