VARIATION-NORM AND FLUCTUATION ESTIMATES FOR
ERGODIC BILINEAR AVERAGES

YEN DO RICHARD OBERLIN EYVINDUR A. PALSSON

ABSTRACT. For any dynamical system, we show that higher variation-norms for
the sequence of ergodic bilinear averages of two functions satisfy a large range
of bilinear LP estimates. It follows that, with probability one, the number of
fluctuations along this sequence may grow at most polynomially with respect to
(the growth of) the underlying scale. These results strengthen previous works of
Lacey and Bourgain where almost surely convergence of the sequence was proved
(which is equivalent to the qualitative statement that the number of fluctuations
is finite at each scale). Via transference, the proof reduces to establishing new
bilinear LP bounds for variation-norms of truncated bilinear operators on R,
and the main new ingredient of the proof of these bounds is a variation-norm
extension of maximal Bessel inequalities of Lacey and Demeter—Tao—Thiele.

1. INTRODUCTION

Let T be an invertible bi-measurable measure-preserving transformation on a
complete probability space (X, €, u). Given two measurable functions fi, fo on
X, we consider their ergodic bilinear averages, namely

k-1

Ml f0) = 3 3L AT T ) (=12,

It was shown by Bourgain in [2] that if fi, fo € L®(X) then (My[f1, f2](z))k=1
is convergent for p-almost every z € X. Thanks to a bilinear maximal function
estimate of Lacey [14], Bourgain’s result remains valid for (fi, fo) € LP* x L2 for

every (p1,p2,q) satisfying

1 1 1 2
(1) —=—+—, 5<¢<©, l1<p,pp<0,

¢ p p2 3
and this has been regarded as a bilinear analogue of the classical Birkhoff ergodic
theorem. A similar result also holds for a variant of Mj (namely the ergodic
bilinear Hilbert transform), see Demeter [3] and Demeter—Tao—Thiele [7].

Our aim in this paper is to further demonstrate that the sequence M| fi1, fo](x),

k = 1, converges rapidly. To formulate a consequence of our estimates, we recall
the notion of fluctuations of a given sequence (aj,as,...). Given a scale A > 0,
the number of fluctuations in (ay) with respect to this scale is the largest number
¢ such that there exists ¢ disjoint intervals

[n1,mq), [n2, ma), ... [ne,my)
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with the following properties: for every 1 < j < £ it holds that |a,,, — a,,| = 1/
It follows from the Cauchy criteria that (ay) is convergent if any only if it has a
finite number of fluctuations at every (finite) scale. Thus results of [2, 14] could
be interpreted as saying that: for almost every x € X, at every scale, the number
of fluctuations along My(f, g)(z) is finite. It turns out that this number grows at
most polynomially as A — oo.

Theorem 1.1. Assume that py, ps, q satisfying (1). Then there exists R < oo such
that for every fi € LP* and fy € LP? the following holds: for almost every x € X
the number of fluctuations in the sequence (M| f1, f2](2))k=1 at any scale X > 0 is
bounded above by O(A), where the implicit constant is uniform over \ but could
depends on x and f1, f.

For an interesting discussion about applications of fluctuation estimates in er-
godic theory, we refer the readers to Avigad—Rute [1] (cf. Kovac [11]).

Theorem 1.1 is an immediate consequence of Theorem 1.2 below, which provides
a more quantitative estimate. To formulate this result, we recall the notion of
variation-norm. Given 2 c R and a : €2 — C, let its r-variation norm be

la(®)]

Vi) = sup  (|a(No)|" + Z |a(N;) = a(N;_1)[)"
j=1

n,No<:+<Np,

in the sup we require N; € ) for every j. We also use the semi-norm variant vr
defined similarly without the first term |a(No)|".

Theorem 1.2. Assume that py,ps, q satisfying (1). Then there exists R < oo such
that the following holds for every r > R:

| MiLfrs @) sy = (il [ f2lps

Via a modification of standard transference arguments (which we will detail in
Section 2), Theorem 1.2 follows from LP estimates for bilinear singular integrals,
Theorem 1.3 below. To formulate the result, we fix some notations.

Given K : R — C sufficiently nice, consider the bilinear operator with kernel K

@) Bl fo)(x) — f file 4 y) ol — ) K (y) dy

which is a priori well-defined for Schwarz functions f; and f,. For any ¢ > 0 let
B; be the bilinear operator with kernel ¢t 1K (¢t 'y).

We will be interested in K : R — C such that the following properties hold
uniformly over & # 0:

3) R@©)| < min(l,%p ,
d® -~ . 1 1
(4) d—gnK(ﬁﬂ Sn mm(mﬁa KWTH)’ nz=1

We will in fact work with K where (4) holds for 1 < n < ny, here ng is some given
large number; now the implicit constants are allowed to depend on ngy. In this
case, we will say that K satisfies (3) and (4) up to order ng.
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Theorem 1.3. Assume that py, pa, q satisfies (1) and r > 2. Then there exists ng
finite such that if K satisfies (3) and (4) up to order ngy then

IB:(f1, )@ zavry < Nfillemwllfolrem

where the implicit constant may depend on ng and on the implicit constants of (3)
and (4) for 1 <n < ny.

Comparing Theorem 1.3 with Theorem 1.2, it can be seen that there is a dis-
crepancy between the two ranges r > 2 and r > R. With the current transference
techniques, it seems that to get the range r > 2 for Theorem 1.2 one would need
a version of Theorem 1.3 that accommodates rougher K’s, such as K (y) = 1jy<1,
which would be an interesting open problem left for future studies. In fact, in
our transference argument we also prove a weaker version of Theorem 1.3 for this
particular K where instead of » > 2 we only have r > R for some finite R, see
Theorem 2.1.

Our proof of Theorem 1.3 could be viewed as a variation-norm extension of
Lacey’s proof of the boundedness of the bilinear maximal function in [14], although
we will follow more closely the expositions in Demeter—Tao-Thiele [7] and Demeter
[3]. The main new ingredient of the proof (compared to [14, 3, 7]) is a variation-
norm extension of maximal Bessel inequality for phase plane projections, which in
turn relies on variation-norm estimates for Fourier projection operators associated
with a collection of frequencies. Maximal estimates for these multi-frequency pro-
jection operators were introduced in Bourgain [2]|, and variation-norm estimates
for smooth multi-frequency Fourier projections were also considered in [17]. In
our context, it turns out that we need variation-norm estimates for sharp multi-
frequency Fourier projections, similar to the original settings considered by Bour-
gain. On the other hand, L? bounds would be sufficient for our purpose, and these
estimates are proved in Theorem 8.1 by adapting an argument in [17].

We mention some closely related works in addition to [2, 14, 7, 3]. A dyadic
version of Theorem 1.3 was considered in our previous work [9] (which in turn is an
adaptation of Thiele [18] to the variation-norm setting). The method of proof in
Demeter [3] relies on a weaker version of Theorem 1.3 where the variation-norms
are replaced by finitary oscillation norms, which were also used by Demeter—Lacey—
Tao-Thiele [6] (see also Demeter [4, 5], Nazarov—-Oberlin-Thiele [17]) to improve
the LP ranges in the Bourgain return time theorem. For a nice introduction
to variation-norm estimates in harmonic analysis, see Jones—Seeger—Wright [10].
The time-frequency analysis framework used in our proof originated from Lacey—
Thiele’s proof of the boundedness of the bilinear Hilbert transform [12, 13].

1.1. Outline of the paper. In Section 2 we detail the transference argument that
deduces Theorem 1.2 from Theorem 1.3. In Section 3 we discuss how a short-long
decomposition of the variation-norm leads to a reduction of Theorem 1.3 to two
sub-theorems, which respectively treat the contribution of the long-jumps and the
contribution of the short-jumps. The proof of these Theorems will use restricted
weak-type interpolation methods, which we recall in Section 4.1. In Section 5 we
recall standard terminologies in time-frequency analysis, which will be used in Sec-
tion 6 to describe some wave packet representation for the operators underlying
the long-jump and short-jump contributions. Some old and new auxiliary esti-
mates will be recalled and proved in Section 7, Section 8, Section 9. In Section 11
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we prove a new variation-norm extension of the maximal Bessel inequalities of
Lacey [14] and Demeter—Tao—Thiele [7], which will be used in Section 10 and Sec-
tion 12 to prove the desired estimates for the contribution of the long-jumps. In
Section 13 we briefly discuss the needed cosmetic changes that could be applied
(to the treatment of the long-jump contribution) to get the desired estimates for
the short-jump contributions.

1.2. Notational convention. Given an interval I, we let ¢(/) denote the center
of the interval, and for each constant C' > 0 we let C'I denote the dilate of I
around its center by the factor C. We will use e and i to refer to the numbers
exp(1) and y/—1 respectively, leaving their non-boldfaced counterparts free for
other purposes.

For every interval I let X (z) = (1 + (%@)2)_2.

For each s = 1 we let M?® denote the L® Hardy-Littlewood maximal operator

wisie = s (o [ )

R z—R
and abbreviate M := M1,
Throughout the paper we let F denote the Fourier transform

~

) o) = FONO = [ e
Note that with this normalization we have

hz) = fReimfﬁ(g)dg .

2. THE TRANSFERENCE ARGUMENT

In this section we deduce Theorem 1.2 from Theorem 1.3 using a variant of
standard transference arguments in [2, 7]. Our first step is to show that the
continuous version Theorem 1.2 holds, namely

Theorem 2.1. For every t > 0 let S; denote the following operator

S flz) = %Ltfl(ert)fz(x—t)dt |

Then for every (p1,pe,q) satisfying (1) there exists R < oo such that for every
r > R it holds that

(6) ISilfrs fel@lzacvyy <0 1 fillp [ f2]p

Proof of Theorem 2.1. It (p1, p2, q) that satisfies (1) we let ng = ng(p1, p2) be the
constant required in Theorem 1.3.

Fix r below. We divide the proof into two steps.

Step 1: Let Ro = 2(1 + (ng + 1)*%5) where ug = min(p1, p2, 2q) > 1. We first
show that for r > Ry it holds that

(7) [SUD AN (S, A)llzg = il £l

1

Clearly, we may find 1 < u < ug and 7o > 2 such that 7 > ro(1 + (no + 1)-*5).
For brevity, let ny = (ng + 1)-%-.

u—1
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Now, for each 0 < «

that 1a<y<1—a < Ka(y)
n = 1.
It is clear that for any n = 0 and k£ > 0 we have

d* -
e &) Snn a”F 1+ )™

Therefore o™ K, satisfies the assumptions (3) and (4) up to order ny (we em-
phasize that the implicit constants are independent of «). Let B;, denote the
bilinear operator with kernel $K,(¥). It follows that for any ry > 2 we have

(8) a™ B f1, fal (@) paqroy S 1 fillpn | follps

Let S* denote the positive maximal version of S;, namely
S*[f1, fl(z) = Sup SellAls | fll(@)
>

By the bilinear maximal estimate of Lacey, it holds that

I1S*[fr, folle < [ fillpa |l follp
Let u > 1 be such that u < min(py, p2,2q), then applying the above estimate for

the triple (2,22, 1) we obtain
(9) [S* (LA T Ner < 1 fil ) felpe

Now, for brevity in the following we understand that S; = S| f1, fo|(x), Bat =

Boglfi, fol(x), S* = S*[f1, fo) (x), and S** = S*[| fi]*, | fo|"](x) ™.

Given any sequence (or functions) {a(t),t € Q}, let N(a, ) be the number of
fluctuations with respect to scale 1/, i.e. the largest k such that there exists a
sequence of k disjoint intervals [Ny, N1), ..., [Nk—1, Ni), where each N; €  and
furthermore |ay, —ay,_,| > X for every 1 < j < k.

For any ¢ > 0, using Holder’s inequality we have

|St — Ba,t| < (205)(u_1)/u5*’u .
Let B := (22) /" we have
(10) N(S;,385"") < N(Bay, BS™")

here the fluctuation counts are used with respect to the ¢ variable. Using the basic
estimate AN (a, \)/ < |la|y+ and using (8), for every 7y > 2 we have

_ (Za)1+no

1/2 let K, be a C* function supported in [0, 1] such

<
< 1, we may construct K such that |K{”| < o™ for any

Lg

gemgre N (53550

~

Lq

I/To
ps* - N (s, 385"
< & Baglfr, £21@) s vroy < 1fallpd ] folpe
Using the Holder inequality and (9), it follows that
857 N (S, 355*) 015 <

1
1+nq
q

ni

$ ”S*,u” T+ny HBH_M S*,u . N(St, 365*#) 0

L3

x
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therefore
1

(11) |65% - N(S,,385%) 000 [ < il [ f2lps

We note that this estimate holds for any 0 < 8 < 1. Letting 8 = 27%/3, k > 0,
and using the triangle inequality it follows that

1
— € %, — % ) To(1+n1)
1Y, 20k e (8,275 T g < ful el

k=0
Since N(S;, A) =0 for A > 25* and since S** > S*| it follows that

[(8™*) = sup AN (S, N) om0 g < [ filpall follpa

A>0

Using Holder’s inequality and using (9), we obtain

[ SN
[ sup AN (Sy, A) o059 [ 1g < | fillp, [ fo oo

A>0

therefore by choosing € small so that 7 > (1 + €)ro(1 + ny) we obtain (7).

Step 2: We now prove (6); the argument below is similar to an argument in
[8]. We plan to use bilinear Marcinkiewicz interpolation: given each (pi,ps,q)
satisfying (1) we may let R to be the largest Ry of the exponents associated with
any four rectangular weak-type endpoints. Let r > R, then we could use (7) at all
of these weak-type endpoints. By monotone convergence it suffices to show that
for any increasing sequence of measurable functions (Ny) it holds that

IO 15N = Snia )Y e < 1l ol
k

Let T[f1, f2] = Qo [SN.If1, f2] — S [ f1, £2]))/r. By bilinear interpolation it
suffices to prove the weak-type estimate

M T, f)@) > A < 1l el

with uniform implicit constants over A > 0. By scaling symmetries and dilation
symmetry of S;, we may assume A = | fi|,, = |f2]p, = 1. Let

E = {z: sgp |Sn, — Sn,_,| > 1}

Clearly |E| < |N(S,1)|, < 1. For z ¢ E, we estimate T'[f1, f2](z) by considering
level sets for |Sy, — Sn,_,| (as a function of k) and obtain:

Tfi, fo](@)? < (ZQ_WN(SbQ_j))q/T

§=0

Seq Z 2—(1—6)113']\[(5“ 2—j)Q/7’

j=0
Therefore by the Chebysheff inequality we obtain
[z - T[fr, o) () > BV < B[V + [{a ¢ E:T[f1, fo](x) > 1}/
< 1+ (J Z 2~(1=9u N (S, 279 g\t

§=0
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Using (7) for 7 = {75 where § > 0 is sufficiently small so that 7" > R, we have

f N(Sp,279)rde = | N(S,, 279) VP90 < gia/(+9)

La/(1+3))g
Therefore

o TLf, fol(@) > BV s 14 (D 270wyl <

§=0

1

by choosing € > 0 sufficiently small depending on ¢ (which in turn depends on r
and R). This completes the proof of (6). []

We now transfer Theorem 2.1 to the integers. Fix r > R. We'll show that for
any two sequences f1(n) and fo(n) indexed by Z it holds that

)

| Mi[fr, £ gy s I filen@ | fale@

Flfi ) o=+ D) flnbm)faln —m)

To see this, let S, be the bilinear operator defined in (2) with kernel ¢='1-,,
where ¢t > 0. We extend f; and f; from Z to R by letting:

(i) Fi(z) = fi(n) if there exists n € Z such that |z — (n + 1/2)| < 1/3, and
Fi(z) = 0 otherwise;
(x) =

(i) Fy(z) = fo(n) if there exists n € Z such that |z — (n — 1/2)| < 1/3, and
Fy(x) = 0 otherwise.

Let n€ Z and x € [n — ¢,n + ¢]. Then for any m € Z it holds that

f Fi(z +y)Fa(r —y)dy = gfl(ner)fz(n—m)
m<y<m-+1

Thus for any k£ = 0 we have

SRR = | Rl )P =y = SV R

and consequently

IMulf, )|y < i

z€[n—g, n+

HSk(Fl,Fz)( )|
It follows that

|\ Mgl fr, 2l gy < [1Sd(F F2) (@) paqvry

and using Theorem 2.1 we can bound the right hand side by

S NBlm@|Balle@ = Clfile @l folle@ -
Our next step is to transfer the result on Z to a more general setting. Let T' be

a measure-preserving transformation on a complete probability space (X, €, i)
Let f and g be given.

Fix a large integer N, which we will send to oo later. All implicit constants
below are independent of N and x.
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For fixed z, let M(f,g, N)(z) be the r-variation norm of the finite sequence
indexed by 0 < k < N:

O<m<k 1

Note that for every 0 < n < N the value of M(f, g, N)(T"x) depends only on
f(T™zx) and g(T™x) with |m| 2N. Thus, using the Z-result, it follows that

> M(fg M@l < (Y @)Y @)
In|<N |m|<2N |m|<2N
Integrating over x € X and using the Holder inequality, we obtain

D f M(f. g, N)(T"2)fdp(x) <

In|<N

< (X ] raraprd >)q/’”

m|<2N

I A TRE) R

Using the fact that 7" is bi-measure preserving on (X, 1), we obtain

m|<2N

IM(f, 9, N)lcaxwy < |fleoxwlglloe o

and by sending N — oo we obtain the conclusion of Theorem 1.2. This completes
the transference argument, and the rest of the paper is devoted to the proof of
Theorem 1.3. We’ll assume that K satisfies (3) and (4) up to some large order
that may depend on pi,ps,q,7. We will also free the symbol S; which could be
used in the future for different purposes.

3. SEPARATION OF SHORT AND LONG JUMPS

For any function a(t) on R it is not hard to see that
la@lvy = la@®ls, +la2)lve@

la@®ls. = QO a3 gy gy

neZ

Applying this estimate to a(t) = By[f1, f2](x), the proof of Theorem 1.3 is divided
into two parts: the first part handle the long-jumps (i.e. |a(2")|vrz)) and the
second part handles the short jumps (i.e. |a(t)]s,)-

Theorem 3.1. For any r > 2 and py, p2, q satisfying (1) it holds that
| Ban (f1; f2) (@) |La vy Sprwor [ Sillo ] S2 ]

Theorem 3.2. Assume that py,pa,q satisfy (1) and r > 2. Assume that K, 1 <
s < 2 is a family of kernels such that K satisfies (3), (4) up to a high order
no = no(p1, P2, q,7), and furthermore

(12) K <lel , €#0

and the implicit constants are uniform over 1 < s < 2. Then it holds that

f Z|ff1 +y)fo(- =92 K27y dy) sy < fil i) fol ey

neZ
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Theorem 3.1 immediately takes care of the long-jump component of the variation
norm | By[f, g]|vy. Below we deduce the desired estimate for the short jump
component from Theorem 3.2.

We first note that if a(t) is differentiable then using ||| < |.|[z we obtain

la(®) 2120 20e1) S N0 ()| Lppanonery = 27[a"(2"s) | L1112
Therefore using Minkowski’s inequality we have

la@®ls. < 10,2710 @"s)P) 2 ip.a

neZ

< QL1 s)d (2"8)P) 2 ey

neZ

We plan to apply the estimate to a(t) = Bi[f1, fo](x) where z is fixed. Let
h(y) = —(K(y) + yK'(y)), or equivalently h(¢) = §d5 (€). Let H; be the bilinear

singular integral with kernel ¢~ *h(t'y). Then

LB Bl @) = Hf fl@) .

dt
therefore
|Bilf1, 2l ()]s, = 1O [Hanslfrs £21(@)) 1212
neZ
We may write Hong| f1, f2](z) = § fi(z +y) falz — y)2 " K (2 "y)dy with K,(y) =

s 'h(s7'y), and it is not hard to see that K satisfies (3), (4), (12) uniformly in

€ [1,2]. Thus, the desired estimates for the short jump component of By f1, f2]
follows from Theorem 3.2.

In the rest of the paper we prove Theorem 3.1 and Theorem 3.2. We will use
the restricted weak-type interpolation approach of [15], which will be discussed in
the next section.

4. LINEARIZATION AND INTERPOLATION

4.1. Linearization. For each z consider a measurable function L : R — Z.
the set of positive integers, and two sequences of measurable functions: a non-
decreasing integer valued sequence (kn(x))ﬁ(fo) and a sequence (an(x))ﬁ(fl) such
that > _,|a.(2)]” < 1. Then an appropriate choice of L and such sequences

guarantees that

1B (1, 1)) o Z(szn fus £2)(@) = By L1, £2)(@) ) au(a)

Similarly, for each s € [1,2] we may find a sequence of measurable functions

(dn(s,2))X__, such that Y |d,(s,2)]* <1, and

(2 |ff1 T+ ) fola — y)2" K, (2"y)dy|*)

nez

< 23 [ file )l - 92Ky dy(s.2)

neZ
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The desired estimates in Theorem 3.1 and Theorem 3.2 follow from certain
restricted-weak type estimates for the following tri-linear forms, which we will
discuss in the next section.

L
Along(f17f27f3) = <Z (Ban[f17f2]_ngn—l[f17f2])a/n7f3>
Naort (oo for f5) = L Natorta( s for f3)ds

Ashort,s(f1, fo, f3) = <Z Jfl( + ) fo(- —y)2 " K (2 "y)dyd, (s, -), f3>

4.2. Restricted weak-type interpolation. For any G < R with finite Lebesgue
measure, we say that H < G is a minor subset if |H| < |G|/2.

Let a = (ay,as,a3) € R? be such that a; + as + a3 = 1 and at most one
a; could be negative. We say that a tri-linear functional A(fy, fo, f3) satisfies
restricted weak-type estimates with exponents « if the following holds.

Case 1: min(ay, ag, ag) = 0. Then we require existence of jo € {1,2,3} with
the following property: for every triple (Fy, F», F3) of finite Lebesgue measurable
subsets of R we could find B < Fj, minor subset such that

(13) A(f1, fo, f3) < [FA| [ F| ™2 B

for any f1, fa, f3 with the following property: |f;| < 1g, if j # jo, [fjo] < 1£, -5
Case 2: min(ay, ag, a3) < 0. Let k be such that «a; < 0. By assumptions on «

the other «;’s are nonnegative. Then we require the above property with jo = k.
Let A be the hexagon on the plane L = {a; + as + a3 = 1} with vertices

11 1 1

(14> Al(_§7§71)7 AQ(%a_%71)7 A3(§717_§)7
1 1 1 1

A4(_§717§)7 A5(17_%7%)7 A6(17§7_§)

By the interpolation argument of [15], to show Theorem 3.1 and Theorem 3.2 it
suffices to prove that in any given neighborhood (in the plane L) of any vertex of
A we could find a such that Ajgng(f1, fo, f3) and Agpore(f1, fo, f3) satisfy restricted
weak-type estimates with exponents a.. (Note that when « is near a vertex of A
it is automatic that at most one coordinate of o could be negative.)

It will be clear from our proof (of the restricted weak-type estimates for all
involved trilinear forms) that the index jy and the exceptional set B depend only on
a and Fy, Fy, F3. Also, in the proof the choice of «v (inside any small neighborhoods
of any given vertices of H) will not depend on the underlying trilinear form.

Therefore, a posteriori, to show the restricted weak-type estimates for Agpop it
suffices to obtain the same estimate for Agper s (With the same set of exponents),
provided that the implicit constants are uniform over s € [1,2]. This uniformity
in turn is a consequent of the fact that the implicit constants in the assumptions
for K are uniform over s € [1,2].

Similarly, in the proof for A;,,4 we’ll decompose it into a weighted sum of simpler
trilinear forms, and it suffices to obtain the restricted weak-type estimates for
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each of the new forms (with the same set of exponents) provided that the implicit
constants are uniform.

5. TERMINOLOGY OF TILES AND TREES

In this section we recall some terminologies from [14, 7, 3] that will be used in
the proof. By a grid we mean a collection of intervals whose lengths are integral
powers of 2 such that if 7, I’ are two intersecting elements then I < I’ or I’ < I.
In addition to the standard grid Gy of dyadic intervals 2°[m,m + 1), we will use
the grids

Gt = {[Zi(m + é),Q"(m + é + 1)> ci =1t (mod 4),m € Z}

where ¢ and t are integers, clearly G, depends only on ¢ (mod 5) and t (mod 4).
We will also make use of the grids

G = {[Qi(m+(_1)i),2i(m+(_1)i+l)>:meZ}

3 3
Gy = {[T(m - (_31)i),2i(m - (—31)i + 1)) ‘me Z}.

It is clear that for every (not necessarily dyadic) interval I there is a d € {0, 1,2}
and a J € G4 such that I < J and J < 3I; we then say that I is d-regular.

A tile p is a rectangle I, x w, < R? of area 1 such that I, is dyadic. A tri-tile P
will consist of a quadruplet of intervals (Ip,wp,,wp,, wp,) where Ip is dyadic and
|Ip||wp,| = 1 for each i. Associated to the tri-tile P are the three tiles P, = Ip xwp,
which justify the notation that is implicit in the previous sentence.

For each quadruplet of integers v = (ji, jo,€,7) such that 0 < ji,jo < 4 and
498 < |e| < 4002 and 0 < ¢ < 4000, consider the collection of tri-tiles

P, = {

2" ’m,2 v m+1))

2" (n ;2" (n +‘£+1))

)
(15) 21'n+e+5 2’(n+e+‘%+1))

[
[2°
[
[2°

2 (2n + e +‘71;‘72 1),2i'(2n+e+‘71—g‘72+2)))
:m,n, i € 7,1 =1 (mod 4000)}

Above, we clearly have wp, € G, ;, wp, € Gj,;, and wp, € Gj, 4, ;.
Fixing v for the remainder of the section (some definitions below depend on v),
we now recall, from [3] (cf. [15]), some notions of order for tiles.

Definition 5.1. For two tiles p,p’ we write
o p <pifly <1, and 3w, & 3wy
e <pifp<porp =p
o p <pifly I, and w, < 10|e|lwy
o <'pifp <pand 10wy N 10w, = &
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It is not hard to see that if P, P’ € P, are two tri-tiles with P/ < P; for some
i€{l,2,3} then P/ <' P; for each j € {1, 2, 3}\{s}.
The ordering above gives rise to the concept of a tree, which we recall below:

Definition 5.2. Let i € {1,2,3}. An i-overlapping tree is a collection of tri-tiles
T < P, together with a top tri-tile Pr € P, which satisfies

P, < (Pr); for all P € T\{Pr}.

We say that T is a tree if it is an i-overlapping tree for some i € {1,2,3}. We say
that T is a tree with top iof PreT.
A tree T is called j-lacunary if

.Pj $I (PT)j fOT all Pe T\{PT}

It follows that a tree is j-lacunary if and only if it is i-overlapping for some
ie{l,2,3}\{j}, furthermore for each P € T" we have sgn(c(wp,) — c(wp,),)) = €i;
where we define ¢, ; = sgn(e) for (,5) € {(1,2),(1,3),(3,2)} and ¢, ; = —sgn(e)
for (i,7) € {(2,1),(3,1),(2,3)}. We will abbreviate I := Ip,.

Definition 5.3. We will say that a collection of trees T is strongly j-disjoint for
some j € {1,2,3} if
(1) Each T € T is j-lacunary
2) IfT, T"eT andT #T1" then T nT' = &
@) fT,T'eT, T#T',PeT, PPeT', and wp, & wpr then Ip 0 Iy = &
(4) IfT,T'e T, T #T', and P' € T' then P} < (Pr);

Note that, due to our choice of order on tiles, the condition (4) above is some-
what nonstandard (in comparison with, say, [3]). Also note that conditions (2)
and (3) imply that if T, 7" e T, T #T', Pe T, and P’ € T" then P; n P} = (.

6. DISCRETIZATION

In this section, we discuss discretization, i.e. wavelet representation, for A,
and Agport,s. We'll largely follow [3]. We'll discuss in details the process for Ay,
the discretization for Agpere s Will be similar and discussed at the end of the section.

6.1. Cancellation between dilates. The point of conditions (3), (4) is that
they allow one to decompose K into much simpler kernels:

Lemma 6.1. If K satisfies (3) and (4) then

(16) K@) = Y k;2) , Ye#0 |
JEZ

where {c;}; € (*(Z) and each IA(J- could be furthermore written as the sum of dilates
of a single generating function K;(-) = >,5,¢;(2"), where supp(¢;) < {500 <
|€] < 4000}, and it holds uniformly in j that

(17) 6@ < Con(L+ [

for every m,n = 0. If K satisfies (3) and (4) up to some high order then (17)
holds for m,n < M with M comparably large.
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The utility of this approach lies in the following cancellation between dilates of
K;: for every integers k1 < ko we have K; §(278) — Kj(2M€) = X, coop, 05(2€),
which turns out to be convenient for reducmg Ajong to Wavelet operators. Namely,
by pulling out the sum in j, we thus see that the consideration of A, reduces to
considerations of A;, defined by:

Aj(f1, f2: f3) = <ZL:( > B¢j,e[f1,f2])an7f3> :

n=1 ky,_1<l<ky

By dlfs, fol(a) = f file + 9 fale — 9)2 6,2 74) dy |

and By, ¢ could be decomposed into a finite number of discrete wavelet operators
at scale ¢; this decomposition will be discussed in Section 6.2.

Proof of Lemma 6.1. Observing that the given assumptions on K implies the ex-
istence of K(0+) and K(0—). We consider two cases. We'll only consider the
setting when (3) and (4) hold for all orders; the finite order case could be achieved
by the same argument.
Case 1: Suppose that K (0+) = K(0—) = 0, then using the given assumptions
on K it follows that for every n > 0 it holds that
RO = 1 mingel.1/1¢)

(the improvement is at n = 0). Let n be a nonnegative C* bump function on
{1000 < |¢] < 2000} such that »} 7(27¢) = 1 for every £ # 0. Let

Ki(€) = 2MK@7¢n(e)
which is supported in {1000 < [£| < 2000}, it is routine to check that (16) holds
with ¢; = 2717 and ;2—’;[?]-(5) <p lforalln > 0. Let (5](5) = [?](f) —[?}-(25), then
aj has the desired properties.

Case 2: (K(0+), K(0-)) # (0,0). Let ¢ be such that @ is supported on
[—2000,2000] and is in C*(R — {0}), and p(§) = [A((O—i—) for £ € [0,1000] and
o) = IA((O—) for £ € [-1000,0). Then by writing K=a¢+ (f( - gg) and applying
the analysis in Case 1 for K — ¢, we are left with ¢, for which we will decom-

pose directly into the sum of dilates of a single generating function. Namely, let
d(&) = p(&) — p(2€), it is clear that ¢ satisfies the desired properties. []

6.2. Wave packet representation. Below we will decompose By, ([ f1, f2] into
wavelet sums. For convenience of notation, we will suppress the variable j, namely
below ¢ = ¢; whose Fourier transform is supported on {500 < |¢| < 2000} and ¢
satisfies (17) up to sufficiently high order.

Definition 6.2. W;e say that v is an L? wave packet of order M adapted to a
tile p = I x w if ¥ is supported in w and the following estimate holds for all
0<m,n< M:

dar 1

(18) %(e—QﬂiC(w)l‘w(l‘)) < CM,N,nm|I| ""éXI( )m
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Lemma 6.3. Given any M, N > 0, if ¢ satisfies (17) up to sufficiently high order

and ¢ is supported in {500 < [£| < 4000} then for each £ € Z Byl fi1, f2](z) can
be written as the sum over v = (ji1,72,€), 0 < j1,72 < 4 and 498 < le| < 4002
integers, of

(19) 227N T iea) (fey i) Yipa(a)

JEZL PeP,:|w|=2-¢
where (uniform over tri-tiles P € P, i = 1,2,3, and j = 0) v¥; p; is an L* wave
packet adapted to P; of order M (the constants in (18) may depend on M, N,v).

Proof. We consider M = oo below, the finite case is similar. Recall that the Fourier
transform F is defined by (5). We first make several remarks about By ,. Suppose

that the supports of 121 and 122 are contained in intervals wy, wy respectively. Then
the identity

FBodltn va]] (€) = j D€ — M@y - €)) d

gives rise to two observations. First, if By ;(11, 1) does not vanish then

(20) (w1 —wy) M {50027 < [€] < 400027} = &,
Second, the support of Fourier transform of By ;(11, 1) is contained in
(21) w1 + wa.
Now, turning to spatial localization, we have
(22) e TRy l(a) = Bade Oy, e Oy (@)
Since ¢ satisfies (17), it follows that if for some &, x1, x2 we have

d" —2mifx —f(n+2 |LC B x’L| —m

qor (€T (@) < Cum2 TR+ =)
for each 7 = 1,2, and for every n,m > 0, then

d" —27i2éx
23) o (7T Bl (@) <
—i(n |71 — 22|\ [z — (21 + 22)/2|\ _,,
< Cpm27 (1 4 )T+ 5 )

for each n,m = 0. (Here we emphasize that C,,,’s are independent of £.)
Fix a Schwartz function + supported on [0,2/5) such that > ;. [¥(- — HF = 1.
For each pair of intervals (I, w) with |w||[I| =1 let

re = 2D 2 (w7 (€ — e(w)))

which is supported inside the right half of w. Using a Fourier sampling theorem,
for any Schwartz function f it holds that

4
f:Z Z Z <f>w[,w+%|w\>wl,w+%\w\

Jj=0 weGy IeGo
|w|=2"¢ |I|=2¢



ESTIMATES FOR ERGODIC BILINEAR AVERAGES 15

Let wy = w+ L|w| and wy = w+ (£ +€)|w|. By (20), it follows that By ,[f1, fo](z)
can be written as the sum over triplets of integers (j1, j2,€), with 0 < ji,jo < 4
and 498 < |e| < 4002, of

(24> Z Z Z <f17¢11,m> <f27¢12,u)2> ‘;011,127%]'1,]'2,6(55) ]

weGo 11€Gy 126Gy
w|=27¢|I1|=2¢ |I2|=2°

@Il,fg,w,jl,jz,e(x) = B¢,f[w[17w+%|w|7¢[27w+(%+e)|w‘]($)

By (21), @n.1swijrjne 18 supported on ws := [0, [w|) + 2c(w) + (22 + e)|w| and,
by (23), satisfies
dn
% 9011,12,w7j17j2,6($)) <
—(n |e(ly) = o)\ oy, [ = (e(h) + c(12)) /2]
< Cpp27(1 4 —— )T+ 5 )

) = el 2= ()

for each n,m > 0. (Note that ji, jo, e are bounded.)

We now fix I; and further divide the right hand side of (24) according to j :=
27Yc(I,) — ¢(1y)). For j = 0i.e. for terms in the sum (24) where I, = I, =: [
we may define the tri-tile P = (I, w;,ws,ws3) and the corresponding wave packets
naturally

1/2
wO,P,l = wh,o.u ) wO,P,Q = 7/}12,0.)2 5 wO,P,?) = |[|/wl1712,w,j17j2,e .

The remaining terms can be dealt with by using the rapid decay in |c(I;)—c(I2)|,
(25): we still define 1; p1 = 91, «,, however to shift the localization of vy, ., to I3
we define

(25)

( e~ 2mi(2e(w)+(BF2 +e)|w)x

< Copm27 (1 4

)—m

i) = el sy,

¢j1P73 = 2NJ(1 + M)L(|I|1/277Z)11J2,w,j1,j2,6)
for some large L. (The rapid decay in (25) takes care of the extra factors in ¢; p3.)
Finally, we split (24) up one more time so that whenever |I| > |I'| we have
|T| = 2409 | [’| for some positive integer k. Note that while this splitting gives rise
to the sparseness required by P, it also means that we need to relabel and rescale
the ¢; p; slightly to maintain the sequence of weights 2~V il O
It follows that to prove restricted weak-type estimates for Aoy, we are left with
showing the following theorem. In the theorem, v = (ji, jo, €,1) is any quadruplet
of integers such that 0 < jy,72 < 4, 498 < |e| < 4002, 0 < i < 4000, and P, is
defined by (15).

¢j7p72 = (].+

Theorem 6.4. Let r > 2 and py, p2, q satisfy (1).

Suppose that (uniformly over tri-tiles P € P, i =1,2,3), ¥p; is an L? normal-
ized wave packet adapted to P; up to order M sufficiently large (the required M
may depend on p1,pa,q).
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Then the trilinear form

L
<Z Z |IP|71/2 <f17¢P,1> <f27?/1P,2> ¢P,3 Clmf3>

n=1 pep,: 2Fn-1<|Ip|<2kn

satisfies restricted weak-type estimates with exponents « arbitrarily close to any
gwen vertex of A defined by (14).

Recall that Zfl(le) |la,(x)[" < 1. For convenience, let ap(z) 1= a,,(v) if m =
m(P, x) is the unique integer in {1,..., L(z)} satisfying 2Fm—1(®) < |Ip| < 2km(@)
and ap(z) = 0 if such m does not exist. We also let ¢p3(z) = a,(x)ps(z) and
¢p; = Yp; for i = 1,2. Let P be a finite subset of P,. It suffices to demonstrate

that the trilinear form

(26) Ap(fi, f2. f3) = <Z \Ip| ™2 (f1, dp1) (fo, Dp2) ¢P,3,f3>

PeP

is of restricted weak type with exponents «, with P-uniform implicit constants.

6.3. Discretization for Ay, . Recall that

Aot (f1s for f3) = <ij1(-+y)f2(-—y)2‘”Ks(2‘”y)dydn(s,-)7f3>
neZ

Using K,(€) < |€] we could proceed as in Case 1 of the proof of Lemma 6.1 and
obtain a decomposition

K(€) = Y2 9K, (29

JEZ
where IA(S,J- is supported in {1000 < [¢| < 2000} and g—:[A(sJ(f) <, 1foralln > 0.
Thus it suffices to consider restricted weak-type estimates for

<Z ffl(- + ) fol- = y)27 K (27 y)dy (s, ), f3>
neZ

= <ZBKS,j,n[fbe](')dn(Sa')7f3>
neZ

Now using Lemma 6.3 with K ; playing the role of ¢, it follows that to obtain

the desired restricted weak-type estimates for Agp,,+ we are left with showing the

following theorem. Below, v = (ji, jo, €,7) is any quadruplet of integers such that

0 < j1,72 <4, 498 < |e] <4002, 0 < i < 4000, and P, is defined by (15).

Theorem 6.5. Let r > 2 and py, ps, q satisfy (1).
Suppose that (uniformly over tri-tiles P € P,, i = 1,2,3), ¢¥p; is an L* wave
packet adapted to P; up to order M sufficiently large.
Let (dy,)nez be a sequence of measurable functions such that Y, |d,(x)|* < 1.
Then the trilinear form

<Z Z Ip[ 72 (f1, 1) (f2, ¥p2) ¥pa dn>f3>

neZ PeP,: |Ip|=2"
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satisfies restricted weak-type estimates with exponents a arbitrarily close to any
vertex of A defined by (14).
7. AUXILIARY ESTIMATES

The following bound follows from the Lépingle inequality and a square function
argument, see [10] for details.

Lemma 7.1. Let ¢ be any Schwartz function. Let Cx(-) = 27%C(27%.). Then for
r>2andl <s < oo it holds that

1k (@) s v @)y Srs

Next, we have a Rademacher-Menshov type lemma:

Lemma 7.2. Let fq,..., fn be functions on a measure space X such that for every
sequence of signs €y, ..., ex € {1,—1} it holds that

(27) leifi +eafot+ - +enfnllrz < B.

Then

H Z (@) |2z < (1+log(N))B.

Proof. We rewrite 3", fi(x) = fu(z) + X, _, f;(x). Estimating the V* norm
by the ¢2 norm, it is clear that

N 1/2
1fa(@) 22y < (Zﬂ”%) < E., .o.|>¢filie < B .
i=1 i

It remains to consider the contribution from >}, ._, f;. Foreachne {1,..., N}
we will decompose [1,n) into disjoint subintervals,

[0’ n) = U Wnm

m<log,(N)

as follows: Let I be the dyadic interval of length 2*! that contains n. If n is on
the left half of I then let w,,, = &. If n is on the right half of I then let w,,, be
the left half of I. It follows that

||ij ||L2V2) < Z Z fix HL2(V2

j<n 0<m<logy(N) JEwn,m

Since for each m, wy, ., is constant (in n) on dyadic intervals of length 2, we have

Z i@z < I Z |ij Y2 L2

]ewn m w dyadic: |w|=2m ]EOJ
< B.

here the final inequality follows from another appeal to (27) using sequences (;)
that are constant (as functions of j) on dyadic intervals of length 2™. ]

We'll also use a Bessel inequality, Lemma 7.3. For a proof see e.g. [7, Proposition
13.1]. Below recall that ¢p; are (unmodified) L*-normalized Fourier wave packet
up to sufficiently high orders:
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Lemma 7.3. Let j € {1,2,3}. Let T be a collection of strongly j-disjoint trees,
let Q = Uper T, and suppose that || Y pep L1y |2 < L. Then for any sequence of

coefficients {bp}peq

[ Z bpYpjlre < log(l+ L)|[beeq)-
PeQ

8. A VARIATION-NORM MULTIPLIER ESTIMATE

In this section we consider a variation-norm version of Bourgain [2, Lemma
4.11], namely Theorem 8.1 below. In the following, let £ < ... < &y be real
numbers. For each integer £ we denote the sharp multi-frequency projection at

~

scale k onto &1, ..., &y by Ig[f] = F [1g, f], where Ry = Ueea (€ — 27k E+27F).
Theorem 8.1. For every r > 2 and € > 0 it holds that
e[ f1@) 20y < CreN[ S22

A variant of Theorem 8.1 with smooth multi-frequency projections was consid-
ered in [17], where a range of L estimates was obtained; for the current paper we
need sharp frequency projections, but L? is sufficient.

The starting point of our proof is Lemma 3.2 from [17]:

Lemma 8.2. Suppose that {c.}3, is a sequence in RN, and 2 < ¢ < r. Then

1

N
ie. 1 1y r
125 ers€ ™ i vy S ONE 072 e

is0 (2 (RY))

j=1
where C' may depend on r,q and min; |§; — &_1].

Through a standard averaging argument (see e.g. the proof of Proposition 4.1
in [17]), the lemma above gives

Proposition 8.1. Let x be a smooth function such that X is identically one on
[—0.9,0.9] and supported on |[—1,1]. Assume that &1 = &+ 1 for each j, and let
Xk be defined by Xi () = x(28(€ — &;)). Then for r > 2 and € > 0 it holds that

IS s * D@2y < CrexNIf e
1<j<N

Proof. To keep the paper self-contained, we sketch the averaging argument. Let
fi(x) = F M Lie—g; <1 f(€)](x). Since &;’s are separated, we have || f||; ~ ||(fj)HL2(Z?).
Let M be the best constant such that if supp(g;) < [§; — 1,&; + 1] for all j then

[ Z (Xk,j*gj)($)||Lg(vk;0) < MH(%)HL%(@) 5
1<j<N

by the triangle inequality and Lemma 7.2 it is clear that M = O, ,(N) < o0. Our
aim is to show that M = O, ,(N€). Since g; is supported on [§; — 1,&; + 1], for
ly| small we have

lg;(x) — €™V g, (2 — Wiz < llgilzze
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Averaging over 0 < y < 0 with 1 < § < 1 sufficiently small, we obtain

H Z (Xk:,j *g])( )”L2 Vkr>0)

1<j<N

< Gl D eV (v x ) (@ — y)llie

1<j<N

i€ M
= Gsll D ™ (xuy* g) (@) 2 (o Vi) T 5 1952
1<j<N

2 o B3V T 7\\9;‘\&3(45)

using translation invariant and Fubini. Using Lemma 8.2 for each fixed z it follows
that for ¢ > 2 sufficiently close to 2 (depending on € > 0) we have

. M
[ Z (Xk,j * ;) (@ )HL (Viso) < CegrlNV H(Xk,j*gj)(f)HLg(v,g(@)) +7||9j||Lg(z§)
1<j<N

. M
S Cegr N Ok * 95) @)l ez + 5 1952

. M
< CegrxN ||9j||£§(Lg)+7“93’“@(@;) )

in the second estimate we used ¢ > 2 and in the last estimate we used Lemma 7.1.
Since this holds for arbitrary (g;) satisfying supp(g;) < [§;—1,&;+1], by definition
of M we obtain M < Cyq,N°+ &, therefore M = O, (N) as desired. []

Now, using Proposition 8.1 and a simple square function argument, we obtain
a frequency separated version of Theorem 8.1. Namely, if §;1; = §; + 1 for each j
then for r > 2 and € > 0 it holds that

ML 2y < CreN| flre

To remove the frequency separation requirement &;1; = &; + 1, we will need the
following estimate, which will be proved using Lemma 7.2.

Proposition 8.2. Suppose that S is a finite set of integers. Then
(28) 1Ml flezzyy < C+log(IS))]f] e

Proof. Let n = |S|. Let s1 < ... < s, be elements of S. For j =1,...,n—1 write

~

fi= f_l[(lej —1r, ) /f]

and let f, = F~'[1g,, ]?] Then, the f; are orthogonal in L*(R), and IL,, [f] =
Y= Jis so Lemma 7.2 gives (28). [J

Proof of Theorem 8.1. By monotone convergence, it suffices to prove
MA@ 20z, ) < CreNlflie

for every finite interval [a, b], provided that the constant is independent of [a, b].
Now, we may choose {k;}}L, with

a=k0<<kN=b
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so that the number of connected components of Rj is constant on each interval
[kj, kj+1). Then, for each x

N 1/2
@, <CW%W@M%W+C(ZMMH@%T ) .

kelkj_1.k;)

The contribution to the L2 norm of the first term on the right above is acceptable
by Proposition 8.2. Furthermore, for each k, k' € [k;_1, k;) we have

[ f](z) = W [f](2) = Wel f5](2) — T [ f;] ()

where f; = .7-"_1[(13,%_71 — 1g,,)f]. Thus, using the orthogonality of the f; it
suffices to show that, for each 1 < j < N,

HHk[f](ﬁ)HLg(vlge[kjiij)) < CreNY|flze -

Fix j and let M be the (constant) number of connected components of Ry, for
k € [kj-1,k;), clearly M < N. For k € [k;j_1,k;) we can write Ry as the disjoint
union of open intervals

where Iy < Ipy for k' > k. Let Q = {1, ..., &n} and define

LF o= e[\, M]: |y, nQ =1} , L[] = D F'1y,f]

lelt

and let L’ = [1,M] — L* and define II’ analogously. Clearly II, = Hi + 115,
Rescaling by a factor of 2%-1, an application of the known frequency-separated
case immediately gives

HHBC Lf](x) HL%(V,;

oy S LI
and so it remains to consider II”. For each £ € L let
G = min(lyp, , N Q) , po = max(lpr, , N Q)
and I} = (s, pe), so that Iy = (G — 275, ¢ U I U [pe, pe + 27%). Now, define
'] = Z fﬁl[l(cﬁz—k,@m—k)f]

leLb

2] = Zf—lu(pe_z_sz_k)f] .

lelb

For k € [kj_1, k;) we obtain the decomposition
WS = g+ T (] + 7[R
where g = F7H> 0 Iéf] (which stays the same under II") and

hi = ’7:71[2 1(@72*’%—1,@]]6] v he = ]:71[2 1[pz,pe+27kf‘1)f]

leLb Lelr
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Rescaling by a factor of 2%-1, an application of the known frequency-separated
case then gives

L ) () | 20

ke[k

S Gl
L J
for ¢ = 1,2, finishing the proof. []

9. SIZE AND A VARIATION-NORM SIZE BOUND
We will use the following standard notion of size:

Definition 9.1. Let j € {1,2,3}, P < P,, and [ be a function on R. Then

1/2
Mﬁw=%652mwm>
where the supremum is over all j-lacunary trees contained in P and where the
functions ¢p; are defined in Section 6.
The aim of this section is to prove:
Proposition 9.1. Let s > 1, r > 2, and P < P,. Then for j € {1,2,3}

1 1/s
size;(P, f) <,s sup sup (mf|f(x)|8>zl(;g)2 da:)

P,pP'eP Ipclcip

where the inside supremum is over dyadic intervals.
We will make use of a John-Nirenberg type lemma, proven in [16]

Lemma 9.2. Let {cp}pep be a collection of coefficients. Let j € {1,2,3}. For
B, = sup ——+

1<p<oolet
1
2 1p 1/2
TcP |[T|1/p Z i |I |

where the sup 1s over all j-lacunary trees, and define B1 o analogously. Then
By < (OB«

Recall that v = (ji, jo,€,7) with 0 < j;,72 < 4, 498 < |e] <4002, and 0 < i <
4000. We will also need the following lemma:

Lr

Lemma 9.3. There is a Schwartz function ¢ such that for each j-lacunary tree
T cP,, je{l,2,3}, each sequence of coefficients {cp}per and each integer k with
2% < |Ir] and —k =i mod 4000 we have

> cpop(a) = P )T <2kC(2k') * [ef%ic(w(PT)j). > CP¢P,J']> (z)

PeT: |Ip|=2F PeT
Proof. One can check that for each P with |Ip| < |I7|, we have
wpj < c(wipy),) + (10[Ip] 7", 10000|1p| ")
(the sign depends on e and j.) Choosing ¢ with 62 1 on (—10000, 10000) and 5

supported on (—10001,10001), the fact that for P € T" we have —log,(|Ip|) =i
mod 4000 then gives the lemma since 24°%° . 10 > 10001. [
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Proof of Proposition 9.1. The case j = 1,2 of the desired conclusion is standard
and we could actually get s = 1, so the argument below (while applicable for all j)
is only needed for j = 3. By Lemma 9.2 it suffices to fix a j-lacunary tree T'c P
and show that

(29)

2 1Ip 1/2
(;;%wmﬁﬁ

1
| I7|'/ Ls

1 N 1/s
<. s wp(mjm@mm¥M).

PPeT IpcIclp

By dividing T" into maximal subtrees with top, we may assume that Pr € T'. Let
R denote the right side of (29). If supp(f) < R\2I7 then for each Pe T

30 Lo ol o N
o) el < (1) [ i@Rne?

M2
< c(@> R .
17|

With M sufficiently large (say M > 3), it follows that the left side of (29) is
bounded above by

< o ! Z(@)MQUPP/SR
||V &\ |7 ]
CR

N

Thus, it remains to prove (29) for functions supported on 217. From this support
assumption, we see that it suffices (by choosing I = I7) to show

11p \1/2
(31) M;;%wMﬁﬁ | < G Wl

By the usual Rademacher function argument, the left side of (31) is

< sup | Z be (f, dpj) hipllLs

{bP}per per

where the supremum is over all sequences {bp} of £1’s on T and h;, is the L?
normalized Haar function adapted to Ip. After fixing such a sequence and using
duality, we are then reduced to showing the bound

v < Gl

(32) | > bp (g, h1p) b

PeT
where s’ = s/(s — 1). Recalling the definition of ¢p; the left side of (32) is

(33) < | D bp{g hi)ps(x)

PeT
|Ip|=2"

Ly (Vi)
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By Lemma 9.3' the display above is
< 2@ty s [ PEn) N by (g, ) Vr | @)Ly vry-
PeT
By Lemma 7.1, the display above is
< Cr,s H Z bP <gv h’IP> wP,j

PeT

Ls

< glre @

the second estimate follows from standard Calderén-Zygmund theory. []

10. A VARIATION-NORM SIZE INCREMENT LEMMA

Proposition 10.1. Let P < P, be a finite collection of tri-tiles, 6 > 0, r > 2, and
J € {1,2,3}. Suppose that M (from the hypotheses of Theorem 6.4) is sufficiently
large depending on 6. Then for each a satisfying

size;(P, f) < «

we can find a collection of trees T, each contained in P, satisfying

(34) size;(P\ | J 7. f) < %m
TeT
12\
(35) Sl = (L) o,
TeT

Below, we show how Proposition 10.1 follows from the variation-norm Bessel
inequality, Theorem 11.1. The proof uses a standard stopping time argument,
which we recall in order to note that our condition (4) in the definition of strong
j-disjointness is satisfied.

Below recall that if T' is i-overlapping then for each j € {1,2,3}\{i} the sign
€ := sgn(c(wp;) — c(wp,),)) depends only on i, j, e, and not on T' (for details
see the discussion after Definition 5.2).

Proof. (reduction to Bessel inequality). By scaling f we may asssume that o = 1.

It suffices to show that for each i € {1,2,3}\{j} we could find T satisfying (35)
such that for each i-overlapping tree T' < P\ | J/ep T we have

1 1

(36) Tl Dfop) P < 1

Tl per
Let Ty = Sy = &&. Suppose Ty, ..., T, and Sy, ...,S5, have been chosen and set

P, =P\(0Tku5k)

If there are no i-overlapping trees 7' < P,, violating (36) then we finish by setting
T = {Th}i1 v {Sk )i

'Here we use the fact that the variation over all k in (33) is the same as the variation restricted
to 2% < |Ir| and —k =i mod 4000 which is the same as the restricted variation for convolution
which is bounded by the variation over all k£ for the convolution.
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Otherwise, if P, contains an i-overlapping tree violating (36) then we may choose
such a tree YN’HH so that eiﬁjc(w(pfnﬂ)j) is maximal. We then let 7,,; be the
maximal (with respect to inclusion) i-overlapping tree contained in P, which
satisfies Pr,,, = Py . Let S,y be the maximal (with respect to inclusion)
j-overlapping tree contained in P,\T,,;; which satisfies Ps, ,, = Pj

n+1
Since P is finite and T, # (J, this process will eventually terminate, yielding

some
T = {Ti}ily v {Siis

We claim that the collection {T}}4_, is strongly j-disjoint (recall that this is defined
in Definition 5.3), and so Proposition 10.1 follows from Theorem 11.1. It suffices
to verify condition (3) and condition (4) of Definition 5.3.

In the following, let k # k', P € Ty, and P’ € Tj.

For (3), assume that wp, & wp. Then |wpr| > 2lwp, | which implies that
€i;¢(Wpy,),) > €;¢(wWpy,,),) and so k < k. But, since 3w(py,), © 30[ejwp, < 3wpr
and P’ ¢ Sy we must have Ip n I, = (.

Now, to see condition (4), by symmetry it suffices to show that P; £ (Pr,);.
First suppose that P; = (Pr,);, or equivalently P’ = Pr,. Then for each P € T}
we have P; < P} < (Pr,); and so we must have k < k" or else every element of
T, would have already been chosen in Tj. But, if & < k' then we would have
P' € Ty, contradicting P’ € Tj,. Now, suppose that Pj < (Pr,);. Then, as in the
verification of (3), € jc(w(py,);) > ei7jc(w(ka,)j) and so k < k." But, the fact that

P’ ¢ Sy contradicts P} < (Pr,);. [

11. A VARIATION-NORM BESSEL INEQUALITY

In this section, we fix ¢ > 0 and assume that the order M of the wave packets
(from the hypotheses of Theorem 6.4) is sufficiently large depending on o. Our
goal here is to prove the following variation-norm Bessel inequality:

Theorem 11.1. Let T be a collection of strongly j-disjoint trees, such that
1 1
(1) s (0 5 1L6rd P2 < 1< 2 S ord POV

I dyadic PeT PeT
IPCI
for each T €T. Let P = |Jypep L. Then
2 Foe) Bo<o 1151513

PeP

As in [7], we prove Theorem 11.1 via a sequence of reductions.

11.1. Proof of Theorem 11.1, reduction 1. Thanks to Lemma 11.2 below,
Theorem 11.1 follows immediately from the following proposition:

Proposition 11.1. Assume P and T as in Theorem 11.1. Then for all 6 > 0
@) S Fom) P 5o Vel [1@PR) do

PeP
of It < I dyadic for all T € T.
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Lemma 11.2 below in turn is a result from [7] where it was proved using a series
of interesting Lemmas. To keep the current paper self-contained, we’ll sketch a
direct proof, which simplifies some arguments in [7]. To formulate the lemma, we
first fix some notations. For S < T let Ng denote ) . .q 17, and define

1
ISlpao = sup — > |Iz| .

I dyadic |[| TeS:Ircl

Lemma 11.2. Let A,B >0 and 0 < < 1. Let T be a collection of trees. If for
every subset S of T it holds that |Ns|i < A|Ns||}, and |S||zmo < B|Ns|?, then

IT | sr0 <6 BYED | | Np|y S5 ABYA9)

Proof of Lemma 11.2. We first show that |T|pyo < (3B)Y179. Tt suffices to
show that for every dyadic interval I it holds that

1 1
39 — > |I<|T 30/(1=0) g1/(1=9)
(39) I [ I7| 2|| |Bpo +

| o] TeT: Iy
Fix Iy. Let S contains all elements T' € T such that Iz < [ and the set {S € T :
Ir < Is < Iy} contains at most (3B)Y(1~%) elements. Clearly | Ng|, < (3B)Y(=9),
therefore by the given assumption we have
(40) IS|Bro < 3(33)6/(1—6) — 30/(1=0) p1/(1=6)

Let J be the set of maximal dyadic intervals J < I such that the set {S e T :
J c Is < Iy} contains more than (3B)Y(1~%) elements. Clearly, for every T € T\S
such that I < I, Iy is contained in one of these J’s. It follows that

1 1 |T|
(41) A Z Ir| < mz Z 7| < |]—JjJ|MOZ|J| :

[ ol TeT\S 0l JeJ TetT Jed
Ircly IrcJ

By maximality of J, there exists T € T such that Iy = J. Let S; denote the
collection of such T', then ||S,||pymo = |Ns, | = |S,|, therefore using the given
assumption we obtain |Ns,|o < BY179. For every x € J it follows that

Ns@) = Y @ = ()Y lp@)- B/

TeT:JoIrcly TeT:Jclrcly
> @Y _ YD) 5 9. 30/0-0)pl/a-0)

Together with (41), we obtain

1 |IT| Bao [ Ns| ) S| 5aro0
— > |

< T paso2NBMO
| I TeTSets 1Io| 2-39/(-9) [ HBMO2 30/0-)

Using (40), (39) immediately follows, completing the proof of | T| g0 <s BY( 9.
We now free the variables Iy, S, J to be used for other purposes below.
Fix a large constant C' > 0 to be chosen later. Let S contain all 7' € T such that
I7 is not a subset of {z : Np(x) > CBY1=9} It is clear that | Ng|., < CBY1=9),
so by the given hypothesis | Ns|; < C9ABY(1—%)_ Tt suffices to show that

(42) |Nr\sli = O5(C™H[ N ll1) -

Indeed, from (42) by choosing C' large we obtain |[Nmgl|i < 1/2||Ng|;, thus
|Nt|1 < 2|Ns|l; which implies the desired estimate.
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Let J be the collection of maximal dyadic subintervals of {z : Nyp(z) > CBY(179)}.
It follows that if 7" € T\S then Ir is a subset of some element of J. Therefore

INesl < D0 > el < Y IITlsmo

JeJ TeT:IrcJ JeJ

[ Nell
C B/1—9)
Since | T| gao = Os(BY1 %), we obtain |[Nps|li = Os(C | Np|1), as desired. ]

< |Tlsmol{z : No(x) > CBYY < |T|puo

11.2. Proof of Theorem 11.1, reduction 2. We first note that (38) follows
from the unweighted version where the factor X}° is not on the right hand side.
Indeed, writing (f, ¢p;) = <f§<'}0, %;10¢P7j> and using the fact that ¥;'%(x) is also
a polynomial in z (which implies that %I_low p,j is still a wave packet adapted to P;
of order sufficiently large, recall also that ¢p; and 1p; are the same if j = 1,2 and
related by a variational factor if j = 3), (38) follows from applying the unweighted
version to Y and the rescaled wave packets.

We now show that the unweighted (38) follows from the following proposition.

Proposition 11.2. Let T be strongly j-disjoint. Let P = | ) p T. Then for every
L = |Ntl|le there exists P* < P with the following two properties:

(43) e P o<s LUfI5
PeP\P#*
(44) U Il ss LTV NI
PeP* TeT

Indeed, apply Proposition 11.2 with L = C|Nr|, for a sufficiently large 6-
dependent constant C. Now, to get (the unweighted) (38) it suffices to show

(15) S fom <5 U on)

PeP* PeP

Let Ip, be a maximal interval in {Ip, P € P*}, and remove from P* all tri-tiles
P such that P is in the same tree as Py and Ip < Ip,. We repeat this process
with what is left of P*. This algorithm gives a collection of tree T* such that
{Ir,T € T*} cover P* while Y ;epw 11p < D e Lr,. Now, using (37) and (44),
(45) follows from the following sequence of estimates and choosing C' large:

Yoo P Y el < INelof | 16l <

PeP#* TeT* PeP#*
_ 2
<5 (L/OLT Y | < c Do) P
TeT PeP

11.3. Proof of Theorem 11.1, reduction 3. In this section we reduce Proposi-
tion 11.2 to the following more technical result. We first fix some notations. Given
A>1and de {0,1,2}, a collection of intervals Z < Gy is (A, d)-sparse if

e for each [ € Z, Al is d-regular (see Section 5);
e for each I,I' € T with |I| > |I'|, we have |I| = 21004|['|;
e for each I,I' € T with |I| = |I'|, we have dist(I, ") = 100A|l’|.
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Proposition 11.3. Let A,L,n € (1,00) and € > 0. Let T be a collection of
strongly j-disjoint trees with |N¢|p» < L. Let P = Jpop T, and suppose that
{Ip: PePyu{lr:TeT} is (A,d) sparse. Then, there exists P* < P such that

| el sy (A4 Y x|, and
PeP* TeT

S e P Sne (ALY + L34 72| f |2,

PeP\P*

Assuming Proposition 11.3 we will prove Proposition 11.2.

Let T be j-strongly disjoint and P = | Jpep T

By a simple pigeonholing argument, given any A > 1 we may partition P
into subsets Py,..., Py where L = O(A?), with the following property: for each
1 < k < L there exists d € {1, 2, 3} such that {Ip, P € P.} is (4, d)-sparse.

This partition also lead to a partition of each T' € T, therefore P, is also the
union of a collection T}, of j-strongly disjoint trees with |Np, [o < [N1|o < L.
Each tree in T, could be further decomposed into subtrees such that: each of
the new subtrees contains its own top, and the top intervals of the subtrees are
disjoint. We obtain T} a collection of trees with top, which is still j-strongly
disjoint, furthermore [Ny |0 < | N, [loo < L.

We are now in a position to apply Proposition 11.3 for T}, producing P} < Py.
Letting P* = | J,,<, P and using L = O(A?) it follows that

U el =y (AT AL Y
Pep TeT

D [For) PoSge (AL + LA £

PeP\P*
The desired estimates for P* follows by letting € = 6/2, A = LY+ and 7 large.

11.4. Proof of Theorem 11.1, reduction 4. Let I = {I; : T'e T}. Let D,, > 0
to be chosen later (depending only on 7). For each I € I consider the D, (A™" +
L=")|I| neighborhood of its endpoints, i.e. the set of x such that dist(z,dl) <
D,(A™" 4+ L=")|I|. Let E; be the union of these neighborhoods over I € I, and
let By = {3, (M17)* > L?}. We then let P* be the set of all P € P such that
Ip € Ey U Es. Using the Fefferman—Stein maximal inequality, it follows that

U Iel sy (A7 L) Y+ L@ Y (ML)? )5
PeP* Iel Iel
Sy (AT + L) Nefly
Let To ={T € T: Iy & Fy u Ey} and let I, denote the set of top intervals of T's.
We now show that | Y ep, (M[17,])*[lo <y L*, and this will allow us to reduce
Proposition 11.3 to Proposition 11.4 below. Since for each I € I, there are at most

L elements of T with Iy = I, it suffices to show that
D ML) 5, L
Iely

uniform over x € R, which we fix below. By further dividing I, it suffices to prove
that Y, (M[17])(2)* <, L? for every Iy < I, with the following property: if
I,I' e I3 and |I'| < |I] then |I'] <2 F|I|. By further dividing I5 we may assume
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that one of the following situations occur: (i) x € I for all I € I3; (ii) x is on the
left of I for all I € I3; (iii) z is on the right of I for all I € I.

Now, the desired estimate is clear for (i), so by symmetry we only consider
situation (ii). By monotonicity we may assume further that x is the left endpoint
of some J € I3. By definition of E; it follows that for every I € I3 — {J} we have
dist(x, 1) = L™"max(|.J|, |I|). Using the (A, d) sparseness of 13, it follows that

D MIDE@? £ Y MIYE)P + Y M@+ Y (ML)(e)?
= 111 j11<2-21] 115281
<, 1o+ L2704+ i > ML) ()
TeXs:| 1|25 |
< L2 (using the definition of Ej).

Proposition 11.4. Let A,L,n > 1 and ¢ > 0. Let T be strongly j-disjoint with

(46) | S MOl < L
TeT
Let P = Jpep T'. Assume that {Ip : P e P} o {Ir:T €T} is (A,d) sparse, and
(47) sup dist(x, d1r) = D, A™"|Ip|
z€lp

forall Pe P, T € T. Then for D, sufficiently large depending on n it holds that
2 1 rd P Spe (AL + LA

PeP

11.5. Proof of Proposition 11.4. For convenience of notation, assume without
loss of generality that A%L is an integer. By duality, it suffices to show

(45) IS bl e (AL + L2AY
PeP

for every sequence {bp}pep such that ||b]|2py = 1, which we will fix below.

Let J ={Ir:T €T} and let Ja = {(I7)a : T € T} where (Ir)4 is an interval
in G, (guaranteed by (A, d) sparsity) such that Alr < (I7) 4 < 3Al7.

From the (A, d) sparsity, it is clear that the map from I — (Ir)4 is bijective
from J to Ja and that if I & Iy then (It)a S (I7) a.

We now decompose Jy4 into “layers”. Let J4 1 be the set of maximal intervals
in J4 and for m > 1 let Jam41 be the set of maximal intervals in Ju\|J'_; Tan-

Now, since (I7)a < 3Alr for each T, using (46) we have

|3 e < OISO < 164
JeTa
Thus, Ja1, ..., Jaieazr partition J4. Letting J, = {J € J : (J)a € Tam} it
follows that J1, ... Jiga2r partition J. Thanks to (A, d) sparsity of J again, this
partition is consistent with the usual set inclusion ordering in 7, in the sense that
if Je Jn, J' € J,, and J < J' then m > n.
For J € J let m be such that J € 7,,, and define

PJ = {PEPZIPZJ}

P, = {PeP:IpcJbut Ip¢ J foral J'e (] T}

m/>m
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We obtain the following partition of P:
(49) P = U UPrsuP, .
1<m<16A2L JeTm

By definition of ¢p, it is clear that (48) will follow from the following estimates

(50) 1> > bptp(@)lzeyy Sy 1+1log (ALY + AL
JeJg PEPJ! |Ip|>2k
(51) [ Z Z bpp(@)l2qvry Spe (AL) + L2AT

JeJ PEP<JZ |Ip|>2k

11.6. Proof of (50). Recall that |[b|;2p) = 1. Recall that ¢p; is a wave function
of order M, which is assumed sufficiently large compared to . We first estimate

the error term
E(z) = D1 D betip(x)

JeJ: z¢(J)a PePy

Lemma 11.3. It holds that

1>, ) beve@)ly < HZ D D bete(@)lvy +2E(2) .

JeJ PEPJ: up|>2k m=1JeTn PEPJ

Proof. Using the triangle inequality and the definition of E(z), the left hand side
of the desired estimate is bounded above by

< | D, beves(@)|vy + Blz)

JeJ: JCE(J)A PeP ;. |Ip‘>2k
= | > D bptp;(@) vy + E(x)
JeJ: ze(J)a, |J|=2F PeP;

Now, the intervals (J)4 that contain z are nested, with larger interval belongs to
some J4 ., with smaller m, thus we could bound the last display by

< HZ > 2 bete@lyy + E(w)

m=1 JeJm:xe(J)a PeP;

< HZ 2. 2 beri@lv;  + 2E(x)

m=1 JeJm PeP;

finishing the proof. []

Lemma 11.4. It holds that
|E(x)|: <, A7"L.

~Tn

Proof. We note that any T' € T contributes at most O(1) tri-tiles to each P; and
such a contribution would necessitate J < Ir. Thus, |P;| < | Nt|r= < L, so

HZ Z |Ip|l/2|wp’j|||Lr,_ < L|‘Z(M[1J])2HL‘T‘ < I?
JGJPEPJ JGJ

We also have

earteiln <u ATMIp|Y2
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which gives
I Y Y e @)l S ATl =AM
JeJ: x¢(J)a PePy

Choosing M sufficiently large, depending on 7, the desired bound for | E|s
follows by an application of Cauchy-Schwarz. []
Applying Lemma 7.3, we see that for any sequence {e,,}104'F < {1, —1} we have

16A%L

| > > embptbpyl < (1+1log(L))

m=1 JeJm PePy

therefore, by Lemma 7.2 we have

HZ D> bptp(@) |2y € 1+ 1log(16A%L)] - [1 + log(L)]

m=1JeJ,, PEP

which, combined with Lemma 11.4 and Lemma 11.3, gives (50).

11.7. Proof of (51). Here, we use two error terms

16A%L

Ei(z) = >, > > lbpvp;(x)

m=1 JeJ, PeP;
x¢J

16A%L

Beo) = 2 ) X ) leve(e

m=2 JeEIm m/<m PeP <gm’
zeJ 11p|<1J]

where, if J € J,, and m’ < m then we let J™ denote the unique element of 7,
such that (J)4 < (J™) 4.
Lemma 11.5. [t holds that

1Y, D bevpi(@)lvy S Ei(z) + Bz +||Z DD betbps(@)vy

JEJP€P<J m= IJEJmP€P<J

[Ip|=2*
XY b))

m,J€Tm PeP_;: |Ip‘22k

Remark: A simpler analogue of Lemma 11.5 was considered in [7, Lemma 12.2].
Our Lemma 11.5 (and the following Lemma 11.7) in fact fills in a small gap in [7,
Lemma 12.2], where an error term similar to Ey was not treated.

Proof. By the triangle inequality

120 20 beves@ly < 1) D) beves@)lvy + Ex(x)

JeJ PeP.; JeJ PeP.y
|[p|>2" ve] |Ip|z2*

Let J1 & ... & Jy be the (nested) intervals in J that contain z. Choose
ki,...,ky so that 2% = |.Jj|, which (together with N) are functions of . Then,
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the first term on the right of the last display could be rewritten as

= | Z Z bpvpi(x)|ve < | Z Z bpYp(z)|vr + Ea(w)
1<U<N PEP<‘]€ 0 PEP<J£
[Ip|>2* [Ip|=2%, |Ip|=|Je41]
where, for the inequality above, we use the fact that Jy,1 & J; and so (Jpi1)a &
(Jo)a. Using a long jump/short jump decomposition of the variation-norm, the
first term on the right side of the inequality above is < A; + Ay, where

A= D > bpvop;(@)|v;

PeP_,: |Ip|>2kn, |Ip|>2"0+1

ZHZ X beve @l M

P€P<J[
|Ip|=2F, |Ip|=2Ft+1

Ao

It is clear that

A = ||Z Z bpvp;(@)|vy < ||Z Z bpop;(2)|vy + Ea(x)

l<n PGP<J£ {<n PeP - Jy
|Ip|>2" 41

= IIZ D 2 bevr(@) vy + Ba(a)

m=1 JeTm PeEP
xeJ

IIZ D 2 beve(@)lvy + Ei(w) + Ba(z)

m=1 JeTm PEP

A= 2] D @+ Y Y b

n  PeP {<n PeP kp41<k<kn
<Jn <Jyp
[Ip|=>2" |Tp|=2"e+1

/
= 231X ey, )

n PEP<Jn
|Ip|=2*

Z Z bpyp;(x HVT>

m,JeTm PeP.y
|Ip|=2F

N

1/2

N

]
Lemma 11.6. It holds that
|By@)|e <, LA

~n
Proof. Using Cauchy-Schwartz it suffices to show that for each m
D] D brvei @)l <y LA b, P
JETm: a¢J PeP_

Using the Fefferman-Stein maximal inequality and the fact that the intervals in
Jm are disjoint, it suffices to prove that if J € 7, and x ¢ J then

D beves(@)] <, LA bplee |17 (ML (2))

PeP_;
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Now, if T intersects P-; then J < I, therefore using (46) we see that at most
L trees in T contribute a given P_;. Thus, using Cauchy Schwarz it suffices to
show that, for each T' e T,

(52) D, lei@)fF <, AT ML) ()

Choosing D, large enough, the (A, d) sparsity and (47) imply that for each P in
the sum above

sup dist(y, 0J) = D,]A”7250A|J|1/2|[p|1/2

yelp
> 249A|J|1/2|IP|1/2 ]

Recall that M is the order of the wave packet ¢p ;. Thus, for x ¢ J , choosing M
large enough we obtain

[Uri (@) <u 2“““‘“”‘4)(ﬂ)‘(M“‘)Ifzvl‘l(/\/l[lfp](x))4

/|
|[Ip|
Summing over P € P_; n'T we obtain (52). []
Lemma 11.7. It holds that

|Es(2)] 2 <, LPA™

AT () 2T ML ()"

~n

Proof. By Cauchy-Schwarz, it suffices to show that for 1 < m’ < m we have
I > DL beves(@)|l <, LY2AT "orlew,., P

JETm PeP< m
2] |1p|<]]

7

The above bound will follow, by Cauchy-Schwarz, from the following two estimates

(53) | > 20 UelPlew@)lp= <, LA
JE€Tm PEP _
&S 1pl<]a)
(54) I >, D> el Pbpees @)l < IIbP\\?z(UJEJm, P_))
JeJIm PeP ’

m

<
2] 1p|<]

To see (53) fix = and choose the unique J € 7, with z € J. As in Lemma 11.6,
it suffices to show that for each 7'e T

(55) > p| 1y (2)] <y AT

P€P<Jm/ nT: ‘Ip|<‘J‘

Choosing D, large, it follows (as in Lemma 11.6) that the following holds for every
P in the sums above:

inf dist(y,0J) = 294|J[V2|1p|* .

yelp
Since |Ip| < |J| and P € P_ v, it follows that Ip nJ = &. Since x € J, using
(A, d) sparseness and (47) we obtain

dist(z, Ip) = 294 JV2|1p|Y? .
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Due to the restriction of the sum to tiles in a single tree, each dyadic interval is
the time interval of at most O(1) tri-tiles, and so for each k£ > 0

Z |IP|1/2|¢P,j($)| <u 9—49A(M =1)9—k(M—1)/2 ’
PeP_ T |Ip|=2"F|J|
and summing over k gives (55).

To see (54) simply use the fact that the intervals in 7, are pairwise disjoint to
estimate the left side by

< | 2 ePRen@lln < B, e

PEUJEJm/ P<J

(]
Applying Lemma 7.2 and Lemma 7.3 as in the proof of (50) we have

||Z Z Z bpp ()| 12y < 1+ log®(AL)

m=1 JeTm PeEP

Thus, using Lemma 11.5, Lemma 11.6, and Lemma 11.7, to finish the proof of
(51) it suffices to establish the following inequality (for each m and J e |, J1):

(56) | > bpYp;(@) |2y <o Lbrlee.,)

PeP_;: ‘IP‘ZQIC

Let T'; be the collection of trees in T which contribute to P_ ;. As above, we have
|T;| < L. For each T € T let £ = c(w(pyy,). Then, for each P e T e T; we have

wp, < (&0 —10|e| - |wp, |, & + 10]e| - |wp, ).
Furthermore, from condition (4) in the definition of strong j-disjointness and the
fact that J < Iy for each T' € T, we have that
dist(r,wp;) = |wp,|/4
for each P € P.; and each T € T ;. Therefore, if we let
Ry = |J (& —10le[2 ¥, &r + 10jel2 %)

TETj

~

and Il be the Fourier projection operator II,[f] = F '[1g, f] then, for each
k = —i mod 4000 we have

(57) Z bpp; = IIi| Z bpp;].
PeP_, PeP
|Ip|=2"

Thus, by Theorem 8.1 and Lemma 7.3 we have (56).

12. CONCLUDING THE PROOF OF THEOREM 6.4

Let P be a finite subset of P,. Our aim is to prove that the trilinear form

(58) Ap(fis fo, f3) = <Z Ip| 2 (f1, 6p1) (for op2) ¢P,3>f3>

PeP
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satisfies restricted weak-type estimates with exponents a arbitrarily close to any
vertex of A define by (14), with implicit constants uniform over P. We’ll consider

neighborhoods of 4;(—3, 3,1), the other vertices could be treated similarly.

By (dyadic) dilation symmetry we can assume |Fj| € [1/2,1). Fix s > 1 close
to 1 to be chosen later, and choose

3
Mo [Le] = CIR
j=1

with C sufficiently large so that [B| < 1. Let |fi| < 1p_p and [f2] < 1p, and

3] < 1g,. Decompose P = P, where
3 k=0
P, ={PeP:2" <1 +dist(Ip, BY)/|Ip| < 28T}

For P € P}, we have

1 N ) 1/s L ( Jv )1/5
sup { — () °Yi(x)” dx < 2k gn
s (7 [0 o) sup (i [ 1@ R o)

< 2% inf M[1p](2)

xe2k ]p
< 2k/s|Pv]|l/s
Therefore, by Proposition 9.1, for j = 2,3 we have
(59) S; = size;(Py, f;) < 26 E|Ve
Here (and below) the implicit constants may depend on r, s, and f; (defined
below). Now, when j = 1 we will obtain the improved estimate
(60) Sl = sizel(Pk, 1Bcf1) < 02_(M_2)k

by exploiting the fact that the interval I in the last sup has to be contained inside
another Ip for some P' € Py,.

Now, applying Proposition 10.1 repeatedly, we obtain a decomposition of Py,
into collections of trees (T, )nez With

(61) Mozl < 2,
TeT,
such that for any 7" e T,, we have
(62) size;(T, f;) < 27/@9| |19,

Now, for any tree T" we have

3
(63) el 1/21_[| fudra)| < 3Ll [ [ sizei(T, f).
i=1

PeT

To see (63), by further decomposing 7' if needed we may assume that T is i-
overlapping for some i € {1,2,3}. Then estimating

Ip| 2| {fisdp) | < sizes(T, f:)

and applying Cauchy-Schwarz to estimate the remaining bilinear sum by

< |7 H size; (T, f;)
Je{1,2,31\{i}
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one obtains (63).
Applying (61), (62), (63), we obtain

3
(Ax(fi, f2, )] < ZQnnmin(5i7Q_n/(28)|Fi|1/(25)) ’

n i=1
3
A(fy fo f)l = D HplT 1 (i dpa) |
PePy, =1

For any f31, 52, 83 € [0, 1], we obtain

3
Ae(fis for f5)| 518585 > 2" min (1, 2 T %sgﬁi)
n =1
The above estimate is a two sided geometric series if we choose f;’s such that
B1+ B2+ 83 > 2s (which is possible for s close to 1). Letting ; := 2s8;/(814 B2+ 3)
we obtain

3
|Ak(f17f27f3)| S HSZI_%|E|%/(25)
i=1

3 -\ 1/s
< 2%(2—72—73—5<M—2><1—m>(H | Fi|1—%> ! (using (59), (60)).
i=1
Again assuming that 5, + s+ 3 > 2s we are guaranteed ; < 1 and so, choosing
M large enough depending on § we may sum in k£ to conclude

3 L
|A(f17f27f3)| < <H|E|1722)1/
i=1

Since |Fj| ~ 1, we can ignore its contribution in the above estimate. Now, by
sending (s, 81, 52, B3) to (1,1,1,0) inside the region {5 + (2 + B3 > 2s} N {0 <
b1, B2, B3 < 1 < s}, we obtain the desired claim.

13. PROOF OF THEOREM 6.5

The proof of Theorem 6.5 is entirely similar to the proof of Theorem 6.4, essen-
tially the main difference is that variation-norm estimates such as the continuous
Lépingle inequality (see Lemma 7.1) is replaced by the classical Littlewood—Paley
square function estimate. We briefly discuss the cosmetic changes, the details are
left to the reader. We may define ¢p; = 9p; for j = 1,2, and ¢ps = ¥p3d, if
|Ip| = 2™ and 0 otherwise.

Now, the sizes are defined exactly as before, and to get the size estimates for
size3(P, f) (as in Proposition 9.1) we use the same proof, the only difference is near
the end we appeal to the classical LP estimates for the Littlewood—Paley square
functions associated with scales of the underlying tree, instead of the continuous
Lépingle inequality.

Now, to get the size increment estimate (as in Proposition 10.1) we use the same
reduction to a Bessel inequality as in Theorem 11.1. To prove this Bessel estimate
for the new ¢p3, we follow the same sequence of reductions and the proof reduces
to proving Proposition 11.4 with the new modified wave packets. We perform the
same partition of P as in (49), and it suffices to show the following two analogues
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of (50) and (51). Below we let Sy denote the ¢; sum of a sequence indexed by k
and (bp) is a sequence on P with normalized ¢?(P) norm.

(64) 1>, DL betes(@)lzsy Sy L+log*(AL) + AL
JeJ PeP ;: |Ip‘:2k
(65) | Z Z bpps(®)|r2es,) <ne (AL)+ L*A*

JeJ PEP<J: |IP‘=2k

The proofs of these two estimates are similar. We’ll use the same error terms
E(z), Ey(x), and Es(z), and using analogues of Lemma 11.3 and Lemma 11.5 the
proofs of (64) and (65) reduce to proving

(66)  I(XL (D, D) betra)) Pl < [1+10g(16AL)][L + log(L)]

m=1 JeJm PP

(67) I, > betra)) Pl < [1+1og(16AL)][1 + log(L)]

m=1 JeJm PeP_,

68) 1O D] bptopa)’) Pl < Llbplee.,)

k PEP<J: |Ip‘:2k

We note that the square norm is bounded above by the 2-variation norm. Thus,
using Lemma 7.2 the estimates (66) and (67) follow from Lemma 7.3. Similarly,
using Proposition 8.2 and the Fourier projection representation (57), the estimate
(68) follows from Lemma 7.3.
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