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Abstract
Let E be an optimal elliptic curve of conductor N , such that the
L-function LE (s) of E vanishes to order one at s = 1. Let K be
a quadratic imaginary field in which all the primes dividing N split.
The Gross-Zagier theorem gives a formula that expresses the Birch and
Swinnerton-Dyer conjectural order the Shafarevich-Tate group of E
over K as a rational number. We extract an integer factor from this
formula and relate it to certain congruences of the newform associated
to E with eigenforms of odd analytic rank bigger than one. We use
the theory of visibility to show that, under certain hypotheses (which
includes the first part of the Birch and Swinnerton-Dyer conjecture
on rank), if an odd prime q divides this factor, then q 2 divides the
actual order of the Shafarevich-Tate group. This provides theoretical
evidence for the Birch and Swinnerton-Dyer conjecture in the analytic
rank one case.
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Introduction and results

Let N be a positive integer. Let X = X0 (N ) denote the modular curve
over Q associated to Γ0 (N ), and let J = J0 (N ) denote the Jacobian of X,
which is an abelian variety over Q. If g is an eigenform of weight 2 on Γ0 (N ),
we call the order of vanishing of the L-function L(g, s) at s = 1 the analytic
rank of g. Let f be a newform of weight 2 on Γ0 (N ) whose analytic rank is
one. Let T denote the Hecke algebra, which is the subring of endomorphisms
of J0 (N ) generated by the Hecke operators (usually denoted T` for ` - N and
Up for p | N ). Let If = AnnT f and let Af denote the newform quotient
J/If J, which is an abelian variety over Q. We denote the quotient map
∗
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J→Af by π. For the sake of simplicity, we assume henceforth that Af is
an elliptic curve, and denote it by E (we expect that most of our discussion
should hold with E replaced by Af below as well).
Let K be a quadratic imaginary field of discriminant not equal to −3
or −4, and such that all primes dividing N split in K. Choose an ideal N of
the ring of integers OK of K such that OK /N ∼
= Z/N Z. Then the complex
tori C/OK and C/N −1 define elliptic curves related by a cyclic N -isogeny,
hence a complex valued point x of X0 (N ). This point, called a Heegner
point, is defined over
Pthe Hilbert class field H of K. Let P ∈ J(K) be the
class of the divisor σ∈Gal(H/K) ((x) − (∞))σ , where H is the Hilbert class
field of K.
By [GZ86, §V.2:(2.2)], the second part of the Birch and SwinnertonDyer (BSD) conjecture becomes:
Conjecture 1.1 (Birch and Swinnerton-Dyer, Gross-Zagier).
Y
|E(K)/π(TP )|=cE ·
cp (E) · |X(E/K)|1/2 ,

(1)

p|N

where cE is the Manin constant of E (conjectured to be one), and cp (E) is
the arithmetic component group of E at the prime p.
Note that π(TP ) = Zπ(P ) and that the index on the left side of (1)
is finite since the analytic rank of f is one (by [GZ86, p.311–313]). Also
the order of X(E/K) is finite, by work of Kolyvagin (see, e.g., [Gro91,
Thm 1.3]). The theory of Euler systems can be used to show that the
actual value of the order of X(E/K) divides the order predicted by the
conjectural formula (1) (equivalently, that the right side of (1) divides the
left side), under certain hypotheses, and staying away from certain primes
(see, e.g., [Gro91, Thm 1.3]). Our goal is to try to prove results towards
divisibility in the opposite direction, i.e., that the left side of (1) divides the
right side.
Let B = ker π, which is an abelian subvariety of J0 (N ). If g is an
eigenform of weight 2 on Γ0 (N ), then we shall denote the dual abelian variety
of Ag by A∨
g ; it is an abelian subvariety of J0 (N ). If H is a subgroup of a
finitely-generated abelian group G, then the saturation H in G is the largest
d denote the saturation
subgroup of G containing H with finite index. Let TP
of TP in J(K). The following result expresses the integer |E(K)/π(TP )|
on the left side of (1) as a product of three integers:
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Proposition 1.2. We have
|E(K)/π(TP )| =

d

J(K)
B(K) + TP
·
·|ker H 1 (K, B)→H 1 (K, J) |.
d B(K) + TP
B(K) + TP

We give the proof of this proposition in Section 2. Let D denote the
abelian subvariety of J0 (N ) generated by A∨
g where g ranges over all eigenforms other than f of weight 2 on Γ0 (N ) and having analytic rank one.
Theorem 1.3. Let q be an odd prime that does not divide J(K)tor . Suppose
that for no prime p | N is f congruent to a newform h of level dividing N/p
modulo a prime ideal over q in the ring of integers of the number field generated by the Fourier coefficients of f and h (for Fourier coefficients coprime
to N q). Assume that q does not divide |E ∨ ∩ D|. Suppose that for all
primes p dividing N , p 6≡ −wp mod q, with p 6≡ −1 mod q, if p2 | N . If q
J(K)
divides
d , then:
B(K)+TP

1) There is a newform g on Γ0 (N ) having odd analytic rank greater than one
such that f is congruent to g modulo a prime ideal q over q in the ring of
integers of the number field generated by the Fourier coefficients of f and g.
2) Assume the first part of the Birch and Swinnerton-Dyer conjecture for
all A∨
g such that g is an eigenform with odd analytic rank bigger than one.
Then q 2 divides the order of X(E/K).
Note that in particular, the prime q as above divides the right side of (1),
which is as predicted by the conjecture of Birch and Swinnerton-Dyer in view
of Proposition 1.2. Thus the theorem above provides theoretical evidence
towards the Birch and Swinnerton-Dyer conjecture. We prove this theorem
in Section 3. As mentioned in the abstract, the proof uses the theory of
visibility. As far as we know, this is the first instance where the Birch
and Swinnerton-Dyer conjectural order of the Shafarevich-Tate group has
been related to its actual order using visibility for an abelian variety of
analytic rank greater than zero, either theoretically or computationally (as
opposed to the analytic rank zero case, where much work has been done: see,
e.g., [CM00], [AS05], [Aga07]). This gives hope that the theory of visibility
may give useful information even when the analytic rank is greater than
zero. Also, while for analytic rank zero, there is work of Skinner-Urban that
gives results opposite to those coming from the theory of Euler systems (for
the Birch and Swinnerton-Dyer conjectural order of the Shafarevich-Tate
group), for analytic rank greater than zero, we are not aware of any results
that complement those coming from the theory of Euler systems other than
our approach using visibility in this article.
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We now make some remarks on the hypotheses of Theorem 1.3. While
the hypothesis that q does not divide J(K)tor can perhaps be weakened,
one will mostly likely need the hypothesis that q does not divide E(K)tor ,
since if q divides E(K)tor , then q may divide the left side of (1) without dividing |X(E/K)|. The hypothesis that f is not congruent modulo a prime
over q to a newform of lower level cannot be completely eliminated, since
if it fails, then q could divide cp (E) for some prime p dividing N , and thus
q need not divide |X(E/K)| (if one believes formula (1)). The hypothesis
that that q does not divide |E ∨ ∩ D| in Theorem 1.3 holds if f is not congruent modulo a prime over q to another newform on Γ0 (N ) having analytic
rank one (in view of the hypothesis that f is not congruent modulo a prime
over q to a newform of lower level). We expect that if this hypothesis fails,
then q divides the factor |ker H 1 (K, B)→H 1 (K, J) | of |E(K)/π(TP )| (cf.
Proposition 1.2); however, the proof we have in mind requires a stronger
“visibility theorem” than what exists in the literature, and will be the subject of a future paper. Finally, Neil Dummigan has informed us that the
hypothesis that for all primes p dividing N , p 6≡ −wp mod q can be eliminated from [DSW03, Thm. 6.1], and hence from Theorem 1.3.
The rest of this article is devoted to the proofs of the two results mentioned above. In each section, we continue using the notation introduced
earlier.
Acknowledgement: We are grateful to Neil Dummigan for answering some
questions regarding [DSW03].
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Proof of Proposition 1.2

Consider the exact sequence 0→B→J→E→0. Part of the associated long
exact sequence of Galois cohomology is
π

δ

0→B(K)→J(K) → E(K) → H 1 (K, B)→H 1 (K, J)→ · · · .

(2)

Now δ(π(P )) = 0, so δ induces a map

φ : E(K)/π(TP )→ker H 1 (K, B)→H 1 (K, J) .
By the exactness of (2), φ is a surjection and the kernel of φ is the image
of π in E(K)/π(TP ). Also, π induces a natural map ψ : J(K)→ ker(φ).
Claim: ψ is surjective and its kernel is B(K) + TP .
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Proof. Let x ∈ J(K). Then x ∈ ker(ψ) ⇐⇒ π(x) = 0 ∈ ker(φ) ,→
E(K)/π(TP ) ⇐⇒ π(x) ∈ π(TP ) ⇐⇒ ∃t ∈ T : x − tP ∈ ker(π) =
B(K) ⇐⇒ x ∈ B(K) + TP . Thus ker(ψ) = B(K) + TP . To prove
surjectivity of ψ, note that given an element of the codomain ker(φ), we can
write the element as y + π(TP ) for some y ∈ E(K) such that δ(y) = 0.
Then by the exactness of (2), y ∈ Im(π), hence y + π(TP ) ∈ Im(ψ).
By the discussion above, we get an exact sequence
0→


J(K)
ψ 0 E(K) φ
→
→ ker H 1 (K, B)→H 1 (K, J) →0,
B(K) + TP
π(TP )

(3)

where ψ 0 is the map induced by ψ.
Now
d
B(K) + TP
J(K)
J(K)
·
=
.
d
B(K) + TP
B(K) + TP
B(K) + TP

(4)

The proposition now follows from (3) and (4) above.
J(K)
We remark that idea of factoring the term B(K)+TP
as in (4) is in
analogy with the analytic rank zero case [Aga07], where the idea is due to
Loı̈c Merel.
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Proof of Theorem 1.3

Let C denote the abelian subvariety of J0 (N ) generated by A∨
g where g
ranges over all eigenforms of weight 2 on Γ0 (N ) having analytic rank one.
If g is an eigenform of weight 2 on Γ0 (N ), then TP ∩ A∨
g (K) is infinite if
and only if g has analytic rank one (this follows by [GZ86, Thm 6.3] if g
has analytic rank bigger than one, and the fact that A∨
g (K) is finite if g
has analytic rank one, by [KL89]). Thus we see that the free parts of C(K)
d agree, and since q does not divide J(K)tor , so do their q-primary
and of TP
parts (as they are both trivial). Thus considering that q divides | J(K)d |,
B(K)+TP

J(K)
we see that q divides | B(K)+C(K)
| as well.
Following a similar situation in [CM00], consider the short exact sequence 0→B ∩ C→B ⊕ C→J→0, where the second map is the anti-diagonal
embedding x 7→ (−x, x). Part of the associated long exact sequence is

· · · →B(K) ⊕ C(K)→J(K)→H 1 (K, B ∩ C)→H 1 (K, B ⊕ C)→ · · · ,
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from which we get

J(K)
= ker H 1 (K, B ∩ C)→H 1 (K, B ⊕ C) .
B(K) + C(K)

(5)

J(K)
Since q divides | B(K)+C(K)
|, there is an element σ of the right hand side
of (5) of order q. Now D is seen to be the connected component of C ∩ B;
let Q be the quotient (C ∩ B)/D, which is finite. Thus we have a short exact
sequence 0→D→B ∩ C→Q→0. Part of the associated long exact sequence
is
i

· · · →H 1 (K, D) → H 1 (K, B ∩ C)→H 1 (K, Q)→ · · ·

(6)

Let m be the exponent of Q. Then mσ ∈ i(H 1 (K, D)).
Case I: Suppose mσ = 0.
Then q|m. But Q = (B ∩ C)/D = B/D ∩ C/D. Now B is the abelian
subvariety of J0 (N ) generated by A∨
g as g ranges over all the eigenforms
of of weight 2 on Γ0 (N ) except f . Thus as in [Aga07, §5], the fact that q
divides the order of B/D ∩ C/D implies that there is a normalized eigenform g ∈ S2 (Γ0 (N ), C) such that g has analytic rank not equal to one and
f is congruent to g modulo a prime ideal q over q in the ring of integers
of the number field generated by the Fourier coefficients of f and g (this
is analogous to the fact that the modular exponent divides the congruence
exponent [ARS07]). By the hypothesis f is not congruent modulo a prime
over q to a newform of lower level, we see that g is a newform. Since q is odd,
considering that the eigenvalue of the Atkin-Lehner involution WN on g is
the same as that of f , we see that g has odd analytic rank, and hence its
analytic rank is at least 3. Since we are assuming the first part of the Birch
and Swinnerton-Dyer conjecture, this implies that Ag has Mordell-Weil rank
at least 3 · dim(Af ) = 3.
It follows now from Theorem 6.1 of [DSW03] that q 2 divides the order
of X(E ∨ /K), as we now indicate. In the notation of loc. cit., r is at least
the analytic rank of g (since we are assuming the first part of the Birch and
Swinnerton-Dyer conjecture for A∨
g ). The conclusion of Theorem 6.1 of loc.
cit. then tells us that the Selmer group Hf1 (K, Aq (1)) of E ∨ has Fq -rank at
least r. Since we are assuming that E ∨ (K)[q] = 0, and E ∨ has Mordell-Weil
rank one, the image of Hf1 (K, Vq (1)) in the Selmer group of E ∨ has Fq -rank
at most one. So the q-primary part of X(E ∨ /K) has Fq -rank at least r − 1,
i.e., at least the analytic rank of g minus one, i.e., at least 2.
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By the perfectness of the Cassels-Tate pairing, we see that q 2 divides
the order of X(E/K) as well.
Case II: Suppose mσ 6= 0.
For some multiple n of m, nσ has order q. Now mσ ∈ H 1 (K, B ∩ C)
maps to zero in H 1 (K, Q) under the last map in (6), and hence so does nσ.
Thus there is a nontrivial element σ 0 of H 1 (K, D) of order divisible by q that
maps to nσ ∈ H 1 (K, B ∩ C) under the map induced by the inclusion D ,→
B ∩ C. Now mσ is in the kernel of the map H 1 (K, B ∩ C)→H 1 (K, B ⊕ C),
hence so is nσ. Thus σ 0 maps to zero under the map H 1 (K, D)→H 1 (K, C)
induced by the inclusion D ,→ C. Now consider the short exact sequence
0→E ∨ ∩ D→E ∨ ⊕ D→C→0.
Part of the associated long exact sequence is
· · · →H 1 (K, E ∨ ∩ D)→H 1 (K, E ∨ ) ⊕ H 1 (K, D)→H 1 (K, C)→ · · · .
The element (0, σ 0 ) ∈ H 1 (K, E ∨ ) ⊕ H 1 (K, D) maps to zero in H 1 (K, C),
and thus there is a σ 00 ∈ H 1 (K, E ∨ ∩ D) of order divisible by q that maps to
(0, σ 0 ) ∈ H 1 (K, E ∨ ) ⊕ H 1 (K, D). But then q divides the order of E ∨ ∩ D,
which not possible by our hypothesis. Thus Case II does not happen.
The theorem now follows from our discussion in Case I.
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