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1. INTRODUCTION

The dynamics of the viscous incompressible flow is governgtidclas-
sical incompressible Navier-Stokes equations (NSE) fowvtdeian fluids
[19, 11]:

aa—‘t,jt(v-V)v—eAijVp:F,V-V:O, (1.1

wherev is the Eulerian fluid velocityp is the kinematic pressure,is the
kinematic viscosity and' is a (given) applied external body force. The sys-
tem is equipped with an initial condition, and the no-slip no-penetration
boundary condition
V}aQ =0. (1.2)

If the kinematic viscosity is small (or the Reynolds numisdarge) such
as in air and water, we may formally set the viscosity to zarthe Navier-
Stokes system and we arrive at the Euler system for incorsiptesnviscid

flows:
ov’ 0 0 0 0
E"‘(V -V)Vi+Vp'=F,V-v’ =0. (1.3)
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2 BOUNDARY LAYER FOR CHANNEL FLOWS

The Euler system is equipped with the same initial conditiora different,
no-penetration, boundary condition

V], =0, (1.4)

since we have dropped the highest order spatial derivative.

This heuristic limit can not be valid uniformly over spaceedo the dis-
parity of boundary conditions. This disparity usually Isaolthe emergence
of a thin layer near the boundary of the domain, the so-cdllmaehdary
layer, where the viscous flow makes a sharp transition freratmost in-
viscid flow in the interior of the domain to the zero value & tioundary
[18].

Boundary layers are of great importance since it is the sitytgenerated
in the boundary layer and later advected into the main sttbatdrives the
flow in many physical applications. On the other hand, theterice of
a boundary layer renders the inviscid limit problem a patéidy singular
one and hence its analysis a challenge.

Standard classical approach to the boundary layer prolsday approx-
imating the viscous (NSE) solution within the boundary lay® the so-
called Prandtl equation [16]. Here we take a slightly défgrapproach and
derive Prandtl-type effective equation for tb@rector@ that approximates
v — v [23, 6]. This alternative approach has the advantage teanttch-
ing procedure is conceptually simple: the sum of the indisdlution and
the corrector is a natural candidate for an approximatiahéwiscous solu-
tion. The analysis of the boundary layer problem then césmsisthe study
of the Prandtl-type equation, and proof of convergence efibproximate
solution to the exact solution of the Navier-Stokes system.

There exists an abundant literature on boundary layer yt{é6r 18] and
the vanishing viscosity limit (we refer in particular to [2, 3, 4, 7, 8, 9,
10, 12, 13] and references therein). However, few examgdle®linear
boundary layers exist in the literature (see [17] for theecakshalf space
in the analytical setting, [21, 22] for the case of channel/flath uniform
injection and suction at the boundary among others). The& maipose of
this manuscript is to investigate the boundary layer assediwith a class
of nonlinear plane parallel flows. This family of nonlineatgions to the
Navier-Stokes system was introduced in [24] where the vamisviscos-
ity limit was established. More recently, the boundary tafge this class
of flows was studied in [14] using semiclassical expansionféat equa-
tions with drifts without referring to the Prandtl theorpdacertainL > (L>)
convergence results derived. In both cases, Couette-tyys #ire consid-
ered, with nonhomogeneous characteristic data. The d¢umanuscript
follows the Prandtl type approach, and presents a moreleltmalysis of
the boundary associated with this class of exact solutindiance will go
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beyond the results derived in those two previous works. Cainmesult
(Theorem 5.2) provides error bounds for the approximatich@®NSE so-
lution given by the Euler solution plus the corrector, anddeeconvergence
rates in the vanishing viscosity limit (Corollary 5.3 and)6.We consider
both L> and Sobolev/! bounds, which give information on the possible
growth of normal derivatives in the boundary layer. We dsthlihese re-
sults under some compatibility conditions on the initiatldooundary data
and body force.

The manuscript is organized as follows. In section 2 we t¢ealfamily
of nonlinear 3D plane parallel channel flow. Section 3 is destdo formal
asymptotic expansion of this class of flows at small visgusiilizing the
Prandtl type €orrector) approach. We construct an approximate solution to
the Navier-Stokes system utilizing the solution to the Bthtype system
(corrector) and the solution to the Euler system in SectiorifAe main
convergence result in provided in Section 5. Improved estswith higher
order approximations are provided in Section 6. Decay edgémof the
correctors are furnished in Appendix A.

Throughout the paper, we ugeé to denote generic constants that may
vary line by line, but is independent of the kinematic vistos.

2. NONLINEAR PLANE-PARALLEL CHANNEL FLOWS

We start by recalling the ansatz for a plane-parallel chiafiowe intro-
duced in [24]. That is, we look for solutions of the fluid eqaas of the
form:

v(t,x,y,2) = (u(t, 2), us(t, x, 2),0) (2.1)

in an infinitely long horizontal channel, but we impose périity in the
horizontal coordinates, y. We hence reduce to work in the spatial domain
Q :=1[0, L] x [0, L] x [0, 1], whereL is the horizontal period. This assump-
tion ensures uniqueness of the solution to the fluid equstiBlows of the
form (2.1) are automatically divergence free.

The symmetry of the solution is preserved by both the NaStekes and
Euler evolution if the initial conditiorv, and body forcd satisfy the same
ansatz, that is:

V=0 = vo(z,y, 2) = (a(2),b(z, 2),0), (2.2)
F= (fl(t,x),fz(t,x,z),O). (23)

We will denote byv® the solution of the Navier-Stokes system (1.1) with
viscosity e and byv® the solution of the Euler system (1.3). Periodicity
in the horizontal directions is complemented by boundanddtons in the

vertical variablez. For NSE, we prescribed the fluid velocity at the channel
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walls together with a non-penetration condition:
V€|z:O = ao(taxa y)7 V5|z:1 = al(ta x)?/))

wherea'(t, z, y) := (Bi(t), B(t, x),0),i =0, 1.
Itis not difficult to show that imposing the symmetry (2.1)tbe solution
system reduces NSE to the following weakly non-linear syste

3tu§ — eﬁzzui = fl;
Opus, + ui0,uy — €0y us — €0,,us = fo, (2.4)

on( := [0, L] x [0, 1]. We remark that although the above systemisy
2 system, the plane-parallel flows we study are not two-dinoeis.

In addition, we will always assume that the initial data, hdary data
and forcing satisfy certain compatibility conditions. Wécall the zero-
order compatibility condition which takes the form

a'(0,2,y) = vo(z,y,i), i=0,1, (2.5)
and the first-order compatibility condition

0,3:(0) = €d,.a(i) + f1(0,1)
0135(0, ) + a(i)0pb(, 1) = €Dpeb(w, i) + €0..b(x, i) + f2(0,z,1), (2.6)

wherei = 0,1. These compatibility conditions prevent the formation of
an initial layer in the NSE evolution due to the differencéoundary val-
ues between the initial data and the fluid velocity at anytp@stime. In
[10, 14], the boundary layer is analyzed without assumingcampatibil-
ity condition. In this case, extra vorticity is producedla boundary in the
limit of vanishing viscosity, and in general ony*° bounds can be read-
ily obtained for the correctors. While the zero-order caindiis uniform
in ¢, the first-order conditions in general imply that the bougdiatac;,
1 = 0,1, is dependent oafor ¢t > 0 (we assume the forcing is given and
independent of viscosity). We notice however that this girdblec depen-
dence can be eliminated if the second derivatives of thmlmata ¢ and
b) vanish at the channel walls.

Since we are working in a domain that is periodic in the hariabdirec-
tions, we will employ the Sobolev spaces, fare Z .,

H™(Q) = Hy,(Q)
= {f:Q—R | 9*f € L*(Q), |a| < m, f periodic in the horizontal directiohs
We denote with7™(2) the subspace of functions ™ (Q) that are con-
stant iny. With abuse of notation, we writeH™(Q))? = H™(Q) for

spaces of vector fields. As customaH is the space of functions if*
that vanish at the boundary in trace sense.
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Due to the weak coupling in the system (2.4), well-posedmessasily
established. For instancef € L>°(H'(Q))? under the assumption that
vo anda’ belong toH'(Q) andf € L>(0,00; H'(Q))®. We do not ad-
dress this point in detail here, and refer for example to 4 for further
discussion.

By formally taking the limite — 0, NSE become the Euler system (1.3).
We continue to assume periodicity in the horizontal diatiz, y, but im-
pose the no-penetration condition (1.4) at the channelswaVe observe
that solutions of the form (2.1) automatically satisfy tleepenetration con-
dition. Under the plane-parallel symmetry, the Euler systeduces to the
following weakly non-linear system

atu? = f17
Oy + w0ty = fa, (2.7)
in 2. We take the same initial condition (2.2) for both Euler aravidr-
Stokes:
V0|t:0 = Vp. (28)

The solution of (2.7) is obtained by solving an ordinaryeliéntial equa-
tion and a transport equation. Therefore, the solutiongsilee provided
the initial data is regular enough. For exampleyif € H™(Q), and
f e L>(0,T; H"(Q)), m > 5 as we will assume throughout, thefl €
C(0,T; H™(Q)).

In the rest of the paper, we will focus on the analysis of trauced
systems (2.4) and (2.7) di For this purpose, we set

u(t,x, z) == (ui(t, 2),us(t, x, z)),
w(t,z,2) = (ud(t, 2),ud(t, z, 2)),
f£(t,z,2) = (fi(t, 2), fo(t, 2, 2)),
B'(t,x) = (Bi(t), B3(t, ), i = 0,1,
wo(t, x, z) = (a(x),b(z, 2)).

We assume tacitly throughout the rest of the paper that alitfions are
periodic in ther variable, so that boundary conditions will be given only at
the channel walls, that is, far= 0 andz = 1.

3. PRANDTL-TYPE EQUATIONS FOR CORRECTORS

The approach to a rigorous boundary layer analysis that e isato
derive effective Prandtl-type equations faz@rectorthat approximates the
difference between the NSE solutioa‘, 0) and the Euler solutiofu’, 0).
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We assume that the NSE solution is well approximated by

1—
u?PP(t, 2, 2) = u(t,z, 2) + 0°(t, x, %) +0“°(t, z, 72), (3.1)
whereu®" is the so-calleauter solution that is, the vector field expected
to represent the fluid velocity outside of the boundary Ilayetile8° and
0*° are the correctors respectively near the lowee=(0) and upper £ =

1) wall of the channel. We make the ansatz that the correctdes the
following form

z z

0 (tvl’v%) = (91<t,l’, \/E %))7
1—2

l1—=z2 0 0 1 —Z

—) = (6y"(t, o, —=), Oy (t,x,——
\/E) (1(7$7\/E)72(7x7\/g

This form corresponds to the zero order in a formal asympe&gpansion in

powers of,/e of the difference between the NSE and Euler solutions in each

boundary layer. Introducing the stretched varialifes - andZ" = 1;#2

we see that the correctors must satisfy the following matghkonditions

)7 98<t7 'I?

0-0(t, z, )). (3.2)

9?—>OasZHoo; 9;’0—>0asZ“Hoo,j:1,2, (3.3)

in order for the vanishing viscosity limit to hold.

Inserting (3.1) into (2.4) and (2.4) and dropping lowerarterms ine,
we obtain the systems of equations th&t and the correctors must satisfy
respectively.

(1) The outer solutiom®" satisfies the reduced Euler equations eqrefEuler
with the initial data
u’|i—o = uy. (3.4)

consequently, by uniqueness of the solution to the redugstérms,
we can identifyu®® = u°.
(2) The lower correctof® = (62, 69) satisfies

0,0° — 04,60 = 0, (3.5a)
0,09 — 9,69 + 099,609 + u0(t, 018,09 + 0°9,ud(t, z,0) =0  (3.5b)
(67, 09)|z=0 = (BY(t) — ui(t, 0), B3(t, x) — us(t, z,0)), (3.5¢)
(67,69)] z=00 = 0, (3.5d)

(69,65)]1—0 = (0,0). (3.5e)
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(3) The upper correctad™® = (6*°, 95°) satisfies

8t¢91f70 — 8Zuzu97f’0 = 0,
9,00 — Dz 7020 + 020,050 + (¢, 1)8,04° + 6*°0,ul(t, x,1) = 0,

(91%07 92%0)|Z“=0 = (ﬁll(t) - u(l)(ta 1)7 621(t7 ZE) - Ug(t, x, 1))7
(610, 605°) 7400 = 0,
(65°,05)|i=0 = 0. (3.6)

The well-posedness of the above systems is readily edtabliso that (3.1)
gives a well-defined vector field. Furthermore, the cornescéxhibit certain
rates of decay in the stretched variables, which in turnlvglused to estab-
lish error bounds for the approximate solutia®P?. The solvability of the
systems (3.5) and (3.6) along with the decay propertiessoftinrectors are
discussed in Appendix A.

4. APPROXIMATE SOLUTIONS

In order to derive error bounds for the approximate solutemNSE in-
troduced in Section 3 above, it is more convenient to modfy)so that
the boundary condition (2.4) are met exactly. Such a modiibinas well-
known in the literature (see [5], [20], [21], [22], [24] fonstance).

Letz/;( ) be a smooth function defined ¢i 1] such that)(z) = 1 when
z € [0,4] andy(z) = 0 whenz € [3,1]. We havey(z)y(1 — 2z) = 0
whenz € [0, 1]. Next, we define a truncated approximatit®® (¢, z, z) =
(ai?(t, 2), us™(t, x, z)) to the NSE solution, where

WPt 2) = ul(t, =) + ()00, %) + (1 — 2)080(t, 1;;» (4.1)
g (t,x, 2) == ug(t, z,z) + ¢(z)83(t, x, %) + (1 - z)ﬁg’o(t, x, 1%)
(4.1b)

Thenu?PP satisfies the following system

DS’ — €D, u" = f, + A+ B,
DU + WSPPOL UG — €0, USTY — €0, U3 = fo+ D+ E+ F,  (4.2)
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where
A= =2/€[y)'(2)020) + ¢ (1 — 2)070,"), (4.3a)
B = —€[0..uf + 9" (2)8] + 9" (1 = 2)6;", (4.3b)

D = p(2)(¥(2) — 1)070,05 + (1 — 2)(1p(1 — 2) — 1)6}°0,65°, (4.3c)
E = Ve[ (2)(2600,0.u5(t, z,0) + 0.ul(t,0)Z0,09)
— (1 — 2)(0.ud(t,1) 249,05° + 6°0,0.u(t, x, 1) Z")

=20 (2)0203 — 20 (1 — 2)02.63 "], (4.3d)
— "0 — 9" (1= 2)65"). (4.3€)

The corresponding initial and boundary conditions areeetyely

ﬁapp|t:0 = Uy,
4P|, = B°(t, ), 4*PP|,._, = B'(t, ). (4.4)

Both u?PP and the truncate@®PP depend on viscosity, but for sake of
notation we do not explicitly show it.

5. ERROR ESTIMATES AND CONVERGENCE RATES

We are now ready to prove our main result, that is, error bedodthe
approximatiomi®PP of the true NSE solution, which then yield convergence
rates as viscosity vanishes. Later, we will improve upors¢heesults by
including more terms from an asymptotic expansion in poveyoin both
the outer solution and the correctors.

The approximation error is given by (¢, x, z) = u(t, z) — u®?PP, and
it satisfies the following system of equations

" — €0, uf"" = —(A+ B), (5.1)
Owug™" + ul" 0, us" + ui0,uy" — €0puy” — €0,uy" = —(D 4+ E+ F),
(5.2)

where A throughF are given in (4.3), with boundary conditions and initial
data
ur|_ = 0, u®r|,_; =0,
u®"l,— = 0. (5.3)
A key technical result is an anisotropic Sobolev embeddimgtained

in the following lemma, which is proved in [5] (Corollary 3,3and [20]
(Remark 4.2) for instance.
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Lemma 5.1 (Temam&Wang) For all v € H; ()
1 1
[ullze(@) < C ([ull72)|0-ull 7.

+ 110zull 2110wl 72 + lull7211020:ul 7)), (5.4)
where the left-hand or both sides of the inequality couldrifiiie.

The main results of this paper are contained in the next émeor
Theorem 5.2. Let ug € H™(R2), B* € H*(0,T; H™(Q)),i = 0,1, andf €
L>(0,T; H™(S2)), m > b, satisfy the zero-order compatibility condition
(2.5). Then, there exists positive constaots: = 1,2, 3, independent of

e such that for any solution® of the systenf2.4) with initial conditionu
and boundary dat@®?,

—a 3

[u® — 0*PP|| oo (0,1, 12(0)) < C €7, (5.5)
- 1

Ju — uappHLOO(O,T;Hl(Q)) < Cyet, (5.6)

[u® = @%PP|| Lo (0,1 x0) < C3 Ve, (5.7)

wherea?PP is given in equatiorf4.1).

We do not concern ourselves with optimizing the regulantyposed on
the data in Theorem 5.2, since our aim is to investigate thedary layer
which is present even for smooth data.

Before proceeding with the proof of the theorem, we stateesionmedi-
ate consequences.

Corollary 5.3. Under the hypotheses of Theorem 5.2, the following optimal
convergence rate holds:

1 1
Cret < [[u® —u’|| e o,1502(0)) < Caet, (5.8)

where(, C, are constants depending an, f and 3%, = 1,2, but inde-
pendent ot.

Corollary (5.8) is a consequence of the estim@®| .« 712 () = €i.

We can similarly establish convergence rates of the N&viekes to the
Euler solution. These rates recover and improve upon sortieeakesults
of [14, 24].

Corollary 5.4. Under the hypotheses of Theorem 5.2, there exist positive
constant’;, i = 1,2 independent of such that for any € (0,1) such
that% — oo ase — 0,

Cl Ei),

C2 \/E)u

[u® = e ranon) <
<

[u® — u0||L°°((O,T)><Q5))
whereQ’ = [0, L] x [5,1 — d].
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Proof of Theorem 5.2We first employ the results of the Appendix and stan-
dard energy estimates to derive error boundsit{[0, 7], L*(2) andL>=([0, T], H'(Q).
We then apply the anisotropic Sobolev inequality (5.4) taobbounds in
L>([0,T] x Q).
Multiplying (5.1) by «{"" and integrating by parts ovér, we obtain that

1 d err err 1 err
3 g1 By + el0us oy = = [ (A4 Byusraz
2 dt ;
2
3
<2 / |V/e(0700° + 026°) + €60 + 62 ||uS"| dz
3
+ el|uf | 20,0 |4 || 22(0)
err z u U,
< S (| z2q0,1) [18€7 (I{Z*)* 02603\l r20,00) + 1(2)* 026 12(0,00))
+ € (107 | 22(0,00) + 1091 22(0,00) + 14l 112(0,1))] (5.9)

where some of the terms on the right hand side of the last algguare
estimates as exemplified below (the limits of integraticadetermined by
the support properties of the cut-off functigy:

3 < err 96 err 3\/€
[ 1ot Sy, 2l = < o |

3 3

(Z)410,68(t, Z)|* VedZ)?

o

N

96% ermr
< TH% 220,y 1{Z)?0208 || 12(0,50)-

Applying Cauchy’s and then Gronwall’s inequalities topgives:

™ || Lo o, 12(0,)) + VE 04| L20.7:22(0,1)
< 18¢ (|(Z)202007° | 1207220000 + 1{Z)20200 || 120722 (0.00)
+ 109 22 0.7 220000 + 1650 E2 0220000 + U]l 200,712 (0,1)))

< Cl €, (510)

where the constartt; depends of{uY]| (0,7 m2(0,1)), andT" explicitly, but
is independent of by Lemma A.1 and A.2.
Next, we multiply (5.1) by—-0.,u{"" and integrate oveR:
1d
2dt
< 18e(I(Z*) 20707 | 20 mi220.00)) + {22026 20,722 (0.00)) + 107 ]| 22 (0.7:22(0.00))
+ 165 2207522 0,000 + 65| 20,7320, 102215 (| L2(0,7:22(0,1)

€ err
< Sl0zuilIz20.) + 2CTe, (5.11)

101" 1 Z2(0,1) + €llOztf" 120,
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by Cauchy’s inequality and Lemma A.1 and A.2 again. Integga(5.11)
in time gives
err \/E err
|04y || Lo (0,722 (0,1)) + IHazzul | 2(0.7502(0,1y) < 2C1e.  (5.12)
Therefore, we conclude that

[ui™ || Lo 0.miz20.1)) < Chéy uf™ (|0, 0,)) < 2C1Ve,

3
err -
||L°°(07T;H1(071>) < 2C%es.

(5.13)

||u1 ||L°°(0T)><(01 <||uerr||LoooTL2(01 ||u

Multiplying (5.2) by u§™", integrating over?, and noticing thats is in-
dependent of, we obtain that

1 d err err err
o + 05 gy + el
:—/u‘;”"a ufpu;wdx—/Du;”dx—/Eugrrdx—/Fugwdx
Q Q Q Q
= Jl + J2 + Jg + J4. (514)

We bound each term on the right-hand side separately:

Ji < Cr e (|0aud| Loo(e) + 10205 oo (@u0) + 10205 ° | Lo 01 45 | 20
< CiCoe||[ug [ 2o, (5.15)
with C, a constant that depends P || . 7.12+:(q)), s > 0, but is inde-
pendent ot. Above, we have used (5.13) in the first inequality and Lemma
A.2 in the second.

The support properties af and similar techniques as those used in (5.9)
imply the following bound for/,

L 2
Jy < / ( / (1090,60] + 100,00 s | dzda
e
< 9e|lus™ || 2y (1167 1| 2 0,000 [1{Z) 003 || L2020
+ 9€)|03° || 1% (0,00) 1 {Z)? 0205 | 12000 ) (5.16)

Similarly, we deal withJs, J, as follows
Ty < et [[us™ || 2oy ([udll oo 1{Z2) 08| 20,00 + 0l 120,01 (Z) B3| 20

+ [ 5o 1{Z)07 | 2(0,00) + 1163 r200,1) 1{Z) 0203 | 12020
+ 10269 120y + 102085 | 201 (5.17)
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wheres > 0 is arbitrary, and

err u,0
Ju < el|us || 20y (102085 L2(0000) + 11020057 | £2000) + [[U ]| 1200
+ (1690 20y + 1165l 22000 ) (5.18)

By substituting (5.15)-(5.18) into (5.14), applying firsa@@hy and then
Gronwall’s inequalities, we have

]

||U§M||L°<>(O,T;L2(Q)) + \/EHV:E,ZU;MHL?(O,T;L?(Q)) < Cse ) (5-19)

with C5 a constant that depends || u?|| (o, 1; #2++(0,1))» AN U] o (0,7, 1r3+2 (02))
but is independent af, where in the last inequality we have applied the re-
sults in Appendix A once again.

Similarly, multiplying both sides of (5.2) by-0,,u$™" and integrating by
parts oveK) gives

1d
2 dt
< " || 20 10205 || 2 () (| Baatis ]| oo (@) + 102005 [l Lov (0200
+ (102205 | L% (01)) + €(I1(Z)207 ]| L% (0,00 | O3 | 12000
+ 142207 | 2= (0.00) 10205 | 22000
+ €7 )|0u5™ || 20 (0Z2)09 | 20,00 1S | sty + Nl 20,0y |1 (Z) DucO2 | 200
+ 10202051 2 (2e) + 1{Z)01° | 20,00 US| 132 () + {2) D5 | L2 (20 10 ]| 20,1
+ 11020205 12 () + €100 || 2200 (| Oz 22000y + |00y L2060
+ [[usll s @) + 1926511 L2200 + 110205 1220 (5.20)

||axu§w||%2(9) + EHVSU,zaSCUSWH%?(Q)

from which it follows that
3
1005 | oo 0.7:22(2)) + VI Va2 (005 20,722 () < Coet,  (5.21)

whereCy; depends off’, ||uf]| (0,7, 12(0,1)) @Nd||u3|| o< (0.7 a+5 (), § > 0,
but is independent af
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Analogous calculations give

1d
2dt
< S 2@ (1023 o (@) + 10265 ]| e e) + 118265 | L (1))

+ il oo @ | Ous™ (| oo () [| 02215 [ 20

+ €]10:20 1| L2 (20) (107 ]| L2 0,00 [1{2) 200053 | 1200

+ 11671 22 0.00) (2?0205 | L2020
+ €1 [10:208" | 20 (I(Z2)68 | 20,00 |63 1154+ (0

+ [l 20 [ Z) D208 | r2(00) + I1€Z) 01l 220,00 [0S 1134+ (02

+ (6 1200 [1{Z) 0205 ° | L2 (0200) + 102051 2(200) + 102065° || 1220

+ el|0zcu5 | 20) (10283 | r2(00e) + 10006 | r2(000) + U3 ] 2000

+ 168112 (0 + 1165l 200 (5.22)

10:u5™ |22y + €l VOu5™ (|20

which imply, utilizing (5.13) and (5.21),

1
10215 | o= 0,7502) + Vel Vi, 20205 | 20,7 02(0)) < Cret,  (5.23)

whereC'; depends Otﬁui ||LOO((0’T)><Q), u(l] ||Loo(07T;H2+s(071)) and||u(2] ||L°°(O,T;H3+S(Q))a
independent of. A uniform bound or|uS || Lo ((0,7)xq) IN terms of|| f| e (0, 7)x )
|a(2)|| o< (0,1), @and|| 37 (£)]| Lo (0,1, follows from the maximum principle for
the heat equation. ,

In the above calculations, we cannot improve the a bound adrofi,
since we cannot perform any integration by parts in the #igind side in-
volving second or mixed derivatives i) asod.u5™™ may not vanish at the
boundary.

Proceeding in a similar fashion we also have

3
|0221s"™" || Lo 0,7:22(0)) < Cger

1
Hazamu;rT||Loo(07T;L2(Q)) < 0864, (524)

with Cg depending Oﬁ, Hu(2]||Loo(07T;H5+s(071)), Hu(l]HLoo(07T;H2(Q)), and||ui HLoo((QT)XQ),
independent of.
Collecting (5.19), (5.21) and (5.22), we have that

1
|5 || oo (0,111 (0)) < Clen. (5.25)
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Finally, the anisotropic Sobolev embedding (5.4), togettiéh inequal-
ities (5.19), (5.21) and (5.22), gives

||lug™ ||Loo( 0.T)xQ) < C(HUSMHLOQ(OTL2 Ha ueTTHLQ(OTLQ(Q))
+ H& ueTTHLoo(OTLQ(Q ||a ueTTHLOO OTL2(Q))
14 e 2 0 105008 | e 7200
< Cy/e. (5.26)
With this estimate, we conclude the proof of Theorem 5.2. L

6. IMPROVED CONVERGENCE RATE

Itis possible to derive convergence rates of higher ordethian those of
Section 5 by including more terms in the asymptotic expanfiothe outer
solution and the correctors. (We recall that we showed theergence rate
is of orderet, e1, ex for L2, H', L norm respectively.) The higher-order
expansions can be also used to show the optimality of theetgance rate.

In this section, we illustrate this idea by presenting theresponding
results up to the first-order expansion.

Accordingly, we replace (3.1) with the following ansatz

—Z

1
Ve

Z) pu(t e

"Ve

utPPL(t, 3, 2) = ot @, 2) Ut ), (6.1)

where
e u°Y(t,x,2) = u(t, z, 2) +/eul(t, z, ) is the outer solution, valid
inQ=10,L] x[0,1];
. ulc(t,x,%) Ho(t z, 7) + /€0 (t, x
defined in2, := [0, L] x [0, 00);
o uP(t, x,\/) 0“0(t, :c,\/)+\f0”1(t :c,\/)lsthe upper
corrector, also defined 0.,

: f) is the lower corrector,

As before, the corrector much satisfy the matching conastio
0* - 0asZ — oo; 8 — 0as 2" — oo, (6.2)

wherei = 0,1andZ = Z andZ" = 1%5 are the stretched variables.
Next we derive the systems satisfied by the outer solutioriteandorrec-
tors. By consistency, the terms at leading order in both titerasolution
and the correctors are given by the Euler solutidhn and8°, 6+° con-
structed in Section 3 respectively. The first-order ternesgiven below:



BOUNDARY LAYER FOR CHANNEL FLOWS 15

(1) The first-order term of the outer solutiah(t, =, 2) = (u}(t, 2), ud(t, z, 2))
satisfies the following system of transport equations

@u% = 0,
Opuy + uy0pud + uldyusy = 0,
(u, u3)|i=0 = (0,0). (6.3)

Given the regularity of the Euler solutialf, it is immediate to see
that (u}, ul) = 0.

(2) The first-order term in the lower correctét (t,z, Z) = (0%,03)
satisfies the system

0,01 — 7407 = 0,

0,05 +ul|z = 00,05 + 650,05 + 07 (0,09 + 9pu3|.—0)—
- 8229% = _Z(G?a:%zug‘2=0 + 82“?‘2208:29(2))7

(61, 03)|2=0 = (—uq|=0. —t3|.=0) = 0,

(61, 62) 2200 = (0,0), (81, 62)]1=0 = (0,0),

from which it follows that)] = 0. Hence, the equations 6t reduce
to

61 =0,
0,105 + ul(t,0)0,05 + 690,05 — 0703
= —Z(09002.uS(t, x,0) + 0.u3(t,0)0,69),
03] z—0 = 0,
03| 7=00 = 0, 05i=0 = 0. (6.4)
(3) By symmetry, the first-order term in the upper corre @6t (¢, z, Z*) =
(01, 62 satisfies the following system
o1t =0,
05+ ub(t,1)0,05" + 000,051 — Dyuzuby’
= —Z"(0y°0%us(t v, 1) + O.ui(t,1)0:65"),

05" | zuz0.00 = 0, 05|10 = 0. (6.5)

Solvability and regularity of linear parabolic systemstsas (6.4) and
(6.5) is well known and can be established here followingiargnts similar
to those in the Appendix for the zero-order correction. Trst Girder com-
patibility condition (2.6) between initial and boundarytaland the force is
used to improve the regularity of the correctors; for insggrwe can show
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that9,09 € L>(0,T; L*(0,0)) andd,..03 € L*(0,T; H*(Q)). We omit
the proof and refer to [25] for more details.

As in Section 3, it is convenient for the analysis to modifg tfefinition
of the approximate solution®”?! so that the boundary conditions are ex-
actly met. We therefore define a truncated approximaiit! (¢, z, z) =
(@7 (¢, 2), @5 (¢, 2, 7)) by

(0,2 =l 2) + () + 0 - (), (660)
B0, 2) = 0,0, 2) OO ) VA, )
(1 — 2)(000(t, x, 1%) + Vel (¢, 1_72» (6.6D)

Wherew is the cut-off function used in Section 4. We note that, siice
ul = 0, @ = @9 in equation (4.1a).
Thenu“m’ ! satlsfles the following system

~app,1 ~app,1 __
oyu™" — ed,u™" = fL + A+ B,
1 14 ~app,1 —app. 1
Oytus™" + PP 0 ug"” " — €0 wugpp — €0, Uy

:f2+D+E+F+G, (6.7)

vyhere{l, B andD are as in (4.3a), (4.3b) and (4.3c), respectively, And
F andG are given by

B = Vel (2) (=) — )60, + (1 — 2)((1 — 2) — 1)91°0,05"
— 2 (2)0205 — 2 (1 — 2)0705"),

F = e[(2)(28,050.4°(t,0) + %@zu?(t, 0) 220,69 + %e?azanug(t, x,0) 2>
— 0uat) + 01— 2) (- 2400, 10,0 + S0t 1)(2°)70,05°
b SO0 (Dl 7, 1)) (27 — 0,.85°) — 20 (2)020}
— 20 (1 = 2)0z003" — (Ouquu + Dud) — 10" 63 — " (1 — 2)65°],

G = A ()0} — 0" (1= 205"+ 9(=) (5 0-e0(1,0) 70,6} — 0.s6)

1 X73 u
+ (1 — Z)(§azzul(t7 1)(Zu)28x92’1 - 8xx9271)’
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The system above is complemented by the following boundadyiitial

conditions:
ﬁapp’1|t:0 = (G(Z), b(xy Z))v

ﬁapp,1|Z:0 = ﬁoa 1‘iapp71|z:1 = ﬁl'

Parallel to the analysis in Section 5, we define the appraximaerror
a7 (t, x, z) := u® — a?PP! Then the error satisfies the following system

(6.8)

DS — €005 = —(A+ B), (6.9)
atagrr + airrﬁxagm’vl + uiﬁxagrr _ €8xxa§rr _ Eazzagrr
= (D+E+F+0Q), (6.10)

together with the following initial and boundary condit®on

NETT

u |z:0 - 07 ﬁ@?“?“|z:1 = 07
ﬁerr‘tzo =0.

Using the expansion (6.1), we can improve the convergerieefd he-
orem (5.2) under more regularity and compatibility coradig on the data.
Again, we do not optimize the regularity needed to estabhstresult.
Theorem 6.1. Letuy € H™(Q), B° € H?*(0,T; H™(Q)), i = 0,1 and
f =€ L>(0,T; H™), m > 8, satisfy the compatibility conditior(2.5)and
(2.6). Then, there exist positive constarits, C, independent o such
that for any solutionu® of the systen§2.4) with initial condition u, and
boundary data3?,

[u® — @*PPH| oo, m1(0)) < C1 Ve, (6.12)
[u® = GPPY|| Le 0.1y x0) < Co €T, (6.13)
whereu?PP-! is given in(6.6).

(6.11)

Parallel to Corollary 5.3, we also obtain optimal convergerates.
Corollary 6.2. Under the hypotheses of Theorem 6.1, we have
Csv/e < |lu —u® — §(2)0° — (1 — 2)0™°|| Lo om0y < Cav/e,

whereCs; andC; are constants depending ey, 3¢, 7 = 0, 1 andf, but not
One.

In addition, we also improve the results in Corollary 5.4@®fvs.

Corollary 6.3. Under the hypotheses of Theorem 5.2, there exists positive
constants”;, i = 1,2, independent of such that for any € (0, 1) satisfy-
ing%HooaSEHO,

Ju® = || erm@s)y < Cive,

3
Ju® = u|| L (oryxasy < Caed,
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whereQ’ = [0, L] x [6,1 — d].

We omit the proofs of Theorem 6.1 and Corollaries 6.2 and ®t8ch
are very similar to those in Section 4.

APPENDIX A. DECAY ESTIMATES OF THE CORRECTORS

In this appendix, we discuss the solvability of the systemsquations
satisfied by the correctors and establish their decay pieperFor sim-
plicity, we will only state and prove the estimates needefention 5 and
6.

The correctors satisfy Prandtl-type effective equatiam$ some of the
techniques we use are similar to those in [25], which death thie reg-
ularity and the decay properties of solutions to the Pratygi equations
derived from the linearized compressible Navier StokegBgns.

By symmetry in the problem between the lower and upper ctorewe
only deal with the correctors in the boundary layerzat= 0, 8 and 6.
Below, we will be rather explicit in the dependence of conttan norms
of data in view of the applications to Section 5 and 6.

We begin by studying?, which solves the following initial-boundary
value problem for the one-dimensional heat equation:

0] — 07207 = 0,

071 z=0 = A1 (t) — u}(t,0), 0}]7-0c = 0,

0 li=o = 0. (A.1)
Below, we denote(Z) := /Z2 + 1.

Lemma A.1. Assume that! € L>(0,7) andu} € L>=(0,T; H'(0,1)).
Then, for anyl € Z, there exists a constadf; > 0 depending orf’ such
that

I{Z)' 0| (1< 0.1y x000) < CrlllBY | oo 0.1, [l (E, 2) || oo om0 0,1)))s (A2)

Proof. We letG := ||30(-) — u}(0, -)|| s (0,r)- Then, by the maximum prin-
ciple for the heat equation from (A.1), we have

HQ?HLO"((O,T)XQOQ) <G

Next, we definesi(t, Z) := Ge'~Z. The functionx satisfies the following
initial-boundary value problem for the heat equation@noco).

ki — Ozzk =0,
Klimo = Ge™? >0, k|z—0 = Ge' > G, K|z-00 = 0. (A.3)
By the comparison principle for the heat equation it follavat
169]] L= (0.1 x000) < GeT (A.4)
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Then, for anyi > 1,

I{Z)'00| oo (0.7 %000y < GIZ' ™ Z | Lo 0,100y < €7 118) () —ud (-, 0) || oo 0,7

which gives the desired result. Above, we have used the propleat
(Z! e=Z is uniformly bounded irZ for any!. O

We use Lemma A.1 to prove the decay propertieglofFirst, we recall
thatd9 satisfies

0,09 + 000,09 + u)(t,0)0,05 — 07705 = —000,ud(t, z,0)

0] z=0 = B5(t, x) — u5(t,7,0), 03] 7-00 = 0,

03] =0 = 0. (A.5)
We begin with deriving bounds df(Z) 8,09 || = (0,7 12(00))»

10222091| Lo (0,1 x 20 ) N[ 0220209 | 12(0,7:12(02...))» Which are employed in
Section 5.

LemmaA.2. Assumethat) € H%(0,T; H>(0, L)), fo € L>=(0,T; H3(0, L)),
u? € L>(0,T; H*(0, L)) € L>([0,T)x[0, L]),andul € L>(0,T; H(R)),
s > 0. Then, foreach € Z_, there existg’; > 0 depending offl f2|| .2 (0,1, 13+,

|| oo 0.1y % 0,00)» 189 e 0,185 0,1)0 14| oo (0,7 152y, T @nd i, such
thatfori =0,1,2,3

I{Z)' 0L0Y| oo (0.7 12 (000 )) + [1{Z)' 010209 200712000 )) < Chy (AL6)

Furthermore, for more regular data such th#t)|| ;e (o,r):x5) and
| f2(t, z, 2) || Lo 0,1 19+5 (), 5 > 0, there exists a constarit, > 0 such
that fori = 0,1, 2, 3,

{Z)' 0L05| Lox (0.1 x0000) < C, (A.7)

whereCs, depends offu{ (¢, 2) || o 0,711 (0,1)) 105 || rr1+= 07515 0,2))
Hug(t, €, Z)||L°°(0,T;H5+5(Q)), | f2(t, , Z)||Loo(o,T;H4+s(Q)), T, andl.

Proof. Sinced’ 09, = 1,2, 3 satisfies the same equationddswith bound-
ary data given by derivatives @;, i = 1,2, we will establish only the
bounds for6y. Similar arguments apply for the derivatives provided the
data has sufficient regularity.

We will use again comparison estimates for parabolic eqoati We
henceforth define (¢, Z) = 03(t, z, Z)—(B9(t, ) —u3|.—o(t, z))eZ. Next,
we observe that we have imposed enough regularity on theadédia such
thatu) is a classical solution of (2.7) and we can extrapolate thiditsaof
this equation at = 0 to obtain an equation satisfied by|.—, in ¢ andz.
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Consequently, we derive the system satisfieavt®s follows:

Opw + 090, w + u(t,0)0,w — Ozzw = —020,ud(t,-,0) + H,
w]z=0 = 0, W|z=0c = 0, W= = 0, (A.8)

where

H(t> z, Z) = _[atﬁg(ta l’) - f2(ta xz, 0) + 9?(t’ Z)a’cﬁg(t? l’)
—0%(t, 2)0,ud(t, x,0) +ul(t,0)0,89(t, x) + BI(t, x) — uS(t, z,0)]e ?
acts as a forcing term.

Multiplying the first equation in (A.8) by.Z)?w and integrating by parts
over(),, gives

L LD 0l + 2 00l
< [{Z) wllig(gw) + ||u(2)(tax»O)HHl(O,L)||<Z>19?||L2(Qoo)||<Z>lw||L2(Qoo)
+ [10:85 M1 220,y + 12t 2, 0) || 22002 + [uf(E, O 551 k10,1
+ (182N a2 0.0y + llua(t, 2, 0) | 0,0))
(||<Z>19?||L2(0,oo) + ||<Z>le_Z||L2(0,oo))]||<Z>lw||L2(Qoo)a
where we have used the Sobolev inequali¥/ ([0, L]) ¢ L>([0, L]) and
Lemma A.1. By Gronwall’s inequality, we then obtain that
(Z) W]l L= 0,7:22(0000)) + (2)' 070 L2(0,7:22(0000))
< C(HﬁgHHl(O,T;Hl(O,L))a ||U(Q)HL2(O,T;H2(0,L))7
| foll 20,2200y 14} || 20,21 0,20), T 1),
from which (A.6) easily follows.

Similarly, by multiplying both sides of the first equation {A.8) by
plw[P~2w, p > 2 and integrating by parts, we have

4(p —1)

P
|| wllLoun) + 1021wl 122 0.

SpHuz( 5 Ol 109l o .00 [l ey + PIH | zo@a [0l g -

We then conclude, by dividing fqrw||‘L’;(IQoo) (which is finite by the regu-
larity of the system (A.8)), that

d
Tl < llus(t - O)lleonl60]lro00) + 1H [10)  (A9)
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Taking the limitp — oo and integrating in time yields similarly
HwHLO"((O,T)XQOO)
< C([169]] o (0,00) s 1US]] Low 0,712+ 52y 133Nl 20,7y % 0,2))
Jul| oo o, 0, » | 2l oo o3 ()5 1)

Then the desired conclusion (A.7) follows. O

Completely analogous results hold ﬂé‘ro and92“’°, which we state below
for completeness.

Lemma A.3. Under the regularity assumptions arf and f, of Lemmas
A.1 and A.2 and similar ones g#, it holds fori = 0,1, 2, 3,

H<Zu>l‘9¥70||(L°°(O7T)><QOO) <,
10Z) 005 ° | L 0,132 0 + I{Z) 020205 ° | 12 0,712 < C,
||<Z>la;9§’0||Loo((o,T)me) <C, (A.10)

where andC' depends offf f2 || Lo (0.7 zr4+5 (), |l (E, 2) || o< 0,711 (0,1))
18 12 0.7:50.2)) » s, @, 2) | Lo 0,75+ (), s > 0, T', andl.
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