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Abstract

We provide mathematical justification of the emergence of large-scale coher-
ent structure in a two-dimensional fluid system under small-scale random bom-
bardments with small forcing and appropriate scaling assumptions. The analysis
shows that the large-scale structure emerging out of the small-scale random forc-
ing is not the one predicted by equilibrium statistical mechanics. But the error is
very small, which explains earlier successful prediction of the large-scale struc-
ture based on equilibrium statistical mechanics. (© 2005 Wiley Periodicals,
Inc.

1 Introduction

One of the ubiquitous features of geophysical flows is the existence and per-
sistence of large-scale coherent structures such as the meandering jet stream in the
atmosphere and gulf streams in the oceans. The most dramatic example is perhaps
the Great Red Spot on Jupiter, which has persisted for hundreds of years. We are
naturally interested in understanding the mechanism behind the emergence and per-
sistence of such large-scale coherent structures.

Due to the relatively fast rotation for geophysical flows, two-dimensional mod-
els are suitable for the study of such large-scale coherent structures. In the invis-
cid, unforced environment, the emergence of large-scale coherent structures may
be explained via equilibrium statistical mechanics, and their persistence via non-
linear stability theory; see, for instance, [35, 42, 43]. However, such equilibrium
statistical theories are restricted to the idealized inviscid, unforced case, and the
statistical predictions (mean field) are derived under certain ad hoc maximum en-
tropy principles. Realistic fluid problems are always under the influence of various
forcing and damping mechanisms. The damping and forcing becomes important
in long-time behavior (such as statistical behavior) in particular. This leads to the
question of whether various equilibrium statistical theories are still applicable in a
damped forced environment. Of course, one shouldn’t expect to extend applicability
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of the equilibrium statistical theory without restriction. But it would make sense to
test if the statistical theories can be applied to the weakly forced and damped case
where the situation is close to the case of an inviscid, unforced environment and the
flow is in a quasi-equilibrium state. This hypothesis has been tested by comparing
numerical experiments and equilibrium statistical predictions in a series of papers
[10, 24, 25, 33].

As in many realistic situations, the external forcing is of relatively small scale
and is usually unresolved in the large-scale geophysical model. For instance, Jupi-
ter’s weather layer (where we observe the Great Red Spot) is under constant bom-
bardment by very small-scale thermal plumes, the earth’s atmosphere is subject to
intense small-scale forcing due to convective storms, and the oceans are subject to
the influence of unresolved baroclinic instability processes. These small-scale bom-
bardments appear to be random in nature (related to turbulent behavior of the inner
core of Jupiter and the atmosphere), which suggests that the weak small-scale forc-
ing may be taken as random. It then seems appropriate to include viscosity since
small-scale structures are involved.

Next we consider an extremely simplified (idealized) situation of a two-dimen-
sional fluid system in a square under the influence of random small-scale vortices
mimicking the above situations in the presence of a viscosity. More precisely,
we consider the two-dimensional Navier-Stokes system in a square with free-slip
boundary condition and impulse forcing of small scale

0
(1.1) a—‘fww-w = vAg+F,

(1.2) q =AY,

equipped with initial condition

(1.3) 9,0 =40

and no-penetration, free-slip boundary condition

(1.4) Yv=¢g=0 ondQ

where the fluid occupies the square

1.5) Q =1[0,7]x[0,7].

The random small-scale forcing is given by
o

(1.6) F=) 8(t—jAt) Aw, (¥ — X))
j=1

where A is the amplitude of the small-scale bombardment, )_c’j is the (random) center,
the small-scale vortex w, takes the form
(I=1X12/rH% X2 <r?,

2

1.7 P (X) = .
(1.7) wr(X) 0. EPE > 2
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FIGURE 1.1. Left panel: the region of bombardment. Right panel:
graph of a small vortex w, centered at the center of the domain.

and the centers of the small vortices, )?j, satisfy a uniform distribution on Q,, =
[ro,m — ro] X [ro,m — ro] where ry (> r) is a fixed constant (see Figure 1.1). Since
w, is piecewise smooth with compact support and is C'!, we see that

(1.8) w, (¥ —X;) € H}(Q)

with norm independent of j. In fact, w,(X — X;) € W22(Q).

Here we used ¢ as the notation for vorticity instead of the standard w. This is
because w is a standard notation for a point in probability space, which is needed
in our stochastic treatment in Section 3, and ¢ is the standard notation for potential
vorticity in Geophysical Fluid Dynamics (GFD), which reduces to the usual vorticity
in our classical fluid setting. Hopefully this will avoid some confusion instead of
creating it.

It is then easy to see that there are two different stages in the dynamics, a stage of
pure decay from (jAr)™ to ((j + 1)Ar)~, governed by the decaying Navier-Stokes
system

(1.9) 2—‘5 + VY- Vg = vAg,

(1.10) q =AY,

and a stage of instantaneous forcing

(1.11) q((jANT) = q((GAD )+ Aw, (X = X)).

Numerical simulation in the regime of weak forcing and weak damping (see
Figures 1.2, 1.3, and 1.4, and also [24, 25]) indicates the emergence and persistence
of a large coherent structure. More precisely, numerical experiments demonstrate
that the flow field reaches a quasi-equilibrium state in terms of energy (Figure 1.2),
enstrophy, circulation, etc., and the contour plot of the vorticity field looks like a
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FIGURE 1.2. Upper left panel: correlation between the vorticity g (or
w) and the ground mode sinx siny. Upper right panel: evolution of the
Dirichlet quotient of the flow. Lower panel: evolution of the energy.

large vortex plus small (random) perturbation (see Figures 1.3 and 1.4). For the
special case of zero initial data, such a phenomenon is termed “spin-up from rest”
[24, 35]. This large coherent structure very much resembles the ground state mode
of the Laplace operator, i.e., sin(x)sin(y), with a correlation between the vorticity
field g and sin(x)sin(y) above 0.97 (see Figure 1.2).

The ground state mode is in fact the predicted most probable mean field of equi-
librium statistical mechanics theory utilizing energy and enstrophy as conserved
quantities (see, e.g., [35]). Thus the numerical evidence can be viewed as evidence
toward applicability of equilibrium statistical mechanics in this damped driven case.
If one applies a more sophisticated equilibrium statistical theory, such as the point
vortex energy circulation theory, which leads to a sinh-Poisson-type mean field
equation [24, 35], one gets better prediction. This is not too surprising since we have
more parameters with the sinh-Poisson equation and we recover the linear energy-
enstrophy theory in the small-amplitude limit. Moreover, Grote and Majda [24] de-
vised a so-called crude closure algorithm where they developed a simple algorithm
for the time evolution of the energy and circulation without any detailed resolution
of the Navier-Stokes equations. One then recovers the flow field via equilibrium
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FIGURE 1.3. Contour plot of the vorticity field.

statistical theory with energy and circulation as the conserved quantities (via solv-
ing the sinh-Poisson equation). Surprisingly, the Grote-Majda crude closure works
extremely well.

The purpose of this paper is to provide a rigorous theoretical underpinning for
such success. More precisely, we will show, under appropriate assumptions on the
small parameters (viscosity v, time step A¢, amplitude A, and radius of small forc-
ing vortex r), that the long-time dynamics is that of a large coherent vortex ¢° that
is close to (but not equal to) the ground state mode sin(x)sin(y) plus small random
fluctuations. Such a result indicates that neither the energy-enstrophy statistical the-
ory (which predicts the ground state mode) nor the point vortex energy circulation
statistical theory (which predicts a sinh-Poisson-type mean field equation not sat-
isfied by ¢°) predicts the exact statistical equilibrium. However, the error is very
small (less than 2%), which establishes the practical applicability of these equilib-
rium statistical mechanics theories to this damped driven situation.

The paper is organized as follows: In Section 2 we consider a naive deterministic
approach and derive time uniform bounds for the Dirichlet quotient and energy.
The uniform bound on the Dirichlet quotient indicates control of the small scales.
However, the bound we derive here is not close to the first eigenvalue of the Laplace
operator, which is the lowest value of the Dirichlet quotient corresponding to the
ground state mode. Such a discrepancy is due to the deterministic approach, where
we must perform a worst scenario analysis.

In Section 3 we take a stochastic approach to the problem. We first observe that
the random forcing can be decomposed into a mean field and a small fluctuation
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FIGURE 1.4. Surface plot of the vorticity field.

field under a natural assumption on the amplitude A in (1.6), which agrees with the
existence of a quasi-equilibrium state. Utilizing an infinite-dimensional version of
Donsker’s invariance principle, the external forcing can then be modeled formally as
the sum of a deterministic forcing plus a small parameter times the time derivative of
an infinite-dimensional Gaussian process. We then prove under appropriate assump-
tions that the mean field of the flow is captured by the Navier-Stokes equation forced
by the deterministic part of the forcing. The asymptotic behavior of the mean field
is derived under a further smallness assumption. The validation of the mean field
equation is justified in several ways, including almost sure pathwise convergence
for finite time, expectation of the second moment of the difference, convergence
of random attractor and invariant measures. All these support the applicability of
appropriate equilibrium statistical theories.

In the last section, Section 4, we provide concluding remarks and present some
issues that need to be resolved for physically more interesting cases.
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2 Deterministic Estimates

Recall that numerical evidence suggests that the long-time asymptotic of the flow
is that of a large coherent vortex close to the ground state mode sin x sin y plus small
random fluctuations (see Figures 1.2 and 1.3). One of most important and useful
quantities in the analysis of fluid problems is the Dirichlet quotient

_IAVIR® _ gl
IVVIP@O ~ IVYIP@’

the quotient of the enstrophy (€ = 1||Ay||?) over the energy (E = 5|V |1%). Re-
call that the Dirichlet quotient controls the small scales in the flow. Indeed, the
Dirichlet quotient attains its minimum, the first eigenvalue of the Laplace operator
allowed by the geometry, if and only if the flow attains the maximum scale structure
allowed by the geometry, i.e., the ground states. This is exactly what our numerics
indicate: a Dirichlet quotient close to the first eigenvalue (see Figure 1.2). More-
over, flows with predominant small structures are characterized by a large Dirichlet
quotient, while flows with predominantly large structures are characterized by small
Dirichlet quotients. Therefore, an upper bound on the Dirichlet quotient for the flow
is a partial justification for the emergence of the large-scale structure. Such an upper
bound on the Dirichlet quotient is the goal of this section.

2.1) A1)

In general, a flow governed by the quasi-geostrophic dynamics may not be able
to maintain large-scale structure under random small scale bombardments. Indeed,
it is easy to construct a flow of the form g; + eg, where g, is a large coherent
structure (thus with a small Dirichlet quotient), g is a small structure (thus with a
large Dirichlet quotient), and ¢ is a small parameter so that g; dominates the flow.
The bombardment of this flow by a large vortex —g;, results in the cancellation of the
relatively large structure and leads to the extremely small structure g; with a much
higher Dirichlet quotient. This is supported by the numerical results. However, due
to the special setting of the spin-up problem, we will see that the vorticity field will
be nonnegative for all time due to a maximum principle. Such a positive vorticity
field cannot be annihilated by the positive small-scale bombardment, and this is the
main ingredient in the success in deriving an upper bound for the Dirichlet quotient.

There are two stages in the dynamics: a free decay stage and an instantaneous
forcing stage. It is easy to see that the Dirichlet quotient is a monotonic decreasing
function of time in the free decay stage from (1.9) [35, chap. 3]. Thus it is only nec-
essary to establish that the instantaneous forcing stage cannot increase the Dirichlet
quotient without bound.

Here we consider the special case of nonnegative initial vorticity, i.e., gg > 0.
One special feature of the external forcing given in (1.6) is positivity. When this
positivity is combined with the positivity of the initial vorticity, we obtain the posi-
tivity of future vorticity via a simple maximum principle argument as we may view
(1.1) as a advection-diffusion equation for the vorticity g. Hence we have (see,
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e.g., [17]),
2.2) q(x,t)>0 forallt> 0.

As for the stream function, it can be solved via the Poisson equation together with
the zero boundary condition specified in (1.4). The maximum principle for Poisson
equation [17] implies that the stream function is strictly negative inside the box Q
unless g =0,

2.3) V(1) <0 forallt > 0.

Next we look into the evolution of the energy E, enstrophy £, and circulation
r=/ 04 After multiplying the quasi-geostrophic (Navier-Stokes) equations (1.1)
by — (g or 1, respectively) and integrating over the square Q, it is easy to derive

dE
2.4 = 2 _ i
(2.4) = v/|q| fwf
0 0
d€
(2.5) — = —v/IVqIZJr/qF,
dt
0 0
ar aq
2. avr _ ., [% _
2.6) = vfan—i-/}‘
a0 0

where dg/dn represents the normal derivative of the vorticity with respect to the
unit outer normal at the boundary of the box Q. Since the vorticity is positive inside
the box (2.2), the normal derivative of the vorticity is nonpositive, i.e.,

dg
2.7 — <0 atdQ.
an

This implies that the Newtonian dissipation decreases the circulation. This is, of
course, consistent with the intuitive idea of dissipation. A simple consequence of
equations (2.4), (2.5), and (2.6) together with (2.3) is the fact that the positive ex-
ternal forcing F increases energy, enstrophy, and circulation. This partially justifies
the notation of spin-up.

The dynamics of the Dirichlet quotient A(¢) = £(¢)/ E(¢) can be easily calculated

using the dynamics of the energy and enstrophy. Indeed, we have [20, 34, 35, 40]
dA(1) | I )

Tl E(t)(c‘?(t) A(E(D))
V[=AT—A@BIE  Sola +ADOY)F
a E() E()

Since the sign of ¢ + A(¢)y is not definite, we are not sure if the positive external
forcing increases or decreases the Dirichlet quotient. In fact, numerical experiments
suggest that it could be both ways.

(2.8)
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Our goal here is to derive a time uniform bound on the Dirichlet quotient. The
bound would imply that not many small-scale structures are created even though the
system is under constant bombardment of small-scale vortices.

We introduce the notation

(2.9) wj=w,(X—%), ¢;=A"w,
and
1 L[,
(210) Ej:_i ijj, 51:5 C()j.
Q Q

We see immediately, thanks to (1.11), the positivity of ¢ and w; and the negativity
of ¥ and v,

(2.11) 2E(t;])+2E; > E(zj*) > E(t;)+ Ej,
(2.12) 28(t7)+28 > S(tj*) > E(t7)+&;,

where t; = j At. We also have, by the definition of Dirichlet quotient and the instan-
taneous forcing effect (1.6),

_E)+A Joat)w;+ A%E;
T E()—A[,qG))¥+ AE;

It is clear from our choice of w; in (1.7) that there exists a constant A; such that

(2.13) A(tj+)

E
(2.14) L <, forall j.
Ej
In order to derive a uniform-in-time bound on the Dirichlet quotient, it is enough
to prove the following claim:

Claim. There exists a constant A, such that
(2.15) wj =< —)Lz'gbj for all j.
We observe that with the validity of the claim we have
S(Ij_) + A / q(t; )w; + A25j < E(Ij_) — A / qt; )Y+ AlAzEj
o 0

< A,jE(tj_)—sz/q(tj_)wj+A1A2Ej
0

< )_Lj(E(t]»)—A/q(l‘j)wj"FAzEj),
0

where

(2.16) X =max{A,-, Ay A}
J
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and hence
(2.17) A+ < Xj.

J

Notice that during the pure decay stage t;_; <t < t;_; + At = t;, the Dirichlet
quotient is monotonically decreasing (see (2.8)) so we have

A< Apq .
J Jj—1
When this is combined with (2.16), (2.17), and a simple iteration, we deduce
(2.18) A < ki <Xo=A = max{Ag, k2, A1)
J
where
&
(2.19) Ao = £
E(qo0)

This proves a uniform-in-time bound on the Dirichlet quotient.

It remains to prove claim (2.15). By the special choice of our random forcing
(1.6) and the small-scale vortex (1.7), we see that the support of w; always overlaps
with the interior region Q, = (ro,7 —ro) X (ro,T —ro) of Q since the center of w;
lies in this subregion Q. This implies that there exist finitely many boxes B;,
i=1,...,N,such that B; C Q,, for all i, there exists a constant C, and for each w;
there exists a B; satisfying

(2.20) wj = Cixi,
where

R 1 ifxXeB;
2.21) w@=1 TEET

0 otherwise

is the indicator function of the set B;.
Let ¢; be the solution of

(2.22) Api= s i, =0.
By a standard comparison principle we have

(2.23) =¥ > —C19;.

By Hopf’s strong maximum principle [17] we have
(2.24) aai >0

at the boundary dQ away from the four corners. More precisely, there exists a
constant C, such that

do;
on

(2.25) > C»
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provided

- 1 - 1
|x_(0’0)|ZZrO’ |x_(077[)|ZZ’"O,
(2.26) 1 1
|£_(7T’0)|er09 |;_(7T’7T)|er0
When this is combined with the negativity of ¢; in the interior of the box Q and the
choice of w; (1.7), we have

(2.27) —¢; > Czw; foralli,;j.
This combined with (2.23) yields the claim with
(2.28) Ay =CCs.

To summarize, we have the following result:

THEOREM 2.1 For the Navier-Stokes system (1.1) with random kick forcing spec-
ified in (1.6) together with boundary conditions (1.4), there is a constant Ay that
depends on the nonnegative initial data qo and the small-scale random vortex w,
such that

(2.29) A(t) < A = max{A(go), max A(w;), 12}
for all time, provided that the initial vorticity is nonnegative, i.e., gy > 0.

Remark. As we mentioned earlier, such a uniform-in-time bound on the Dirichlet
quotient of the flow is nontrivial and indicates some control of the small scales in
the flow. Roughly speaking, no scales smaller than the initial small scale or the
small scale determined by the forcing could emerge later on. The bound is optimal
by considering the special case of zero forcing and the special case of zero initial
condition. On the other hand, the bound is not very useful since it is not close to
the minimum value of the Dirichlet quotient in our geometry (2). This is somehow
expected since we haven’t taken dissipation into consideration (we only used the
part that the Dirichlet quotient is nonincreasing during the decay stage), and we are
doing a worst scenario analysis for a stochastic problem. This prompts us to take a
stochastic approach in the next section.

3 Stochastic Estimates

Recall that the numerically observed emergence of large-scale coherent structure
is under the bombardment of random small-scale forcing. The analysis in the last
section was not sufficient since it is a worst-case scenario analysis not taking into
consideration possible random effects. In this section we will study the problem
from a probabilistic perspective. We will start with appropriate approximation of
the random kick forcing.

It is easy to see that the random kick can be decomposed into a mean part and a
random fluctuation part as

(3.1 o, (X — X)) = &, + @, (),
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where the mean part is defined as
3.2) & = Ew, (X — X;)

with E being the mathematical expectation operator over the random center X;. It is
easy to see that, thanks to (1.8),

(3.3) @, € Hy(Q), () € Hy(Q).
(3.4) E(w(j)) =0,
E([| Ao (j)ll72) = E(lAw, (X —X)|17.) + E(| Ad,|I72)
3-3) —2 f A&, E(Aw, (X — X)) < 00
0

This means that the {w).(j)}’s are H()Z(Q)—valued 1.1.d. random variables.

Next we consider the cumulative effect of the forces. Notice at time 7, the flow
has been bombarded by
t
=)

number of small-scale random vortices. Thus the deterministic part of the cumula-
tive forcing effect takes the form
! -
L—J Ad,.
At

Since we are in a nontrivial quasi-equilibrium state, it is natural to expect the de-
terministic part of the forcing to be of order 1. This implies that the amplitude A
should scale like the time step At between forcing. We thus impose the following
assumption:

ASSUMPTION (Forcing Scaling Assumption)
(3.6) A=caAt
where c4 is now a derived parameter.

In the rigorous analysis, we will make the additional smallness assumption on
ca as noted elsewhere in the remainder of this paper. The balance in (3.6) further
implies that the deterministic part of the cumulative forcing converges to

t
/ F — catdy,
0

and thus the deterministic instantaneous forcing may be approximated by

3.7 F =cp0,,

which is a steady-state forcing.
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We now consider the fluctuation part. The cumulative forcing up to time ¢ for the
fluctuating part takes the form, thanks to the amplitude time-step scaling assump-

tion (3.6),
! o,(D+-+aw (=) [1
F = A ! —
/0 /Lﬁj At
o (D4 + (L]
= CAE
L5
(3.8) — caeG(1)

where we have applied an infinite-dimensional version of Donsker’s invariance prin-
ciple,! G(t) denotes an infinite-dimensional Gaussian process, and

(3.9) e =+/At

is a small parameter. This further implies that the fluctuating part of the random
forcing may be modeled as

dG
3.10 F = —.
(3.10) cag—
It is not hard to check, thanks to (3.5) and the invariance principle, that the Gaussian
process G(1)is H>(Q)N HO1 (Q) valued. Indeed, assume that the infinite-dimensional

Gaussian process G takes the form

3.11) GG.t.0) =Y biep(@)pi(t.w)
R

where {e,;(fé)} is an orthonormal basis for L?(Q) given by e = %sin(klx)sin(kzy)
and the {B;(¢,w)}’s are standard one-dimensional Brownian motions. These Brow-
nian motions are not necessarily independent (in fact, many of them are dependent).
It is then easy to verify that, using a Galerkin approximation if necessary,

(3.12) E(AG)12) =) " tlk[*by|? < tE(| A, (D][2,).
k

With the two approximations of the forcing introduced above, we may model the
original problem as a stochastic partial differential equation in the following form:

Navier-Stokes equations with continuous-in-time small random forcing:

0 dG
(3.13) 8—(5+VLw‘Vq = qu+cAc?),+cAeW,

(3.14) q =AY,

I'We are not able to locate a reference for this infinite-dimensional version of Donsker’s invariance
principle. However, such an infinite-dimensional version is expected and can be verified via appro-
priate modification of the finite-dimensional version provided we have enough decay (in Fourier
spaces) and enough smoothness of the fluctuation w,.
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together with the initial condition (1.3) and no-penetration, free-slip boundary con-
dition (1.4). This is the Navier-Stokes equation with a random (white-noise type)
forcing. The well-posedness of this type of problem (existence and uniqueness of
solution, etc.) is well known (see, e.g., [2, 48]).

Here we are interested in the time-asymptotic behavior of the solutions for pa-
rameters lying in appropriate regimes. Similar problems of random small pertur-
bation of deterministic dynamical systems have been studied mostly for the case
of stochastic differential equations utilizing large deviation theory [21]. Our goal
here is to show that the eventual state is a large coherent structure similar to the
ground state mode sin(x)sin(y) plus small random fluctuations under appropriate
assumptions.

3.1 Zero Noise Limit Problem and Coherent Structure

Since there is a small parameter ¢ in the continuous version (3.13) of our prob-
lem, we formally set ¢ to O and deduce the following zero noise limit problem:
dq" 1.0 0 0 -
B + VY- Vg =vAqg +caoy,
(3.16) q° = Ay’

with the same initial boundary condition. This is the usual deterministic Navier-
Stokes equation, and we know that for small enough c4 (which translates into small
amplitude for individual random bombardments for fixed viscosity v and size of
random vortex r from (3.6)), the long-time dynamics is determined by the unique
steady state (see [45])

(3.15)

(3.17) Vil vl = vAqS +cad,,
(3.18) 4% = Ao,

together with the no-penetration, free-slip boundary condition (1.4).
For an even smaller relative amplitude c4, the mean field equation is approxi-
mately linearized,

(3.19) —VAQY & cady,
(3.20) g = Ay,

and the solution is given by
CA 1y~
(3.21) Goo X —-(=A) (@),

It is clear that @, is a constant within the subsquare Q,,, = [2r¢,2m — 2r¢] x
[2ro,27 — 2rp], and it monotonically decreases to 0 at the boundary as X moves to
the boundary in the outward normal direction. Thus @, is approximately a constant
on Q in L? space, and the order of the constant is apparently related to  and can be
estimated to be on the order of 72, i.e.,

(3.22) @, ~r?,
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since
- 1 -2 r2 N -2 2
wr(x) > 1 for |x|” < ER wr(x) <1 for|x|” <r".

This further implies, for very small relative amplitude c4 and small ry (rg > r),
0 ., AT g -1
(3.23) Qoo ™ T(_A) (.

It is then interesting to calculate (—A)~!(1) and check to see if it is close to the large-
scale coherent structure sin(x)sin(y) predicted by equilibrium statistical theory. A
straightforward calculation shows

3.24) (-A)H D)=

o0

16 | .
IFOZZQ::O 722+ D@L+ D@ 1R+ @4 Dy T DOsinEREDY)

It is now easy to check that there is an extremely strong correlation between
(—A)~!(1) and the ground state mode sin(x)sin(y)

(3.25) corr(sin(x)sin(y), (—A)~' (1)) ~ 0.99,
where the graphical correlation of two functions is given by
Ie
conf.g1= 227
If 2118l 2

Such a strong correlation would explain the success of the equilibrium statisti-
cal theory observed in numerical experiments provided the asymptotic behavior is
governed by the limiting scaling (3.23). Our numerical experiments (see Figure 3.1)
strongly support our heuristic argument here. In Figure 3.1, the top left panel is the
graph of (—A)~!(1), which clearly looks like the large-scale coherent structure. The
upper right panel is the correlation between the vorticity g and (—A)~!(1), which
is above 98% for large times. The bottom left panel is the L? norm of the compo-
nent of the vorticity g, which is perpendicular to (—A)~!(1). This is the error of the
heuristic prediction and remains under 2.5% for large times. The bottom right panel
is the relative error of the heuristic prediction, which is under 10% for large times.

Combining the strong correlation between the vorticity field ¢ and the heuris-
tic prediction (—A)~!(1), and the strong correlation between (—A)~!(1) and the
ground state mode (prediction of statistical theory), we obtain the strong correlation
between the vorticity field g and the ground state mode sin (x)sin(y) which further
validates the equilibrium statistical theory. Indeed, we have the following:

LEMMA 3.1 Assume that the functions g1, g, and g3 satisfy
(3.26) corr(gi,g3) = 1 =4y, corr(g2,83) > 1 —4,.
Then

(3.27) corr(gr, g2) = 1 — (/81 4 v/8,)°
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A ; corr. wand-A"" (1)
0.8 F
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.01 - 0.2
00 50 100 150 200 00 50 100 150 20C

FIGURE 3.1. Upper left panel: plot of (—A)~!(1). Upper right panel:
correlation between the vorticity field ¢ (or @) and (—A)~'(1). Lower
left corner: L2 error of the (—A)~1(1) theory. Lower right panel: relative
L? error of the (—A)~1(1) theory.

PROOF: Without loss of generality, we assume g, g», and g3 are unit vectors
(their L2 norms equal to 1). This implies

(g1,83) = corr(g1,g3) > 1 -4y, (82,43) = corr(ga,83) > 1 —6.

Now consider the orthogonal decomposition of g; and g; in the direction parallel to
g3 and the complementary direction perpendicular to g3, i.e.,

g1=rigs+g;. (g.8)=0,
g =r283+85 (8.83)=0.

Thus we have

(g1,.83)=r1>1-4y,
(82,83) =12 > 1—6,

gt = /1 —r? < /26, - 87
TN

which further implies

Similarly,
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Therefore,
(81.82) = (r1g3+ 81,7283+ 85)
=rirn+(g.8,)
> (1=38)(1—=8)—llgiIgll
> (1= 81)(1—8) —/ (28, — 828, — 62)
>1—-61—686—2V616;
> 1= (/81480
This ends the proof of the lemma. U

In our particular application we have
corr(q,(—A)~'(1)) > 1 —0.02,
corr(sin(x) sin(y),(—A)_l(l)) >1-0.02,
which implies, thanks to the lemma,
corr(q, sin(x) sin(y)) > 1 — (2+/0.02)*> = 0.92,

which is very good, although not as good as what the numerics suggest.

It is interesting to notice that there is some discrepancy between the proposed
theory above and the numerical evidence. The amplitude of the forcing in our nu-
merical experiments is not small as required in the theory (we have v =0.01, A =1,
At = 0.1). It seems that there are two possible explanations for this numerical fact.
First, the radius of the random forcing vortex, r, is small (r = 1/64), and thus the
deterministic part of the forcing, @,, is small (scale like r2; see (3.22)). Second, the
long-time dynamics is close to g2, which is close to the first eigenmode sin x sin y.
It is well known that if the first eigenmode of the Laplacian is a steady state, then it
is globally stable (see, e.g., [6, 35, 36]). It is then expected that if we have a steady
state of the deterministic system close to the first eigenmode, it may have a small
attracting basin. The existence of such a attracting basin would further imply some
kind of stability for the corresponding random system with small noise. This will
be addressed in detail elsewhere.

We can also view this as a consequence of the upper semicontinuity of global
attractors. We would like to point out that the phenomenon is not a small-Reynolds-
number phenomenon. The Reynolds number in the simulation presented here is
relatively small (around 50). However, numerical simulations by Grote and Majda
[24] with Reynolds number in the thousands demonstrate the same kind of emer-
gence of large-scale coherent structure under small-scale random bombardments.

Our goal now is to establish the validity of the zero noise limit (3.15) in a rig-
orous fashion whose long-time limiting behavior at small relative amplitude c4 and
small radius of forcing vortex r are given by (3.23).
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3.2 Justification of the Zero Noise Limit at Finite Times

Our first justification of the zero noise limit is in terms of finite-time, almost sure
pathwise convergence to the zero noise limit (3.15).

The idea is simple. The continuous-time stochastic version (3.13) does have a

small random forcing term ¢ As‘il—?. However, ”Z—? is not a function but a distribution

(generalized function). In order to overcome this difficulty, we consider the change
of variable

(3.28) G =q—caeG.
It is easy to check that § satisfies the equation
0g -
(3.29) a—f F VA 4 e ALG) - V(G +caeG) = VAG + cad, +veasAG,
(3.30) g =AY,

Next we take the difference between the new unknown § and the zero noise solu-
tion ¢°,

(3.31) q=d-q"

We then deduce that ¢’ satisfies the following equation:
dq’' .
a—‘i+vl¢.vq/+cAavixp-VG+c§,e2vL(A*‘G)-VG

+ VAW +caeATIG) - Vg = vAG +ve e AG,
/ / / / I
q' =0y, 4| _y=0=q],, =V,
Multiplying the equation by ¢’ and integrating over Q, we deduce
1d ,,
- \V4 2
5 g 1 I+ vIval
< cave| VG VG |+ caellVEE VGl L= g
+c3 IVEATIGIIVG ellg | + IV 1TV I Nl
+eaelVEATIGI VGl gl
v v 1
< _ V 2 EZL VG 2 _ 2
= SIVEIT e~ IVGIT+ S lal
+& 2NV IR VG~ + 264 IV AT GIP VGl 7

+2634IVEATIGIA IV N3 )+wnq’n2,
) ﬁ
which implies
d
Euq/n%vnwnz

< (1+V21Vg° =) llgII?
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+ &2 (AIIVGI* +4cIVEATIGIPIVG 7
+4c3 VAT GIPIVE I + AR IV FIPIVG ),
/
lg'll],_, =O.

For any fixed time T > 0, for almost all w in the probability space (probability 1),
G(t,w) is a continuous function on [0, 7] and G(0, ) = 0, with values in H*>(Q)N
HO1 (Q) (see (3.12)). Thus all terms involving G on the right-hand side of the energy
equation are bounded on [0, T']. The zero noise solutions are smooth [5].

Let us assume for the moment that || V11| is also a function bounded in time.
We may then deduce from the energy inequality
d ;
T I +vIVe P < eillg'? +ce?,
lg"l],_y =0,

where ¢ and c¢; are constants independent of . This implies, thanks to the classical
Gronwall inequality, that there exist constants x| and k», independent of &, such that

0
”q/”LOO(O,T;Lz(Q)) =|lg —caeG—q ||L°°(O T:L2(Q)) = K1€,
V@'l 2011200y = IVq — A VG — vq° l2200,7:22(0)) = K26

which further implies the following:

THEOREM 3.2 For any fixed time T, for almost all w in the probability space, i.e.,
with probability 1, there exist constants k| and k3, independent of €, such that

0
lg —q | Lo.1:200) = K1€,

Vg — Vq l220,7:02(0)) = K26.

PROOF: We have almost everything except for the time uniform estimate on
V4|l For this purpose we multiply the equation for § by § and integrate over Q
and deduce

—i||q||2+v||vq||%
2 dt L
< callo Gl +cavel VG IV +cael VEF VGl elld ]|
+cie2nvLA*1Gu||VG||Loo||c7||

%
=7 1Val2+3 (1 +Zt?m?IIVGIILoo)IIqII2

2
+ A @ |I* + A— ||VG||2c e |VEATIGI? IVG ] .

Therefore, for almost all @ (probablhty 1)

Gl Lo, 0200y < K5 NGl L2070 0) < K
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where « is a constant uniform for small ¢ (¢ < 1). This completes the proof of the
theorem. ]

Remark. This theorem gives us a clear indication that the deterministic zero noise
model is the zero noise limit of the noisy model (3.13). The pathwise convergence
rate of ¢ is the usual strong convergence rate in stochastic analysis [3, 27]. On
the other hand, the convergence result is weak in the sense that all these constants
depend on w (path dependent) and it is for finite time.

3.3 Zero Noise Limit at Large Times

Our next justification of the heuristic limit will be for long time at the expense
of imposing a relative smallness condition on data. We also have an estimate on the
variation.

Indeed, the mathematically correct way of writing the continuous-in-time sto-
chastic version of our problem (3.13) is

(3.32) dg+(—vAq+ V1Y Vg —cad)dt = caedG

where we choose to use the Itd formulation over the Stratonovich formulation.
The difference between the noisy solution ¢ and the zero noise solution ¢°, i.e.,
g’ =q —q°, satisfies the Itd differential equation

dq +(—vAqg + VY Vg + VY - Vg)dt = cpedG.

We then formally apply It6’s celebrated formula to
IV = [ @
Q
and we have
1
d(¢"? =2q'dq’ + 52012482 Zb,;b;e,;e;c,;;dt
= <2vq/Aq/ —2Viy Vg —2Vty Vel + A e? Z b,;bze,;efc,;;)dt
+2caeq'dG,

where

(3.33) cii = EByBp)
is the covariance between f; and f;.
Integrating over Q and utilizing the orthonormal property of {e; }, we have

dllq'|)* = (—2u||Vq’||2+ciEZZb%)df —2( f VW-qu’dz)dt
k 0

+2c48 /(q’,dG)d)?
o
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< =2vIVg'IP+c4e? ) b2 +2| VY =V IHIg°Il )dt
< v[[Vg ca€ F UliL=lVa'lillg

k

+2cAsf(q/,dG)d£
o

t 3
< (—2v||Vq/||2+cieZZb§+mnq 121vq'l2 ||q°||)dr
k

+2cAsf(q/,dG)d£
0]

0
< —2v||Vq’||2(1 _ el ”)dzwf,&Zb,%m

Vv

+2c48 / (¢.dG)dx.
o

Now we postulate the smallness condition
0 1
cld’l _ 1
% 2
We then deduce, from the previous inequality,

(3.34)

(e lg'OI?) < e che* Y brdt +2c ee” / (¢'.dG)dx
0
which further implies

2 .2
CL€E
¢"llg' OIF < e llg" (o) + (e — ") = b2
v

+26A8/ e”/(q'(s),dG(s))d)_c'.
0
0

Next, we apply the mathematical expectation operator E and utilize the martin-
gale property of [; e" |, 0(@'.dG), obtaining

, c2e?
(335) E(lg' 0l = ™ E(lq @) )+ A= Y5
As shown next, the estimates in (3.34) and (3.35) lead to the following:

THEOREM 3.3 Assume relative weak amplitude of the forcing so that the smallness
condition (3.34) is satisfied for any initial data at large time. Then there exists a
constant k independent of € but dependent on initial data and all other parameters)
such that

(3.36) E(l(g — ¢ ®)I* <ke*
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for all time.

PROOF: To complete the proof, we need to show that the first term in (3.35) is
of order &.

For small enough c,, it is easy to see that the zero noise solution ¢° (3.15) will

satisfy the smallness condition (3.34) [11, 19, 32, 46].
Indeed, a simple calculation reveals

d Al )?

a7+ vIve'|F = A

Hence we have, after applying the Poincaré inequality,

d Allo
Lo +2v)g0) < e
dt )
which leads to
A @y |2
412

Thus we have the smallness condition (3.34) for large time satisfied provided

(3.37) g’ < e l|qoll* +

o> 1
3.38 2ATrE <
(3-38) v —2
Then for
2
(3.39) p> 1 & L 2ol
v v

the inequality (3.35) holds, which further leads to our estimate over the interval
[T, 00) provided we can control E(|l¢'(T)||?) in the order of &.

For the time interval [0, 7], we make a slight change in the inequalities in apply-
ing Itd’s formula, and we have

d c
(3.40) S E4IP) < —vE(IV4IP) + v—i||q°||“E<||q’||2)+ciezzb,%-
k

This leads to a desired bound on E(||¢’||?) of the order of &> on the time interval
[0,T1].
The proof is complete after combining the above two estimates. O

Remark. The theorem states that the expected value of the distance in L? from the
noisy solution to the heuristic limit of zero noise solution is of the order of ¢ for
all time. This explains the emergence of large coherent structure very well when
combined with our earlier discussion on the behavior of the solution to the zero
noise equation.
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3.4 Convergence of the Random Afttractor

It is well known that the two-dimensional Navier-Stokes equation can be viewed
as a dissipative dynamical system and possesses a global attractor [45]. This deter-
ministic theory can be extended to the stochastic case [1, 7, 18] in terms of random
dynamical systems and random attractors. For the sake of exposition we quickly
recall some of the relevant notation.

Given a probability space (€2, F, P) and a family of measure-preserving maps 6,
on 2 satisfying
(3.41) 6o =1d, 6,4+ = 06,6,
a random dynamical system is a map ¢

¢:R"xQxH— H,
(t,w,u) > ¢(t,w)u,
satisfying
¢(0,0) =1d,
ot +5,0) = P(t,0,w) - d(s,w) (cocycle property).

Here H is the physical phase space of the problem, which in our case would be the
L? space for the vorticity ¢.

A random set A(w) is called a random attractor of the random dynamical system
¢ if

(1) A(w) is compact with “probability” 1 and dist({u}, A(w)) is measurable for

allu e H,

(2) ¢(t,w)A(w) = A(0;w) for all ¢t > 0 (invariance) and
(3) for any bounded set B in H

tir)noodist(tb(tﬁ_,w)B,A(a))) =0

with probability 1 (attracting).

The theory of the random attractor applies to our continuous-in-time stochastic
version of our problem (3.13) in the sense that we can prove the existence of random
attractors A, (w) for each ¢ > 0. Moreover, the random attractors A, (w) are related
to the zero noise attractor Ag of (3.15) in an upper semicontinuous fashion just as in
the deterministic case [26, 45]. More precisely, we have the following:

THEOREM 3.4 Let A.(w) be the random attractor of the random dynamical system
generated by (3.13) with noise level &, and let Ay be the global attractor of the
deterministic Navier-Stokes system (3.15). Then A.(w) converges to Ag in an upper
semicontinuous fashion with probability 1, i.e.,

(3.42) liII(l) dist(A;(w), Ap) =0 a.s.
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PROOF: The proof is an application of a result obtained by Caraballo, Langa,
and Robinson [4] regarding upper semicontinuity of the attractor for small random
perturbations of a dynamical system. In fact, they already applied their result to
small random perturbations of deterministic, two-dimensional, Navier-Stokes equa-
tions (NSEs). The differences are that (1) they used a velocity-pressure formu-
lation of the NSE and (2) they allowed only one mode random perturbation, i.e.,
G = ¢(X)B(t), where ¢ is a fixed mode not necessarily related to an eigenmode of
the the Laplace operator and g is a standard, one-dimensional Brownian motion.

There are two main ingredients in the application of the Caraballo, Langa, and
Robinson result, namely,

(1) uniform (from bounded initial data) convergence of trajectories with proba-
bility 1 (this is basically the first justification that we presented) and
(2) the existence of a uniform, compact absorbing set.

The second part can be accomplished with minor modification of the argument
of Carabolla, Lange, and Robinson. We leave out the details; the interested reader
may consult the original work for more information [4]. The completes the proof of
this theorem. O

The result presented here again explains the emergence of the large scale coher-
ent structure observed in the numerical experiments since the numerical result (long
time behavior) must be close to the solution of the zero-noise limit (3.15) which
resembles, as shown earlier, a large scale coherent structure at small amplitude.

Since the long-time behavior of the limit deterministic system (3.15) is unique
for small relative amplitude c4, and since the noisy solution g converges to the
zero noise solution (both in terms of trajectories and in terms of attractors), we
naturally wonder if there is any uniqueness for the noisy system (3.13) in terms
of long-time behavior for small noise (small ¢) and small relative amplitude (small
ca). It is then clear that we should look into the question of whether the random
attractors A, (w) generated by the stochastic PDE (3.13) have only one point (one
single stochastic process). If the random attractor A, (w) consists of one stochastic
process only, we then deduce that all statistical information must be encoded in this
single stochastic process. Indeed, this implies that there exists a unique invariant
measure. The support of the measure, which is exactly 4., must be close to Ay,
which is a one-point set {¢,} for small enough c4. This would offer an explanation
of the emergence of large coherent structure in a way that is closer to traditional
statistical theory; namely, there exists a unique invariant measure, and the statistics
with respect to the unique invariant measure yield a large coherent structure close
to qgo that is asymptotically (up to a scaling) (—A)~!(®,) &~ (—=A)~!(1), which has
an extremely strong correlation with sin(x)sin(y). Indeed, all these heuristics are
correct, and we have the following theorem:

THEOREM 3.5 For small enough relative amplitude c of the forcing, the continu-
ous-time stochastic model (3.13) possesses a unique invariant measure, and the ran-
dom attractor consists of a single stochastic process goo(w,€).
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Moreover, we have the following commutative diagram:
q(1,0,8) —> Goo(®,8)
(3.43) Hol Je=o0
t—
9"(to) —= g5
Furthermore, we also have

(3.44) lim corr (¢2,.(=4)7' () = 1.
8

PROOF: The second part of the theorem is clear since we have

(3.45) limocorr (9%, (—A) (@) =1

and

(3.46) lim corr (=A) @), (—A) (D) = 1.
0

Therefore, according to Lemma 3.1,

(3.47) lim corr (g%, (—A) (1)) = L.
ca—0
ro—0
r—0

We have already shown that, with probability 1, trajectories of the noisy system
(3.13) converge to that of the deterministic zero noise limit system (3.15) as men-
tioned earlier. It is well known that the deterministic system has a trivial attractor
(Ao = {¢%}) for small enough relative amplitude c4. We have also shown in the
previous theorem that the long-time behavior of the noisy system (3.13) in terms
of the attractors A, converges to the trivial attractor A as ¢ approaches 0. (In this
case, upper semicontinuity implies continuity since Ay consists of one point only.)

The convergence of attractors also follows from Theorem 3.3. Thus we only
need to show that the random attractor of the noisy system consists of one single
stochastic process g¢, in order to establish the validity of the commutative diagram
(3.43). In fact, if each random attractor at a fixed noise level consists of one stochas-
tic process, the long-time convergence result stated in Theorem 3.2 and the fact that
the deterministic attractor of the zero noise system is trivial implies the convergence
of random attractors without invoking Theorem 3.3.

In order to show that the random attractor of the stochastic system (3.13) con-
sists of one point only, we only need to show that there is contraction of the phase
space under the dynamics. More precisely, we need to show that for almost all @
(probability 1) and any two initial data gg;,qq2, the solutions starting from ¢go; and
g2, denoted ¢V and ¢®, respectively, converge together, i.e., |¢® — ¢V || — 0 as
t — o0.
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Indeed, ¢’ = ¢® — g satisfies the following equations:
8 /
a—i + VP ve' + vy VgD = vAg,
q/ — Aw/’
q/|,:0 = qo2 —4qo1-
Multiplying the equation by ¢’ and integrating over Q, we deduce

d

a1 < =201Vg I+ 21V e llg 11V
(3.48) < —@v—alVaDlg'I%,

which further implies

/ C !
(3.49) ||6](f)||25||QO2—6101||26XP<—4W(1— 4T4t / ||Vq<”(s)||ds)).
0

Therefore, we will have exponential contraction provided that
2v

C4

1 t
(3.50) - / IVgP(s)lds <
0

is satisfied for large 7.

In order to estimate 1 [ |VgV(s)||ds, we apply Ito’s formula again utilizing
(3.32)

1
dg* =2qgdg+ 520%82 Zb,;b;e,;e;c,;;dt
= (2vq Ag — 2VL1// -Vq-q+2qcaw, + c%sz Z b,;b;e,;e;c,;;)dt +2cpeqdG.
Integrating over Q we deduce

dlql? < (—2v||Vq||2 +2call@ g +cieZZb,%)dt +2cae Y bpapdp;
k

6‘2 _ A
< (—v||Vq||2 + f‘llwrllz +c3822b§)dz +2ca8 Y brgpdpy
i

where

q() =) g (e (¥).
k
This further implies

1 [ 1 2 c2e? 2c4e 1 (1 A
—/ IVg(©)IPds < —llgoll* + 3 ll@, >+ 2= b2 + —/ > bidrdp;.
t Jo tv v v t Jo Z

Vv
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It is clear that the first three terms on the right-hand side can be made small, i.e.,

1 2 ce? 2
3.51 — 2o 1P+ A i< —,
(3.51) Sllaol’ + 1@ 17+ == b < p
provided we take ¢ large (large time) for the first term, ¢4 small (small relative
amplitude) for the second term, and either small ¢4 (small relative amplitude) or
small & from the third term. Thus we are left to deal with just the last term,

2cp€ 1
-M(t
- Zh (t)
k
where
t
(3.52) M) = / > g dp;
0 “=
k

is a martingale.

We want to show that sup,_, ., M () does not grow too fast. In fact, we want to
show that
3

(3.53) sup M(7) < —
O<t=t C4CAE

almost surely for large ¢, since this would imply the contraction because

1 1 o\ v
—/nvmwmms(—/nvmwudﬁ <2
! 0 t 0 Cq

The supremum of a (local) martingale can be estimated utilizing Burkholder’s
inequality; see, for instance, [3, 27, 41]. For this purpose we need to consider the
quadratic variation of M, namely,

t
1,330 < 3 [ g1 g
kI
Ry !
0 27 k211>

t A 2
_ Iq;zl)
§b2/( ) ds
2 0 Z|k|2

k

t
2 R
565b2f E ;1% ds
0 “=
k

t
-2
=@%/nmﬁ
0
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where
(3.54) by = sup |by| [k|* < oo,
i
(3.55) 5= SN
. 5 |l—<>|4

k
by direct calculation and (3.12).
Next we apply the Ito formula to ||g||?” and get

dllg®I*" =2pllg®OIF?~ " (= vIIVg®I* +call@, g dt +cae / q()dG dx
0
+2p(p — DlgIP?Pcie? Y " biGy - bygrey pdt

A
+pllgOIPP~Vc5e Y " brdt.
Therefore
%E(Ilq(t)llz”) = E(=20pllg0I” +2peallar gl
+2p(p = Deeeshs lgOI 2+ pee® Y BAla] )

2peallay | )2”

2
< —vpE(lg®)I7") + (W

2p(p— 1)03482055; + pcie? Zbl% p
+( Al )
(vp/2) 7
Thus

E(lq0IP7) < e o7 + | (—2zealerl )
q = q0 v (vp/2)@r=72p

-2
2p(p — )cie%esby + pcie? Zb’%
(vp/2)p=b/p ’

Now combining these estimates, together with the Burkholder inequality, the Cheby-
shev inequality, and Holder’s inequality, we have
Prob{ sup M(t) > én“}|
0<t<n
_ E(Gupyein M (1))
B (8n®)2P
. E([M,M](n))”
= €6 82pn2ap
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720 p—
cectby nP™!

n 2
SR fo Elg1%7)

—2p — 2
C6C§)b2 {evpn”qOHZp + L ((M) p
Vv

— §2pp2ap—p+l (vp/Z)%

2p(p— 1)03‘826553 + pcie? Zb]% P

a =)

(vp/2) »
Next we set
v | 2
= =, o =1, = 4,
2cicae b

and we see that

V3 1
Xn:Prob sup M(t) > 52 Agn §C7Z$ < 00.

0<t<n C4C

Thus the Borel-Cantelli lemma tells us that with probability 1, for each w, there
exists an N (w) such that

2

1
— sup M(1) < —

for all n > N(w).

Henceif N(w)<n <t <n+1,

1 1 n+1 3
—sup M(t)<— sup M(@)<—— <

O<r<r O<r<n+1 1 \2cicae
n+1 3 V3
2 <3 vVt > N(w).
n \2cjcae CiCAE
This completes the proof of the theorem. g

Remark. There has been intensive effort in studying the uniqueness of invariant
measure for randomly forced PDEs [8, 9, 15, 16, 30, 37, 38, 44]. The uniqueness of
the invariant measure part of our results resembles those of Mattingly [38, 39] and
Schmalfuss [44]. The differences are as follows:

(1) We consider forcing with a deterministic part and a random fluctuation part
while the other authors considered random fluctuation only. We believe our setting is
closer to physical reality where the overall mean (expectation) of physically realistic
systems does not necessarily vanish.

(2) We consider dependent Brownian fluctuations. This is generic if the ran-
domness is introduced in the physical space (not frequency space) as is discussed
here.
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4 Conclusion and Remarks

We have demonstrated both numerically and theoretically that small-scale ran-
dom forcing may induce large-scale coherent structure in two-dimensional flow
problems. Moreover, the large-scale coherent structure is well predicted by equilib-
rium statistical theory utilizing energy-enstrophy as conserved quantities or energy
circulation as conserved quantities (see [24, 35]), although the mean field predicted
by the rigorous theory is different from the mean field predicted by the equilibrium
statistical theory.

The main result can be generalized in some straightforward fashion. For in-
stance, we can allow different probability distributions for the center x; of the ran-
dom small-scale forcing. Also, we may allow the random vortices to change signs
as long as the mean does not vanish (so that the deterministic part does not van-
ish). Of course, the emerging large-scale vortex will be changed as well. Other
generalizations, such as to systems on different domains or with different geome-
try and more general one-layer/multilayer systems (see, e.g., [23, 31, 35, 42]) can
be considered as well without much difficulty. We are especially interested in the
geophysical effects (8-plane, f-plane, topography, Ekman damping, etc.).

The crude closure numerical algorithms give a variety of interesting new be-
haviors when such geophysical effects are included [10, 24, 25]. There is a recent
statistical theory that successfully predicts the Great Red Spot of Jupiter in a fash-
ion consistent with the observations from the Galileo and Voyager missions [35, 47].
The idea of small-scale bombardment of random vortices creating a large-scale co-
herent structure is crucial in that work; that assumption is also supported by the
observational record [22]. One of the challenges is to deduce if realistic large-scale
coherent structures such the Great Red Spot can be predicted rigorously using the
approach of this paper. We are far from this goal at this time.

There are many other issues to be considered so far as the theoretical problem is
considered. For instance, what if the smallness (of the relative amplitude) assump-
tion is violated? We are then close to the situation of

aq — dG
4.1 — =VA —
4.1 at+J(¢,61) v f1+]:+8dt

where F is not small so that the deterministic system (zero noise system) has non-
trivial long-time dynamics (nontrivial global attractor). This scenario is similar to
the Sinai, Ruelle, Bowen (SRB) measure problem for a finite-dimensional dynami-
cal system. In that case, a unique (distinguished) invariant measure, the SRB mea-
sure, is the one selected by the vanishing noise limit [49] with appropriate assump-
tions on the system and noise.

In our infinite-dimensional setting, we anticipate that the invariant measure for
such noisy systems remains unique when all determining modes are forced indepen-
dently. This can be done via appropriate modification of the works of E, Mattingly,
and Sinai [15] (see also [13]). A more interesting issue is the limit of such invariant
measures at vanishing noise. It seems that we can show that this set of invariant
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measures (with noise level € as a parameter) is tight (the tightness in the case with
v = /e,F =0 was treated by Kuksin [29]), and any limit should be an invariant
measure of the zero noise deterministic system. It would be very interesting to deter-
mine if the limit was unique since if it is unique, then the limiting invariant measure
has the distinguished role of an SRB measure in the infinite-dimensional setting, and
thus all statistics should be performed utilizing this distinguished invariant measure.

Going back to our theoretical problem, we would also like to know if the in-
variant measure still remains unique if the smallness condition is violated. Our
situation differs from the ones available in the existing literature in two ways: we
have a nontrivial mean part, and more importantly, the Brownian motions on differ-
ent modes may be dependent (in our case it is intuitively two dimensional only since
the distribution is determined with two parameters only). Uniqueness of the invari-
ant measure when not all determining modes are independently randomly forced is a
major open problem (see [12, 14, 16]). Another related issue is what happens when
the mean (deterministic) part of the forcing vanishes. Then the problem resembles
those studied by E, Mattingly, and Sinai [15] and Kuksin [28]. Again, we encounter
the difficulty of modewise dependent random forcing.

Lastly, we treat only the continuous problem here. We may then naturally won-
der what happens to the original kick forcing problem. Does the discrete problem
also have a large-scale coherent structure? Is the limit of the discrete problem the
continuous problem studied here? We will provide the answer to some of these
problems in the near future in a separate manuscript.
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