CLASSIFICATION AND RIGIDITY OF TOTALLY PERIODIC PSEUDO-ANOSOV FLOWS IN GRAPH MANIFOLDS

THIERRY BARBOT AND SÉRGIO R. FENLEY

Abstract − In this article we analyze totally periodic pseudo-Anosov flows in graph three manifolds. This means that in each Seifert fibered piece of the torus decomposition, the free homotopy class of regular fibers has a finite power which is also a finite power of the free homotopy class of a closed orbit of the flow. We show that each such flow is topologically equivalent to one of the model pseudo-Anosov flows which we previously constructed in [Ba-Fe]. A model pseudo-Anosov flow is obtained by glueing standard neighborhoods of Birkhoff annuli and perhaps doing Dehn surgery on certain orbits. We also show that two model flows on the same graph manifold are isotopically equivalent (ie. there is a isotopy of M mapping the oriented orbits of the first flow to the oriented orbits of the second flow) if and only if they have the same topological and dynamical data in the collection of standard neighborhoods of the Birkhoff annuli.

1. Introduction

Pseudo-Anosov flows are extremely common amongst three manifolds, for example^1: 1) Suspension pseudo-Anosov flows [Th1, Th2, Th3], 2) Geodesic flows in the unit tangent bundle of negatively curved surfaces [An], 3) Certain flows transverse to foliations in closed atoroidal manifolds [Mo3, Cal1, Cal2, Cal3, Fe4]; flows obtained from these by either 4) Dehn surgery on a closed orbit of the pseudo-Anosov flow [Go, Fr], or 5) Shearing along tori [Ha-Th]; 6) Non transitive Anosov flows [Fr-Wi] and flows with transverse tori [Bo-La].

The purpose of this article is to analyse the question: how many essentially different pseudo-Anosov flows are there in a manifold? Two flows are essentially the same if they are topologically equivalent. This means that there is a homeomorphism between the manifolds which sends orbits of the first flow to orbits of the second flow preserving orientation along the orbits. In this article, we will also consider the notion of isotopic equivalence, i.e. a topological equivalence induced by an isotopy, that is, a homeomorphism isotopic to the identity.

We will restrict to closed, orientable, toroidal manifolds. In particular they are sufficiently large in the sense of [Wald3], that is, they have incompressible surfaces [He, Ja]. Manifolds with pseudo-Anosov flows are also irreducible [Fe-Mo]. It follows that these manifolds are Haken [Ja]. We have recently extended a result of the first author ([Ba2]) to the case of general pseudo-Anosov flows: if the ambient manifold is Seifert fibered, then the flow is up to finite cover topologically equivalent to a geodesic flow in the unit tangent bundle of a closed hyperbolic surface [Ba-Fe, Theorem A]. In addition we also proved that if the ambient manifold is a solvable three manifold, then the flow is topologically equivalent to a suspension Anosov flow [Ba-Fe, Theorem B]. Notice that in both cases the flow does not have singularities, that is, the type of the manifold strongly restricts the type of pseudo-Anosov that it can admit. This is in contrast with the strong flexibility in the construction of pseudo-Anosov flows − that is because many flows are constructed in atoroidal manifolds or are obtained by flow Dehn surgery on the pseudo-Anosov flow, which changes the topological type of the manifold. Therefore in many constructions one cannot expect that the underlying manifold is toroidal.

In this article we will mainly study pseudo-Anosov flows in graph manifolds. A graph manifold is an irreducible three manifold which is a union of Seifert fibered pieces. In a previous article [Ba-Fe] we produced a large new class of examples in graph manifolds. These flows are totally periodic. This means

1We also mention a recent work in progress by F. Béguin, C. Bonatti and Bin Yu, constructing a wide family of new Anosov flows; which can be seen as an extension of the construction in [Ba-Fe] ([BBB]). 1

that each Seifert piece of the torus decomposition of the graph manifold is periodic, that is, up to finite powers, a regular fiber is freely homotopic to a closed orbit of the flow. More recently, Russ Waller [Wa] has been studying how common these examples are, that is, the existence question for these type of flows. He showed that these flows are as common as they could be (modulo the necessary conditions).

In this article we will analyse the question of the classification and rigidity of such flows. In order to state and understand the results of this article we need to introduce the fundamental concept of a Birkhoff annulus. A Birkhoff annulus is an a priori only immersed annulus, so that the boundary is a union of closed orbits of the flow and the interior of the annulus is transverse to the flow. For example consider the geodesic flow of a closed, orientable hyperbolic surface. The ambient manifold is the unit tangent bundle of the surface. Let α be an oriented closed geodesic - a closed orbit of the flow - and consider a homotopy that turns the angle along α by π. The image of the homotopy from α to the same geodesic with opposite orientation is a Birkhoff annulus for the flow in the unit tangent bundle. If α is not embedded then the Birkhoff annulus is not embedded. In general Birkhoff annuli are not embedded, particularly in the boundary. A Birkhoff annulus is transverse to the flow in its interior, so it has induced stable and unstable foliations. The Birkhoff annulus is elementary if these foliations in the interior have no closed leaves.

In [Ba-Fe, Theorem F] we proved the following basic result about the relationship of a pseudo-Anosov flow and a periodic Seifert piece P : there is a spine Z for P which is a connected union of finitely many elementary Birkhoff annuli. In addition the union of the interiors of the Birkhoff annuli is embedded and also disjoint from the closed orbits in Z. These closed orbits, boundaries of the Birkhoff annuli in Z, are called vertical periodic orbits. The set Z is a deformation retract of P , so P is isotopic to a small compact neighborhood N(Z) of Z. In general the Birkhoff annuli are not embedded in Z: it can be that the two boundary components of the same Birkhoff annulus are the same vertical periodic orbit of the flow. It can also occur that the annulus wraps a few times around one of its boundary orbits. These are not exotic occurrences, but rather fairly common. For every vertical periodic orbit α in N(Z), the local stable leaf of α is a finite union of annuli, called stable vertical annuli, tangent to the flow, each realizing a homotopy between (a power of) α and a closed loop in ∂N(Z). One defines similarly unstable vertical annuli in N(Z).

We first analyse periodic Seifert pieces. The first theorems (Theorem A and B) are valid for any closed orientable manifold M, not necessarily a graph manifold. The first result is (see Proposition 3.2):

Theorem A − Let Φ be a pseudo-Anosov flow in M^3. If {P_i} is the (possibly empty) collection of periodic Seifert pieces of the torus decomposition of M, then the spines Z_i and neighborhoods N(Z_i) can be chosen to be pairwise disjoint.

We prove that the {Z_i} can be chosen pairwise disjoint. Roughly this goes as follows: we show that the vertical periodic orbits in Z_i cannot intersect Z_j for j ≠ i, because fibers in different Seifert pieces cannot have common powers which are freely homotopic. We also show that the possible interior intersections are null homotopic and can be isotoped away.

The next result (Proposition 3.4) shows that the boundary of the pieces can be put in good position with respect to the flow:

Theorem B − Let Φ be a pseudo-Anosov flow and P_i, P_j be periodic Seifert pieces with a common boundary torus T . Then T can be isotoped to a torus transverse to the flow.

The main property used to prove this result is that regular fibers restricted to both sides of T (from P_i and P_j) cannot represent the same isotopy class in T .

Finally we prove the following (Proposition 3.5):

Theorem C − Let Φ be a totally periodic pseudo-Anosov flow with periodic Seifert pieces {P_i}. Then neighborhoods {N(Z_i)} of the spines {Z_i} can be chosen so that their union is M and they have pairwise disjoint interiors. In addition each boundary component of every N(Z_i) is transverse to the flow. Each N(Z_i) is flow isotopic to an arbitrarily small neighborhood of Z_i.

We stress that for general periodic pieces it is not true that the boundary of N(Z_i) can be isotoped to be transverse to the flow. There are some simple examples as constructed in [Ba-Fe]. The point here is that we assume that all pieces of the JSJ decomposition are periodic Seifert pieces.

Hence, according to Theorem C, totally periodic pseudo-Anosov flow are obtained by glueing along the bondary a collection of small neighborhoods N(Z_i) of the spines. There are several ways to perform this glueing which lead to pseudo-Anosov flows. The main result of this paper is that the resulting pseudo-Anosovs flow are all topologically equivalent one to the other. More precisely (see section 5.1):

Theorem D − Let Φ, Ψ be two totally periodic pseudo-Anosov flows on the same orientable graph manifold M. Let P_i be the Seifert pieces of M, and let Z_i(Φ), Z_i(Ψ) be spines of Φ, Ψ in P_i. Then, Φ and Ψ are topologically equivalent if and only if there is a homeomorphism of M mapping the collection of spines {Z_i(Φ)} onto the collection {Z_i(Ψ)} and preserving the orientations of the vertical periodic orbits induced by the flows.

Theorem D is a consequence of the following Theorem, more technical but slightly more precise (see section 5.2):

Theorem D’ − Let Φ, Ψ be two totally periodic pseudo-Anosov flows on the same orientable graph manifold M. Let P_i be the Seifert pieces of M, and let Z_i(Φ), Z_i(Ψ) be spines of Φ, Ψ in P_i, with tubular neighborhoods N(Z_i(Φ)), N(Z_i(Ψ)) as in the statement of Theorem C. Then, Φ and Ψ are isotopically equivalent if and only if, after reindexing the collection {N(Z_i(Ψ))}, there is an isotopy in M mapping every spine Z_i(Φ) onto Z_i(Ψ), mapping every stable/unstable vertical annulus of Φ in N(Z_i(Φ)) to a stable/vertical annulus in N(Z_i(Ψ)) and preserving the orientations of the vertical periodic orbits induced by the flows.

The main ideas of the proof are as follows. It is easy to show that, if the two flows are isotopical equivalent, the isotopy maps every Z_i(Φ) onto a spine Z_i(Ψ) of Ψ, every N(Z_i(Φ)) onto a neighborhood N(Z_i(Ψ)), so that vertical stable/unstable annuli and the orientation of vertical periodic orbits are preserved.

Conversely, assume that up to isotopy Φ and Ψ admit the same decomposition in neighborhoods N(Z_i) of spines Z_i, so that they share exactly the same oriented vertical periodic orbits and the same stable/unstable vertical annuli. Consider all the lifts to the universal cover of the tori in ∂N(Z_i) for all i. This is a collection T of properly embedded topological planes in ~M, which is transverse to the lifted flows ~Φ and ~Ψ. We show that an orbit of ~Φ or ~Ψ (if not the lift of a vertical periodic orbits) is completely determined by its itinerary up to shifts: the itinerary is the collection of planes it intersects. One thus gets a map between orbits of ~Φ and orbits of ~Ψ. This extends to the lifts of the vertical periodic orbits. This is obviously group equivariant. The much harder step is to prove that this is continuous, which we do using the exact structure of the flows and the combinatorics. Using this result we can then show that the flow Φ is topologically equivalent to Ψ. Since the action on the fundamental group level is trivial, this topological equivalence is homotopic to the identity, hence, by a Theorem by Waldhausen ([Wald3]), isotopic to the identity: it is an isotopic equivalence.

We then show (section 6.2) that for any totally periodic pseudo-Anosov flow Φ there is a model pseudo- Anosov flow as constructed in [Ba-Fe] which has precisely the same data Z_i, N(Z_i) that Φ has. This proves the following:

Main theorem − Let Φ be a totally periodic pseudo-Anosov flow in a graph manifold M. Then Φ is topologically equivalent to a model pseudo-Anosov flow.

Model pseudo-Anosov flows are defined by some combinatorial data (essentially, the data of some fat graphs and Dehn surgery coefficients; see section 6.1 for more details) and some parameter λ. A nice corollary of Theorem D’ is that, up to isotopic equivalence, the model flows actually do not depend on the choice of λ, nor on the choice of the selection of the particular glueing map between the model periodic pieces.

In the last section, we make a few remarks on the action of the mapping class group of M on the space of isotopic equivalence classes of totally periodic pseudo-Anosov flows on M.

2. Background

Pseudo-Anosov flows − definitions Definition 2.1. (pseudo-Anosov flow) Let Φ be a flow on a closed 3-manifold M. We say that Φ is a pseudo-Anosov flow if the following conditions are satisfied:

- For each x ∈ M, the flow line t → Φ(x, t) is C^1, it is not a single point, and the tangent vector bundle D_tΦ is C^0 in M.

- There are two (possibly) singular transverse foliations Λ^s, Λ^u which are two dimensional, with leaves saturated by the flow and so that Λ^s, Λ^u intersect exactly along the flow lines of Φ.

- There is a finite number (possibly zero) of periodic orbits {γ_i}, called singular orbits. A stable/unstable leaf containing a singularity is homeomorphic to P × I/f where P is a p-prong in the plane and f is a homeomorphism from P × {1} to P × {0}. In addition p is at least 3.

- In a stable leaf all orbits are forward asymptotic, in an unstable leaf all orbits are backwards asymptotic.

Basic references for pseudo-Anosov flows are [Mo1, Mo2] and [An] for Anosov flows. A fundamental remark is that the ambient manifold supporting a pseudo-Anosov flow is necessarily irreducible - the universal covering is homeomorphic to R^3 ([Fe-Mo]). We stress that in our definition one prongs are not allowed. There are however “tranversely hyperbolic” flows with one prongs:

Definition 2.2. (one prong pseudo-Anosov flows) A flow Φ is a one prong pseudo-Anosov flow in M^3 if it satisfies all the conditions of the definition of pseudo-Anosov flows except that the p-prong singularities can also be 1-prong (p = 1).

Torus decomposition

Let M be an irreducible closed 3–manifold. If M is orientable, it has a unique (up to isotopy) minimal collection of disjointly embedded incompressible tori such that each component of M obtained by cutting along the tori is either atoroidal or Seifert-fibered [Ja, Ja-Sh] and the pieces are isotopically maximal with this property. If M is not orientable, a similar conclusion holds; the decomposition has to be performed along tori, but also along some incompressible embedded Klein bottles.

Hence the notion of maximal Seifert pieces in M is well-defined up to isotopy. If M admits a pseudo- Anosov flow, we say that a Seifert piece P is periodic if there is a Seifert fibration on P for which, up to finite powers, a regular fiber is freely homotopic to a periodic orbit of Φ. If not, the piece is called free. Remark. In a few circumstances, the Seifert fibration is not unique: it happens for example when P is homeomorphic to a twisted line bundle over the Klein bottle or P is T^2 × I. We stress out that our convention is to say that the Seifert piece is free if no Seifert fibration in P has fibers homotopic to a periodic orbit.

Orbit space and leaf spaces of pseudo-Anosov flows

Notation/definition: We denote by π : ~M → M the universal covering of M, and by π_1(M) the fundamental group of M, considered as the group of deck transformations on ~M . The singular foliations lifted to ~M are denoted by ~Λ^s, ~Λ^u. If x ∈ M let W^s(x) denote the leaf of Λ^s containing x. Similarly one defines W^u(x) and in the universal cover ~W^s(x), ~W^u(x). Similarly if α is an orbit of Φ define W^s(α), etc... Let also ~Φ be the lifted flow to ~M.

We review the results about the topology of ~Λ^s, ~Λ^u that we will need. We refer to [Fe2, Fe3] for detailed definitions, explanations and proofs. The orbit space of ~Φ in ~M is homeomorphic to the plane R^2 [Fe-Mo] and is denoted by O ∼= ~M/~Φ. There is an induced action of π_1(M) on O. Let

Θ : ~M → O ∼= R^2 be the projection map: it is naturally π_1(M)-equivariant. If L is a leaf of ~Λ^s or ~Λ^u, then Θ(L) ⊂ O is a tree which is either homeomorphic to R if L is regular, or is a union of p-rays all with the same starting point if L has a singular p-prong orbit. The foliations ~Λ^s, ~Λ^u induce π_1(M)-invariant singular 1-dimensional foliations O^s, O^u in O. Its leaves are Θ(L) as above. If L is a leaf of ~Λ^s or ~Λ^u, then a

Figure 1: a. Perfect fits in ~M, b. A lozenge, c. A chain of lozenges.

sector is a component of ~M − L. Similarly for O^s, O^u. If B is any subset of O, we denote by B × R the set Θ^{−1}(B). The same notation B × R will be used for any subset B of ~M: it will just be the union of all flow lines through points of B. We stress that for pseudo-Anosov flows there are at least 3-prongs in any singular orbit (p ≥ 3). For example, the fact that the orbit space in ~M is a 2-manifold is not true in general if one allows 1-prongs.

Definition 2.3. Let L be a leaf of ~Λ^s or ~Λ^u. A slice of L is l × R where l is a properly embedded copy of the reals in Θ(L). For instance if L is regular then L is its only slice. If a slice is the boundary of a sector of L then it is called a line leaf of L. If a is a ray in Θ(L) then A = a × R is called a half leaf of L. If ζ is an open segment in Θ(L) it defines a flow band L_1 of L by L_1 = ζ × R. We use the same terminology of slices and line leaves for the foliations O^s, O^u of O.

If F ∈ ~Λ^s and G ∈ ~Λ^u then F and G intersect in at most one orbit.

We abuse convention and call a leaf L of ~Λ^s or ~Λ^u periodic if there is a non trivial covering translation g of ~M with g(L) = L. This is equivalent to π(L) containing a periodic orbit of Φ. In the same way an orbit γ of ~Φ is periodic if π(γ) is a periodic orbit of Φ. Observe that in general, the stabilizer of an element α of O is either trivial, or a cyclic subgroup of π_1(M).

Perfect fits, lozenges and scalloped chains

Recall that a foliation F in M is R-covered if the leaf space of ~F in ~M is homeomorphic to the real line R [Fe1].

Definition 2.4. ([Fe2, Fe3]) Perfect fits - Two leaves F ∈ ~Λ^s and G ∈ ~Λ^u, form a perfect fit if F ∩ G = ∅ and there are half leaves F_1 of F and G_1 of G and also flow bands L_1 ⊂ L ∈ ~Λ^s and H_1 ⊂ H ∈ ~Λ^u, so that the set

F_1 ∪ H_1 ∪ L_1 ∪ G_1 separates M and forms an a rectangle R with a corner removed: The joint structure of ~Λ^s, ~Λ^u in R is that of a rectangle with a corner orbit removed. The removed corner corresponds to the perfect of F and G which do not intersect.

We refer to fig. 1, a for perfect fits. There is a product structure in the interior of R: there are two stable boundary sides and two unstable boundary sides in R. An unstable leaf intersects one stable boundary side (not in the corner) if and only if it intersects the other stable boundary side (not in the corner). We also say that the leaves F, G are asymptotic.

Definition 2.5. ([Fe2, Fe3]) Lozenges - A lozenge R is a region of ~M whose closure is homeomorphic to a rectangle with two corners removed. More specifically two points p, q define the corners of a lozenge if there are half leaves A, B of ~W^s(p), ~W^u(p) defined by p and C, D half leaves of ~W^s(q), ~W^u(q) defined by p, q, so that A and D form a perfect fit and so do B and C. The region bounded by the lozenge R does not have any singularities. The sides of R are A, B, C, D. The sides are not contained in the lozenge, but are in the boundary of the lozenge. There may be singularities in the boundary of the lozenge. See fig. 1, b.

Figure 2: A partial view of a scalloped region. Here C, F_0, L_0 are stable leaves, so this is a s-scalloped region.

There are no singularities in the lozenges, which implies that R is an open region in ~M. Two lozenges are adjacent if they share a corner and there is a stable or unstable leaf intersecting both of them, see fig. 1, c. Therefore they share a side. A chain of lozenges is a collection {C_i}, i ∈ I, where I is an interval (finite or not) in Z; so that if i, i + 1 ∈ I, then C_i and C_{i+1} share a corner, see fig. 1, c. Consecutive lozenges may be adjacent or not. The chain is finite if I is finite.

Definition 2.6. (scalloped chain) Let C be a chain of lozenges. If any two successive lozenges in the chain are adjacent along one of their unstable sides (respectively stable sides), then the chain is called s-scalloped (respectively u-scalloped) (see fig. 2 for an example of a s-scalloped chain). Observe that a chain is s-scalloped if and only if there is a stable leaf intersecting all the lozenges in the chain. Similarly, a chain is u-scalloped if and only if there is an unstable leaf intersecting all the lozenges in the chain. The chains may be infinite. A scalloped chain is a chain that is either s-scalloped or u-scalloped.

For simplicity when considering scalloped chains we also include any half leaf which is a boundary side of two of the lozenges in the chain. The union of these is called a scalloped region which is then a connected set.

We say that two orbits γ, α of ~Φ (or the leaves ~W^s(γ), ~W^s(α)) are connected by a chain of lozenges {C_i}, 1 ≤ i ≤ n, if γ is a corner of C_1 and α is a corner of C_n.

Remark 2.7. A key fact, first observed in [Ba3], and extensively used in [Ba-Fe], is the following: the lifts in ~M of elementary Birkhoff annuli are precisely lozenges invariant by some cyclic subgroup of π_1(M) (see [Ba3, Proposition 5.1] for the case of embedded Birkhoff annuli). It will also play a crucial role in the sequel. More precisely: let A be an elementary Birkhoff annulus. We say that A lifts to the lozenge C in ~M if the interior of A has a lift which intersects orbits only in C. It follows that this lift intersects every orbit in C exactly once and also that the two boundary closed orbits of A lift to the full corner orbits of C. This uses the fact that a lozenge cannot be properly contained in another lozenge.

In particular the following important property also follows: if α and β are the periodic orbits in ∂A (traversed in the flow forward direction), then there are positive integers n, m so that α^n is freely homotopic to (β^m)^{−1}. We emphasize the free homotopy between inverses.

Remark 2.8. According to remark 2.7, chains of lozenges correspond to sequences of Birkhoff annuli, every Birkhoff annulus sharing a common periodic orbit with the previous element of the sequence, and also a periodic orbit with the next element in the sequence. When the sequence closes up, it provides an immersion f : T^2 (or K) → M, which is called a Birkhoff torus (if the cyclic sequence contains an even number of Birkhoff annuli), or a Birkhoff Klein bottle (in the other case).

3. Disjoint pieces and transverse tori

In [Ba-Fe] section 7, we proved that if P is a periodic Seifert fibered piece of M with a pseudo-Anosov flow Φ then: there is a connected, finite union Z of elementary Birkhoff annuli, which is weakly embedded − this means that restricted to the union of the interiors of the Birkhoff annuli it is embedded and the periodic orbits are disjoint from the interiors. In addition a small neighbourhood N(Z) is a representative for the Seifert fibered piece P , that is, N(Z) is isotopic to P . We call such a Z a spine for the Seifert piece P . In this section we prove several important results concerning the relative position of spines of distinct periodic Seifert pieces (if there are such), and also how the boundaries of such N(Z) interact with the flow Φ.

Lemma 3.1. Let A_1, A_2 be two elementary Birkhoff annuli which lift to the same lozenge C in ~M and so that the cores of A_1, A_2 are freely homotopic. Then A_1 is flow homotopic to A_2 in the interior. That is, there is a homotopy f_t from A_1 to A_2 so that for any x in the interior of A_1, f_{[0,1]}(x) is contained in a flow line of Φ. In addition if x is a point where A_1 does not self intersect, then f_t([0, 1])(x) is a set of no self intersections, of the homotopy.

Proof. Choose fixed lifts ~A_1, ~A_2 so that the interiors intersect exactly the orbits in C. Let g in π_1(M) so that it generates Stab( ~A_i). The fact that a single g generates both stabilizers uses the condition on the cores of A_1, A_2.

Let E be the interior of ~A_1. For any p in E, there is a unique real number t(p) so that ~Φ_{t(p)}(p) = η_i(p) is a point in ~A_2. This map t(p) is continuous and clearly equivariant under g: ~Φ_{t(g(p))} (g(p)) = g(η_i(p)). Since this is equivariant, it projects to a map from the interior of A_1 to the interior of A_2. The linear homotopy along the orbits in the required homotopy. The homotopy is an isotopy where A_1 is embedded. □

Proposition 3.2. Let Φ be a pseudo-Anosov flow and let {P_i, 1 ≤ i ≤ n} (where n may be 0) be the periodic Seifert pieces of Φ. Then we may choose the spines Z_i of P_i so that they are pairwise disjoint.

Proof. The construction in [Ba-Fe] shows that the periodic orbits of each Z_i are uniquely determined by P_i. The Birkhoff annuli in Z_i are not unique and can be changed by flow homotopy. We prove the proposition in several steps.

I) For any i ≠ j, a periodic orbit in Z_i does not intersect Z_j .

In this part there will be no need to make adjustments to the Birkhoff annuli. Suppose α is a closed orbit in Z_i which intersects Z_j with j, i distinct. The first situation is that α intersects a closed orbit β in Z_j , in which case α = β. Recall that in a periodic Seifert piece some power α^{ni} represents a regular fiber in Z_i and similarly some power β^{nj} represents a regular fiber in Z_j. But then the regular fibers in Z_i, Z_j have common powers − this is impossible for distinct Seifert fibered pieces of M [He].

The second situation is that α intersects the interior of a Birkhoff annulus A in Z_j . Since Z_j is a spine for the Seifert piece P_j , there is an immersed Birkhoff torus T in Z_j containing A. In addition choose T to be π_1-injective. This can be achieved by looking at a lift ~T to ~M and the sequence of lozenges intersected by ~T . If there is no backtracking in the sequence of lozenges then T is π_1-injective. It is easy to choose one such T with no backtracking.

Fix a lift ~A of A contained in a lift ~T of T and let ~α be a lift of α intersecting ~A. Since T is incompressible, ~T is a properly embedded plane in ~M. The topological plane ~T is contained (except for the lifts of the periodic orbits) in a bi-infinite chain of lozenges C. Any orbit in the interior of one of the lozenges in C intersects ~T exactly once.

Since α corresponds to a closed curve in P_i and Z_j is isotopic into P_j , then α can be homotoped to be disjoint from Z_j . Lift this homotopy to ~M from ~α to a bi-infinite curve in ~M disjoint from ~T . Recall that ~α intersects ~T in a single point. This implies that a whole ray of ~α has to move cross ~T by the homotopy. Hence this ray is at bounded distance from ~T . As α is compact this implies that α is freely homotopic into T . Let g be the covering translation which is a generator of Stab(~α). Then with the correct choices we can assume that g is in π_1(T ), which we assume is contained in Stab( ~T ).

This is now a contradiction because g leaves invariant the bi-infinite chain of lozenges C. In addition g(~α) = ~α so g leaves invariant the lozenge B of C containing ~α. But then it would leave invariant the pair of corners of B, contradiction to leaving invariang ~α. We conclude that this cannot happen. This finishes part I).

II) Suppose that for some i ≠ j there are Birkhoff annuli A ⊂ Z_i, B ⊂ Z_j so that A ∩ B ≠ ∅.

Notice that the intersections are in the interior by part I). Recall also that the interiors of the Birkhoff annuli are embedded. By a small perturbation put the collection {Z_k} in general position with respect to itself. Let δ be a component of A ∩ B.

Suppose first that δ is not null homotopic in A. Since A is π_1-injective, then the same is true for δ in M and δ in B. Then δ is homotopic in A to a power of a boundary of A, which itself has a common power with the regular fiber of P_i. This implies that the fibers in P_i, P_j have common powers, contradiction as in part I).

It follows that δ is null homotopic in A and hence bounds a disc D in A. Notice that δ is embedded as both A and B have embedded interiors. We proceed to eliminate such intersections by induction. We assume that δ is innermost in D: the interior of D does not intersect any Z_k, k ≠ i (switch j if necessary). In addition δ also bounds a disc D^′ in B whose interior is disjoint from D − by choice of D. Hence D ∪D^′ is an embedded sphere which bounds a ball B in M − because M is irreducible. We can use this ball to isotope Z_j to replace a neighborhood of D^′ in B by a disc close to D and disjoint from D, eliminating the intersection δ and possibly others. Induction eliminates all intersections so we can assume that all {Z_k} are disjoint (for a more detailed explanation of this kind of argument, see [Ba3, section 7]).

Notice that the modifications in {Z_k} in part II) were achieved by isotopies. This finishes the proof of the proposition. □

Recall that we are assuming the manifold M to be orientable, so that we can use [Ba-Fe, Theorem F]; however the following Lemma holds in the general case, hence we temporally drop the orientability hypothesis.

Lemma 3.3. (local transversality) Let V be an immersed Birkhoff torus or Birkhoff Klein bottle with no backtracking − this means that for any lift of V to ~M, the sequence of lozenges associated to it has no backtracking. Let ~V be a fixed lift of V to ~M and let ~α a lift to ~V of a closed orbit α in V . There are well defined lozenges B_1, B_2 in ~M which contain a neighborhood of ~α in ~V (with ~α removed): ~α is a corner of both B_1 and B_2. If B_1, B_2 are adjacent lozenges then V can be homotoped to be transverse to Φ near α. Conversely if V can be homotoped to be transverse to Φ near α then B_1 and B_2 are adjacent. This is independent of the lift ~V of V and of ~α.

Proof. Formally we are considering a map f : T^2 (or K) → M so that the image is the union V of (immersed) Birkhoff annuli. The homotopy is a homotopy of the map f and it may peel off pieces of V which are glued together. This occurs for instance if the orbit α is traversed more than once in V , the image of f. An example of this is a Birkhoff annulus that wraps around its boundary a number of times. Another possibility is that many closed curves in T^2 or K may map to α and we are only modifying the map near one of these curves.

Let S be the domain of f which is either the torus T^2 or the Klein bottle K. There is a simple closed curve β in S and a small neighborhood E of β in S so that f(E) is also the projection of a small neighborhood of ~α in ~V to M. Notice that E may be an annulus or Mobius band. The statement “V can be homotoped to be transverse to Φ in a neighborhood of α” really means that f|E can be homotoped so that its final image f^′|E is transverse to Φ. We will abuse terminology and keep referring to this as “V can be homotoped ...”.

Let g a covering translation associated to f(β). It follows that g(~α) = ~α. In addition since g is associated to a loop coming from S (and not just a loop in V ), then g preserves ~V and more to the point here g preserves the pair B_1, B_2. It may be that g switches B_1, B_2, for example if β is one sided in a Mobius band. This is crucial here: if we took g associated to α for instance, then g(~α) = ~α, but g could scramble the lozenges with corner ~α in an unexpected manner and one could not guarantee that B_1, B_2 would be preserved by g. We also choose β so that f(β) = α.

Suppose first B_1, B_2 are adjacent and wlog assume they are adjacent along a half leaf Z of ~W^u(α). The crucial fact here is that since g preserves the pair B_1, B_2 then g leaves Z invariant. Let U be a neighborhood of α in M. Choose it so the intersection with f(E) is either an annulus or Mobius band (in general only immersed). Using the image π(Z) of the half leaf Z we can homotope the power of α corresponding to g (that is, corresponding to f(β) as a parametrized loop) away from α so that its image in π(Z) is transverse to the flow and closes up. In the universal cover g preserves the set B_1, B_2 then the pushed curve from ~α returns to the same sector of ~M − ~W^s(~α) and this curve can be closed up when mapped to M. Once that is done we can also homotope a neighborhood of α in V as well to be transverse to Φ.

In the most general situation that neighborhood of V could be an annulus which is one sided in M, then the push away from α could not close up. In our situation it may be that this annulus goes around say twice over α and going once around α sends the lozenges B_1, B_2 to other lozenges. But going around twice over α (corresponding to g) returns B_1 ∪ B_2 to itself. If the neighborhood is a Mobius band, we want to consider the core curve as it generates the fundamental group of this neighborhood. This finishes the proof of the first statement of the lemma.

Suppose now that V can be homotoped to be transverse to Φ is a neighborhood of α. We use the same setup as in the first part. Let U be a neighborhood of α in M so that the pulled back neighborhood of β in S is either an annulus or Mobius band. We assume that V can be perturbed near α to V^′ in U, keeping it fixed in ∂U, and to be transverse to Φ in a neighborhood of α. Let A be the the part of V^′ which is the part of V perturbed near α.

Consider all prongs of (~W^s(~α)∪~W^u(~α))− ~α. By way of contradiction we are assuming that the lozenges B_1, B_2 are not adjacent. Then there are at least 2 such prongs as above separating B_1 from B_2 in ~M − ~α on either component of ~M − (B_1 ∪ B_2 ∪ ~α). Let ~A be the lift of A near ~α.

We first show that ~A ∩ ~α is empty. Suppose not and let p in the intersection. Since A is transverse to Φ then ~A is transverse say to ~Λ^u so we follow the intersection ~A ∩ ~W^u(p) from p. This projects to a compact set in A, contained in the interior of A as ~W^u(p) does not intersect ∂ ~A. This is because ∂ ~A is contained in the union of the lozenges B_1, B_2 and they are disjoint from any prong of p. So the original curve in ~W u(p) has to return to ~α and looking at this curve in ~W u(α) this transverse curve has to intersect ~α twice, which makes it impossible to be transverse to the flow.

Since ~A cannot intersect ~α and it has boundaries in B_1 and B_2 then it has to intersect at least two prongs from ~α, at least one stable and one unstable prong in ~U. Project to M. Then A cannot be transverse to the flow Φ. This is because in a stable prong of α the flow is transverse to A in one direction and in an unstable prong of α the flow is transverse to A in the opposite direction. This finishes the proof of lemma 3.3. □

Proposition 3.4. (transverse torus) Let Φ be a pseudo-Anosov flow in M^3. Suppose that P_i, P_j are periodic Seifert fibered pieces which are adjacent and let T be a torus in the common boundary of P_i, P_j . Then we can choose N(Z_i), N(Z_j ) neighborhoods of P_i, P_j so that the components T_i, T_j of ∂N(Z_i), ∂N(Z_j ) isotopic to T are the same set and this set is transverse to Φ.

Proof. By proposition 3.2 we may assume that N(Z_i), N(Z_j ) are disjoint. Since Z_i is a spine for P_i, the torus T is homotopic to a Birkhoff torus T_1 contained in Z_i. We assume that T_1 has no backtracking. Quite possibly T_1 is only an immersed torus, for example there may be Birkhoff annuli in Z_i which are covered twice by T_1. The torus T_1 lifts to a properly embedded plane ~T_1 which intersects a unique biinfinite chain of lozenges B_1. With appropriate choices we may assume that π_1(T ) ∼= Z^2 corresponds to a subgroup G of covering translations leaving B_1 invariant. The corners of the lozenges in B_1 project to closed orbits in T_1. These have powers which are freely homotopic to the regular fiber in P_i because P_i is a periodic Seifert piece. Similarly P_j produces a Birkhoff torus T_2 homotopic to T with T_2 contained in Z_j and a lift ~T_2 contained in a bi-infinite chain of lozenges B_2, which is also invariant under the same G. The corners of the lozenges in B_2 project to closed orbits of the flow with powers freely homotopic to a regular fiber in P_j . If these two collections of corners are the same, they have the same isotropy group, which would imply the fibers in P_i, P_j have common powers, impossible as seen before.

We conclude that B_1, B_2 are distinct and both invariant under G ∼= Z^2. This is an exceptional situation and proposition 5.5 of [Ba-Fe] implies that both chains of lozenges are contained in a scalloped region and one of them (say B_1) is s-scalloped and the other (B_2) is u-scalloped. The lozenges in the s-scalloped region all intersect a common stable leaf, call it E and the corners of these lozenges are in stable leaves in the boundary of the scalloped region.

Let then α be a periodic orbit in T_1 with lift ~α to ~T_1 and lozenges B_1, B_2 of B_1 which have corner ~α. Then B_1, B_2 are adjacent along an unstable leaf. Further if f(β) is the curve as in the proof of the previous lemma, which is homotopic to a power of α, then f(β) is in T and so the covering translation associated to f(β) preserves ~T_1 and hence also B_1, B_2. By the previous lemma we can homotope T_1 slightly near α to make it transverse to the flow near α. When lifting to the universal cover, the corresponding lift of the perturbed torus will not intersect ~α, but will intersect all orbits in the half leaf of ~W^u(~α) which is in the common boundary of B_1 and B_2. Do this for all closed orbits of Φ in T_1. Notice we are pushing T_1 along unstable leaves. Consider now a lozenge B_1 in B_1 and A the Birkhoff annulus contained in the closure of π(B_1) which is contained in T_1. Both boundaries have been pushed away along unstable leaves. The unstable leaves are on the same side of the Birkhoff annulus A. Therefore one can also push in the same direction the remainder of T_1 − to make it disjoint from Z_i. This produces a new torus T^′_1 satisfying

• T^′_1 is a contained in a small neighborhood of Z_i and is transverse to the flow Φ, • T^′_1 is disjoint from every Z_k (including Z_i), • There is a fixed lift ~T^′_1 which is invariant under G and that it intersects exactly the orbits in the scalloped region.

The much more subtle property to prove is the following:

Claim − T^′_1 can be chosen embedded.

To prove this claim we fix the representative N(Z_i) of P_i and a Seifert fibration η_i : P_i → Σ_i so that Z_i is a union of fibers: each Birkhoff annulus A of Z_i is a union of fibers and it is embedded in the interior. Since M is orientable, the orbifold Σ_i is a surface with a finite number of singular points, which are the projections by η_i of the vertical periodic orbits. Moreover, η_i(Z_i) is a fat graph, i.e. is a graph embedded in Σ_i which is a deformation retract of Σ_i. One can furthermore select η_i so that the stable and unstable vertical annuli in N(Z_i) are Seifert saturated, ie. project to arcs in Σ_i with one boundary in Σ_i, the other being a vertex of η_i(Z_i). Finally, one can assume that the retraction r : Σ_i → η_i(Z_i) is constant along stable and unstable arcs, mapping each of them on the vertex of η_i(Z_i) lying in their boundary.

Since the Birkhoff annuli in Z_i are transverse to the flow, one can distinguish the two sides of every edge of η_i(Z_i), one where the flow is “incoming”, and the other “outgoing”. The stable arcs are contained in the incoming side, whereas the unstable arcs are contained in the outgoing side. It follows that the set of boundary components of Σ can be partitioned in two subsets so that for every edge e of η_i(Z_i), the two sides of e in Σ lie in different sets of this partition.

The immersed Birkhoff torus T_1 is a sequence of Birkhoff annuli A_1, A_2, ... , A_k, A_{k+1} = A_1. It corresponds to a sequence e_1, ... , e_k, e_{k+1} = e_1 of edges in η_i(Z_i). As described above, since B_1 is s-scalloped, T^′_1 is obtained by pushing every A_i along the unstable annuli so that T^′_i intersects no stable annulus. It follows that we always push on the “outgoing” side. Let c_i be the unique segment in the outgoing boundary of Σ_i whose image by the retraction r is e_i: it follows that the sequence of segments c_1, c_2, ... , c_k describe an outgoing component C of ∂Σ_i. In other words, η_i(T_1) is the retraction of a boundary component of N(Z_i).

Hence, if we have e_i = e_j for some i < j, we have e_{i+1} = e_{j+1}, and so on, so that the sequence e_1, ... , e_k is the repetition of a single loop in η_i(Z_i). Then, T_1 is homotopic to the boundary component η^{−1}_i (C) of N(Z_i) repeated at least twice. But it would mean that the JSJ torus T is homotopic to the JSJ torus η^{−1}_i (C) repeated several times, which is a clear contradiction.

Therefore, e_1, ... , e_k is a simple loop: T_1 can pass through a Birkhoff annulus in Z_i at most once. Then the homotopy from T_1 to T^′_1 does the following: the interiors of the Birkhoff annuli are homotoped to an embedded collection. The neighborhoods of the periodic orbits also satisfy that. We conclude that T^′_1 can be chosen embedded. This finishes the proof of the claim.

As T^′_1 is embedded and homotopic to T and M is irreducible, then T^′_1 is in fact isotopic to T [He]. The same is true for T_2 to produce T^′_2 with similar properties. Notice that ~T^′_1 and ~T^′_2 intersect exactly the same set of orbits in ~M. Hence their projections T^′_1, T^′_2 to M bound a closed region F in M with boundary T^′_1 ∪ T^′_2, homeomorphic to T^′_1 × [0, 1] and so that the flow is a product in F . We can then isotope T^′_1 and T^′_2 along flow lines to collapse them together.

In this way we produce representatives N(Z_i), N(Z_j ) of P_i, P_j respectively; with boundary components T^′_1, T^′_2 isotopic to T (they are the same set) and transverse to the flow Φ. This finishes the proof of proposition 3.4. □

Proposition 3.5. (good position) Suppose that Φ is a totally periodic pseudo-Anosov flow in a graph manifold M. Let P_i be the Seifert fibered spaces in the torus decomposition of M. Then there are spines Z_i made up of Birkhoff annuli for P_i and compact neighborhoods N(Z_i) so that:

• N(Z_i) is isotopic to P_i, • The union of N(Z_i) is M and the interiors of N(Z_i) are pairwise disjoint, • Each ∂N(Z_i) is a union of tori in M all of which are transverse to the flow Φ.

Proof. If P_i and P_j are adjoining, the previous proposition explains how to adjust the corresponding components of ∂N(Z_i) and ∂N(Z_j ) to satisfy the 3 properties for that component without changing any of the {Z_k} or the other components of ∂N(Z_i), ∂N(Z_j ). We can adjust these tori in boundary of the collection {N(Z_i)} one by one. This finishes the proof. This actually shows that any component of M − ∪ Z_i is homeomorphic to T^2 × [0, 1]. □

This proposition shows that given any boundary torus of (the original) N(Z_i) it can isotoped to be transverse to Φ. Fix a component ~Z_i of the inverse image of Z_i in ~M and let B_1 be a lozenge with a corner ~α in ~Z_i and so that B_1 contains a lift ~A of an (open) Birkhoff annulus A in Z_i. Let α be the projection of ~α to M. The proof of proposition 3.4 shows that for each side of A in M there is a torus which is a boundary component of a small neighborhood N(Z_i) and which contains an annulus very close to A. Going to the next Birkhoff annulus on each torus beyond α, proposition 3.4 shows that the corresponding lozenge B is adjacent to B_1. Hence we account for the two lozenges adjacent to B_1. This can be iterated. This shows that for any corner ~α, every lozenge with corner ~α contains the lift of the interiof of a Birkhoff annulus in ∂N(Z_i). Hence there are no more lozenges with a corner in ~Z_i. Hence the pruning step done in section 7 of [Ba-Fe] is inexistent: the collection of lozenges which are connected by a chain of lozenges to any corner in ~Z_i is already associated to N(Z_i). This shows the assertion above.

4. Itineraries

In the previous section, we proved that M admits a JSJ decomposition so that every Seifert piece P_i is a neighborhood N(Z_i) of the spine Z_i and whose boundary is a union of tori transverse to Φ. Denote by T_1, ... , T_k the collection of all these tori: for every k, there is a Seifert piece P_i such that Φ points outward P_i along T_k, and another piece P_j such that Φ points inward P_j along T_k (observe that we may have i = j, and also P_i and P_j may have several tori T_k in common). It follows from the description of N(Z_i) that the only full orbits of Φ contained in N(Z_i) are closed orbits and they are the vertical orbits of N(Z_i).

From now on in this section, we fix one such JSJ decomposition of M associated to the flow Φ. In this section when we consider a Birkhoff annulus without any further specification we are referring to a Birkhoff annulus in one of the fixed spines Z_i. In the same way a Birkhoff band is a lift to ~M of the interior of one of the fixed Birkhoff annuli.

Let G^s(T_k), G^u(T_k) be the foliations induced on T_k by Λ^s, Λ^u. It follows from the previous section (and also by the Poincaré-Hopf index theorem) that G^s(T_k) and G^u(T_k) are regular foliations, i.e. that the orbits of Φ intersecting T_k are regular. Moreover, G^s(T_k) admits closed leaves, which are the intersections between T_k and the stables leaves of the vertical periodic orbits contained in N(P_j ). Observe that all the closed leaves of G^s(T_k) are obtained in this way: it follows from the fact that T_k is an approximation of an union of Birkhoff annuli.

Hence there is a cyclic order on the set of closed leaves of G^s(T_k), two successive closed leaves for this order are the boundary components of an annulus in T_k which can be pushed forward along the flow to a Birkhoff annulus contained in the spine Z_j. We call such a region of T_k an elementary G^s-annulus of T_k.

Notice that an elementary annulus is an open subset of the respective torus T_k − the boundary closed orbits are not part of the elementary annulus.

Similarly, there is a cyclic order on the set of closed leaves of G^u(T_k) so that the region between two successive closed leaves (an elementary G^u(T_k)-annulus) is obtained by pushing forward along Φ a Birkhoff annulus appearing in Z_i. The regular foliations G^s(T_k) and G^u(T_k) are transverse one to the other and their closed leaves are not isotopic. Otherwise P_i, P_j have Seifert fibers with common powers, contradiction. Hence none of these foliations admits a Reeb component. It follows that leaves in an elementary G^s(T_k) or G^u(T_k)-annulus spiral from one boundary to the other boundary so that the direction of “spiralling” is the opposite at both sides. It also follows that the length of curves in one leaf of these foliations not intersecting a closed leaf of the other foliation is uniformly bounded from above. In other words:

Lemma 4.1. There is a positive real number L_0 such that any path contained in a leaf of G^u(T_k) (respectively G^s(T_k)) and contained in an elementary G^s(T_k)-annulus (respectively G^u(T_k)-annulus) has length ≤ L_0. □

The sets T and T_♯ − Let T be the collection of all the lifts in ~M of the tori T_k. Every element of T is a properly embedded plane in ~M. We will also abuse notation and denote by T the union of the elements of T . Let Δ be the union of the lifts of the vertical orbits of Φ. Finally let T_♯ = T ∪ Δ.

Observe that there exists a positive real number η such that the η/2-neighborhoods of the T_k are pairwise disjoint. Therefore: ∀ ~T , ~T^′ ∈ T , ~T ≠ ~T^′ ⇒ d( ~T , ~T^′) ≥ η (1) Here d( ~T , ~T^′) is the minimum distance between a point in ~T and a point in ~T^′.

What we have proved concerning the foliations G^s(T_k), G^u(T_k) implies the following: for every ~T ∈ T , the restrictions to ~T of ~Λ^s and ~Λ^u are foliations by lines, that we denote by ~G^s( ~T ), ~G^u( ~T ). These foliations are both product, i.e. the leaf space of each of them is homeomorphic to the real line. Moreover, every leaf of ~G^s( ~T ) intersects every leaf of ~G^u( ~T ) in one and only one point. Therefore, we have a natural homeomorphism ~T ≈ H^s( ~T ) × H^u( ~T ), identifying every point with the pair of stable/unstable leaf containing it (here, H^{s,u}( ~T ) denotes the leaf space of ~G^{s,u}( ~T )).

Bands and elementary bands − Some leaves of ~G^{s,u}( ~T ) are lifts of closed leaves: we call them periodic leaves. They cut ~T in bands, called (stable or unstable) elementary bands, which are lifts of elementary annuli (cf. fig. 3). Observe that the intersection between a stable elementary band and an unstable elementary band is always non-trivial: such an intersection is called a square. Finally, any pair of leaves (ℓ_1, ℓ_2) of the same foliation ~G^s( ~T ) or ~G^u( ~T ) bounds a region in ~T that we will call a band (elementary bands defined above is in particular a special type of band). A priori bands and elementary bands can be open, closed or “half open” subsets of ~T .

Remark 4.2. We arbitrarily fix a transverse orientation of each foliation G^s(T_k), G^u(T_k). It induces (in a π_1(M)-equivariant way) an orientation on each leaf space H^{s,u}( ~T ). Since every leaf of ~G^u( ~T ) is naturally identified with H^s( ~T ), the orientation of H^s( ~T ) induces an orientation on every leaf of ~G^u( ~T ). When one describes successively the periodic leaves of ~G^u( ~T ), this orientation alternatively coincide and not with the orientation induced by the direction of the flow. This is because such leaves are lifts of closed curves isotopic to periodic orbits.

For every x̃ in ~M, let ( ~T_1(x̃), ..., ~T_n(x̃), ...) be the list of the elements of T successively met by the positive ~Φ-orbit of x̃ (including an initial ~T if x̃ is contained in an element ~T of T ). Observe that this sequence can be finite, even empty: it happens precisely when the positive orbit remains trapped in a connected component of ~M \ T , i.e. the lift of a Seifert piece P_i. In this case, the projection of the orbit lies in the stable leaf of a vertical periodic orbit θ of P_i. In other words, x̃ lies in ~W^s(α) where α is a lift of θ. In that case, we denote by I^+(x̃) the sequence ( ~T_1(x̃), ..., ~T_n(x̃), α, α, ...), where ~T_n(x̃) is the last element of T intersecting the positive ~Φ-orbit of x̃, and all the following terms are all equal to α. We say then that I^+(x̃) is finite. In the other case, i.e. when the sequence ( ~T_1(x̃), ..., ~T_n(x̃), ...) is infinite, I^+(x̃) will denote this infinite sequence. In both situations, I^+(x̃) is called the positive itinerary of x̃.

Similarly, one can define the negative itinerary I^−(x̃) has the sequence of elements of T successively crossed by the negative orbit of x̃. Once more, such a sequence can be finite if x̃ lies in the unstable leaf of the lift of a periodic vertical orbit β, in which case we repeatedly add this information at the end of the sequence. Actually, we consider I^−(x̃) as a sequence indexed by 0, −1, −2, ...

Figure 3: Bands and elementary bands. Nearly vertical lines are leaves of ~G^s( ~T ), and nearly horizontal lines are leaves of ~G^u( ~T ). Thicker lines are periodic leaves. The shaded region is a band which is not an elementary band.

Total itinerary and itinerary map − The sequence I^−(x̃) together with I^+(x̃) defines a sequence indexed by Z called the total itinerary, denoted by I(x̃). This defines a map I : ~M → T^Z_♯ called the itinerary map.

4.1. Characterization of orbits by their itineraries. A very simple but crucial fact for the discussion here is the following: if ~T is an element of T , then ~T is a properly embedded plane transverse to ~Φ. Hence it separates ~M and intersects an arbitrary orbit of ~Φ at most once.

Lemma 4.3. Let ~T be an element of T . Let x̃, ỹ be two elements of ~T such that ~W^s(x̃) = ~W^s(ỹ). Then I^+(x̃) = I^+(ỹ). Proof. Clearly: ~T_1(x̃) = ~T = ~T_1(ỹ)

For every integer i such that ~T_i(x̃) is well-defined, let ~T^+_i be the connected component of ~M \ ~T_i(x̃) not containing x̃. One easily observes that if i < j, then ~T^+_j ⊂ ~T^+_i .

We first consider the case where I^+(x̃) is finite: I^+(x̃) = ( ~T_1(x̃), ..., ~T_n(x̃), α, α, ...) Then, α ⊂ ~T^+_n . Moreover, ỹ lies in ~W^s(x̃) = ~W^s(α), hence I^+(ỹ) is finite, and the ~Φ-orbit of ỹ accumulates on α. It must therefore enter in ~T^+_n , hence intersects ~T_n(x̃). But for that purpose, it must enter in ~T^+_{n−1}, hence intersect ~T_{n−1}(x̃). Inductively, we obtain that ( ~T_1(x̃), ..., ~T_n(x̃)) is a subsequence (in that order), of I^+(ỹ).

Since we can reverse the role of x̃ and ỹ, we also prove in a similar way that I^+(ỹ) is a subsequence of I^+(x̃). By the remark above the equality I^+(x̃) = I^+(ỹ) follows.

We consider now the other case; the case where I^+(x̃) is infinite. Then, by what we have just proved above, I^+(ỹ) is an infinite sequence too. Recall that there is a positive real number η bounding from below the distance between elements of T . In particular: ∀i ∈ N, d( ~T_i(x̃), ~T_{i+1}(x̃)) ≥ η Now, any length minimizing path between ~T_i(x̃) and ~T_{i+2}(x̃) must intersect ~T_{i+1}(x̃). It follows easily that: ∀i ∈ N, d( ~T_i(x̃), ~T_{i+2}(x̃)) ≥ 2η Inductively, one gets: ∀i, p ∈ N, d( ~T_i(x̃), ~T_{i+p}(x̃)) ≥ pη

On the other hand, since ~y lies in ~W^s(x̃), there is a positive real number R such that: ∀t > 0, d(~Φ^t(x̃), ~Φ^t(ỹ)) ≤ R For every positive integer n, select t ∈ R^+ such that ~Φ^t(x̃) lies in ~T^+_{n+p}(x̃), where p ≥ 2R/η. Then: d(~Φ^t(x̃), ~T_n(x̃)) ≥ pη ≥ 2R Since d(~Φ^t(x̃), ~Φ^t(ỹ)) ≤ R, ~Φ^t(x̃) and ~Φ^t(ỹ) lie on the same side of ~T_n(x̃), i.e. ~T^+_n . Hence ~T_n(x̃) appears in the positive itinerary of ỹ. Since n is arbitrary, it follows that I^+(x̃) is a subsequence of I^+(ỹ), the order in the sequence being preserved.

Switching the roles of x̃ and ỹ, we also get that I^+(ỹ) is a subsequence of I^+(x̃). Hence, the two itineraries must coincide. □

In order to prove the reverse statement, we need the following result:

Proposition 4.4. Let ~T , ~T^′ be two elements of T , intersected successively by a ~Φ-orbit, i.e. such that for some z̃ ∈ ~T , the first intersection of the forward orbit of z̃ with T (after ~T ) is some ~Φ^t(z̃) ∈ ~T^′, t > 0. Then, the subset ~A( ~T , ~T^′) comprised of elements of ~T such that the positive itinerary starts by ( ~T , ~T^′, ...) is a stable elementary band; more precisely, the stable elementary band of ~T containing z̃.

Proof. The orbit of z̃ between the times 0 and t lies in a connected component of ~M \ T , hence projects into a Seifert piece P_i. Due to the previous section, this orbit in M starts in a connected component of ∂P_i (projection T of ~T ), intersects one of the Birkhoff annuli A_0 contained in the spine Z_i, and then crosses the projection T^′ of ~T^′. In other words, there is a lift ~A_0 of A_0 intersected by the orbit of z̃ and contained between ~T and ~T^′. The boundary of A_0 is the union of two periodic orbits (maybe equal one to the other), and any element of A_0 has a negative orbit intersecting T , and a positive orbit intersecting T^′. At the universal covering level, the boundary of ~A_0 is the union of two distinct orbits α and β; the ~Φ-saturation of the Birkhoff band ~A_0 intersects ~T (respectively ~T^′) along an elementary band ~A (respectively ~A^′). Moreover, the boundary of ~A is the union of two leaves of ~G^s( ~T ). More precisely, one of these leaves is contained in the intersection ~T ∩ S^1_α, and the other in the intersection ~T ∩ S^1_β, where S^1_α is a component of ~W^s(α) \ α and S^1_β a component of ~W^s(β) \ β.

Similarly, ~A^′ is an elementary band in ~T^′ bounded by two leaves of ~G^u( ~T^′), which are contained in some components U^1_α, U^1_β of ~W^u(α) \ α, ~W^u(β) \ β. Clearly ~A ⊂ ~A( ~T , ~T^′). Claim 1: the intersection S^1_α ∩ ~T is connected. If not, there would be a segment of orbit of ~Φ with extremities in ~T but not intersecting ~T . It would be in contradiction with the fact that ~T disconnects ~M and is transverse to ~Φ.

Similarly, S^1_β ∩ ~T is connected (i.e. is reduced to a boundary component of the elementary band ~A, and the intersections U^1_α ∩ ~T^′, U^1_β ∩ ~T^′ are connected, i.e. precisely the boundary components of ~A^′.

Key fact: by our definition of pseudo-Anosov flows, α and β are not 1-prong orbits. It follows that there is a component S^2_α of ~W^s(α) \ α different from S^1_α. We select this component to be the one just after U^1_α, i.e. such that the following is true: the union S(α) = S^1_α ∪ α ∪ S^2_α is a 2-plane such that the connected component C(α) of ~M \ S(α) containing ~A_0 does not intersect ~W^s(α). Similarly, we define a 2-plane S(β) = S^1_β ∪ β ∪ S^2_β contained in ~W^s(β) such that the connected component C(β) of ~M \ S(β) containing ~A_0 does not intersect ~W^s(β) (see fig. 4).

Claim 2: S^2_α and S^2_β are disjoint from ~T^′: indeed, the positive orbit of any point in ~T^′ is trapped into the component of ~M \ ~T^′ disjoint from ~A_0, hence cannot accumulate on α or β: ~T^′ is disjoint from ~W s(α) ∪ ~W s(β). The claim follows.

Figure 4: Isolating ~T^′ and ~A_0 by stable prongs.

Claim 3: S^2_α and S^2_β are disjoint from ~T : Assume by contradiction that S^2_α intersects ~T . In the same way we have proved that S^1_α ∩ ~T is connected, one can prove that S^2_α ∩ ~T is a single leaf of ~G^s( ~T ). It bounds together with S^1_α ∩ ~T a ~G^s( ~T )-band ~B. Let g be the indivisible element of π_1(M) corresponding to a generator of the fundamental group of the projection of α: it preserves ~α, ~T , hence also S^1_α ∩ ~T , S^2_α ∩ ~T and the band ~B. It follows that the union of ~B with the regions in S^1_α, S^2_α between S^1_α ∩ ~T , S^2_α ∩ ~T and α projects in M as a torus contained in the Seifert piece P_i. This torus bounds a solid torus in P_i. Every orbit of ϕ entering in this solid torus from the projection of ~B cannot exit from this solid torus, since it cannot further intersect the projection of ~B, nor the projections of S^1_α, S^2_α. It has to remain in the Seifert piece containing the projection of α. It is a contradiction since the set of positive orbits trapped in P_i has empty interior. Claim 3 is proved.

We now focus our attention to the region C(α)∩C(β), whose boundary is the disjoint union S(α) ⨆ S(β). According to Claim 2, ~T^′ is contained in C(α) ∩ C(β). Now it follows from Claim 3 that the intersection C(α) ∩ C(β) ∩ ~T is the elementary band ~A.

Consider now the positive orbit of an element p of ~T \ ~A: if p lies in ∂ ~A, then this orbit accumulates on α or β and therefore does not intersect ~T^′. If not, then this orbit is disjoint from ~W^s(α) ∪ ~W^s(β), hence never enters in C(α) ∩ C(β). In particular, it never crosses ~T^′.

It follows that ~A( ~T , ~T^′) ⊂ ~A and so proposition 4.4 is proved. □

We can now prove the converse of Lemma 4.3:

Lemma 4.5. Let ~T be an element of T . Let x̃, ỹ be two elements of ~T such that I^+(x̃) = I^+(ỹ). Then ỹ and x̃ lie in the same leaf of ~G^s( ~T ).

Proof. Let x̃_1, x̃_2, ... and ỹ_1, ỹ_2, ... be the positive iterates of x̃, ỹ belonging in ~T_1 := ~T_1(x̃) = ~T_1(ỹ), ~T_2 := ~T_2(x̃) = ~T_2(ỹ), ... . According to Proposition 4.4, for every positive integer i, the iterates x̃_i, ỹ_i lie in the same stable elementary band ~A_i := ~A( ~T_i, ~T_{i+1}) ⊂ ~T_i.

Consider first the case where the common itinerary I^+(x̃) = I^+(ỹ) is finite, of length n + 1: x̃_n and ỹ_n lie in the elementary band of ~T_n, and I_k(x̃) = I_k(ỹ) = α for some periodic orbit α, for all k > n. Hence, th positive orbits of x̃_n, ỹ_n accumulate on α. It follows from the arguments used in the proof of Claim 3 of Proposition 4.4 that the intersection ~W^s(α) ∩ ~T_n is a single leaf of ~G^s( ~T_n). Proposition 4.3 follows easily in this case.

We are left with the case where I^+(x̃) = I^+(ỹ) is infinite. Let ~G^s_i , ~G^u_i denote the restriction to ~A_i of ~Λs, ~Λu. Observe that every leaf of ~Gu_i intersects every leaf of ~Gs_i . In particular, the ~Gs_1-leaf of x̃ intersects the ~G^u_1 -leaf of ỹ. Therefore, according to Lemma 4.3, one can assume without loss of generality that x̃ and ỹ lies in the same leaf of ~G^u_1 . More precisely, there is a path c : [a, b] → ~A_1 contained in a leaf of ~G^u_1 and joining x̃ to ỹ.

Assume by way of contradiction that c is not a trivial path reduced to a point. If we push c forward by the flow ~Φ, one get a path c_2 : [a, b] → ~A_2, contained in a leaf of ~G^u_2 , connecting x̃_2 to ỹ_2. By induction, pushing along ~Φ, we get a sequence of unstable paths c_i : [a, b] → ~A_i. Now, since all these paths are obtained from c by pushing along ~Φ, the length of c_i is arbitrarily long if i is sufficiently big. This contradicts Lemma 4.1.

This contradiction shows that c is reduced to a point, i.e. that x̃ and ỹ lie in the same leaf of ~G^s( ~T ). □

Applying Lemmas 4.3 and 4.5 to the reversed flow one obtains:

Proposition 4.6. Let ~T be an element of T . Let x̃, ỹ be two elements of ~T . Then I^−(x̃) = I^−(ỹ) if and only if ỹ and x̃ lie in the same leaf of ~G^u( ~T ). □ Itineraries are elements of I := T^Z_♯ where T_♯ is the disjoint union of T with the set Δ of lifts of vertical periodic orbits of Φ. We define the shift map σ : I → I which send any sequence (ζ_i)_{i∈Z} to the sequence (ζ_{i+1})_{i∈Z}. Clearly, if x̃ and ỹ are two elements of ~M lying on the same orbit of ~Φ, then I(ỹ) is the image of I(x̃) under some iterate σ^k. Conversely:

Corollary 4.7. Let x̃, ỹ be two elements of ~M. Then x̃ and ỹ lie in the same orbit of ~Φ if and only if I(ỹ) = σ^k(I(x̃)) for some k ∈ Z.

Proof. Assume that I(ỹ) = σ^k(I(x̃)) for some k ∈ Z. Suppose first that the ~Φ orbit of x̃ does not intersect T . Then x̃ is in Δ and similarly ỹ is also in Δ. The hypothesis immediately imply that x̃, ỹ are in the same orbit of ~Φ. If x̃ intersects T , then after a shift if necessary, we may assume that T_1(x̃) is an element of T . Then, by replacing ỹ by the element of its ~Φ-orbit in the element T_1(x̃) = T_{1+k}(ỹ) of T , and x̃ by its iterate in T_1(x̃), one can assume that x̃ and ỹ both lie in T_1(x̃), and that I(x̃) = I(ỹ). In particular, I^+(x̃) = I^+(ỹ) and I^−(x̃) = I^−(ỹ). Then, according to Lemma 4.3 and proposition 4.6, x̃ and ỹ have the same stable leaf and the same unstable leaf. The corollary follows. □

In the same way one can prove that for any x̃, ỹ in ~M, then x̃, ỹ are in the same stable leaf of ~Φ if and only if the positive iteneraries of x̃, ỹ are eventually equal up to a fixed shift.

We can now extend Proposition 4.4:

Proposition 4.8. Let ~T , ~T^′ be two elements of T . Then, the subset ~A( ~T , ~T^′) of ~T comprised of elements of ~T whose positive orbits intersects ~T^′, if non-empty, is a stable band. Furthermore, let x̃ be an element of ~A( ~T , ~T^′); its positive itinerary has the form ( ~T_1 := ~T , ~T_2, ..., ~T_n, ....) where ~T_n = ~T^′. Then, for any other element ỹ of ~A( ~T , ~T^′), the first n-terms of I^+(ỹ) are also ( ~T_1 := ~T , ~T_2, ..., ~T_n). The elements ~T_2, ... , ~T_{n−1} are precisely the elements of T that separate ~T from ~T^′ in ~M.

Proof. Assume that ~A( ~T , ~T^′) is non-empty, and let x̃ be an element of ~A( ~T , ~T^′). Its positive itinerary contains ~T^′, hence has the form ( ~T_1 := ~T , ~T_2, ..., ~T_n, ....) described in the statement. As we have observed in the proof of Lemma 4.3, we have ~T^+_j ⊂ ~T^+_i for every 1 ≤ i < j ≤ n, hence every ~T_i for 1 < i < n disconnects ~T from ~T^′. On the other hand, every element of T disconnecting ~T and ~T^′ must appear in the positive itinerary of elements of ~A( ~T , ~T^′). It follows easily that the first n-terms of the positive itinerary of elements of ~A( ~T , ~T^′) coincide as stated in Proposition 4.8. Moreover, if an element of ~T has a positive itinerary of the form ( ~T_1 := ~T , ~T_2, ..., ~T_n, ....), it obviously belongs to ~A( ~T , ~T^′).

The only remaining point to check is that ~A( ~T , ~T^′) is a stable band. But this follows immediatly from Lemma 4.3.

It is very useful to give more information here: if n = 2 then ~A( ~T , ~T^′) is a stable elementary band which projects to an open annulus in T . If n > 2 then ~A( ~T , ~T^′) is a stable band which is not elementary. For simplicity we describe the case n = 3. With the notation above, then ~A( ~T_2, ~T_3) is a stable elementary band as proved in Proposition 4.4. This band in ~T_2 intersects the unstable elementary bands of ~T_2 in open squares. The one which has points flowing back to ~T_1 has boundary made up of two stable sides a_1, a_2 which are contained in leaves of ~G^s( ~T_2), and unstable sides b_1, b_2 contained in leaves of ~G^u( ~T_2). Flowing back to ~T = ~T_1 (in this case) produces ~A( ~T , ~T^′). The arcs b_1, b_2 flow back towards two vertical periodic orbits, without ever reaching them. The arcs a_1, a_2 flow back to two full stable leaves a^′_1, a^′_2 of ~Gs( ~T ). Then ~A( ~T , ~T^′) is the stable band with boundary a′_1, a′_2. This is not an elementary stable band. In fact more is true: this band is strictly contained in a unique elementary band and does not share a boundary component with this elementary band. Finally this stable band projects injectively to T − unlike what happens for elementary bands.

If n > 3 this process can be iterated. Using the notation above the stable band bounded by a^′_1, a^′_2 intersects the unstable elementary bands in their lifted torus in squares. When flowing backwards, the same behavior described above occurs. □

Definition 4.9. Let ~T , ~T^′ be two elements of T . We define the (signed) distance n( ~T , ~T^′) as follows:

– if ~T = ~T^′, then n( ~T , ~T^′) = 0, – if ~A( ~T , ~T^′) is non empty, then n( ~T , ~T^′) is the integer n such that for every element x̃ of ~A( ~T , ~T^′), we have ~T_{n+1}(x̃) = ~T^′; and n( ~T^′, ~T ) = −n( ~T , ~T^′),

– if ~A( ~T , ~T^′) and ~A( ~T^′, ~T ) are both empty, then n( ~T , ~T^′) = n( ~T^′, ~T ) = ∞.

4.2. Behavior of the first return map. Let us consider once more two successive elements ~T , ~T^′ of T , i.e. such that n( ~T , ~T^′) = 1. Recall that there is a stable elementary band ~A := ~A( ~T , ~T^′) ⊂ ~T bounded by two stable leaves l_1, l_2, and an unstable elementary band ~A^′ ⊂ ~T^′ bounded by two unstable leaves l^′_1, l^′_2, such that orbit of ~Φ intersecting ~T and ~T^′ intersects them in precisely ~A, ~A^′, respectively. The union of all these orbits is a region of ~M bounded by (see fig. 4):

– ~A and ~A^′;

– two stable bands S^1_α, S^1_β where α, β are lifts of periodic orbits, – two unstable bands U^1_α, U^1_β .

More specifically here S^1_α denotes the unique component of ~W^s(α) − (α ∪ ~T ) whose closure intersects both α and ~T . Its boundary is the union of α and a stable leaf in ~T . We call such a 3-dimensional region the block defined by ~T , ~T^′; the orbits α, β are the corners of the block.

The map f ~ T , ~T^′ − We have a well-defined map f ~ T , ~T^′ : ~A → ~A^′, mapping every point to the intersection

between its positive ~Φ-orbit and ~T^′. As long as there is no ambiguity on ~T and ~T^′, we will denote f ~ T , ~T^′ by f.

Clearly, if two elements of ~A lie on the same leaf of ~G^s( ~T ), then f(x̃) and f(x̃^′) lie on the same leaf of ~Gs( ~T^′). In other words, f induces a map

f^s := f^s~ T , ~T^′ : (l_1, l_2) → H^s( ~T^′),

where (l_1, l_2) is the open segment of the leaf space ~H^s( ~T ) delimited by the boundary leaves l_1 and l_2 of ~A. Since every leaf of ~G^s( ~T^′) intersects every leaf of ~G^u( ~T^′), it follows that f^s is surjective: if v is a leaf of ~G^s( ~T^′) then the intersection property implies that v intersects l^′_1. Then v intersects ~A^′ so v is in the

Figure 5: Pushing along the flow a stable leaf in an elementary band.

image of f. Moreover, the intersection between every leaf of ~G^s( ~T^′) and ~A^′ is connected, hence f^s is one-to-one.

Now assume that as in fig. 5 the flow along the “periodic orbit” α is going up. Then, β is going down. It follows that the map f has the following behavior: points in ~A close to l_1 are sent by f in the top direction of ~A^′, meaning that the closer to l_1 is the point x̃, the upper is the image f(x̃). Indeed, the closer to l_1 is x̃, the longest is the period of time the positive orbit of x̃ will follow the vertical direction of α. On the other hand, when x̃ is going near to l_2, the image f(x̃) will be going the closer to l^′_2, and in the bottom direction.

We already know that stable leaves in ~T^′ cross the two sides l^′_1 and l^′_2 of ~A^′, hence can be drawn as in the picture in a nearly horizontal way (since we have drawn l^′_{1,2} as vertical lines). Therefore, stable leaves in ~A, which are the pull-back by f of stable leaves in ~T , are as depicted in fig. 5: if we describe such a leaf s from the bottom to the top, the image f(s) will go from the left (l^′_1) to the right (l^′_2). It follows that what is at the right (respectively, at the left) of s is mapped under f below (respectively, above) f(s).

Observe that if we reverse the direction of the flow on α (and hence also on β), when we would have the opposite behavior: f would map what is on the right of s above f(s).

Now recall that we have arbitrarily fixed an orientation of H^s( ~T ) and H^s( ~T^′) (Remark 4.2). It is equivalent to prescribe a total order ≺ on H^s( ~T ) and H^s( ~T^′). Assume e.g. that the positive orientation on H^s( ~T ) - which is a space of roughly vertical lines in ~A - is from the left to the right; and assume that the orientation on H^s( ~T^′) is from the top to the bottom. Then, if α is oriented from the bottom to the top (as in the figure), the map f^s preserves the orientation, whereas if α as the inverse orientation, f^s reverses the orientations.

The map f ~ T , ~T^′ when n( ~T , ~T^′) > 1 − Now if ~T , ~T^′ are elements of T with n( ~T , ~T^′) = n > 1, we still

have a map f ~ T , ~T^′ : ~A( ~T , ~T^′) → ~A^′( ~T , ~T^′) where ~A( ~T , ~T^′) is a stable band in ~T and ~A^′( ~T , ~T^′) an unstable

band in ~T^′. More precisely, the positive itinerary of orbits starting from ~T and crossing ~T^′ starts by ~T_1 := ~T , ~T_2, ... , ~T_n := ~T . Then f ~T_, ~T^′ is the composition of all the f ~T_{i,} ~T^′_{i+1} . The fact that the domain of f ~ T , ~T^′ is a stable band was proved in the end of the proof of proposition 4.8. To get that the image is an unstable band notice that flowing backwards instead of forwards shows this fact (as the image is the domain of the inverse map).

Exactly as in the case that n( ~T , ~T^′) = 1, it follows that the map f ~ T , ~T^′ also induces a surjective map f^s~ T , ~T^′ from a segment of H^s( ~T ) onto the entire H^s( ~T^′). This map can preserve the orientation or not;

this property depends on the orientation of the corners of the Birkhoff annuli successively crossed.

4.3. Realization of itineraries. We define an oriented graph ~G as follows:

• vertices are elements of T , • edges are Birkhoff bands, • the initial vertex and the final vertex of an oriented edge E are the elements ~T , ~T^′ of T such that there are orbits of ~Φ intersecting ~T at a point x̃, then crossing E, and crossing afterwards ~T^′ at a point x̃^′. We require furthermore that E is the unique Birkhoff band intersected by the orbit between x̃ and x̃^′; in other words, that n( ~T , ~T^′) = 1.

We add to ~G some vertices: the set Δ of lifts of vertical periodic orbits. These new vertices will not be connected one to the other, but only to vertices of ~G: we add an edge oriented from ~T to α (respectively from α to ~T ) if some element x̃ of ~T has a positive (respectively negative) orbit accumulating on α without intersecting any element of T . The result is the augmented graph ~G^♯. Lemma 4.10. The graphs ~G and ~G^♯ are (weakly) connected.

Proof. Recall that an oriented graph is weakly connected if the underlying non-oriented graph is connected, i.e. if any pair of vertices can be connected by a sequence of edges. It is quite obvious that ~G^♯ is weakly connected as soon as ~G is weakly connected.

For every element ~T of T let U_1(T ) the open subset of ~M comprising elements attained by an orbit of ~Φ intersecting ~T , and let W_1( ~T ) be the set of elements of T which can be joined to ~T by an orbit of ~Φ. Define then inductively:

U_{i+1}( ~T ) = ⋃ ~T^′_{∈Wi(} ~T_) U_1( ~T^′)

W_{i+1}( ~T ) = ⋃ ~T^′_{∈Wi(} ~T_) W_1( ~T^′)

We obtain an increasing sequence of domains U_i( ~T ) whose union U_∞( ~T ) is an open subset of ~M; more precisely, of ~M \ Δ (recall that Δ is the union of lifts of vertical periodic orbits). In a less formal way, one can define U_∞( ~T ) as the set of elements of ~M \ Δ which are attainable from ~T through concatenations of segments of orbits of ~Φ and paths in elements of T .

The domains U_∞( ~T ) where ~T are elements of T are either pairwise disjoint or equal. Since any orbit of ~Φ which is not the lift of a vertical periodic orbit intersects one element of T , it follows that the union of these domais is the entire set ~M \ Δ. This domain is connected, hence ~M \ Δ = U_∞( ~T ) for every ~T in T . In particular, for every ~T , ~T^′ in T , there is an integer i such that ~T^′ lies in W_i( ~T ).

Now observe that the sequence of elements of T successively crossed by an orbit of ~Φ defines a path in ~G. It follows that ~G is weakly connected, as required. □

As we have observed in the previous proof, every oriented path in ~G^♯ defines naturally an element of I = T^Z_♯ . Recall that T_♯ = T ∪ Δ.

Let I_0 ⊂ I be the subset of I comprising sequences (ζ_i)_{i∈Z} corresponding to oriented paths in ~G^♯ satisfying the following additional property:

if ζ_i is an element of Δ, then ζ_j = ζ_i for either all j ≤ i, or all j ≥ i.

Proposition 4.11. The image of the itinerary map I : ~M → T^Z_♯ is precisely I_0.

Proof. The fact that the image of I is contained in I_0 is quite obvious since if an itinerary I(x̃) = (ζ_i)_{i∈Z} has a term ζ_i equal to α ∈ Δ, then either x̃ ∈ ~W^u(α), or x̃ ∈ ~W^s(α). In the first case, ζ_j = α for all j ≤ i, whereas in the second case ζ_j = α for all j ≥ i.

Let now (ζ_i)_{i∈Z} be an element of I_0. If every ζ_i lies in Δ, then they are all equal (since there is no edge in ~G^♯ connecting two different elements of Δ): every ζ_i is equal to α ∈ Δ. Then the sequence is the itinerary of any element of α.

Assume now that some ζ_i is an element ~T of T , suppose this is ζ_1. Consider positive integers n: as long as ζ_n is an element of T (and not of Δ), then the signed distance n(ζ_1, ζ_n) (in the sense of Definition 4.9) is +n. It follows that ~A(ζ_1, ζ_n) is a (non-empty!) stable band (usually not elementary). At the leaf space level ( ~H^s( ~T )), the projection of ~A(ζ_1, ζ_n) is an open segment J(ζ_1, ζ_n) in ~H^s( ~T ) ≈ R.

Assume first the case where the positive itinerary is finite: there is an integer n > 0 such that ζ_i ∈ T for all i ≤ n, and such that ζ_{n+1} is an element α of Δ. Then, there is one (and only one) stable leaf s_0 of ζ_n whose elements has positive itinerary (α, α, ...). Since f^s_{ζ1,ζn} is surjective, there is a stable leaf s in J(ζ_1, ζ_n) whose image by f^s_{ζ1,ζn} is s_0. Then, the positive itinerary of elements of s is, as required, (ζ_i)_{i≥1}.

Consider now the other case, that is, the case where every ζ_i (i > 0) is an element of T . Then, the segments (J(ζ_1, ζ_i)_{i≥1}) form a decreasing (for the inclusion) sequence of intervals in ~H^s( ~T ) ≈ R. In fact more is true. The explanation at the end of the proof of proposition 4.8 shows that when n increases by one, then both endpoints of J(ζ_1, ζ_n) change. This follows from the fact in that explanation that the band inside the elementary band did not share a boundary component with the elementary band. Given this fact, it follows that the intersection of the J(ζ_1, ζ_n) is non-empty. Every x̃ in ζ_1 whose projection lies in this intersection will admit as positive itinerary (ζ_i)_{i≥1}.

In both situations, we have a non-empty stable band ~A((ζ_i)_{i≥1}) comprising elements of T with positive itinerary (ζ_i)_{i≥1}. Observe that according to Lemma 4.5, ~A((ζ_i)_{i≥1}) is a single stable leaf − that is, it is a degenerate stable band.

By applying this argument to the reversed flow, one gets that the set of elements of ζ_0 whose negative itinerary coincide with (ζ_i)_{i≤0} is an unstable leaf. Since in the plane ζ_1 every unstable leaf intersects every stable leaf, we obtain that ζ_1 contains exactly one element whose itinerary is precisely (ζ_i)_{i∈Z}. □

5. Topological and isotopic equivalence

Let Φ, Ψ be two totally periodic pseudo-Anosov flows, and let {Z_i(Φ)}, {Z_i(Ψ)} be respective (chosen) spine collections.

5.1. Topological equivalence. In this section we show how to deduce Theorem D from Theorem D’.

Proof of theorem D − First suppose that Φ and Ψ are topologically equivalent. Let f be a self homeormorphism of M realizing this equivalence. Consider the two JSJ decompositions {f(N(Z_i(Φ))} and {N(Z_j (Ψ))} of M. By uniqueness these are isotopic, so for any i there is a j = j(i) so that f(N(Z_i(Φ)) is isotopic to N(Z_{j(i)}). The map f induces an isomorphism between the subgroups π_1(P_i) and π_1(P_j ). In [Ba-Fe] the spine Z_i(Φ) was constructed as follows: consider all elements g in π_1(P_i) which act freely in the orbit space of ~Φ. Each such g leaves invariant a unique bi-infinite chain of lozenges C, the corners of which project to periodic orbits of Φ. The union of these periodic orbits over all g gives the vertical periodic orbits of P_i, which hence depend only on the flow Φ and the piece P_i. The Birkhoff annuli in Z_i are elementary and they are determined up to Φ-flow isotopy. These facts are equivariant under the map f. This means that f sends the vertical orbits of Z_i(Φ) to the vertical orbits of Z_j (Ψ) and takes the Birkhoff annuli in Z_i(Φ) to Birkhoff annuli in M which are Ψ-flow isotopic to the Birkhoff annuli in Z_j (Ψ). We can postcompose the map f with the Ψ-flow isotopy so that the conjugacy f^′ takes Z_i(Φ) to Z_j (Ψ). The conjugacy f^′ preserves the orientation of the vertical orbits. This finishes the proof of this direction.

Conversely, assume that up to a homeomorphism, we have the equality {Z_i(Φ)} = {Z_j (Ψ)}, and that the two flows define the same orientation on the vertical orbits. Up to reindexing the collection {Z_j (Ψ)} we can assume that for all i, Z_i(Φ) = Z_i(Ψ). Since the JSJ decomposition of M is unique up to isotopy [Ja-Sh, Jo], it follows that N(Z_i(Φ)) is isotopic to N(Z_i(Ψ)) for all i. A torus T boundary of N(Z_i(Φ)) and N(Z_j (Φ)) is isotopic to a corresponding boundary torus T^′ between N(Z_i(Ψ)) and N(Z_j (Ψ)). We can then change the flow Ψ by an isotopy so that T^′ = T . Hence we can assume that N(Z_i(Φ)) = N(Z_i(Ψ)). We simplify the notations by setting Z_i = Z_i(Φ) = Z_i(Ψ) and N(Z_i) = N(Z_i(Φ)) = N(Z_i(Ψ)).

For each component T_k of ∂N(Z_i), let G^{s,u}_Φ (T_k) and G^{s,u}_Ψ (T_k) be the foliations on T_k induced by the stable/unstable foliations of respectively Φ, Ψ. Of course, a priori there is no reason for G^{s,u}_Φ (T_k) and G^{s,u}_Ψ (T_k) to be equal. However we prove the following crucial properties:

Claim − The two foliations G^{s,u}_Φ (T_k) and G^{s,u}_Ψ (T_k) have the same number of closed leaves, and these leaves are all vertical. It follows that these closed curves are isotopic. In addition one can assume that the elementary G^{s,u}_Φ -annuli are exactly the elementary G^{s,u}_Ψ -annuli.

Consider the component W_k of N(Z_i) − Z_i containing T_k in its boundary. Then W_k is homeomorphic to T^2 × [0, 1), where T_k = T^2 × {0} is a boundary component of N(Z_i) and is therefore entering or exiting N(Z_i). Suppose without loss of generality that T_k is an outgoing component. By the description of the flow in N(Z_i) every point in W_k flows backward to intersect Z_i or be asymptotic to a vertical orbit in Z_i. Let α be a vertical orbit of Z_i. Since T_k is outgoing it follows that unstable leaf of α intersects W_k and consequently this unstable leaf intersects T_k, and in a closed leaf. It follows that for any such α there is a closed leaf of G^s_Φ(T_k) and a closed leaf of G^s_Ψ(T_k). These closed curves in T_k have powers which are freely homotopic to powers of the regular fiber in P_i and hence they have powers which are freely homotopic to each other. Since both are simple closed curves in T_k and N(Z_i) is Seifert fibered, it now follows that these closed leaves are isotopic in T_k. This proves that that G^{s,u}_Φ (T_k) and G^{s,u}_Ψ (T_k) have the same number of closed leaves and they are all isotopic.

The manifold M is obtained from the collection of Seifert pieces {P_i} by glueings along the collection of tori {T_k}. Isotopic glueing maps of the {T_k} generate the same manifold. Hence we can change the glueing maps and have a homeomorphism of M which sends the closed leaves of G^{s,u}_Φ (T_k) to the closed leaves of G^{s,u}_Ψ (T_k).

The unstable vertical annuli for Φ (respectively for Ψ) connect the vertical periodic orbits to the closed leaves in T_k. Now the point is that the vertical annuli for Ψ may not be isotopic rel boundary to the vertical annuli for Φ: they may wrap around T_k, intersecting several times the vertical annuli for Φ. However, there is an orientation preserving homeomorphism which is the identity outside W_k, inducing a Dehn twist around T_k in the mapping class group of M, which maps every Φ-unstable annulus to the corresponding Ψ-unstable annulus. The completion of W_k is a manifold which is a quotient of T^2 × [0, 1]. The only identifications are in “vertical” orbits in T^2 × {1}. The maps above induce a homeomorphism of this quotient of T^2 × [0, 1] which is the identity in the boundary. It follows that this is isotopic to a “Dehn twist” in the boundary T^2 × {0}. We leave the details to the reader.

Now the conjugate of Φ by this homeomorphism has precisely the same spine decomposition N(Z_i), the same orientation on vertical periodic orbits, and the same stable/vertical annuli in each N(Z_i). According to Theorem D’, to be proved in the next section, this flow is isotopically equivalent to Ψ. This finishes the proof of Theorem D.

5.2. Isotopic equivalence. In this section we prove Theorem D’. Suppose first that there is a homeomorphism f isotopic to the identity, realizing a conjugacy between Φ and Ψ and preserving direction of vertical orbits. As in the previous section we may assume there is such f so that f(Z_i(Φ)) = Z_i(φ) (after reindexing). In addition if α is a vertical orbit in Z_i(Φ) = Z_i(Ψ), then since f is a topological conjugacy, it sends the stable/unstable leaf of α to the stable/unstable leaf of f(α). As f(N(Z_i(Φ)) = N(Z_i(Ψ)), it now follows that f maps the collection of vertical annuli of Φ in N(Z_i(Φ)) to the collection of vertical annuli of Ψ in N(Z_i(Ψ)). This proves one direction of theorem D’.

Conversely we assume as in the previous section that for every i we have Z_i(Φ) = Z_i(Ψ) = Z_i (after reindexing), that Φ, Ψ define the same spine decomposition of M in periodic Seifert pieces N(Z_i), and that they induce the same orientation on the vertical periodic orbits in each Z_i. We furthermore assume that in each N(Z_i) they have exactly the same stable/unstable vertical annuli.

Recall the following several objects we introduced in section 4:

• the set T of lifts of components of N(Z_i), • the set Δ of lifts of vertical periodic orbits, • elementary bands for ~Φ, The hypothesis imply that these objects coincide precisely with the similar objects associated to Ψ. Observe that in every Seifert piece N(Z_i), the “blocks” connecting one incoming boundary torus to an outgoing torus are delimited by vertical stable/unstable annuli, hence are exactly the same for the two flows. It follows that the graph ~G and the augmented graph ~G^♯ are precisely the same for the two flows. Indeed: let ~T , ~T^′ are two vertices of the graph ~G for Φ, connected by one edge, then there is a lift ~ N(Z_i) such that ~T and ~T^′ are boundary component of ~N(Z_i), and an orbit of ~Φ inside ~N(Z_i) joining a point x̃ in ~T to a point ỹ in ~T^′. This orbit is trapped in the lift ~U of a block as described in section 4, delimited by two stable bands, two unstable bands, and two elementary bands, one in ~T , the other in ~T^′ (we refer once again to figure 4). It follows that the orbit of ~Ψ starting at x̃ is trapped in the same lifted block ~U until it reachs the same elementary band as the one attained by the ~Φ-orbit, so that we have also n( ~T , ~T^′) = +1 from the view point of Ψ.

Hence, Proposition 4.11 implies that any itinerary of ~Ψ is realized by ~Φ, and vice-versa. Since the flows Φ and Ψ have precisely the same blocks, with the same orientation on the periodic corner orbits, we can apply section 4.2 and its conclusion. More precisely: for every lifted torus ~T , let H^s_Ψ( ~T ) denote the leaf space of the restriction to ~T of the stable foliation of ~Ψ. If ~T^′ is another lifted torus such that n( ~T , ~T^′) > 0, we can define a map g^s~ T , ~T^′ , analogous to f^s~ T , ~T^′ , from an interval of H^s_Ψ( ~T )

onto H^s_Ψ( ~T^′). This map is obtained using the flow ~Ψ.

We also need to define the transverse orientation to the foliations G^s_Ψ(T_k) and G^u_Ψ(T_k). These are the stable and unstable foliations induced by the flow Ψ in the JSJ tori {T_k}. As observed in the previous section, the closed leaves of these foliations are the same as the closed leaves of the foliations G^s_Φ(T_k) and G^u_Φ(T_k) induced by Φ on T_k. Choose the transverse orientation of (say) G^s_Ψ(T_k) to have it agree with the transverse orientation of G^s_Φ(T_k) across the closed leaves.

By hypothesis, the flow directions of corresponding vertical periodic orbits of Φ and Ψ in any given Seifert piece P_i agree. This implies that the holonomy of the foliations G^s_Φ(T_k) and G^s_Ψ(T_k) along the closed leaves agrees with each other, that is, they are either both contracting or both repelling.

The important conclusion is that with this choice of orientations and the above remark, g^s~ T , ~T^′ is orientation preserving if and only if f^s~ T , ~T^′ is orientation preserving.

Let O_Φ, O_Ψ denote the orbit spaces of ~Φ, ~Ψ, respectively. According to Corollary 4.7 applied to Φ and to Ψ as well, there is a natural bijection φ : O_Φ → O_Ψ: the one mapping an orbit of ~Φ to the unique orbit of ~Ψ admitting the same itinerary up to the shift map. Observe that the map φ is naturally π_1(M)-equivariant.

Lemma 5.1. The map φ : O_Φ → O_Ψ is a homeomorphism.

Proof. The only remaining point to prove is the continuity of φ (the continuity of the inverse map φ^{−1} is obtained by reversing the arguments below). We already know that two orbits lie in the same stable leaf if and only if their itineraries, up to a shift, coincide after some time. Hence, φ maps the foliation O^s_Φ onto the foliation O^s_Ψ, and similarly, φ maps O^u_Φ onto O^u_Ψ.

Observe that the projection of Δ by the map Θ : ~M → O_Φ is a closed discrete subset of O_Φ that we denote by Δ_Φ, and the image of Δ by φ is a closed discrete subset Δ_Ψ of O_Ψ corresponding to the lifts of vertical periodic orbits of Ψ.

We first show the continuity of φ on O_Φ \ Δ_Φ. Let θ be an element of O_Φ \ Δ_Φ. This is an orbit of ~Φ which crosses some element ~T of T at a point x̃. The restriction to ~T of the projection map Θ : ~M → O_Φ is injective as remarked before. Let P_Φ be the projection of ~T to O_Φ; it is an open 2-plane contained in O_Φ \ Δ. Elements of P_Φ are characterized by the property that their itinerary (which is well-defined up to the shift map) contains ~T . It follows that the image of P_Φ by φ is the projection P_Ψ of ~T in O_Ψ \ Δ_Ψ. We will show that the restriction of φ to P_Φ is continuous, which will prove as required that φ is continuous on O_Φ \ Δ_Φ. The restrictions P^s_Φ, P^u_Φ of O^s_Φ and O^u_Φ to P_Φ are the projections of ~G^s_Ψ( ~T ), ~Gu_Ψ( ~T ). They are regular foliations; more precisely, they are product foliations, transverse to each other. Every leaf of P^s_Φ intersects every leaf of P^u_Φ in one and only one point. In summary, P_Φ is homeomorphic to H^sP_Φ × H^uP_Φ ≈ R × R, where H^{s,u}P_Φ denotes the leaf space of O^{s,u}_Φ restricted to P_Φ respectively.

Similarly, P_Ψ is homeomorphic to H^sP_Ψ × H^uP_Ψ . Furthermore, since φ maps O^s_Φ, O^u_Φ onto O^s_Ψ, O^u_Ψ, the restriction of φ to P ≈ H^sP_Φ × H^uP_Φ has the form: (S, U) → (φ^s(S), φ^u(U)) where S, U denote leaves of P^s_Φ, P^u_Φ and φ^s(S), φ^u(U) are the induced images in the leaf space level.

Each leaf space H^sP_Φ , H^sP_Ψ admits a subdivision in elementary segments J_Φ( ~T , ~T^′) (respectively

J_Ψ( ~T , ~T^′)), which are the projections of elementary bands A( ~T , ~T^′) where n( ~T , ~T^′) = 1. Since the elementary bands in ~T for ~Φ and ~Ψ are exactly the same, the map φ^s preserves the order between elementary segments. This uses the choice of transverse orientations for G^s_Φ(T ) and G^s_Ψ(T ).

Let S, S^′ be arbitrary elements of H^sP_Φ , such that S ≺ S^′ for the order defined on H^sP_Φ ≈ H^s_Φ( ~T ) in Remark 4.2. Then, if S, S^′ lie in different elementary bands, it follows from what we have just seen that φ^s(S) ≺ φ^s(S^′), since φ^s preserves the order between the elementary intervals J_Φ( ~T , ~T^′) and J_Ψ( ~T , ~T^′).

Assume now that S, S^′ lie in the same elementary band. Since S ≠ S^′, there is an element ~T^′ of T such that f^s ~T_, ~T^′ (S) and f^s ~T_, ~T^′ (S^′) either lie in different elementary segments of H^s_Φ( ~T^′) or lie in the closure of

the same elementary segment. The second case is equivalent to S or S^′ being in the stable manifold of a lift of a vertical periodic orbit. We will deal with the first case, the second case being simpler.

As above we have a map φ^s_∗ : H^sP ′_Φ → H^sP ′_Ψ between the corresponding leaf spaces of foliations in ~T^′.

Here P^′_Φ and P^′_Ψ are the projections of ~T^′ to the orbit spaces of ~Φ and ~Ψ respectively. We clearly have g^s~ T , ~T^′ (φ^s(S)) = φ^s_∗(f^s~ T , ~T^′ (S)) and g^s~ T , ~T^′ (φ^s(S^′)) = φ^s_∗(f^s~ T , ~T^′ (S^′)).

Hence, g^s ~T_, ~T^′ (φ^s(S)) and g^s ~T_, ~T^′ (φ^s(S)^′) lie in different elementary segments of H^s_Φ( ~T^′). We have the

following alternatives:

If f^s~ T , ~T^′ preserves orientation: then f^s~ T , ~T^′ (S) ≺ f^s~ T , ~T^′ (S^′). In other words, the elementary seg-

ment containing f^s ~T_, ~T^′ (S) is above the elementary segment containing f^s ~T_, ~T^′ (S^′). Since φ^s_∗ pre-

serves the order between elementary segments, we obtain: g^s~ T , ~T^′ (φ^s(S)) = φ^s_∗(f^s~ T , ~T^′ (S)) ≺ φ^s_∗(f^s~ T , ~T^′ (S^′)) = g^s~ T , ~T^′ (φ^s(S^′))

But in this case, g^s~ T , ~T^′ is also orientation preserving; hence φ^s(S) ≺ φ^s(S^′).

If f^s ~T_, ~T^′ reverses orientation: then f^s ~T_, ~T^′ (S^′) ≺ f^s ~T_, ~T^′ (S), therefore: g^s~ T , ~T^′ (φ^s(S^′)) = φ^s_∗(f^s~ T , ~T^′ (S^′)) ≺ φ^s_∗(f^s~ T , ~T^′ (S)) = g^s~ T , ~T^′ (φ^s(S))

Since g^s ~T_, ~T^′ reverses orientation, we deduce φ^s(S) ≺ φ^s(S^′).

In both cases, we have proved φ^s(S) ≺ φ^s(S^′). Therefore, φ^s preserves the total orders on H^sP_Φ and H^sP_Ψ ; since we already know that it is a bijection, it follows that φ^s is a homeomorphism.

Figure 6: Standard neighborhood of a Birkhoff annulus.

We can reproduce the same argument, but this time for the negative itineraries, and this time involving the unstable leaves: we then obtain that φ^u is a homeomorphism. Therefore, the restriction of φ to P_Φ is continuous. As previously observed, it proves that φ is continuous on O_Φ \ Δ_Φ.

Now the continuity on the entire O_Φ follows easily: indeed, on the one hand, the space of ends of O_Φ \ Δ_Φ (respectively O_Ψ \ Δ_Ψ) is naturally the union of Δ_Φ and the end ∞ of the plane O_Φ. Since O_Φ is a two dimensional plane, and Δ_Φ is discrete, it now follows that the restriction of φ to O_Φ \ Δ_Φ admits a unique continuous extension φ̄ : O_Φ → O_Ψ, mapping Δ_Φ onto Δ_Ψ. On the other hand, φ maps bijectively Δ_Φ onto Δ_Ψ. The problem is to prove that φ̄ and φ coincide on Δ_Φ. This follows easily from the fact that for every element θ of Δ_Φ, φ maps an open half leaf of the stable leaf of θ onto an open half leaf of the stable leaf of φ(θ), and that these stable leaves do not accumulate at other elements of Δ_Ψ.

We have proved that φ : O_Φ → O_Ψ is continuous. The proof of the Lemma is completed. □

Proposition 5.2. (Isotopic equivalence) The flows Φ and Ψ are isotopically equivalent.

Proof. Given Lemma 5.1 this follows from established results: First, Haefliger [Hae] showed that Lemma 5.1 implies that there is a homotopy equivalence of M which takes orbits of Φ to orbits of Ψ. Ghys [Gh] explained how to produce a homeomorphism with the same properties. This was explicitly done by the first author, Theorem of [Ba1], for Anosov flows. Essentially the same proof works for pseudo-Anosov flows. Now since this homeorphism is an homotopy equivalence, it is isotopic to the identity ([Wald3, Theorem 7.1]). □

6. Model flows

6.1. Construction of model pseudo-Anosov flows. In this section, we recall the construction in [Ba-Fe], section 7, of model pseudo-Anosov flows. They are obtained from building blocks, which are standard neighborhoods of intrinsic elementary Birkhoff annuli. Such a neighborhood is homeomorphic to [0, 1] × S^1 × [0, 1] (with corresponding (x, y, z) coordinates).

The Birkhoff annulus is [0, 1] × S^1 × {1/2}, where {0} × S^1 × {1/2} and {1} × S^1 × {1/2} are the only closed orbits of the semiflow in this block and they are the boundaries of the Birkhoff annulus (see figure 6). The flow is tangent to the side boundaries {0} × S^1 × [0, 1] and {1} × S^1 × [0, 1]. The flow is incoming along [0, 1] × S^1 × {0} and outgoing along [0, 1] × S^1 × {1}. The vertical orbits are the periodic orbits in the block. For example, the stable manifold of {0} × S^1 × {1/2} is {0} × S^1 × [0, 1/2] and the unstable manifold is {0} × S^1 × [1/2, 1]. In [Ba-Fe] we prescribe an explicit formula for the flow, denoted by Ψ_λ, in the block B, depending on a parameter λ.

Several copies of these blocks can be glued one to the other along annuli which are half of a tangential boundary annulus. These are either the local stable or unstable manifolds of one of the periodic orbits. For example one may glue {0} × S^1 × [0, 1/2] to a similar half annulus in another copy of the block. In particular we are glueing stable or unstable manifolds of certain vertical orbits to similar sets of other vertical orbits. The glueings preserve the flow. One can do this in a very flexible way, so that in the end all tangential boundary components are eliminated. At this point one obtains a semiflow in a manifold P^′ which is a circle bundle over a surface with boundary Σ. In order to define model flows, we actually specify particular glueings between the stable/unstable annuli, so that every boundary component admits a natural coordinate system (x, y) ([Ba-Fe, Section 8]). In particular, the coordinate y defines a function on P^′, whose level sets are sections of the fibration over Σ_i. All this process is encoded by the data of a fat graph X embedded in Σ satisfying the following properties:

(1) X is a deformation retract of Σ.

(2) The valence of every vertex of X is an even number.

(3) The set of boundary components of Σ is partitioned in two subsets so that for every edge e of X, the two sides of e in Σ lie in different sets of this partition.

(4) Each loop in X corresponding to a boundary component of Σ contains an even number of edges. We also allow Dehn surgery along the vertical orbits so that the resulting manifold is a Seifert bundle over the surface Σ. This operation is encoded by the data of the fat graph (Σ, X) and also the Dehn surgery coefficients D on vertical orbits (these coefficients are well-defined with the convention that the meridians of the Dehn fillings to be the loops contained in the section {y = Cte} mentioned above). We denote the resulting manifold with semi-flow by (P (Σ, X, D), Ψ_λ). Observe that P (Σ, X, D) is a Seifert manifold. Moreover, the (x, y) coordinates in the initial building block provides natural coordinates on every boundary component of P (Σ, X, D). The last item above ensures that each boundary component of P (Σ, X, D) is a torus, as opposed to being a Klein bottle.

Finally, we glue several copies P_1, ... , P_k of such Seifert fibered manifolds along their transversal boundaries. Let us be more precise: for each P_i and each component T of P_i, select a vertical/horizontal basis of H_1(T, Z), i.e. a basis whose first element is represented by vertical loops (i.e. regular fibers of P_i), and whose second element is represented by the intersection between T and the preferred section {y = Cte} we have defined above. One could think at first glance that we have defined by this way a canonical basis of H_1(T, Z), but the point is that these homology classes are defined only up to sign: H_1(T, Z) admits four vertical/horizontal basis.

Once such a basis is selected in each boundary torus, select a pairing between these boundary tori, and for each such a pair (T, T^′) choose a two-by-two matrix M(T, T^′) with integer coefficients. It defines an isomorphism between H_1(T, Z) and H_1(T^′, Z); hence an isotopy class of homeomorphisms between T and T^′. In order to obtain a pseudo-Anosov flow in the resulting manifold, it is necessary that the glueing maps do not map fibers to curves homotopic to fibers, i.e. that no M(T, T^′) is upper triangular. In [Ba-Fe] we show that the the resulting flow, still denoted by Ψ_λ, is pseudo-Anosov as soon as the real parameter λ is sufficiently large. We proved it for very particular glueing maps between the boundary tori, which are linear in the natural coordinates defined by the (x, y) coordinates (even if the proof in [Ba-Fe] can be easily extended to less restrictive choices). It is clear that for the resulting flow Ψ_λ - called a model flow - the spine in every piece P_i, as stated in Theorem C, is the preimage by the Seifert fibration of the fat graph X_i.

An immediate consequence of Theorem D’ is that the resulting pseudo-Anosov flow is insensitive up to isotopic equivalence to several choices: it does not depend on the real parameter λ, nor to the choice of the glueing map in the isotopy class defined by the matrices M(T, T^′), as long as these data are chosen so that the resulting flow is pseudo-Anosov.

In summary, the model flow is uniquely defined up to isotopic equivalence by: (1) The data of a family of fat graphs (Σ_i, X_i) and Dehn filling coefficients D_i (i = 1, ..., k). (2) A choice of vertical/horizontal basis in each H_1(T, Z), (3) A pairing between the boundary tori of the P_i = P (Σ_i, X_i, D_i) (i.e. a pairing between the boundary components of the Σ_i’s).

(4) For each such a pair (T, T^′), a two-by-two matrix with integer coefficients which is not upper triangular.

Observe that item (2) is not innocuous: Suppose that for some P_i we replace the first vector in the vertical/horizontal basis of each component of P_i (but we do not modify the basis of the boundary components of the other pieces P_j , nor any of the other combinatorial data). Then we obtain a model flow on the same manifold, with the same spine decomposition and vertical stable/unstable annuli, but where the orientation of the vertical periodic orbits has been reversed. Therefore, this second model pseudo-Anosov flow is not isotopically equivalent to the initial model flow.

We could formulate a statement establishing precisely when two initial combinatorial data provide topologically equivalent model pseudo-Anosov flows, but it would require a detailed presentation of F. Waldhausen’s classification Theorem of graph manifolds ([Wald1, Wald2]). We decided that it would be an unnecessary complication, and that Theorems D and D’ already provide a convenient formulation for the solution of the classification problem of totally periodic pseudo-Anosov flows. For example one issue we do not address is the choice of section in each Seifert fibered piece minus small neighborhoods of singular fibers. The boundary curves of these sections are essential to the classification of totally periodic pseudo-Anosov flows. These boundary curves are determined up to Dehn twists along vertical curves [Wald1, Wald2, BNR].

6.2. Topological equivalence with model pseudo-Anosov flows. In this section we present the proof of the Main Theorem, i.e. we show why every totally periodic pseudo-Anosov flow (M, Φ) is topologically equivalent to one of the model pseudo-Anosov flows constructed in the previous section.

According to section 3, the manifold M is obtained by glueing the Seifert pieces N(Z_i) along (transverse) tori. Moreover, every N(Z_i) can be obtained by glueing appropriate sides of a collection of “blocks” U(A_p), where each A_p is a Birkhoff annulus. The union of these Birkhoff annuli is the spine Z_i of N(Z_i). Every block U(A_p) can be described as follows: its boundary contains two annuli, one inward and the other outward, whose lifts correspond to what have been called elementary bands in the previous section. The block U(A_p) also contains two periodic orbits (the boundary components of A_p; which may be identified through the glueing), two stable annuli (one for each vertical periodic orbit) and two unstable annuli (also one for each periodic orbit) connecting the periodic orbits to the entrance/exit transverse annuli in the boundary. All these annuli constitute the boundary of U(A_p). The remaining part of U(A_p) is a union of orbits crossing A_p, and joining the entrance annulus to the exit annulus. Of course, the lifts in ~M of these blocks are nothing but what have been called blocks in section 4.2.

The entire Seifert piece N(Z_i) is obtained by glueing all these U(A_p) along their stable and unstable sides. The way this glueing has to be performed is encoded by a fat graph whose vertices correspond to the vertical periodic orbits, and the edges are the Birkhoff annuli A_p. Let us be slightly more precise: remove around every vertical periodic orbit a small tubular neighborhood. The result is a compact 3- manifold N(Z_i)^∗ which is a circle bundle over a surface Σ^∗_i with boundary. Notice that, as any other circle bundle (orientable or not) over a surface (orientable or not) with non-empty boundary, this circle bundle admits a section. In other words, we can consider Σ^∗_i as a surface embedded in N(Z_i)^∗; the edges of X_i then are the intersection between Σ^∗_i and the the Birkhoff annuli A_p.

There are three types of boundary components:

• boundary components corresponding to exit transverse tori, • boundary components corresponding to entrance transverse tori, • boundary components corresponding to (the boundary of tubular neighborhoods of) vertical periodic orbits.

Let us define the surface Σ_i obtained by shrinking the last type of boundary components to points, that we call special points. One can select the circle fibration η^∗_i : N(Z_i)^∗ → Σ^∗_i so that the restrictions of the Birkhoff annuli A_p are vertical. Then their projections define in Σ_i a collection of segments which are the edges of a graph X_i embedded in Σ_i. Moreover, since every orbit in N(Z_i) crosses a Birkhoff annulus or accumulates on a vertical orbit, X_i is a retract of Σ_i, in other words, (Σ_i, X_i) is a fat graph. Observe that it satisfies the four properties required in the definition of model flows in the previous section: we have just established the first and third items; the second item corresponds to the fact that at each vertical periodic orbit there is an equal number of stable and unstable vertical annuli, so that each of them is adjacent to an even number of Birkhoff annuli. The last item corresponds to the fact that the component of ∂P^′ must be tori, not Klein bottles.

Therefore, there is a model semi flow Ψ_i on a circle bundle P^′_i = P (Σ_i, X_i) → Σ_i as described in the previous section. This partial flow has essentially the same properties that the restriction Φ_i of Φ to N(Z_i) has: P^′_i is a circle bundle over Σ_i; its boundary components are transverse to Ψ_i; moreover the inward (respectively outward) boundary components for Ψ_i correspond to the boundary components of Σ_i that are the entrance (respectively exit) components as defined previously, i.e. with respect to Φ_i. Moreover, the preimage in P^′_i of edges of X_i are annuli A^0_p transverse to Ψ_i. Every orbit of Ψ_i either crosses one (and only one) A^0_p, or accumulates on one vertical periodic orbit.

The main difference is that P^′_i is a circle bundle over Σ_i, whereas N(Z_i) is merely a Seifert manifold with a Seifert fibration. In particular near the vertical periodic orbits, the fibration of P_i is a product fibration. Moreover, some of the vertical periodic orbit of Ψ_i might be 1-prong orbits. There is an embedding N(Z_i)^∗ → P^′_i preserving the fibers, and mapping Σ^∗, considered as a section in N(Z_i)^∗, into the canonical section {y = Cte} of N(X_i) → Σ_i. We can furthermore choose this embedding so that it is coherent relatively to the orientation of vertical orbits: we require that the orientation of the regular fibers in each component C of ∂N(Z_i)^∗ defined by the oriented periodic orbit of Φ surrounded by C coincide with the orientation defined by the periodic orbit of Ψ_i surrounded by the image of C in P^′_i .

Although N(Z_i) is not always homeomorphic to P^′_i , it is obtained from it by a Dehn surgery along the vertical orbits. This Dehn surgery is encoded by the data of Dehn coefficients D_i, i.e. the data at each vertex of X_i of a pair (p_i, q_i) of relatively prime integers. This data is well-defined once one selects the section Σ^∗_i , since meridians around every vertical orbit can be defined as the loops contained in Σ^∗. Hence, there is a homeomorphism between N(Z_i) and the model piece P_i = P (Σ_i, X_i, D_i), which maps oriented vertical orbits of Φ contained in Z_i to oriented vertical orbits of the model semi-flow Ψ_i. Observe that this homeomorphism maps stable/unstable vertical annuli into stable/unstable vertical annuli of Ψ_i.

Now M is obtained by glueing exit transverse tori to entrance transverse tori of the various Seifert pieces N(Z_i) through identification homeomorphisms φ_k (where k describes the set of transverse tori T_k as denoted previously). The isotopy classes of these homeomorphisms can be characterized by two-by-two matrices, once selected in each H_1(T, Z) vertical/horizontal basis, where the second (horizontal) element of the basis is now determined according to the section Σ^∗_i . These two-by-two matrices cannot be upper triangular, since adjacent Seifert pieces in a (minimal) JSJ decomposition cannot have freely homotopic regular fibers.

The choice of vertical/horizontal homological basis in each boundary torus of N(Z_i) naturally prescribes a choice of vertical/horizontal homological basis in each boundary torus of P_i ≈ N(Z_i).

Hence we have collected all the necessary combinatorial data necessary for the construction of a model flow Ψ on a manifold M_Ψ obtained by glueing the various pieces P_i. The resulting manifold M_Ψ is homeomorphic to M.

Now it should be clear to the reader that the (M, Φ) and (M_Ψ, Ψ) have the same combinatorial data, so that they are topologically equivalent by theorem D’. This completes the proof of the Main Theorem.

7. Concluding remarks

Throughout this section M is a graph manifold admitting a totally periodic pseudo-Anosov flow.

Numbers of topological equivalence classes of pseudo-Anosov flows. Waller [Wa] proved that in general the number of fat graph structures on a given topological surface S = Σ_i, even if always finite, can be quite big. These all will generate topologically inequivalent pseudo-Anosov flows. That is, different graphs X_i yield different flows. With the same fat graphs, with the careful choices of particular sections and Dehn filling coefficients, made above, then the following happens. The only choice left is the direction of the vertical periodic orbits. Once the direction of a single vertical periodic orbit in a fixed P_i is chosen, then all the directions in the other vertical orbits are determined, because the choice of orientations propagates along Birkhoff annuli, i.e. edges of the fat graph. But there are two choices here. So there are 2^k inequivalent such pseudo-Anosov flows if there are k pieces in the JSJ decomposition of M. Therefore, we have proved that there is no upper bound on the number of topological equivalence classes of pseudo-Anosov flows on 3-manifolds.

Action of the mapping class group on the space of isotopic equivalence classes. Since M is toroidal its mapping class group is infinite: it contains Dehn twists along embedded incompressible torus in M. Let us be more precise: let T be an embedded incompressible torus; and let U(T ) be a tubular neighborhood of T . Since M is orientable, U(T ) is diffeomorphic to the product of an annulus A by the circle S^1. Let τ be a Dehn twist in the annulus A; then the map τ_T : A × S^1 → A × S^1 defined by τ_T (x, θ) = (τ(x), θ) defines a homeomorphism of M, with support contained in U(T ), which is not homotopically trivial (since its action on the fundamental group of the incompressible torus T is not trivial). Notice in addition that there are infinitely many inequivalent ways of expressing U(T ) as a product of an annulus and a circle.

Furthermore there may be symmetries of M. The JSJ decomposition of M is unique up to isotopies, so any self homeomorphism of M preserves the collection of Seifert pieces [Ja-Sh, Jo], but conceivably could permute them, and also in any piece it could have Dehn twist actions, etc..

We conclude that there are infinitely many isotopy equivalence classes of pseudo-Anosov flows in such manifolds.

But the following remarkable property holds: Suppose that T is a torus of the JSJ decomposition and τ_T is a Dehn twist in a vertical direction of T , i.e. for which the annnulus A contains a loop freely homotopic to the regular fibers of one of the two Seifert pieces bounded by T . Then τ_T does not change the isotopy class of totally periodic pseudo-Anosov flows, i.e. the conjugate of the flow by any representant of τ_T is isotopically equivalent to the initial flow.

Indeed, let Φ be any such a flow. Up to isotopic equivalence, one can assume that T is contained in one neighborhood N(Z_i), in the region between Z_i and a boundary component of N(Z_i) isotopic to T . Then, we can select in the isotopy class of τ_T another homeomorphism f with support disjoint from Z_i, disjoint from all the N(Z_j ) with j ≠ i, and which preserves all the vertical stable/unstable annuli in N(Z_i). Therefore, the conjugate of Φ by f has the same combinatorial/topological data than Φ, and thus, according to Theorem D’, is isotopically equivalent to Φ.

Observe that if N(Z_i) is the other Seifert piece containing T in its boundary, one can obtain many other elements of the mapping class group in the stabilizer of the isotopic equivalence class by composing Dehn twists in the vertical direction for N(Z_i) with Dehn twists in the vertical direction for N(Z_j ).

Topological transitivity of totally periodic pseudo-Anosov flows. It is easy to construct non transitive totally periodic pseudo-Anosov flows. For simplicity we do an example without Dehn surgery. Start with a surface S with high enough genus and three boundary components. Russ Waller [Wa] showed that S has a structure as a fat graph with the properties of section 5 and one can then easily construct a semiflow Ψ^′ in S × S^1, with one exiting boundary component and two entering components. Glue one entering boundary component with the exiting one by an admissible glueing. This is manifold M_1 with semiflow Ψ_1 with one entering component. Do a copy of M_1 with a flow reversal of Ψ_1 and then glue it to M_1 by an admissible map. The resulting manifold is a graph manifold with a model flow which is clearly not transitive: the boundary component of M_1 is transverse to the flow and any orbit intersecting this torus is trapped in M_1.

It is not very hard to characterize when exactly the model flow is transitive: we claim that it is equivalent to the following property: the oriented graph G, which is the quotient by π_1(M) of the oriented graph ~G defined in section 4.3, is strongly connected: for any pair of vertex T and T^′ in G, there must be an oriented path going from T to T^′ and another oriented path going from T^′ to T .

This is done for a more general class of flows (at least the Anosov case) in a forthcoming article [BBB] by Béguin, Bonatti and Yu. Because of that we do not discuss further transitivity of model flows here.

References

[An] D. V. Anosov, Geodesic flows on closed Riemannian manifolds with negative curvature, Proc. Steklov Inst. Math.

90 (1969).

[Ba1] T. Barbot, Caractérisation des flots d’Anosov en dimension 3 par leurs feuilletages faibles, Ergod. Th. Dynam. Sys.

15 (1995) 247-270.

[Ba2] T. Barbot, Flots d’Anosov sur les variétés graphées au sens de Waldhausen, Ann. Inst. Fourier Grenoble 46 (1996) 1451-1517.

[Ba3] T. Barbot, Mise en position optimale d’un tore par rapport à un flot d’Anosov, Comm. Math. Helv. 70 (1995) 113-160.

TOTALLY PERIODIC PSEUDO-ANOSOV FLOWS IN GRAPH MANIFOLDS 29

[Ba-Fe] T. Barbot and S. Fenley, Pseudo-Anosov flows in toroidal manifolds, preprint, (2010), http://arxiv.org/abs/1007.0578 [BBB] F. Béguin, Y. Bin, C. Bonatti, private communication.

[Bo-La] C. Bonatti and R. Langevin, Un exemple de flot d’Anosov transitif transverse à un tore et non conjugué à une suspension, Erg. Th. Dyn. Sys. 14 (1994) 633-643.

[BNR] M. Brittenham, R. Naimi, R. Roberts, Graph manifolds and taut foliations, Jour. Diff. Geom. 45 (1997) 446-470. [Cal1] D. Calegari, The geometry of R-covered foliations, Geometry and Topology 4 (2000) 457-515. [Cal2] D. Calegari, Foliations with one sided branching, Geom. Ded. 96 (2003) 1-53. [Cal3] D. Calegari, Promoting essential laminations, Inven. Math. 166 (2006) 583-643. [Fe1] S. Fenley, Anosov flows in 3-manifolds, Ann. of Math. 139 (1994) 79-115.

[Fe2] S. Fenley, The structure of branching in Anosov flows of 3-manifolds, Comm. Math. Helv. 73 (1998) 259-297. [Fe3] S. Fenley, Foliations with good geometry, Journal of the A.M.S. 12 (1999) 619-676.

[Fe4] S. Fenley, Foliations and the topology of 3-manifolds I: R-covered foliations and transverse pseudo-Anosov flows, Comm. Math. Helv. 77 (2002) 415-490.

[Fe-Mo] S. Fenley and L. Mosher, Quasigeodesic flows in hyperbolic 3-manifolds, Topology 40 (2001) 503-537. [Fr-Wi] J. Franks and R. Williams, Anomalous Anosov flows, in Global theory of Dyn. Systems, Lecture Notes in Math.

819 Springer (1980).

[Fr] D. Fried, Transitive Anosov flows and pseudo-Anosov maps, Topology 22 (1983) 299-303. [Gh] E. Ghys, Flots d’Anosov sur les 3-variétés fibrées en cercles, Ergod. Th and Dynam. Sys. 4 (1984) 67-80. [Go] S. Goodman, Dehn surgery on Anosov flows, Lec. Notes Math. 1007 (1983) 300-307, Springer. [Hae] A. Haefliger, Groupöides d’holonomie et classifiants, Asterisque 116 (1984) 70-97. [Ha-Th] M. Handel and W. Thurston, Anosov flows on new three manifolds, Inv. Math. 59 (1980) 95-103. [He] J. Hempel, 3-manifolds, Ann. of Math. Studies 86, Princeton University Press, 1976. [Ja] W. Jaco, Lectures on three-manifold topology, C.B.M.S. from A.M.S. 43 1980. [Ja-Sh] W. Jaco and P. Shalen, Seifert fibered spaces in 3-manifolds, Memoirs A. M. S. 220 1979. [Jo] K. Johannson, Homotopy equivalences of 3-manifolds with boundaries, Lec. Notes Math, Springer bf 761 (1979). [Mo1] L. Mosher, Dynamical systems and the homology norm of a 3-manifold I. Efficient intersection of surfaces and flows, Duke Math. Jour. 65 (1992) 449–500.

[Mo2] L. Mosher, Dynamical systems and the homology norm of a 3-manifold II, Invent. Math. 107 (1992) 243–281. [Mo3] L. Mosher, Laminations and flows transverse to finite depth foliations, manuscript available in the web from http://newark.rutgers.edu:80/ mosher/, Part I: Branched surfaces and dynamics, Part II in preparation.

[Sei] H. Seifert, Topologie dreidimensionaler gefäserter raume, Acta Math. 60 147-238. [Th1] W. Thurston, The geometry and topology of 3-manifolds, Princeton University Lecture Notes, 1982. [Th2] W. Thurston, On the geometry and dynamics of diffeomorphisms of surfaces, Bull. A.M.S 19 (1988) 417-431. [Th3] W. Thurston, Hyperbolic structures on 3-manifolds II, Surface groups and 3-manifolds that fiber over the circle, preprint.

[Wa] R. Waller, Surfaces which are flow graphs.

[Wald1] F. Waldhausen, Eine Klasse von 3-dimensionalen Mannigfaltigkeiten, I, Invent. Math., 3 (1967), 308–333. [Wald2] F. Waldhausen, Eine Klasse von 3-dimensionalen Mannigfaltigkeiten, II, Invent. Math., 4 (1967), 87–117. [Wald3] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann. of Math. 87 (1968) 56-88.

Thierry Barbot, Université d’Avignon et des pays de Vaucluse, LANLG, Faculté des Sciences, 33 rue Louis Pasteur, 84000 Avignon, France.

E-mail address: thierry.barbot@univ-avignon.fr

Sérgio Fenley, Florida State University, Tallahassee, FL 32306-4510, USA and Princeton University, Princeton, NJ 08544-1000, USA

E-mail address: fenley@math.fsu.edu