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ABSTRACT. Chern-Schwartz-MacPherson (CSM) classes generalize to singular and /or non-
compact varieties the classical total homology Chern class of the tangent bundle of a
smooth compact complex manifold. The theory of CSM classes has been extended to the
equivariant setting by Ohmoto. We prove that for an arbitrary complex algebraic mani-
fold X, the homogenized, torus equivariant CSM class of a constructible function ¢ is the
restriction of the characteristic cycle of ¢ via the zero section of the cotangent bundle of
X. This extends to the equivariant setting results of Ginzburg and Sabbah. We special-
ize X to be a (generalized) flag manifold G/B. In this case CSM classes are determined
by a Demazure-Lusztig (DL) operator. We prove a ‘Hecke orthogonality’ of CSM classes,
determined by the DL operator and its Poincaré adjoint. We further use the theory of holo-
nomic Dx-modules to show that the characteristic cycle of the Verma module, restricted
to the zero section, gives the CSM class of a Schubert cell. Since the Verma characteristic
cycles naturally identify with the Maulik and Okounkov’s stable envelopes, we establish
an equivalence between CSM classes and stable envelopes; this reproves results of Riményi
and Varchenko. As an application, we obtain a Segre type formula for CSM classes. In the
non-equivariant case this formula is manifestly positive, showing that the extension in the
Schubert basis of the CSM class of a Schubert cell is effective. This proves a previous con-
jecture by Aluffi and Mihalcea, and it extends previous positivity results by J. Huh in the
Grassmann manifold case. Finally, we generalize all of this to partial flag manifolds G/P.
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1. INTRODUCTION

According to a conjecture attributed to Deligne and Grothendieck, there is a unique
natural transformation ¢, : F — H, from the functor of constructible functions on a
complex algebraic variety X to homology, where all morphisms are proper, such that if X
is a smooth then ¢, (I x) = ¢(TX) N [X]. This conjecture was proved by MacPherson [39];
the class ¢, (1l x) for possibly singular X was shown to coincide with a class defined earlier
by M.-H. Schwartz [54 55, [11]. For any constructible subset W C X, we call the class
csu(W) := ex(lw) € Hi(X) the Chern-Schwartz-MacPherson (CSM) class of W in X.
The theory of CSM classes was later extended to the equivariant setting by Ohmoto, [42].
We denote by cly;(W) := ¢ (1y/) the torus equivariant CSM class.

The main object of study in this paper are the (torus) equivariant CSM classes of Schubert
cells in flag manifolds. These classes were computed in various generality: for Grassmanni-
ans, in the non-equivariant specialization, by Aluffi and Mihalcea [4] [41], and Jones [27]; for
type A partial flag manifolds by Riményi and Varchenko [48], using the fact that they coin-
cide with certain weight functions studied in [49] [47], 45], and using interpolation properties
obtained by Weber [60]; and for flag manifolds in all Lie types by Aluffi and Mihalcea [5]
using Bott-Samelson desingularizations of Schubert varieties.

The CSM classes satisfy an impressive range of properties. On the algebraic side, these
properties stem from two sources: relations to Hecke algebras, and to stable envelopes.
We briefly explain this next. It was proved in [5] that the equivariant CSM classes arise
from a twisted representation of the Weyl group on the equivariant cohomology of the
flag manifold, via certain Demazure-Lusztig operators. In type A, this representation was
studied by Lascoux, Leclerc and Thibon [34) [35], and in all types these operators have been
considered by Ginzburg [22] in relation to the (affine, degenerate) Hecke algebra. Second,
Riményi and Varchenko [48] (see also Su’s thesis [59]) showed that the CSM classes are
essentially equivalent to the stable envelopes of Maulik and Okounkov [40] for the cotangent
bundle of flag manifolds. The interplay between these two points of view allows us to
establish precise orthogonality results among these CSM classes and associated ‘dual’ CSM
classes.

The natural geometric framework where these points of view converge is that of the char-
acteristic cycles on the cotangent bundle. Classical results of Ginzburg [2I] and Sabbah
[50] (see also [52]) showed that the (non-equivariant) MacPherson’s transformation factors
through the group of conic Lagrangian cycles in the cotangent bundle. We revisit this the-
ory, and extend it to the equivariant setting. In fact, we prove that Sabbah-Ginzburg map
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relating conic Lagrangian cycles to homology of flag manifolds has a simple intersection the-
oretic meaning: it is the restriction to the zero section of a conic Lagrangian cycle, taking
into account the C*-action on the cotangent fibres. For flag manifolds, a rich source of char-
acteristic cycles is given by the proof of Brylinski-Kashiwara [14] and Beilinson-Bernstein
[7] of Kazhdan-Lusztig conjectures. In this context, the Lagrangian cycles corresponding to
CSM classes are the characteristic cycles of the Verma modules.

We combine the algebraic and geometric frameworks to prove a Segre type formula for
the CSM classes of Schubert cells, in tems of the characteristic cycle of the Verma modules.
The formula is manifestly positive in the non-equivariant case, and it proves the non-
equivariant version of a positivity conjecture from [5] for the CSM classes of Schubert cells
in flag manifolds. This generalizes a similar positivity result proved by J. Huh [25] for the
Grassmannian case (in turn proving an earlier conjecture posed in [4]).

1.1. Statement of results. Next we give a more precise account of the results we are
proving. The first part of the paper consists of a general discussion of Ohmoto’s torus
equivariant CSM classes from the point of view of Lagrangian cycles in the cotangent
bundle of a smooth complex algebraic variety X. We extend the formalism of shadows of
characteristic classes developed in [2] to build a dictionary between C*-equivariant classes
in a vector bundle E endowed with a C*-action by fiberwise dilation and homogenizations of
shadows of corresponding classes in the projective completion of E (Proposition . Here,
the homogenization of a class ¢ = > ¢; with ¢; € H;(X), with respect to the character x
defining the action, is

X i=cotex+ - Fex" € HY (X)

Note that HE (X) & H,(X)[h], where h := ¢1(Op(—1)) € HZ.(pt) corresponds to the
standard representation of Lie(C*), since the given action is trivial on X.

In §2.2] we extend the formalism of shadows to smooth varieties X endowed with the
action of a torus 7. This notion allows us to define a morphism from the group of 7-
equivariant conical Lagrangian cycles in the cotangent bundle of X to H! (X), and we prove
(Proposition that the equivariant shadow of the characteristic cycle of a constructible
function ¢ equals Ohmoto’s equivariant CSM class of ¢:

Shadow” (CC(p)) = &L (p) € HI (X).
T

Here ¢, (¢) denotes a ‘signed’ version of Ohmoto’s natural transformation (see (7). In
we use these results to prove (Theorem :

Theorem 1.1. Let X be a complex algebraic manifold, with a T-action. Consider the C*-
action dilating the cotangent fibres with character h=' on T*(X). Let v : X — T*X be the
zero section. Then

ICC(p)]rxer = cl(p) € Hy *© (X).

Here cz’h is the homogenization of Ohmoto’s equivariant MacPherson transformation.
Theorem generalizes to the equivariant case results of Ginzburg [2I, Appendix| and
Sabbah [50]. In fact, even in the non-equivariant case, the theorem gives another formula
of Ginzburg’s analogous map from loc. cit. (avoiding the use of equivariant K-theory and
the equivariant Riemann-Roch transformation).

This result informs the rest of the paper, which is focused on the study of (homogenized)
equivariant CSM classes of Schubert cycles in generalized flag manifolds X = G/B, where
G is a complex, simple Lie group, and B a Borel subgroup. Let T C B be the maximal
torus, and W the associated Weyl group. Let RT denote the set of positive roots associated
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to (G, B). Denote by X(w)° := BwB/B the Schubert cell for the Weyl group element
w € W. Further, let M,, be the Verma Dx-module determined by the Verma module of
highest weight —w(p) — p, where p is half the sum of positive roots. Denote by Char(M,,)
the characteristic cycle (sometimes called singular support) of the holonomic Dx-module
My; see This is a conic T' x C*-stable Lagrangian cycle in T%(X).

The relevance of the Verma module comes from the proof of Kazhdan-Lusztig conjec-
tures by Brylinski-Kashiwara [14] and Beilinson-Bernstein [7]. It was shown therein that
Char(M,,) is (up to a sign) equal to the the characteristic cycle CC(1l x () ). Then Theorem
applied to the indicator function of the Schubert cell ¢ = 1 y(,,)o implies that

(X (w)°) = (=1)"),* Char(9,,).

The Verma characteristic cycle in the right hand side equals Maulik and Okounkov’s stable
envelope staby(w). This is stated without proof in [40, Remark 3.5.3, p. 69], and for
completeness we sketch one in Lemma[6.5] below. Combining the two facts one immediately
obtains the corollary (cf. Corollary [6.6)):

Corol*lary 1.2. Let w € W. Then *(staby(w)) = (—1)dimxcg}$(X(w)°), as elements in
HIPC (X).

This equality was proved earlier by Rimanyi and Varchenko [48, Thm. 8.1 and Rmk.
8.2] (see also [59]), using interpolation properties of CSM classes stemming from Weber’s
work [60], and the defining localization properties of the stable envelopes recalled (cf.
below).

The main result of the paper involves a formula for the CSM classes in terms of a Segre
operator, which we define next. Consider the following diagram:

(X)) P(T*(X) & 1)
\ '

Here P(T*(X) @ 1) is the completion of the cotangent bundle, 7, q, the natural projections,
and ¢ the inclusion of the zero section. As before, consider a C*-action on T*(X) acting on
the cotangent fibres with character A=1. Let C' C T*(X) be an equivariant cycle in T*X
and C C P(T*(X) @ 1) be its Zariski closure. Associated to this data consider the Segre
operator given by

Search. x)0(©) = . (g ) = (2 e OWH N ED.

Jj=20

Here ¢! denotes the total torus equivariant Chern class of a T-equivariant vector bundle.
In the non-equivariant homology, the Chern classes are nilpotent, and this operator has
values in homology. In the equivariant context the operator has values in the localization
HT (X))o of HT(X) at the equivariant ring Hz(pt); see §8 below. The main result of this
paper is the following (Theorem :

Theorem 1.3. Let w € W be an element in the Weyl group. Then the following equality
holds:

ch((X(w)?) = [[ (1 +@)Segret. g per (Char(My)) € HI(G/B)ige:

acRt
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In particular, in the non-equivariant homology,
csm(X (w)®) = Segrer-q/pye1(Char(My,)) € Ho(G/B).

In other words, the equivariant CSM class of a Schubert cell is (up to a factor) equal to the
Segre operator applied to the corresponding Verma cycle.

As advertised, in the non-equivariant case the Segre class is manifestly effective and it
implies the positivity of CSM classes. The proof of this corollary (but not of the theorem
is independent of other facts in the paper, and will be given next. Let [X (w)] € H.(X)
be the fundamental class of the Schubert variety X (w) := X (w)°. The set of fundamental
classes {[X (w)]}wew form a basis of the module H,(X).

Corollary 1.4 (Positivity of CSM classes). Let w € W. Then the non-equivariant CSM
class cgy(X (w)°) is effective, i.e. in the Schubert expansion

esu(X(w)*) = 3 e(vsw)[X (0)] € Ha(X),

v<w

the coefficients c(v;w) are non-negative. Further, let P C G be any parabolic subgroup.
Then the CSM classes of Schubert cells in H.(G/P) are effective, i.e., the similar Schubert
expansion involves nonnegative coefficients c(v;w).

Proof. Consider first X = G/B. The Verma Dx-module M,, is holonomic, thus its charac-
teristic cycle Char(M,,) C T*(X) is effective [24] p. 119] (or by [51, Rem. 6.0.4 on p.389] for
the corresponding result in terms of perverse sheaves), and so is its closure in P(7*(X) @ 1).
The tautological line bundle Op«( X)@l(l) is globally generated, i.e. it is a quotient of a triv-
ial bundle. Indeed, Or«(x)g1(1), is a quotient of T'(X) @11, and by homogeneity of X, T'(X)
is globally generated. Then ¢1(Or«(q/B)g1(1)) N [C] is effective, for any effective cycle C
[20, Ex. 12.1.7 (a)]. The result follows from Theorem Effectivity of CSM classes in
G/B implies effectivity in G/P by [5, Proposition 3.5]. O

This generalizes the positivity of CSM classes of Schubert cells for Grassmann manifolds,
which was proved by Aluffi and Mihalcea [4, 41] and Jones [27], Stryker [50] in several cases,
and for any Schubert cell in any Grassmann manifold by J. Huh [25]. Huh used that in this
situation the Schubert varieties can be desingularized by varieties with finitely many Borel
orbits. Unfortunately, the known desingularizations of Schubert varieties in arbitrary flag
manifolds do not satisfy this property in general. Seung Jin Lee [36, Thm. 1.1] proved that
the positivity of CSM classes for type A flag manifolds is implied by a positivity property
satisfied in a certain subalgebra of Fomin-Kirillov algebra [18] generated by Dunkl elements.
Thus CSM positivity can be also regarded as evidence for the Fomin-Kirillov conjecture.

The proof of the theorem follows from theorem [I.T] together with the ‘Hecke’ and ‘sta-
ble envelopes’ orthogonality properties of CSM classes. To explain the Hecke orthogonality,
consider two families of (Demazure-Lusztig) homogeneous operators

Li = hd; — s;, LY == hod; + s; : H O (X) —» HI*C (X).

where 9; : HI (X) — HI, ,(X) are the Bernstein-Gelfand-Gelfand operators ([8]) and s;
stand for the right actions of simple reflections in the Weyl group W on HI(X). These
operators satisfy the braid relations, hence we obtain by composition operators Ly, L,
for all w € W. They have been studied in relation to Hecke algebras [34, 35, 22] and
they are adjoint to each other with respect to Poincaré pairing; cf. Lemma below. The
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specialization L; := (L;)n—1 is an operator which was shown in [5] to generate recursively
the CSM classes. In the homogenized context, this means that

capt (X (w)°) = Ly [X (id)] 7
(Deﬁnitionand Proposition. Similarly, applying Li_l determine alternative ‘signed’

classes cgﬁ’v(X (w)°); these classes can be defined similarly to CSM classes, but would
normalize to the (equivariant) class of the cotangent bundle for a smooth compact variety.
We also study the action of these operators on opposite Schubert cells Y (w)°® := B~wB/B.
The main result is the following (Theorem :

Theorem 1.5 (Hecke orthogonality). The homogenized equivariant CSM classes satisfy the
following orthogonality property:

(cEm(X (u)°), g’ (Y (0)°)) = duw [] (h+ ).

a€ERT

Here (-,-) is the usual Poincaré (intersection) pairing. Note that the Schubert classes
satisfy a similar orthogonality property (there the product over the roots is omitted). Thus,
equivariant CSM classes consist of ‘corrections’ of ordinary fundamental classes by lower
dimensional terms, in a way preserving the basic orthogonality of Schubert varieties.

The ‘stable envelopes’ orthogonality follows from the orthogonality of the stable envelopes
proved by Maulik and Okounkov [40]. That orthogonality is with respect to the localization
pairing, derived from Atiyah-Bott localization theory. An expression of this pairing in terms
of Poincaré pairing is recalled in §7|below. Then the orthogonality of stable envelopes (Prop.

, together with Corollary implies:

T o Cgid()/(v)o) _
(), S i,

(See Theorem and compare also with Remark for another approach to this orthog-
onality result, not depending on theory of stable envelopes). Similar orthogonality results,
in the language of weight functions were obtained in [45, 47, 49, 23], for the type A flag
manifolds.

Comparing with the orthogonality result from theorem [1.5] we obtain a relation between
homogenized equivariant CSM classes of Schubert cells and their signed counterparts (The-
orem . Even in its non-equivariant specialization this result is highly non-trivial:

esm(X(v)°) = e(TX) Negy (X (v)°)

(Corollary . This shows that for flag manifolds G/B one can view the signed classes
ey (X (v)° as ‘Schwartz-MacPherson Segre classes’ of Schubert cells. Using these formulas
and some manipulations involving shadows of characteristic cycles ultimately yields Theo-
rem

Further applications include: a localization formulas for the CSM classes at any fixed
point (Cor. and a Chevalley formula (§9.3) for the CSM classes (this uses results
of Su [58, 57] about similar formulas for stable envelopes); formulas for the characteristic
class associated to the intersection cohomology sheaf of a Schubert variety (Remark ;
a remarkable statement relating the transition matrix between CSM and Schubert classes
and its inverse (Prop. [5.10)).

These results are generalized in §9| to the case of partial flag manifolds G/P, P O B
a parabolic subgroup. The identification between dual Chern classes and Segre classes is
no longer valid, as simple examples show. Nevertheless, stable envelopes behave similarly
for G/P, therefore the ‘stable envelopes’ orthogonality property extends to G/P, as one
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expects. In this case, the statement replaces the dual classes with the corresponding Segre
classes (Theorem [9.4)):

s w oy Cam(Y (vWp)°) _
(K ame), HEErt) =0

where Wp stands for the subgroup of W generated by the simple reflections in P. We give
an alternate proof, using the functoriality of CSM classes and a ‘Verdier-Riemann-Roch’
theorem for (equivariant) Chern classes due to Yokura [61] and Ohmoto [42] (see also [52]).

Acknowledgments. P. Aluffi is grateful to Caltech for hospitality while part of this work
was carried out. L. C. Mihalcea wishes to thank D. Anderson, A. Knutson, S.J. Lee, M.
Shimozono, D. Orr and R. Rimanyi for stimulating discussions; and further to A. Knutson
for being a catalyst to this collaboration. C. Su wishes to thank his advisor A. Okounkov
for encouragements and useful discussions. Part of this work was carried while at the 2015
PCMI Summer session in Park City; L. C. Mihalcea and C. Su are both grateful for support
and for providing an environment conducive to research.

2. SHADOWS AND EQUIVARIANT COHOMOLOGY

2.1. Definition and basic properties. In this paper we work in the complex algebraic
context, with A, the Chow group respectively H, the Borel-Moore homology. Moreover, in
case we speak of codimension we always assume that our spaces are pure dimensional.

Let 7 : E — X be a vector bundle of rank e+ 1 on X, and consider the projective bundle
of lines P(E). The pull-back via the projection ¢ : P(E) — X realizes A,(P(F)) as a module
over A.(X). In fact,

A(B(E)) = A (X)) + g er(B) + - + (g ce(E) + ¢ cer1(E))

where tk E = e+ 1 and ¢ = ¢1(Og(1)). Every class a of codimension k in A,(P(E)) may
be written as

(1) a=>Y g ")
=0

for uniquely defined classes a7 of codimension k — j in A.(X) (|20, Theorem 3.3(b)]).
Following [2], we call the (non-homogeneous) class

2 Shadowpg(a) := o ¢+ o Tl ... 4 oF

(2)

the shadow of o in X. By (], a homogeneous class o € A,(P(E)) may be reconstructed
from its shadow and its codimension k. We will omit the subscript F from the notation
if the ambient projective bundle is understood from the context. The following lemma is
useful in relating shadows of classes in different projective bundles, with ¢(—)N the total
Chern class operator.

Lemma 2.1. For a class a in A.(P(E)) the following hold in A.(X).
(i) The shadow Shadowg(a) equals

(B) N (e(Op(-1) 7 ) = e(B) 0 Y er (Op()) N
Jj=0
(ii) If F is a subbundle of E, and o € A,(P(F)) — A(P(E)), then
Shadowg(a) = ¢(E/F) N Shadowp(a)
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(iii) If Shadowp(a) = 3>"%_, a*=7, and L is a line bundle on X, then

Shadowggr (o) = Zc(L)j Nat7
j=0
(iv) Further, let E — F be a surjection of bundles, with kernel K, and let Cg be a
cycle in P(E) disjoint from P(K). Let Cp be the cycle in P(F) obtained by pushing
forward Cg. Then
ShadOWE([CE]) = C(K) N ShadOWF([CF])
Proof. Part (i) is [2, Lemma 4.2]. Part (ii) follows immediately from (i). Part (iii) is a
straightforward computation, which we leave to the reader. For part (iv), let ¢ : P(F) — X
be the projection. The given surjection £ — F' induces a rational map P(E) --» P(F),
which is resolved by blowing up along P(K); let v : P — P(FE) be this blow-up, and let
v : P — P(F) be the induced morphism:

/\

P(E) - - - > P(F)
AL
X

Since Cg is disjoint from P(F') and v is an isomorphism over P(E) \ P(F'), the cycle Cg
determines a cycle Cg in P, disjoint from the exceptional divisor, such that [Cg] = v4[Cg]
and [Cr] = v, [Cg]. By part (i) and the projection formula,

Shadow g ([CE]) = ¢(E) N g (c(* Op(=1))" N [Cx))

Now note that v*Og(—1) and vr*Op(—1) differ by a term supported on the exceptional
divisor in P, hence they agree on Cg. Therefore

Shadow([Cg]) = ¢(E) N g,v.(c(v*Or(~1))"" N [Cr)
e(B) N g (c(Or(~1) " N [C])
= ¢(K) N Shadowr([CF])
again by the projection formula and part (i). O

The formula in part (i) may be expressed concisely in terms of a ‘Segre class operator’;
see §3.2

Shadows are compatible with the operation of taking a cone. More precisely, let 1 denote
the trivial rank-1 line bundle on X, and consider the projective completion P(E®1); E may
be identified with the complement of P(E & 0) in P(E @ 1). Consider a C*-action on E by
fibrewise dilation, and the trivial C*-action on 1. This induces a C*-action on P(E& 1) such
that the inclusion F C P(E®1) is C*-equivariant, and the trivial action on P(E) = P(E&0).
A class a in A, (P(F)) determines a C*-invariant class C'(«) in A.(P(E & 1)), obtained by
taking the cone with vertex the zero-section X =P(0 1).

Lemma 2.2. Shadowg(a) = Shadowggi(C(a)).
Proof. This follows from Lemma (i). Indeed ¢(E & 1) = ¢(F), and P(E) = P(E & 0)
represents ¢1(Opg1(1)), so that

ch((’)E@l( j ﬂC ch OE ] ﬂOé;

j>1 §>0
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(the remaining term vanishes in the push-forward for dimensional reasons). O

Remark 2.3. Not all C*-invariant classes in A.(P(E & 1)) are obtained from classes in
A.(P(E)) as in Lemma For instance, the class of the zero section X = P(0 & 1) is
C*-fixed, and not of this form. For any subvariety V C X =P(0e 1) CP(E® 1),

Shadowgg1([V]) = ¢(E) N [V]
by Lemma (i), since Ogg1(—1) is trivial along the zero-section. 4

Denote by i : E — P(E @ 1) the embedding of F as the complement of P(F & 0), and by
q:P(E@® 1) - X the projection.

Lemma 2.4. Ifa € A,(P(E@® 1)) has codimension k, then i*(a) = 7*(a¥) where o is the
component of Shadow e (a) of codimension k.

Proof. Indeed, a = Zjié nq*(a*~7), where Shadow(a) = Zjié of and 1 = ¢1(Oge1(1)).
Since P(E @ 0) represents 1 and is disjoint from E, i*(n) = 0. Therefore i*(a) = i*g*(a¥) =
7*(a¥) as stated. O

2.2. Equivariant cohomology. Let T be a torus and let X be a variety with a T-action.
Then the equivariant cohomology H7.(X) is the ordinary cohomology of the Borel mixing
space X7 := (ET x X)/T, where ET is the universal T-bundle and T acts by ¢ - (e,x) =
(etil,tx)ﬂ It is an algebra over Hj(pt), the polynomial ring Z[t1, ..., t], where t;,... t;
are generators for the weight lattice of 7. We may also define T-equivariant (Borel Moore)
homology and Chow groups; see e.g., [17]. Every closed subvariety Y C X that is invariant
under the 7 action determines equivariant fundamental classes [Y]7 in H' (X) and AT(X).
Whenever X is smooth, we can and will identify the equivariant homology H} (X) with the
equivariant cohomology H7(X). We address the reader to [6], B3], or [42] for basic facts on
equivariant cohomology and homology. Equivariant vector bundles have equivariant Chern
classes c¢T'(—); see [6, §1.3], [I7, §2.4]. In Chow, c]T(E)ﬂ— is an operator AT (X) — AiT_j(X).

As in let 7: E — X be a vector bundle of rank e+ 1 on X. We consider the action
of C* on E by fiberwise dilation with character y, and denote by EX the vector bundle F
endowed with this C*-action. The natural projection w : EX — X is equivariant, where
C* acts trivially on X. Since the action of C* on X is trivial, the Borel mixing space Xcx
is isomorphic to BC* x X = P*° x X. Here and in the following, we will denote by P>
any approximation PV with N > 0 sufficiently large; see e.g., [6], §1.2. We will give the
results in the ordinary and equivariant Chow groups; they imply the corresponding results
in ordinary/equivariant (Borel-Moore) homology, via the map defined in [I7, §2.8]. By
definition,

AT (X) = Ana(BY x X)

for N > 0. We will call dim X — ¢ the ‘codimension’ of a class in this group. Since
Xeox 2P x X,

AT (Xe) 2 AUX)IA)
where h := ¢1(Ope(—1)) corresponds to the identity character. Next, denote by

p:Xer =P x X — =X

n general, the Borel mixing space is only a separated algebraic space, but if X is a quasi-projective
scheme, then X7 is again quasi projective; see [42, §2.2] or [43].
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the projection. If x is the character z — 2%, a standard computation shows that the mixing
space E%*, along with the natural projection to Xcx, is isomorphic to the vector bundle
X p*E ® Oposo(—a) — Xc+. We have the diagram

Ef. = p*E ® Op=(—a) EX
1
Xer =P x X —2 o X

Lemma 2.5. The projection m induces by flat pull-back a codimension-preserving isomor-
phism * : AC(X) =5 AT (EX). The embedding 1 - X — E of the zero section induces a
codimension-preserving isomorphism

/AT (BY) s AT (X) 2 AL(X)[H]

satisfying o* = ()~ L.

Proof. This follows from [20, Theorem 3.3(a)| applied to the projection 7X : Ef, — X¢-. O

2.3. Homogenization of shadows and C*-equivariant cohomology. Consider a (non-
homogeneous) class a = Z?:o o/ € A,(X), where o/ denotes the homogeneous component
of a of codimension j in X. The choice of (a codimension) k > ¢ and of a character x
determine the homogeneous class
¢
(4) aX = Zkajaj € Afimx—1(X);
§=0

here we write x = ah = ¢1(Op~(—a)) if x is the character z — 2z*. We will call aX the
‘(x-)homogenization’ of degree k of a; the fixed codimension k will be clear from the context.

Example 2.6. A key example is given by the homogenization of the total Chern class of
the bundle EX. If x1,...,x.41 are the (non-equivariant) Chern roots of F then the (C*-

equivariant) Chern roots of EX are x1 +, ..., Tet1+ X. It follows that for every subvariety
VCX,

(5) et (BX) N [V]es = (e(B) N [VI)X € Afyuy—(ern)(X)

(note that [V] may be identified with [V]c+ since the C*-action on X is trivial). Le., in this
case the homogenization is naturally an equivariant top Chern class. a

Now let C' be a C*-invariant cycle of codimension k in £ = EX. Viewing E as an open
subset of P(E @ 1) as above, C determines a codimension-k cycle C in P(E @ 1). The
next result compares the class [C]c+ of C in the equivariant Chow group AC (EX) and the
class [C] in the ordinary Chow group A,(P(E @ 1)).

Proposition 2.7. Let C' be a C*-invariant cycle of codimension k in EX, as above. Then

[Clcx € AT (EX) > A(X)[h] is the x-homogenization of degree k of the shadow of [C]:

¢ ([Cler) = (Shadow([CT))*

Remark 2.8. In particular, this shows that equivariant fundamental classes of invariant
subvarieties of a vector bundle EX of rank e 4+ 1 are of the form

Oék—i-X?T*(Oék_l)+"'+X€+17T*(Oék_e_1)
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i.e., combinations of powers x/ with 0 < j < rk E. In other words, among all equivariant
classes, proposition [2.7] distinguishes the fundamental classes of fixed codimension equivari-
ant subvarieties in £ as those classes determined by no more than rk £ + 1 homogeneous
classes in A,(X), a quantity independent of dim X. It will in fact follow from the proof
(cf. (@) that if such a subvariety is not supported within the zero section of E, then
af—e=l = 0. a

Proof. By linearity we may assume that C = V for a C*-invariant subvariety V of F.
First assume that the subvariety is contained in the zero-section, so that C' = v.([V]) for a
subvariety V of X. By the (equivariant) self-intersection formula,

*([Cles) = (V) = cey (BN N [Vies = (e(B) N [V])X,

where the last equality follows from ({5)) ([V]c+ may be identified with [V] since the C*-action

on X is trivial). On the other hand, C = C is also the push-forward of V to the zero-section
X=P0all) CcP(E®1). As in Remark we deduce that

Shadow(C) = c(E@ 1) N [V] = ¢(E) N [V]

from which the claim follows.

Next, assume V' is not supported on the zero-section of E' and has codimension k. Since
V' is C*-invariant, V' determines and is determined by a subvariety P(V') of P(E); in this
case, V is the cone over P(V) with center P(0@ 11). Let Shadowg(P(V)) = > =0 k=7 with
a#77 of codimension (k — 7). By Lemma this is also the shadow of V, so that

(Shadow g1 (V)X = ijgk_j
j=0

in AG y_.(X). Denote by iX : EX — P(EX @ 1) the open embedding with complement
P(EX ¢ 0). This is a flat C*-equivariant map, therefore [V]c- = (z’X)*LV]C*. We calculate

(2X)*[V]c» using mixing spaces. First, observe that the mixing space V+ equals the cone
over P> x P(V) in P(E{, @ 1). Then Lemma [2.4] applied to the open embedding Ef. —
P(EX. @ 1) implies that the equivariant class (¢X)*[V]c- is the limit of the codimension k
component of

(¢)° (Shadow px, ¢ (Ve-)) = (¢4)* (Shadow px, (B> x B(V)));

where ¢X : EX, — P> x X denotes the projection. (This equality follows from Lemma )
If x is the character z — z® then with the notation from diagram above
P(EX.) = P(p"(E) & Ope (—a)) 2 P(p"(E)) = P< x P(E).
We have Shadow (i) ([P>° x P(V)]) = > 7_, p* (a*77); therefore
Shadoww sy ([P x B(V)]) = Shadow, ()s0(a (B x B(V))) = 3 e(O(~a))/ 1 p*(ab~)
j=0

by Lemma [2.1] (iii). It follows that the codimension & component of Shadow X, (P> xP(V))
equals 25:0 c1(O(—=a))? Np*(a¥~7). Interpreting the result in the equivariant Chow group,

we deduce
e

(6) C([Vies) = Ci* (Vi) = () D er(0(—a)) np* (0" ) =Y xlab
j=0 Jj=0

as needed. O



12 PAOLO ALUFFI, LEONARDO C. MIHALCEA, JORG SCHURMANN, AND CHANGJIAN SU

Remark 2.9. If X is endowed with the action of a torus T, and £ — X is a T-equivariant
vector bundle on X, then shadows of equivariant classes in AT (P(E)) may be defined in
AT(X). If in addition E = EX is given a C*-action by fibrewise dilation with character
X, the definition from generalizes to give the homogenization of an equivariant (non-
homogenous) class: for a = Z?:o ol € AT(X) and the choice of (a codimension) k > I, the
homogenization aX = Zﬁ:o x* 7ol is a class in A?;irxrngk(X ). The results of this section
remain valid in this more general context, and this is the situation we will consider in the
sections that follow. a

3. EQUIVARIANT CHERN-SCHWARTZ-MACPHERSON CLASSES

3.1. Preliminaries. Let X be a scheme with a torus 7" action. The group of constructible
functions F(X) consists of functions ¢ = "y, cw Ly, where the sum is over a finite set
of constructible subsets W C X and ¢y € Z are integers. A group F(X) of equivariant
constructible functions (for tori and for more general groups) is defined by Ohmoto in [42]
§2]. We recall the main properties that we need:

(1) If W C X is a constructible set which is invariant under the T-action, its char-
acteristic function 1y is an element of F7(X). We will denote by FI (X) the
subgroup of FT(X) consisting of T-invariant constructible functions on X. (The
group FT(X) also contains other elements, but this will be immaterial for us.)

(2) Every proper T-equivariant morphism f : Y — X of algebraic varieties induces a
homomorphism fI : FT(X) — FL(Y). The restriction of fI to FL (X) coincides
with the ordinary push-forward f. of constructible functions. See [42, §2.6].

Ohmoto proves [42, Theorem 1.1] that there is an equivariant version of MacPherson
transformation ¢! : FT(X) — HI'(X) that satisfies ¢! (lx) = ¢ (Tx) N [X]r if X is a
non-singular variety, and that is functorial with respect to proper push-forwards. The last
statement means that for all proper T-equivariant morphisms Y — X the following diagram

commutes:

FT(Y) e HT (V)

d e
T

FI(X) == HI(X)
In [42], Ohmoto defines ¢! for quasi-projective schemes X; in particular, no compactness is
required (this is already observed by MacPherson [39]). The quasi-projective hypothesis is
further relaxed in [43] to that of separated algebraic spaces, using the technique of Chow
envelopes. In our main application X will be a projective (flag) manifold.

Definition 3.1. Let Z be a T-invariant constructible subset of X. We denote by ch(Z )=
cl'(z) € HI'(X) the equivariant Chern-Schwartz-MacPherson (CSM) class, and for Z a
T-invariant irreducible algebraic subvariety of X by cl;. (Z) := ¢I'(Euz) € HI (X) the equi-
variant Chern-Mather class of Z. a

Here, Euy is MacPherson’s local Euler obstruction ([39} §3]). Both classes depend on the
chosen ambient space X. However, if Z is the closure of Z in X, then the inclusion Z C X
is proper, and one may view these classes as (non-homogenous) elements of H! (Z); the
corresponding classes in any T-invariant subvariety W of X containing Z may be obtained by
pushing-forward these classes (by the functoriality of ¢I'). We will often omit the dependence
of the ambient space, when this space is clear from the context. Both the CSM and the
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Chern-Mather classes equal [Z]7+ lower dimensional terms, and both classes agree with
cI(TZ)N [Z]r if Z is projective and non-singular. In [42, §4.3] Ohmoto gives an explicit
geometric construction of the equivariant Chern-Mather class.

It will be useful to consider a ‘signed’ version ¢ of Ohmoto’s equivariant MacPherson’s
transformation, by changing the sign of its components of odd (complex) dimension: for all
invariant constructible functions ¢, define

(7) &)=Y (=Y (-1 (e

k>0 k>0

Note that ¢ (¢), = 0 for k < 0 by [44, Sect.4.1]. In the non-equivariant setting, this signed
Chern class transformation appears implicitly in e.g., work of Sabbah [50] and Schiirmann
[52] (see also [31], 44, 52, [53]) where MacPherson’s transformation is constructed via La-
grangian cycles in the cotangent bundle of X. The equivariant version of this construction
is discussed below in ‘Dual’ CSM and Chern-Mather classes are defined by setting

(8) csin(Z) = (=) 7el (7). ey (2) == (=)™ 7E] (Buy)

If Z is T-invariant, irreducible and nonsingular, then both classes agree with the equivariant
Chern class of the cotangent bundle of Z, ¢! (T*Z) N [Z]r. For complete flag manifolds, a
geometric interpretation of signed CSM classes, in terms of Poincaré duality, will be given
in §5| below.

3.2. CSM classes and shadows of characteristic cycles. In this section we recall a
construction of MacPherson’s natural transformation by means of characteristic cycles,
and extend this construction to the equivariant setting. In the non-equivariant case this
construction appears in (among others) [50, 31}, 144} 2, 53]. Our main ingredient is Ohmoto’s
construction of the equivariant MacPherson’s transformation, [42].

In this section X will denote a smooth (complex) algebraic variety with an action of a
torus 7. We will state our results in equivariant Borel-Moore homology; mutatis mutandis,
they hold in the Chow group. (The two theories coincide for complex flag manifolds.) The
construction is illustrated in the following diagram (cf. [53, §3]); the notation is explained
next.

FLo(X) <2 7T(x) —2 . HT(X)
(9) CHLZ
FLL(X) —SC o pp(x) Shdol g7 (x)

Here ZI'(X) denotes the group of T-invariant cycles in X, while Ly(X) denotes the
additive group of T-invariant conic Lagrangian cycles in the cotangent bundle T*X of
X. (This is a T-equivariant bundle, where the T-action is induced from the left T-action
on X.) The elements of Ly (X) are linear combinations of T-invariant subvarieties V' C T* X
of dimension dim X which are also invariant under the natural C* dilation action on the
fibers, and such that the natural symplectic form on T X restricts to 0 on V.

The top maps are the ‘signed’ Euler obstruction, defined on irreducible varieties Z by
BEuy := (—1)%™Z Eug, and the signed equivariant Chern-Mather class el defined as in
on invariant irreducible projective varieties and extended by linearity to invariant cycles.
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The homomorphism Eu is an isomorphism, and the composition
c{/[’;/ o Eu_l = éz

is the signed equivariant MacPherson transformation. (Cf. [42] Proposition 4.3]. Ohmoto
works with non-signed classes, but the signed versions are convenient for us as they come
up naturally in the context of characteristic cycles in the cotangent bundle 7% X.) The map
cn: ZI'(X) = Lp(X) takes an irreducible cycle Z to its conormal space THX := Theq X,
where Z7% is the smooth part of Z. This map is a group isomorphism; see e.g., [31,
Lemma 3] or [24, Thm. E.3.6]. By composition we obtain an induced ‘characteristic cycle’
map CC : FL (X) — Ly(X) determined on irreducible T-invariant cycles Z by

CC(Buz) = (-1)*™?[T;X]

(see [44, eq. (11), page 67]). Since both maps cn, Euy are isomorphisms, the characteristic
cycle map CC is a group isomorphism as well. For a constructible function ¢, the image
CC(gp) is a conic Lagrangian cycle in T7*X called the characteristic cycle of p; this cycle is
clearly T-invariant if ¢ € FL (X).

mu

Remark 3.2. The left commutative square of @ and the definitions above can be refined, if
we are working with an algebraic Whitney stratification S := {S C X} of X such that each
stratum S is connected and T-invariant (see [52]). In later sections we will take X to be a
flag manifold with the stratification given by Schubert cells. Then the characteristic cycle
map CC' can also be directly defined in terms of stratified Morse theory for constructible
functions, inducing an isomorphism between the subgroup of FEW(X ) generated by all 1 g

and the subgroup of L7 (X) generated by all T¢X (with S a stratum).
The map Shadow” : Ly(X) — HI'(X) in the diagram is defined in terms of the ‘shadow’

operation studied in §2| Explicitly, let (7% X))y denote the mixing space of the cotangent
bundle T*X; (T*X)r is a bundle over Xp. A Lagrangian cycle C € Lp(X) determines a

T-invariant cycle C' in P(T*X @ 1), and hence a cycle Cr in P((T*X)r & 1). We let
(10) Shadow” (C) := Shadow 7 x),01([C7]);

this class lives in the (ordinary) homology of the mixing space X7, and is therefore naturally
an element of H! (X).

Proposition 3.3. Diagram @ commutes, 1.e.:
Shadow” (CC(y)) = ¢! (¢)

for every invariant constructible function .

Proposition also shows that the map Shadow? coincides with a map defined by
Ginzburg in [21, §A.3], using C*-equivariant K-theory on T*X. (There are some sign
differences between our approach and Ginzburg’s, due to the fact that Ginzburg often uses
the signed version of the CSM or Mather classes without explicitly acknowledging this.)
In this respect, Proposition [2.7] above can be regarded as an alternative to Ginzburg’s
construction; see also Proposition [4.1] below.

The non-equivariant version of Proposition is [2, Lemma 4.3]; this is essentially a
reformulation of [44], eq. (12), page 67], which in turn is based on a calculation of Sabbah [50].
For another approach to this non-equivariant version of Proposition see also [52]. In
the present context, the connection between shadows and these formulas is the equivariant
version of Lemma (i): for an invariant cycle C' in T* X,

(11) Shadow? (C) = I (T*X) N sT(C)
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Here, s (—) is an ‘equivariant Segre class’ operator, defined as follows: as above, the cycle C
determines a T-invariant cycle C' in P(T*X @ 1), and

(12) sT(0) == q.(c" (Or-xen(-1)) ' N[C])

where g : P(T*X @ 1) — X is the projection. In the non-equivariant case, the Chern classes
are nilpotent, therefore the operator is well defined. Equivariantly, this operator has values
in an appropriate completion. The Segre operator will be key in §§ below, where X = G/B
is a flag manifold. In that case, theorem [8:3| shows that it has values in a localization of the
equivariant homology ring. We refer to [20, Chapter 4] and [32] for detailed information
on Segre classes and operators in ordinary Chow groups. Formula follows directly by
applying its non-equivariant version to approximating spaces.

Proof of Proposition[3.3. Let U denote an approximation space to ET (see [I7], [42]), and
denote by u the projection U xp X — U/T. Note that the relative cotangent bundle T™*u
is the U-approximation of the bundle (7*X)r. Every invariant constructible function ¢
on X determines a constructible function on U xp X, agreeing with ¢ on the fibers of w.
We denote this function by ¢r. By Ohmoto’s definition, ¢ () is the limit of classes

&l () = lim o(T*Ur) ' N éulpr)
U

where T*Ur is the vector bundle (T*U) x7 X — U xr X ([42], p. 122 and Definition 3.2]).
This bundle is an extension of u*(7™*(U/T)) by a trivial bundle, therefore

& () = limu*e(T* (U/T)) " N éulov)
U

By [2, Lemma 4.3],
x(pr) = Shadowp« 7y x)e1 (CC(er))
in H,(U x7p X). Now we claim that
(13) Shadowr- (1w x)e1 (CCer)) = w*e(T*(U/T)) N Shadow-ye1 (CY),

where CU is the cycle in the relative cotangent bundle T*u determined by the invariant
cycle CC(p) in T*X. Indeed, by linearity we may assume that CC(p) equals the conormal
bundle 77 X of a subvariety Z of X. If Z = X, then the conormal bundle is the zero-section
of T*X, and the cycles CC(pr), CU are the zero-sections of T*(U x1 X ), T*u, respectively.
In this case, amounts to

(T*(U xp X))N[U xp X]| =u*c(T*(U/T))e(T*u) N [U xp X]
(Remark , which follows from the Whitney formula since we have an exact sequence

0 — u*T*(U/T) —= T*(U x7 X) T*u 0.

If Z # X, then CC(py) = T, (U x7 X) C T*(U x7 X), CV is the image of CC(¢p)
in T*u, and CC(py) only meets u*T*(U/T) at 0. In this case follows by Lemma[2.1] (iv)
and Lemma 2.2l We can conclude that

() = limy Shadowrsyg1 (CY)
U

and this is the statement. O

Proposition and formula imply:
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Corollary 3.4. Let ¢ € ]:gw(X) be an invariant constructible function. There is an identity
in H} (X),
(T*X) N sT(CClp)) = & ().

4. HOMOGENIZED CSM CLASSES ARE PULL BACKS OF CHARACTERISTIC CYCLES

We can now apply Proposition and obtain another construction of the map Lp(X) —
HT(X), using the equivariant pull-back via the zero section ¢ : X — T*X of the cotangent
bundle.

Again assume that X is nonsingular, and let T*X denote the cotangent bundle of X.
View T*X as a T x C*-equivariant bundle, where the T-action is induced from the left
T-action on X as in and the C* factor acts on the fibers of T*X by dilation with
character x. Let m : T*X — X be the natural projection and ¢ : X — T*X the zero
section; they are both T' x C*-equivariant. Observe that every C' € Ly (X) is also T' x C*
invariant. Since C* acts trivially on X, HI*® (X) = HI'(X)[h).

Proposition 4.1. Let C* act on fiber of T*X by dilation with character x. Then for all
Ce LT(X),

ShadowT(C')X = " ([Clrxc+)

Proof. The equivariant homology H!*C"(X) may be viewed as the C*-equivariant homology
of the mixing space Xp: HI*C (X) = H® (Xr). By Proposition

([Clrxes) = *([Cr]e+) = Shadow([C]7)X = Shadow! (C)X
by definition of Shadow?” . O

As a consequence, we obtain the promised re-interpretation of the map Ly (X) — HI'(X)
in diagram @

Corollary 4.2. Let C* act on fiber of T*X by dilation with character h. Then for all
Ce LX),

Shadow” (C) = t*([Clrxc ) o1

By the commutativity of diagram @, the same result implies a direct realization of the
homogenized CSM class of a constructible function in terms of the equivariant pull-back:

Theorem 4.3. Let v : X — T*X be the zero section, and let C* act on the fibers of T*X
by the character ™. Then

CCC(@)rxer = ¢l (9)" € Hy *© (X).
Proof. By Propositions and
[CC(p)]rxe = Shadow” (C) ™" = &l (¢) ™"
By definition of homogenization (cf. ) and of signed Chern class,

dim X A ‘ dimX
()= > (= (1Yl () = D Wel(p); =cl(v)
j=0 j=0

(The class in is indexed by codimension, while here the index denotes dimension). [



CHARACTERISTIC CYCLES, CSM CLASSES, AND POSITIVITY 17

Example 4.4. Let X = P! and consider the constructible function llp:. For simplicity, we
will only work C*-equivariantly. Then

cs(pr) = [P'] + 2[pt] = «(TP') N [P].
By definition of homogenization,
co(p)" = B[P + 2[pt].
On the other hand, by the self-intersection formula,
C(ulPles) = ¢ (TP N [Pler = (au(T*PY) — h) N [PY] = —~A[P'] - 2[pt].
Together with the fact that CC(llp1) = — [T, P'] = —1.[P!]c+, this implies that
F[CC(Ip )] e = ex (L)
as claimed. r

Specializing Theorem to the constructible functions ¢ = 1z and ¢ = Euy gives the
following.

Corollary 4.5. Let Z C X be a T-stable constructible subvariety, and let C* act on the
fibers of T*X by the character h='. Then the homogenized CSM class satisfies

ciu(Z2)" = *[CC(L7)lrxcr € Hy *© (X).

If Z C X is a T-stable irreducible subvariety then the homogenized Chern-Mather class
satisfies .
chra(2)" = (1) 2Ty X]rxer € Hy *© (X).

Remark 4.6. If one further specializes Theorem to the characteristic function ¢ =
I x and considers the nonequivariant case, i.e. when i — 1 and elements in H7(pt) are
specialized to 0, then one obtains the classical index formula

[ e = ),
where x(X) is the Euler characteristic. a

5. HECKE ORTHOGONALITY OF HOMOGENIZED CSM CLASSES FOR COMPLETE FLAG
MANIFOLDS

We will now focus on the case in which X = G/B is a flag manifold, where G is a com-
plex simple Lie group and B is a Borel subgroup. The flag manifold has two transversal
algebraic Whitney stratifications given by the B and B~ orbits, where B~ is the oppo-
site Borel subgroup.The goal of this section is to study the torus-equivariant CSM classes
of these orbits. Formulas for these classes were computed in [5], in terms of a certain
Demazure-Lusztig operator. Here we continue this investigation and we show that the dual
homogenized CSM classes of Schubert cells are determined respectively by the adjoint of
the Demazure-Lusztig operator. The two Demazure-Lusztig operators have been studied
in several papers, in relation to degenerate Hecke algebras, and to equivariant K theory of
G/ B; see [22), 134}, 135 [38].

The main application, is an orthogonality property enjoyed by the (homogenized) CSM
classes. Riményi and Varchenko [48] §7] proved that CSM classes of Schubert cells satisfy
an orthogonality property, inherited from the orthogonality of Maulik and Okounkov’s sta-
ble envelopes [40]. However, the orthogonality we will prove in this section is related to
orthogonality properties in the (degenerate) Hecke algebras, as discussed e.g. in [34] and it
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appears to be complementary to that from [48] [40]. The two orthogonality properties are
the key ingredients needed later to prove certain identities relating the dual and ordinary
CSM classes. In turn, these identities will lead to a proof in §8| of a positivity property of
CSM classes conjectured in [5].

In what follows, we will use the notation from [5]. The Weyl group Ng(T")/T is denoted
by W, £: W — N is the length function, and wy denotes the longest element. Notice that
B~ = woBwy. For w € W, define the Schubert cells X (w)° := BwB/B ~ C/%) and the
opposite Schubert cells Y (w)°® := B~wB/B ~ C#mX~w)  Their closures are the Schubert
varieties X (w) = BwB/B and the opposite Schubert varieties Y (w) = B~-wB/B. These
are complex projective algebraic varieties such that dimc X (w) = codimc Y (w) = f(w).
The Bruhat order < is a partial order on the Weyl group W; it may be defined by declaring
that v < v if and only if X (u) C X (v). Also recall that the opposite Schubert classes [Y (w)]
are Poincaré dual to the Schubert classes [ X (w)], in the sense that

(14) (X (W), [Y(v)]) := [(X(w)] - [Y (v)] = duv

G/B
with respect to the usual intersection pairing (see e.g., [13, Proposition 1.3.6]). In fact, (14))
also holds for equivariant classes, since the intersections are generically transverse. We also
note that [Y(w)] = [X(wow)]. This equality for ordinary classes does not extend to the
equivariant setting, but of course one can translate from B to B~ -stable Schubert classes
using the left multiplication by wg; the details will be recalled below.

5.1. An operator relating CSM classes on flag manifolds. The main result of [5]
calculates the equivariant CSM classes cl);(X (w)°). For each simple reflection s; € W
one can associate two operators on H%(X). The first is the BGG operator 9; : HI (X) —
HT, ,(X) and it is obtained as 9; = 7} (m;), where m; is the projection m; : G/B — G/P;, and
P; is the minimal parabolic subgroup associated to i. The BGG operator 0; is H.(pt)-linear.
The second operator is the homogeneous algebra automorphism s; : HI'(X) — HI'(X)
obtained by the right Weyl group multiplication by s; on G/B = K/Tg. Here K C G is
the maximal compact subgroup, Tk := 7'N K is the maximal torus and (abusing notation)
HI'(X) = H%(X) by Poincaré duality. For each simple reflection s; € W define the (non-
homogeneous) operator 7; := J; — s; acting on the homology H!(X). The operators T;
satisfy the braid relations for W and 7;? = id (|5, Proposition 4.1]). Thus, we may define
an operator T, for any element w of the Weyl group. The next result was proved in [5],
Corollary 4.2].

Theorem 5.1. Let w € W be an element of the Weyl group. Then
Ti(chu(X (w0)°) = cgu(X (wsi)°).
Therefore, for every w € W, we have
ciu(X(w)?) = T ([pt]7)-

5.2. Demazure-Lusztig operators. As in consider a C* acting on X trivially and let
he HE. (pt) C Hiy e (X) = Hp(X)[h]. We will denote by T the torus T x C*. We define
two operators
Li = h@z — Si; L:/ = h@l + Si,

acting on HY(X). These are homogeneous operators on H,. (X)= H(X). Notice that L;
is the homogenized version of the operator 7; = 9; — s; from [5] recalled above. The
‘dual” operator LY is precisely the Demazure-Lusztig operator discussed by Ginzburg in
[22, Eq. (47)]. It follows from the basic commutation properties of 9; and s; (see e.g.,
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[5, Lemma 2.2]) that both operators L; and L} satisfy the braid relations and that L? =
(LY)? = id. In particular for each w € W there are well defined operators Ly, and Ly,. Let
(-,-) : H3(X) ® Hi(X) — Hy(pt) be the intersection pairing defined by (a,b) = [ a - b.

Lemma 5.2. The operators L; and L} are adjoint to each other, i.e., for any a,b € H}(X)
there is an identity in Hj(pt):

<Li(a)7b> = <a7 L;/(b»
Therefore, (Ly(a),b) = (a,LY _, (b)) for all w € W.

Proof. It suffices to show that the BGG operator 0; is self-adjoint and that the adjoint of
s; is —s;. We first verify that 0; is self-adjoint; while this is well-known, we include a proof
for completeness. Let P; be the minimal parabolic group and 7; : G/B — G/P; the natural
projection. Recall that 9; = 7} (m;)«. Then

(Oi(a)., b) = /G R CONORE /G () (7). (0) = (0,00

where the last equality follows by symmetry.

In order to verify that s; and —s; are adjoint, let e,, := wB € G/B denote the T-fixed
point in X corresponding to w (so e;q = 1.B is the B-fixed point). Then fXa - b is the
coefficient of [X (id)|T =[e;q)T in the expression for a - b with respect to the Schubert basis.
Recall also that

sileidlt = —[es;, ]t = P(t)[X (si)]1 — [eidlT
where P(t) € H2(pt). (Cf. e.g., [5, (4) and §6.3].) Then

(si(a),b)—/Xsi(a)-b—/xsi(a)-sisi(b)—/Xsi(a-si(b))——/xa-si(b)——(a,si(b)>.

Here we also used that s; squares to the identity. O

Next we use formulas for 9; and s; to calculate the actions of L; and L;/ on Schubert
classes. Of course, these actions can be obtained by homogenizing the action of (L;)p1
and (L) )p—1 to Schubert classes, and the latter can be obtained as in [5, §6.3], based on
the results of [33]. Therefore we will be brief, and indicate only the most salient points.
(15)

X if ¢ </

(B4 w(a)) [ X (wsg)]r + [X (w)]r + Y (ar, BY)[X (wsksp)]r  if L(wsg) > L(w)

where the sum is over all positive roots 8 # ay, such that f(w) = l(wsysg), and w(ay)
denotes the natural W action w - o, on T-weights; note that w(ag) > 0 since wsy > w. The
corresponding formula for the dual operator L,\g is
(16)

X(w if {(wsg) < b(w

(h = w(ap) [X (wsp)lr — [X (w)]r — 3o{ow, BY)[X (wsksp)lr  if L(wsk) > £(w)

where the sum is as before. For further use, we calculate the actions of the two operators
on the opposite Schubert basis elements [Y (w)]|r. For that, we use the well known technique
of applying the automorphism induced by left multiplication by wg, which we recall next.
Let ny, € G be a representative of wg € W = Ng(T)/T. Left-multiplication by 7,
induces an automorphism G/B — G/B, gB + ny,9B. The image of any T-stable
subvariety under this morphism is independent of the choice of the representative n,,,, and
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by abuse of language we denote n,,, by wo and the morphism simply by ¢,,,. This morphism
satisfies

(17) Ouo (X (w)°) = @u, (BwB/B) = woBwowowB/B = B~ wowB/B =Y (wow)°.

Let xo : T — T be the automorphism obtained by conjugating by n.,, i.e., xo(t) =
nwotn;(}. This is independent of the choice of n,,, hence we denote it simply by xo(t) =
wotwy. (Note: wy = wy Lin W.) The morphism ¢,,, is not T-equivariant, and it twists the
T characters via xo:

Pug (t-9B) = wotgB = Xo(t)Pu, (9B)-
Together with identity this implies that ¢, induces an automorphism ¢y, : Hj(G/B) —
H7(G/B) mapping [Y (w)]r to oy, [Y (w)]r = [X (wow)]r. As before, this is not a homomor-
phism of H7(pt)-algebras, but it ‘twists’ the coefficients in the base ring H7 (pt) according
to the automorphism xo. The ring automorphism ¢y, can be extended to one of H3(X)
by letting @3, (h) = h. Recall also that the operator s; is given by the right W-action on
HZ%(G/B), i.e., by the right multiplication on G/B = K/Tr and as such it commutes with

left-multiplication. From this we deduce that both operators L; and LZ commute with ¢y,
thus

Li[Y (w)] = ¢}, Le[X (wow)]; LY (w)] = ¢}, Ly [X (wow)]r-

Explicitly, we obtain
—[Y(w)]r if L(wsg) > L(w)
(h+w(ee)[Y (wsk)]r + [V (w)]r + 3 (aw, BY) Y (wsksg)]r if L(wsk) < ((w)
where the sum is over all positive roots 5 # oy, such that £(w) = ¢(wsysg), and w(ay) =
w - o, denotes the natural W action on T-weights. In this case w(agx) < 0, since wsy < w.
Similarly

Y (w)]r if L(wsy) > L(w)

(h —w(ap))[Y (wsp)]r — [Y(w)lr — Y(ok, BY)[Y (wsksp)lr - if L(wsk) < £(w

~

5.3. Hecke orthogonality of homogenized CSM classes. We consider next homoge-
neous equivariant CSM classes of Schubert cells and of opposite Schubert cells. As we will
see, with suitable positions these classes are (Poincaré) duals of each other.

Definition 5.3. For w € W, we let
caat(X (w)°) := Ly [X (id)]m; egiy(V (w)°) := Ly [Y (w0)] s
and
egir (X (w)°) = Ly [X (id)]m; - egir” (Y (w)°) = Ly [Y (wo)]r.
Because both operators L;, L are homogeneous of degree 0, it follows that these classes
all belong to Hy (X). J

The following proposition follows immediately from the definitions of the operators L;
and LY and from Theorem

Proposition 5.4. The class cg}\'}(X(w)o) and the class Cg}\)}[’v(Y(w)o) coincide respectively

with the hi-homogenizations of the CSM class ¢k, (X (w)°) and of the dual class cg}\}(Y(w)o)
from equation . Ezxplicitly,

Cg}\Z(X(w)O)— com(X Z R cga(X (w)°)k,
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and
T,h,V T,V h dim X—¢ k kT
e (Y (w)°)= g (Y (w)*)! = (=1) XY = aF (= 1) ey (Y (w)°)s,
where the subscript k denotes the component of dimension k.
In particular, cgNrIL (X (w)°) is the class expressed as an equivariant pull-back of the char-
acteristic cycle in Theorem |4.3; analogous statements can be made concerning the other

classes introduced in Definition Also, the classes cgﬁ(Y(w)o) cgl\z V(X (w)°) are related
to the others by the automorphism ¢,,,. We record the result.

Proposition 5.5. The following hold:
T.h o x T)h o
CSM(Y(w) ) = ‘PwOCSM(X(U)Ow) )
T,h, o T,h,V o
CSMV(X(U)) ) = ‘PwOCSM (Y(U)Ow) )
Another description of the dual CSM classes can be found in Theorem below. The

explicit expressions , yield the following computation of the leading terms of the
main classes introduced in Definition (also cf. [0, Proposition 6.5]).

Lemma 5.6. For w € W, let e(w) := [],-1(q)<o(h + @) and é(w) := [],,-1(4)<0(h — @).
Then
cgﬁ(X(w)o) = e(w)[X (w)]r + terms involving [X (v)]r for v < w.

cgﬁv(X(w)o) = ¢(w)[X (w)]r + terms involving [X (v)]r for v < w.

Next is the main result of this section. It establishes that the classes cgﬁ(X (u)°),

cgl\z v(Y(v)o) are dual to each other, in the sense made precise in the following statement.

Theorem 5.7. The homogenized CSM classes satisfy the following orthogonality property:
T,h o T,h, o
(e (X (1)), copr (Y (0)°)) = H(h + a).
a>0
An analogous orthogonality property holds for opposite Schubert cells:
T,h o T,h, o
(con(Y (u)®), CSMV(X(U) ) = Ouw H(h —a).
a>0
Remark 5.8. Observe that
(18) e= [] (h+a)=(-0)"mBe*C (12 (G/B)),
acR4

i.e., e can be interpreted as the the signed T' x C* equivariant Euler class of Ty (G/B);
equlvalently, it is the equivariant Euler class of T,,,(G/B). J

Proof of Theorem [5.7. To prove the first equality, we use Lemma [5.2 and Definition [5.3] to
obtain the following.

(et (X ()°), e51Y (Y (0)°)

(L1 [X (id)]r, Ly, [Y (wo)] )
= <Lw0vLu 1[ (id)]'ﬂ'v [Y(WO)}@
= < wovu ™ 1[ (id)]'ﬂ‘a [Y(wo)]'ﬂ'>

= coefficient of [X (wq)|r in cgl’\ff(X(uv_lwo)O).
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By Lemma this coefficient is 0 unless u = v, and it equals [] . ,(2 + ) if w = v. This
verifies the first equality. The second equality follows from the same argument, using now
that

(Lt [Y (wo) ), Ly [X (id)]r) = ([Y (wo)), Ly 1 [X (id)]7) = e [ [ (R = ),
a>0

again from Lemma [5.6 ]

Corollary 5.9 (CSM Poincaré duality). Ordinary CSM classes are Poincaré dual to dual
CSM classes of opposite cells. That is:

(19) (esm(X (1)), cipu(Y (v)°)) = duo-
Proof. This follows from the previous theorem by specializing A+ 1 and « — 0. O

In ordinary homology, the leading terms of cgni(X (w)°) and gy (Y (v)°) are [X (w)], [Y (v)],
respectively: we may view these CSM classes as ‘deformations’ of the fundamental classes
by lower dimensional terms. Corollary states that these deformations preserve the

intersection pairing: cf. and .

5.4. The transition matrix between Schubert and CSM classes. We present two
consequences of the orthgonality property, in the non-equivariant setting.
The CSM class of each Schubert cell may be written in terms of the Schubert basis:

(20) csm(X(0)°) = D e(w;0)[X (u)]
ueW
with c(u;v) € Z. A natural question is to find the inverse of the matrix (c(u;v)),,, where

u,v vary in the Weyl group W.

Proposition 5.10. The inverse of the matriz (c(u;v))uv is the matriz

)

(=1 = We(wov; wou))

U,V

Proof. Let (d(u;v))y,, be the inverse matrix. In other words,

(X ()] = D dlu;v)esm(X (u)°)
ueW
By Corollary d(u;v) = ([(X(v)], ey (Y (w)®)). This is the coefficient of [Y'(v)] in the
expansion of ¢ (Y (v)°) in the basis of (opposite) Schubert classes. This coefficient can
calculated from the Proposition [5.4] above, using that for any w € W, [Y(w)] = [X (wow)].
g

Ezample 5.11. Consider the complete flag manifold F1(4) in type A, W = S;. We consider
the matrix whose (4, j) entry is the coefficient c(w;,w;), where we list the permutations
w; € S, i =1,...,24 in lexicographic order (in ‘window’ format):

1234, 1243, 1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341, 2413, 2431,
3124, 3142, 3214, 3241, 3412, 3421,4123,4132,4213,4231,4312,4321
Applying [5, Corollary 4.2], we obtain the matrix shown in Figure|l|at the end of the paper.

The inverse of this matrix is the matrix shown in Figure[2l As claimed in Proposition [5.10
this matrix is (up to signs) the anti-transpose of (38)).
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Consider now the problem of defining a constructible function ©y on a given variety V/,
such that ¢.(©y) = [V]. Such a function is of course not uniquely defined, but there are
interesting situations in which a particularly natural function satisfies this property. For
example, if V' is a toric variety compactifying a torus V°, then ©y = 1ly. is such a function
([ Théoreme 4.2]). Proposition implies that Schubert varieties offer another class of
examples.

Corollary 5.12. Let ©, = Zv(—l)g(w)_l(”)c(wov;wow)llx(v)o. Then ¢4 (©y) = [X(w)].

Proof. Recall that Y (w)° is the wo-translation of X (wow)°, cf. (17). It follows that

e (Y (0)°) = e (X (wov)®) = Y (=)~ @e(wou; wov) X (wou)]
ueW

with notation as in . Therefore, amounts to the identity

Z C(’UJ, u)(_l)f(v)—é(w)c(wow; wOU) = 5uv-

w

O

To illustrate, let w = wyp, the maximum length element in the Weyl group. Then according

to Corollary

(21) [G/B] = c, <Z(_1)é(w0)€(v)ﬂx(v)o>

v

This identity is independently proven in [5, Proposition 5.5].

Remark 5.13. Consider the Schubert expansion of the equivariant CSM class:
chu(X (w)°) =Y " (v;w)[X (v)]r,

where ¢! (v;w) € H%(pt) = (Lie T)*. There is an interpretation of the coefficients ¢ (u;v)
in the affine nil-Hecke algebra, found by S.J. Lee in [36]. We briefly recall this interpretation,
and refer to loc. cit. for all the details. The affine nil-Hecke algebra H.,;; is generated by

the elements J,, and A € (LieT")*, subject to the following relations:
(1) A= pA, for any A, pu € (LieT')";
(2) ?way = 6€(wg),£(w)+€(y)awy§
(3) 81)\ = Si/\ . 8l — <)\,Oé;/>.

For each simple root «;, define the element 5; := 1 + @;0; € Hpy. The elements {0;} and
{5} satisfy the braid relations in the Weyl group W. Let w = s;, -...-s;, € W be a reduced
decomposition. Then according to [36] Thm. 6.2] there is an identity

(Siy, +0iy) - (8i, +03) = >l (v;w) 0,

Geometrically, 0; corresponds to the BGG operator d;, 5; to —s;, and the weight A\ to
the Chevalley multiplication by the equivariant Chern class ¢! (G x? C_y) (the class of a
G-equivariant line bundle over G/B).
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6. CSM CLASSES AND CHARACTERISTIC CYCLES FOR FLAG MANIFOLDS

In the classical results of Beilinson-Bernstein [7], Brylinski-Kashiwara [14], and Kashiwara-
Tanisaki [28], the theory of characteristic cycles associated to holonomic D-modules on flag
manifolds becomes a powerful geometric tool to study the representation theory related to
Kazhdan-Lusztig polynomials. In turn, characteristic cycles for Verma modules are (up
to a sign) equal to the stable basis elements of Maulik and Okounkov [40]. Relations of
stable basis to integrable systems were studied in a series of papers by Riményi, Tarasov
and Varchenko [47, 149, [46]. Since characteristic cycles and CSM classes are closely related
(cf. Theorem , it is natural to ask for the precise relations between these classes, Verma
modules, and stable basis elements. This is the goal of this section. Hints of this connection
were given in [5], where it was observed that the operator 7; = 9; — s; determining CSM
classes for Schubert cells in flag manifolds is closely related to the Demazure-Lusztig oper-
ator; this is now better explained in section above where we studied the homogenized
CSM classes. In the same vein, Rimanyi and Varchenko [48] observed that localizations
of equivariant CSM classes, calculated earlier by Weber [60], and those of the stable basis
elements, coincide.

6.1. CSM classes and characteristic cycles of Verma modules. Let X be a smooth
complex variety. We start by recalling a commutative diagram considered by Ginzburg in
[21, Appendix|, which is largely based on results from [7, [14] 2§].

Perv(X) DNR Mod,,(Dx)
(22) Xstalk l iChar .
FOX) —C ) — L Hx).

Here Mod,,(Dx) denotes the Abelian category of algebraic holonomic Dx-modules with
regular singularities, and Perv(X) is the Abelian category of perverse (algebraically) con-
structible complexes (of sheaves of C-vector spaces) on X. The functor DR is defined on
M € MOdrh(Dx) by
DR(M") = RHomp, (Ox, M )[dim X],

that is, it computes the DeRham complex of a holonomic module (up to a shift), viewed
as an analytic Dx-module. This functor realizes the Riemann-Hilbert correspondence, and
is an equivalence. We refer to e.g., [28] 21] for details. The left map xsiir computes the
stalkwise Euler characteristic of a constructible complex, and the right map Char gives the
characteristic cycle of a holonomic Dx-module. The map CC is the characteristic cycle map
for constructible functions from diagram @D above. The commutativity of diagram @ is
shown in [2I] using some deep D-module techniques; it also follows from [51, Ex.5.3.4 on
pp-359-360]. Also note that the upper transformations in @ factors over the corresponding
Grothendieck groups, so they also apply to complexes of such D-modules. The map & is
defined in |21} §A.3] (where it is denoted c¢). Ginzburg observes the identity

(23) &Y X] = evalY)
for all closed subvarieties Y C X ([2I, Lemma A3.2], [50, Lemma 1.2.1]). By Corollary
it follows that in fact ¢ = t;__1, the specialization at h = —1 of the pull-back via the zero-

section map ¢ : X — T*X. Tt is proved in [2I, Theorem A5] that the map & commutes
with proper push-forwards. This can now also be shown by combining [52, Sec. 4.6] with
Proposition of this paper. It follows that the composition ¢&% o CC = ¢, coincides with
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(the signed) MacPherson’s natural transformation from constructible functions to homology:;
this is the non-equivariant version of Theorem [4.3]

Now let X = G/B be the generalized flag manifold. We recall some results from [2§].
Let p € Lie(T)* denote half the sum of positive roots. For w € W let M,, be the Verma
module of highest weight —wp — p, a module over the universal enveloping algebra U(g).
Let 91, denote the holonomic D x-module

My, =Dx ®U(g) M,.

Consider the constructible complex DR(91,,). According to [28, Theorem 3] (where it is
attributed to Brylinski-Kashiwara [14] and Beilinson-Bernstein [7]) there is an identity

(24) DR(My) = Cx(w)e [€(w)];

also cf. [24] Corollary 12.3.3(i)]. (Note that the definition of DR from [2§] differs from
the one from [21] and [24] by a shift of dim X.) It follows that the constructible function
associated to the Verma module M, is

X(DR(My)) = (=1)“ Ly e
By the commutativity of diagram ,
Char(My,) = (—1)"™) CC(Lx ()0 );
therefore, Corollary implies the following.
Corollary 6.1. Let w € W. There is an identity
com(X (w)°) = (=1)f)e* Char(M,,),

Corollary gives a cohomological formula for the coefficients of the expansion of the
(equivariant) CSM class into Schubert classes.

Proposition 6.2. Consider the expansion

chu(X (w)°) = Y e(u;w)[X (u)]r.
Then
c(u;w) = (=1))(* Char(My,), [Y ()] rxce )nmi
where (-, -) is the Poincaré pairing in H} . (X).

Proof. This follows immediately from the fact that (X (u)]7, [Y (v)]1) = 0uv- O

Remark 6.3. Let L,, be the holonomic Dx-module associated to L., the quotient by the
maximal proper highest weight module of the Verma module M,,. By the proof of the
Kazhdan-Lusztig conjectures [7), [14] (see also [24, Chapter 12]) we have

Char(Ly) = »_(—1)"®)~4" P, (1) Char(M,)

u<w

where P, ,,(¢) is the Kazhdan-Lusztig polynomial. Then Corollary implies that
(25) v Char(Ly) = (=) Y Puw(1) iy (X (0)%).

u<w
Kazhdan and Lusztig ([30]; cf. [24, Theorem 12.2.5]) proved that

Pu,w(l) = (_l)f(w) Z(_l)j dlmH](Ic(CX(w)>)u ’
J
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where HI(IC(C X(w)))u denotes the stalk of the j-th cohomology sheaf of the intersection
cohomology complex of the Schubert Variety X (w) at points of X (u)°. That is,

(26) Xstalk(-[c((CX(w) Z(w Z Py w 11X (w)e >

u<w

and by this implies that

(27) " Char(Lw) = e (Xstatr(IC(Cx(u)))"
is the characteristic class associated to the intersection cohomology complex. In fact, the
equality
DR(Ly) = IC(X (w))

holds, [28, Theorem 3] (or [24] (12.2.13) and Corollary 12.3.3(ii)]). This directly implies (27),
by the commutativity of diagram .

Further, there are situations in which Char(L,) is known to be irreducible, and hence
equal to the conormal cycle T)*((w)Xof X (w); for example, in type A this is the case if w is

a Grassmannian permutation, by a result of Bressler, Finkelberg, and Lunts ([12]; see [10]
for generalizations). If Char(L,) = [T)*((w)X |, Corollary ﬁ gives

P (Char(£y)) = (~1) @y, (X (w)"
Alternately, this follows from and the equality

Pu,w(l) = EuX(w) (p)
for p € X(u)°, u < w, which holds by the microlocal index formula ([29, Theorem 6.3.1], [16,
Théoreme 3]) and (26), when Char(L,,) is irreducible. For the micro-local index formula in

terms of constructible sheaves or functions see also [51, Rem.5.0.4 on pp. 294-295] and [52,
Thm. 3.9]. J

6.2. CSM classes and the stable basis for T*X. Stable envelopes are conic Lagrangian
cycles in T* X introduced by Maulik and Okounkov [40] in relation to the study of symplectic
resolutions. A key observation from loc. cit. is that these are (up to a sign) characteristic
cycles of Verma modules, hence the results of apply. We briefly recall next the definition
of stable envelopes for T*X; see [40, Chapter 3] or [58] for more details. The definition
depends on a choice of chamber in the Lie algebra of the maximal torus and we let +
denote the positive chamber determined by the Borel subgroup B. As before, we let the
torus C* act on T*X by dilation of cotangent fibers by a non-trivial character A~!; hence
it acts trivially on X.

Theorem 6.4 ([40l 58]). There exist unique T x C*-equivariant Lagrangian cycles
{staby(w)|w € W} in T*X which satisfy the following properties:
(1) suppstaby(w) C U<, T X
(2) staby (w)|y = I[I (wa-—h) [ wa;
a€RT wa<0 aceRtT wa>0
(3) staby (w)|y is divisible by h, for any u < w in the Bruhat order.

Here, |,, denotes localization, i.e., restriction in equivariant cohomology to the fixed point
in X(u). It is easy to see that the transition matrix between {stab,(w)|w € W} and
the fixed point basis in H}. c.(TX) is triangular with nontrivial diagonal terms. Hence
the stable envelopes {stabi(w)|w € W} form a basis after localization, called the stable
basis for T*X. The following lemma was observed by Maulik and Okounkov [40, p. 69,
Remark 3.5.3], but for completeness we include a sketch of the proof, using Corollary
above.
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Lemma 6.5. Let w € W be a Weyl group element and char(M,,) and staby(w) be the

characteristic cycle of the Verma module, respectively the stable envelope associated to w.
Then

Char(M,,) = (—1)3mX=4w) stab, (w).

Sketch of the proof. We need to check that conditions (1)—(3) are satisfied. The support
condition (1) follows from the definition of the characteristic cycle. To check (2) and (3)
we notice first that that ¢ : X — T*X is T x C*-equivariant, and that the fixed loci satisfy
(T*X)T*C" = XT | since C* acts trivially on X. We deduce from Corollary that for any
u < w the localization of Char(M,,) is given by

Char(My)lu = (~1) it (X (w)°)

Recall now that the homogenized CSM class can be written as

h o
(28) (X)) = 37 A (s w)[ X ()
u<w,0<k
where ¢! (u;w) are polynomials in Hi(pt) of degree < ¢(u) (cf. [5, Proposition 6.5(a)])

and (¢ (u;w)[X (u)])y is the component of ¢! (u;w)[X (u)] in HL (X). Since the localiza-
tion [X (u)]|w equals 0 for u < w, it follows that the localization Char(M,,)|. equals the
homogenization

Char(My)|w = (=1)"egii (X ()°) ] = (=1) (" (w, w)[X (w)]])".

One can calculate the localization cgf\'}(X (w)°)|w using Definition together with for-
mula (15). Alternatively, the localization [X (w)]|, is the Euler class of the normal bundle
of X (w) at the smooth point w; see e.g., [33] §2] for a combinatorial formula for this. A
combinatorial formula for the coefficient ¢(w;w) is given in [5, Proposition 6.5(c)], and we
leave it as an exercise to use these formulas in order to check the correct normalization
from condition (2). (Similar results were also obtained by Rimdanyi and Varchenko [48]
using Weber’s localization formulas [60].)

Let o := ¢y (X (w)°)aego be the degree 0 part of the non-homogenized class cly (X (w)°).
To check condition (3) it suffices to show (cp)|, = 0 for any u < w. By [5, Proposition 6.5(d)]
co = [ew], the equivariant class of the T-fixed point w. Clearly [ey]], = 0 for u # w and
this finishes the proof. O

Corollary 6.6. Let w € W be a Weyl group element. Then
(29) (stabs (w) = (~1) I X LK (w)°).

In [58], Su found localization formulas for the stable basis elements to any torus fixed
point, generalizing formulas of Billey [9] for the localization of Schubert classes. Corollary
implies similar localization formulas for the homogenized CSM classes. We record this
next.

Corollary 6.7. Fix u,w € W two elements such that w < u in Bruhat ordering, and fix a
reduced decomposition u = s;, ...s;,. Then the restriction cg}@(X(w)oﬂu equals

k
(30) cs(Y (w)°)), = ()T T (o —m) Y n ] B,
a€RT\R(u) t=1
where the sum is over all subwords o 0j,...0j, such that w = 0,04, ...05.; if ji = ip,
then By is defined by By = si, -+~ 04,_, i, with B1 = iy ; and R(u) = {B]1 <i < £},

P
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Note that the set R(u) coincides to the set of inversions of u=!, i.e. the set of those
positive roots a such that u~!(a) < 0; cf. [26, p. 14]. In particular, the sum in the
equation does not depend on the reduced expression for y. A similar formula for the

localization of the CSM class cgl\z (X (w)®°) can be obtained by applying the automorphism

Oy O and using Proposition [5.5{(a).

6.3. Dual CSM classes and opposite stable envelopes. In this section consider the
stable basis elements stab_(w) determined by the negative chamber in the Lie algebra
of T. We use the automorphism ¢, : G/B — G/B from equation above to re-
late the + and — versions of the stable basis elements, and also to relate the dual CSM
classes to the elements stab_(w). Start by observing that the left multiplication by wq
on X extends to one on 7T*X and it induces a ring automorphism denoted again by
Guwy * Hpyor(T*X) = Hjy oo (T*X) which preserves h and acts on H7.(pt) by wo. The
following follows immediately from the definition of the stable basis.

Lemma 6.8. The automorphism @, satisfies
Py (Staby (w)) = stab_ (wow).
Proof. One can easily check the (duals of the) three conditions from Theorem O
We then obtain a parallel to Corollary

Proposition 6.9. The following equalities hold:

(i) ¢*(stab—(w))[ns—n = (1)@ (Y (w)°);
(i) o*(stab_(w)) = (=1)3m XDy (w)°).

Proof. The equality (ii) follows from (i), using the definition of dual CSM classes from
Proposition To prove (i), first calculate that

T.h o o
B (X (1000)*)) s —n =Py (Z W (X (wow)*) ) s
= Z CSM K(Y (w)°)
1m —L(w T,h, [¢]
=(=1) I A (Y (w)°).
The second equality follows from Proposition From this, Lemma and the fact that
P = Puot” We obtain that
U (stab—(w))|h—s—n =t (@uwstabs (wow) ) |h——n

)
— o (1" (stabs (wow)
:(_1)d1mX (

|
MNn—s—n)
P (cgit (X (wow)®)) [
=(—1)" @Y (v (w)°).
by applying Corollary O

7. APPLICATION: DUAL AND ORDINARY CSM CLASSES

As we noted in as a particular case of the orthogonality Theorem we have iden-
tity , which we may rewrite as

S ey (X (0)°) = (~1) ¥ [X]

v
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where X = G/B. Equivalently,
(31) Y (X (0)°) = [X]
v
Capping by the Chern class of the tangent bundle of X, we see that

(32) Z c(TX)N CSM Z esm(X

v
since both sides agree with ¢(7X) N [X]. In this section we will combine Theorem
and the results of together with an orthogonality statement for stable envelopes due to
Maulik and Okounkov, to obtain a sharp formula relating dual and ordinary equivariant
CSM classes. As a particular (non-equivariant) case, we will prove that the individual
summands in agree.

First, let X be a smooth, projective, complex variety, and £ — X a vector bundle.
Assume that E admits the action of a torus T, such that each component of the fixed
locus is compact. For instance, T could be a C* with the action given by fibre dilation; in
this case the fixed locus is equal to X. In general, let F; be the fixed loci with inclusions
i+ Fj — X. As explained in e.g. in [37, Definition 16], even though E is not compact, one
can still define a degree via Atiyah-Bott localization: if v € Hy(FE), then we can set

/V_Z/FeTNFE

where el (N F; E) is the T-equivariant Euler class of the normal bundle of F; in E. This
degree has values in the fraction field of H5(pt). To simplify the set-up we will also assume
that each component of the fixed locus is included in X. (This assumption will hold for our
application.) Then instead of restricting over each component of the fixed locus one may
simply restrict to X. Therefore, if © : X — FE denotes the zero section, one can define a
pairing (-,-) : H}(F) ® Hy(E) — Frac(Hyp(pt)) given by

(33) (71,72)E <L 7, }(75)>X,

where the pairing on the right is the usual Poincaré pairing on X.

We now specialize to the situation when X := G/B, E := T*X and the torus is T :=
T x C*. As before, the C* component acts on 7*X by the character A~ !, and the action of
T is the natural action induced from left multiplication on X. Recall the stable envelopes
staby (w), stab_(w) € Hj . (T*X) defined in The following result was proved by
Maulik and Okounkov [40, Theorem 4.4.1]:

Proposition 7.1. Let u,v € W. Then the following orthogonality relation holds:
(staby (u), stab_(v))r+x = (—1)3™X6, .,
Remark 7.2. The corresponding orthogonality relation for characteristic cycles
(CC(Nx(4)0), CC(Ly (o)) rox = (1) X6,

for u,v € W also follows from the T-equivariant version of [52, Cor.1.5 resp. Cor.3.5] for
the transversal intersecting algebraic Whitney stratifications of X given by the (opposite)
Schubert cells:

(CO(Mxue), CC(Lyye))r-x = (=) x(X (u)° NY (0)°)
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with x (X (©)°NY (v)°) = x((X(v)°NY (v)°)T) = 6y, by localization of the Euler character-
istic at the T-fixed points [51, Cor.3.2.2 on p 174]. Note that such a fixed point localization
of the Euler characteristic also underlies Weber’s localization theorem [60][Thm.20] for torus
equivariant CSM classes (used in [48]). Moreover, [53, Cor.1.5 resp. Cor.3.5] implies that

supp(CC(llX(u)o)) N Supp(CC(HY('U)O))
is contained in the zero section of T*X, so that here no localization for the intersection
number of these characteristic cycles is needed. Finally, the arguments from [53] directly
apply also to the torus equivariant context by using [42] Sec. 4.1], together with the mul-

tiplicativity of the (torus equivariant) Chern classes with respect to cross products as well
as Theorem [4.3] of this paper.

We use this to prove the main result of this section:

Theorem 7.3. Let v € W. Then the following equality holds in H}.(G/B):

M — (—1)dimG/B csa(Y (v)°)
Macr, (b + ) T<C*(T+(G/ B))’

Proof. By the definition of the localization pairing, Corollary and Proposition

34 1)dmG/Bgs, = (stab b _ DB x () c(Y (v)°)
(B) (16, = (stabs () stab- () r-x = { BHX ), e s

Then the result follows from the orthogonality in Theorem together with the fact that
the Poincaré pairing is non-degenerate. O
Combining Theorem with the interpretation of the quantity e = [],c R+(h + )
from , we obtain:
eTX(C* (T':)o (G/B)) CT’h(Y(’U)O)
eI*C(1T(G/B)) M '
We can specialize by letting all equivariant parameters o — 0 and A +— £1. This
yields the equality of individual summands in announced earlier.
Corollary 7.4. For all v e W, the following hold:
(1) C€M(X(U)O) = c(T(G/B)) N cg(X(v)°);
(2) cgu(X(v)°) = e(T*(G/B)) Nesu(X (v)°).
Proof. Set X = G/B. After taking a — 0 in (3F)), and using that X (v)° is a G-translate of
Y (wov)®, we obtain

(35) ca (Y (v)°) =

_1\dim X £dim X
Y (X)) = ¢ QC*(T*’;) (X (0)).

Observe that e (T*X) = [[(—h — x;), where z; are the Chern roots of TX. Therefore
& (T X)st = (—)IX(TX); e (T X[y 1 = (T X).

Then the corollary follows from the specializations at i+ 1 respectively h — —1. O

Ezample 7.5. For X = F1(2) = P! and v = wy the longest Weyl group element, cgy (X (v)°) =

[P1] — [pt], csm(X (v)°) = [PY] + [pt] and c(TP') = [P!] + 2[pt]. Corollary [7.4]is immediate.

More generally, an algorithm calculating CSM classes of Schubert cells X (v)° (and there-

fore their duals as well) was obtained in [5], and this may be used to verify the identities
from Corollary explicitly in many concrete cases. For instance, the following are the
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(non-equivariant) CSM classes of the Schubert cells in F1(3), the variety parametrizing flags
in C3:

csm(X (wo)?) = [FI(3)] + [X (s182)] 4 [X (s251)] + 2[X (s1)] + 2[X (s2)] + [pt];
csm (X (s152)°) = [X(s182)] + [X (s1)] + 2[X (s2)] + [pt];
csm (X (s251)°) = [X(s251)] + 2[X (s1)] + [X (s2)] + [pt];

csm(X (51)7) = [X(s1)] + [pt];

csm(X (s2)7) = [X(s2)] + [pt];

csm(X (id)°) = [pt]

The total Chern class of F1(3) is

c(T'F1(3)) = Z csm (X (v)°) = [F1(3)]+2[X (s152)] +2[X (s251)] +6[X (s1)] +6[X (s52)] +6[pt]

Again one checks Corollary using the multiplication table in H*(F1(3)). 4

Remark 7.6. The proof of Theorem depends on both the orthogonality of CSM classes
(Theorem , and that of stable envelopes (Proposition resp. that of characteristic
cycles (Remark . It would be interesting to relate directly Theorem to (34). J

8. THE CSM CLASS AS A SEGRE CLASS: PROOF OF THE MAIN THEOREM

In this section we combine the orthogonality properties from Theorems and to
prove Theorem [I.3] from the introduction. Recall that this is the main ingredient to prove
that in the non-equivariant case the CSM classes are effective, thus proving the positivity
conjecture stated in [5]. We start by proving the following lemma, which is known among
experts, but for which we could not find a reference.

Lemma 8.1. The following equality holds in H7.(G/B):
(T(G/B)) - M(TH(G/B)) = [](1 - a?).

a>0

Proof. The Chern class of G/B is given by ¢! (T(G/B)) = [[,-0(1+¢f (La)) where Ly, is the
G-equivariant line bundle on G/B with fibre of weight —« over 1.B; see e.g. [5, Remark 6.6].
Then the localization at the T-fixed point e,, is given by ¢! (T(G/B))jy, = [Tas0(1 — w(a)).
From this we obtain that

("(T(G/B)) - " (T*(G/B))w = [ [(1 = w(@) (1 + w(@)) = [T(1 - )1 +a),
a>0 a>0

because w permutes the set of roots. ]
Remark 8.2. The lemma implies that
(36) o(T(G/B))c(T"(G/B)) =1

in H*(G/B). In particular, for the cotangent bundle T*(G/B), the localization pairing from
specialized to h + 1 coincides with the twisted Poincaré pairing studied by Lascoux,
Leclerc and Thibon [34] in relation to the degenerate Hecke algebra.

Recall the following construction from Consider the projection g : P(T*(G/B) &
1) — G/B and the tautological subbundle Orp+(q/p)e1(—1) C T*(G/B) @ 1; this is an
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inclusion of T-equivariant bundles. If C' is a cycle in T*(G/B), then the Segre operator is
defined by

€]
@/pe(—1))"
cf. equation above. Let H}.(G/B)jo be the localization of H}.(G/B) at the multiplica-
tive system Hj.(pt). We will see below that the Segre operator is naturally valued in a
localization of the cohomology ring H7.(G/B).

stec/Bye1(C) = q*(cT(OT*

Theorem 8.3. Let w € W. The following equality holds in the localized ring H}.(G/B)ioc:
chu(X (w)°) = [T (1 + @)sT-(/pyen (Char(My)).
a>0

Proof. A standard calculation based on Whitney formula and Lemma [8.1] shows that the
right hand side can be rewritten as

T el T AV
(T(GﬁB))ou _(1;)<G/B>> mq*w@)m[ahmwwm.

Here () denotes the universal quotient bundle. In particular, this quantity belongs in the
claimed localized ring. To prove the equality we use Theorem specialized at h = 1
together with the definition of dual CSM classes to obtain that

oy _ ' (T(G/B)) v oy _ ¢ (T(G/B))
cdu(Y (w)°) = [T (Y(w)?) = Mooo(l+a)
By Corollary

é;{(ﬂy(w)o) = CT(T*(G/B)) N S%*(G/B)EB]. (Cc(ﬂy(w)o))
= (=)@ (TH(G/B)) M 87 (/)31 (Char (M),

where the sign change is from the definition of the appropriate characteristic cycles. Here

ST*(G/B)@l(ChaT(Mw)) =

(=)l Ly (o)-

My = @ Muygw is the Verma module associated to the opposite Schubert cell Y (w)°

(i.e. Xstalk(DR(Mw)) = Iy (w)e), and @y, is the automorphism from . Combining the
previous two equations, we deduce that

CT . CT * N
(v (wye) = LD LELCIIN o, e (Chan( FL),

The last quantity equals Ha>0(1—a)sT*(G/B)@I(Char(Mvw)) by Lemma The equality in
the theorem follows by applying the cohomology ring automorphism 7, to both sides. [

9. PARTIAL FLAG MANIFOLDS

The goal of this section is to indicate how the results of the previous sections extend to
the case of partial flag manifolds, focusing on a generalization of the orthogonality result.
Let P C G be a parabolic subgroup containing B and let G/P be the corresponding
partial flag manifold. Let f : G/B — G/P be the natural projection. For the following
generalities we refer the reader to [13]. Let Wp be the subgroup of W generated by the
simple reflections in P and denote by W7’ the set of minimal length representatives for
the cosets of Wp in W. For each w € W there are Schubert cells X (wWp)° := BwP/P
and Y (wWp)° := B~wP/P in G/P, whose closures are corresponding Schubert varieties
X(wWp) and Y(wWp). If w € WP and wp denotes the longest element in Wp then
f restricts to isomorphisms X (w)° — X(wWp)°, Y(wwp)® — Y(wWp)®; in particular,
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dimc X (wWp) = codimc Y (wWp) = ¢(w). The Bruhat order on W restricts to a partial
ordering on WP for u,v € WP, u < v iff X(u) C X(v). CSM classes of Schubert cells in
partial flag manifolds are computed in [5, §3.3].

9.1. CSM classes and stable envelopes. There is an analogue of the Existence The-
orem which yields the set of stable envelopes {staby(u) : v € W}, with the + sign
depending on a chamber of Lie(T'). For each sign choice, the set of stable envelopes forms
a basis for the cohomology ring H}., ~.(G/P) localized at H}. . (pt). See e.g. [58] for more
details. We can consider diagram for G/P; as in there are well defined push-
forwards for each of the (associated Grothendieck) groups in this diagram, and the given
maps commute with (proper) push-forward. The next proposition states that the relation
between the stable envelopes and the CSM classes extends to partial flag manifolds.

Proposition 9.1. Let w € W be a minimal length representative. The following hold:

(a) The constructible function associated to the direct image complex f.(9My) of the
holonomic module M., is (—l)z(“’)]lx(wwp)o.
(b) There is an identity

* im h o
v (stab? (w)) = (=1)4 (G/P)ch(X(pr) ).
Proof. Using that DR and xtqr commute with push-forward we obtain

Fe(Xstatk © DR)M) = (= 1)) £ (L xc (1))

Then (a) follows because for w € W the restriction f : X (w)° — X (wWp)® is an isomor-
phism. Part (b) follows because stab’ (w) = (—1)4m(G/P)=6(w) Char(f,(9M,,)) (with a proof
similar to that from Lemma , and from Corollary ([l

9.2. Orthogonality. In this section we study orthogonality of CSM classes in the G/P
case. Recall that a morphism g : Z; — Z5 induces a pull-back on constructible functions
9" F(Zay) — F(Z1) defined by

9" (@) (21) = »(g(21)),

for all ¢ € F(Z3), z1 € Z1. We will need to calculate the pull-back of the CSM class of a
Schubert cell. In order to do that, we need the following Verdier-Riemann-Roch (VRR) type
formula due to Yokura (see also [53]) and generalized to the equivariant case by Ohmoto:

Theorem 9.2 ([61, Theorem 2.3, [42, Theorem 4.1)). Let g : Zy — Z be a smooth T'-
equivariant morphism of algebraic T-varieties. Then there is a commutative diagram

T

F1(Z2) —— Al(Z»)
lg* lCT(Tg)ﬂg*
Fr(2) > AT(20)
where Ty denotes the relative tangent bundle of g.

Our goal is to obtain an equivariant version of formula ((19)) from Corollary generalized
to the case of partial flag manifolds. Observe first that (19)) does not hold in general for
partial flag manifolds, even in the non-equivariant formulation.
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Example 9.3. View P? as a partial flag manifold. The Schubert cells are isomorphic to A?,
i1 =0,1,2, and we have

csm(A?) = csm(P?) — csm(P) = [P?] + 2[P'] + [P

The cell A? is not its own opposite, yet
(csm(A?), cdi(A?))p2 = /([PZ} +2[P]+ [P) - ([P?] - 2[P'] + [P)) =1 -4+ 1=—2#0

On the other hand, note that in the case of complete flag manifolds G/B, by Corollary i)
we may replace ¢y (Y (v)°) with cgm(Y (v)°)/c(T(G/B)) in (19). In the parabolic case,
Corollary [7.4] does not hold in general, so these two formulations are not equivalent. For
instance,

c 2
. = [P = [P+ [P°) 2 el (42)
Now note that
(conmtwt), SIETY (2220} + ) - (B - 1)+ ) =1 -2 1 =0

as we would expect from orthogonality. The main result of this section proves that the alter-
native formulation of does hold for arbitrary partial flag manifolds, in the equivariant
setting. J

Theorem 9.4. Let u,v € WF¥. Then

T o
T oy Csu(Y (WWp)©)
co( X (uWp)?), 25—~ = Oup-
< M cI(T(G/P)) G/P
Remark 9.5. If ¢ € FT(G/P) is a T-invariant constructible function, the class
T
ST( . Cx ((P)

°) = TGPy

can be interpreted as a Segre class—compare with and Corollary which deals with
the ‘signed’ version of this notion, and for more general manifolds. These classes, sometimes
called Schwartz-MacPherson Segre classes (see [42], §5.3]), are related to the study of Thom
polynomials. In the non-equivariant case they have been studied in [I]. In this context,
Theorem states that the equivariant Poincaré duals of the CSM classes are Schwartz-
MacPherson Segre classes. These classes coincide with the signed CSM classes for Schubert
cells in G/B, but in general they are different, cf. Example J

Proof of Theorem[9.]] Let wp be the longest element in Wp, so that as recalled earlier f
restricts to an isomorphism Y (vwp)® — Y (vWp)°, and in particular

f*(ﬂY(va)o) = HY(”UWP)O .

An analysis of the T-fixed points yields f~1(X (uWp)°®) = Huwew, X (uw)®, from which we
deduce that
f*(]lX(qu)O) = Z I]-X(uw)o'

weWp
By the VRR formula from Theorem

(37) I(Tp) N (b (X (@Wp))) = Y (X (uw)°).
weWp
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Then we calculate:

< sm (X (uWp)?), cI'(T(G/P)) >G/P

L e T (Y )
‘/G/p swXWWe)) =1 (@)
)

T
— /G/B f*ch(X(qu)O) . % (by the projection formula)

(by functoriality of CSM classes)

ck v (Y (vwp)°)
Z /G el (X (uw)°®) - cT(Tf)SMf SETTTI)) (by the VRR formula (37))

= Z <ch(X(uw)°), CSM((w)O)> (by the Whitney formula for ¢ (T}))
G/B

P T(T(G/B))
T\/ o
= Z <CSM uw)®), W> (by Theorem (7.3 specialized to h — 1)
weWp Moot + ) G/B
= 5u,v

as needed. The last equality holds by Theorem since uw = vwp implies u = v (and
hence w = wp). Indeed, u,v € WF and W consists of representatives of distinct cosets of
Wp in W. O

Remark 9.6. Theorem also follows from the T-equivariant version of [53, Thm. 1.2] for
the transversal intersecting algebraic Whitney stratifications of G/ P given by the (opposite)
Schubert cells:

T o
T o CSM(Y(UWP) ) T o o
s (X (uWp)?), == = s (X (uWp)?)NY (vWp)?)
< M T(T(G/P) [ap Jop
= X(X(@Wp)* 1Y (0Wp)°) = G
using again the localization of the Euler characteristic at the T-fixed points [51} Cor. 3.2.2,
p. 174]. Finally, the arguments form [53] directly apply also to the torus equivariant context

by using [42, Sec. 4.1], together with the multiplicativity of the (torus equivariant) Chern
classes with respect to cross products as well as Theorem of this paper.

Ezample 9.7. We illustrate Theorem [9.4] by working out its statement for P", in the non-
equivariant case. Schubert cells are isomorphic to A*, ¢ = 0,...,n, and A’ is opposite
to A"7*. In this case, Theorem claims that

Let £ € A'P™ be the hyperplane class. Then
csm(A) = (148" [P =& (1+8)" - [P]
and , .
csm(A"7)  (L+ " - [P]
o(TPr) (14!

<cSM<A">, Csﬁﬁl—;) >W = / eI P

=1+~ p

so that
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If i = j, this degree equals [£"(1+&)™! = 1. If i < j, then n — i + j > n and the degree
equals 0. If i > 7, then £&"~I(1 + &)=/~ is a polynomial of degree n — 1 < n in &, so that
the degree is also 0, as prescribed by Theorem N

Remark 9.8. The orthogonality from Theorem can also be deduced from the parabolic
analogue of the orthogonality of stable envelopes (the analogue of Proposition together
with the analogue of Proposition (ii). We leave the details to the reader. a

9.3. A CSM Chevalley formula. The Chevalley formula gives the Schubert expansion
of a product of a divisor Schubert class [Y(s3)] by another class [Y (w)], in an appropriate
cohomology ring of G/P; here sg € W\ Wp is a simple reflection and w € WP, We refer to
[19], in the non-equivariant setting, and e.g. to [I5l §8] for the formula in the equivariant
ring H}.(G/P). For stable envelopes, a Chevalley formula was found by Su in [57, Thm. 3.7].
Then proposition determines a formula to multiply the CSM class cgl’\i[i (Y(w)®) by any
divisor class. We record the result next. Let wg be the fundamental weight corresponding
to the simple root 3, and let R;S denote the set of positive roots in P.

Theorem 9.9. Let w € W, and B be a simple root not in P. Then the following identity
holds in H}. -.(G/P):

¥ (5)] U B0 (0)°) =5 — wl(@a)) 5 @))+ B (s, a¥)ehhY (wsalWi)°),
where the sum is over roots o € R\ R}, such that {(ws,Wp) > l(w), oV is the coroot of

a, and (-,-) is the evaluation pairing.

The classical Chevalley formula Theorem (see e.g. [I5, Thm. 8.1]) can be deduced from
Theorem [9.9] via a limiting process as follows. Write

(¥ ()°) = 3~ e(usw)[Y (u)),

u>w

where u € W and the coefficients c(u;w) € HT(S(ICTG/P e(u))( t). If we set all the T-
equivariant parameters to 0, and set & to 1, the leading coefficient ¢(w;w) = 1. Therefore,

7h (¢}

e (1) G/ P—w) [Y (w)].

For any root a € R™ \ R}, such that {(ws,Wp) > {(w) we have

T,h o
lim hegig (Y (wso Wp)°)

hvoo  (fo)dim G/P—E(w) = [Y(wsalVp)]

if and only if ¢(ws,Wp) = ¢(w) + 1. Otherwise, the limit is 0. Hence, if we divide both
sides of the equation in Theorem by (h)dim G/P—tw) and let h go to 0o, we obtain

[Y (s5)] UY ()] = (ws — w(wp))[Y (w)] + ) (@, a")[Y (wsaWp)],

where the sum is over those roots @ € R\ R} such that £(ws,Wp) = £(w) + 1. This is
the classical Chevalley formula; see e.g. [15, Thm. 8.1].
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Fieure 1. CSM matrix, F1(4)

SO O O O O O O O O O O O O O O O O o oo o o o o -
O O O O O O O O O O O O o o o o o o o o o o -
SO O O O O O O O O O O O 0O O OO O o o oo o o = O -
S O O O O O O O O O O O O O O O o o o O =N =
S O O O O O O O O O O O O o o o o o o O N +H &=
SO O O O O O O O O O O 0O 0O oo o o o O K FE NN DD =
SO O O O O O O O O O O O o0 O o o o = O o o o o -
S O O O O O O O O O O O O O O O = = O O O O o
SO O O O O O O O O O o o o o o+, O M+ O oo o NN o
O O O O O O O O O O O O O O FHMFH N OO W N W =
SO O O O O O O O O O O O O O N RFE = O NO W R
O O O O O O O O O O O O K~ FH K NNRFR WNhNWW W+
O O O O O O O O O O O B O O O O oo N O O O = O =
SO O O O O O O O O O H = O O O O W N OO K =N e
O O O O O O O O O B O+ O O O +H O NO OO NDMOoO -
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S O O O O O H =N DN FEN W R R RN O R W W
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