Doctoral Preliminary Examination in Analysis, January 2005

. (a) Prove that if f : (a,b) — IR is absolutely continuous, then it is uniformly continuous

on (a,b), or give a counterexample.

(b) Prove that if f is uniformly continuous on [0,M) for each M > 0 and if
lim, o f(z) = L < 00, then f is uniformly continuous on [0, c0).

. Determine the pairs («, 3) of @ > 0 and 3 > 0 for which

lim N~ @ Al

is finite. Here NN is an integer > 0.

. Suppose that L; and Ly are A-systems in a probability space. Is it true that the o-
fields that they generate are independent if and only if the m-systems they generate
are independent. Give proof or counterexample.

. Suppose that f,, : IR — IR are integrable for each n =1,2,..., f, — f a.e. and

/fndm—>/fdm

as n — oo where dm is Lebesgue measure. Does it follow that f,, converges to f in
L'? If so, give a proof, otherwise a counterexample.

. Suppose that f € L'[0,27]. Show that
27

lim [ f(t)sin(nt)dt = 0.

0

Hint: Suppose f is a step function.

. Suppose that g € L°(IR) is uniformly continuous and f € L'(IR). Show that the

convolution

frglt) = / £(t— 5)g(s) ds

is uniformly continuous on IR.



