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Zeta functions

Part 1. Cohomological approach to the Riemann Hypothesis

C(s) =21 = I, l%ﬁ

(converges when Res > 1, but analytically continued to C)

If {(s) =0, then s is a negative even integer or Res = %

Generalization: If R is a commutative ring,

1
kis)= 1 T [Rjm| *

meMaxSpec R

((s) = Czls)

John D. Berman NSF Postdoc University of Texas Algebraic K-Theory and ¢(s)



Zeta functions

Theorem (Riemann Hypothesis over a finite field)

If X is a curve over Fg, then (x(s) = 0 implies Res = %

Proof by Grothendieck/Deligne ('70s) after Weil conjectures ('40s):
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Theorem (Riemann Hypothesis over a finite field)

If X is a curve over Fg, then (x(s) = 0 implies Res = %

Proof by Grothendieck/Deligne ('70s) after Weil conjectures ('40s):
@ Construct a Weil cohomology theory for schemes over F
o Zeros of (x with Re = £ < eigenvalues of FrobeniusG H'(X)

@ Since X is a curve, H(X) concentrated in i = 0,1,2
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Zeta functions

Theorem (Riemann Hypothesis over a finite field)

If X is a curve over Fg, then (x(s) = 0 implies Res = %

Proof by Grothendieck/Deligne ('70s) after Weil conjectures ('40s):
@ Construct a Weil cohomology theory for schemes over F
o Zeros of (x with Re = £ < eigenvalues of FrobeniusG H'(X)
@ Since X is a curve, H(X) concentrated in i = 0,1,2

Deninger ("90s): Use a Weil cohomology theory in Arakelov
geometry to prove the Riemann Hypothesis.
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Arakelov geometry

Arakelov geometry — algebraic geometry over SpecZ, the
hypothetical one-point compactification of SpecZ.
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Arakelov geometry

Arakelov geometry — algebraic geometry over SpecZ, the
hypothetical one-point compactification of Spec Z.

. . . . . - Spec#
2 G 6 @ a1 - (0)
Algebraic geometry: point = prime ideal in Z

. . . . . - Specﬁ

@ & 6 @ 1) - (o) (0

Algebraic number theory: point = valuation on QQ
vp(n) = #powers of p dividing n
Voo (n) = In|n|
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Arakelov geometry

Arakelov geometry — algebraic geometry over SpecZ, the
hypothetical one-point compactification of SpecZ.

. . . . . - SpecZ
@ @& 6 @ @) - (0)
Algebraic geometry: point = prime ideal in Z

. . . - SpecZ

@ @ 6 O 1) (o) (0

Algebraic number theory: point = valuation on Q
SpecZ itself is not a real scheme, but

Definition (Durov (2009))

Z-module = abelian group + norm on AQ R.
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Arakelov geometry

Question: Why should we consider a prime at infinity?
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Arakelov geometry

Question: Why should we consider a prime at infinity?

0 {(5) = Cao(s) [, =5 where Coo(s) = 771 (5)

~

((s) better behaved than ((s):
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0 {(5) = Cao(s) [, =5 where Coo(s) = 771 (5)

~

((s) better behaved than ((s):

o functional equation (1 —s)={(s)
e no trivial zeros (((s) = 0 implies Res = 1)
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Question: Why should we consider a prime at infinity?

0 {(5) = Cao(s) [, =5 where Coo(s) = 771 (5)

~

((s) better behaved than ((s):
o functional equation {(1 —s) = {(s)

~

e no trivial zeros (((s) = 0 implies Res = 1)
@ Tate Duality (1962, class field theory): H'(Z) =~ H3~/(Z)
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Arakelov geometry

Question: Why should we consider a prime at infinity?

0 {(5) = Cao(s) [, =5 where Coo(s) = 771 (5)

~

((s) better behaved than ((s):
o functional equation {(1 —s) = {(s)

e no trivial zeros (((s) = 0 implies Re s = 1)
@ Tate Duality (1962, class field theory): H'(Z) =~ H3~/(Z)
suggests that

e compactification SpecZ = closed 3-manifold
o compare Poincare Duality: H'(M) =~ H™ /(M)
if MT is a closed n-manifold

See also: Knots and Primes -Morishita
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Reconnaissance

Summary so far:

© Mod; — category of ‘normed abelian groups'’
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@ — Riemann Hypothesis
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Reconnaissance

Summary so far:
© Mod; — category of ‘normed abelian groups'’
@ Interpret as: category of vector bundles over SpecZ
© Goal: Construct a Weil cohomology theory for SpecZ
@ — Riemann Hypothesis

Question: What are examples of cohomology theories H*(R)
which can be defined in terms of Modg? (Morita invariance)

(if H* Morita invariant, Modg =~ Mods implies H*(R) =~ H*(S))
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Reconnaissance

Summary so far:

© Mod; — category of ‘normed abelian groups'’

Q@ Interpret as: category of vector bundles over SpecZ

© Goal: Construct a Weil cohomology theory for SpecZ

@ — Riemann Hypothesis
Question: What are examples of cohomology theories H*(R)
which can be defined in terms of Modg? (Morita invariance)

@ Morita invariant: algebraic K-theory, Hochschild homology,

cyclic homology, periodic cyclic homology

@ not Morita invariant: etale cohomology, crystalline
cohomology, any known Weil cohomology theory
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Reconnaissance

Two big problems:

@ Construct a Morita invariant Weil cohomology theory.

@ If H* is Morita invariant, make sense of H*(Z).
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Reconnaissance

Two big problems:
@ Construct a Morita invariant Weil cohomology theory.

@ If H* is Morita invariant, make sense of H*(Z).
We will focus on (2), but:

(Blumberg/Mandell 2017, Hesselholt) Topological periodic cyclic
homology is Morita invariant and close to a Weil theory.
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Reconnaissance

Two big problems:
@ Construct a Morita invariant Weil cohomology theory.

@ If H* is Morita invariant, make sense of H*(Z).
We will focus on (2), but:

(Blumberg/Mandell 2017, Hesselholt) Topological periodic cyclic
homology is Morita invariant and close to a Weil theory.

Part 2: Algebraic K-theory
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Algebraic K-theory

Goal: Study Morita invariant cohomology theories, related to ((s),
then extend them to Arakelov geometry.

John D. Berman NSF Postdoc University of Texas Algebraic K-Theory and ¢(s)



Algebraic K-theory

Goal: Study Morita invariant cohomology theories, related to ((s),
then extend them to Arakelov geometry.

Algebraic K-theory — Morita invariant and related to ((s)!
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Algebraic K-theory

Goal: Study Morita invariant cohomology theories, related to ((s),
then extend them to Arakelov geometry.

Algebraic K-theory — Morita invariant and related to ((s)!
@ GL(R) = group of infinite invertible matrices with entries in
R, equal to | except in finitely many places

[M]
1 , M€ GL,(R)
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Goal: Study Morita invariant cohomology theories, related to ((s),
then extend them to Arakelov geometry.

Algebraic K-theory — Morita invariant and related to ((s)!

@ GL(R) = group of infinite invertible matrices with entries in
R, equal to | except in finitely many places

@ KR = topological group (spectrum), H*(KR) = Hg,(GL(R))
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Algebraic K-theory

Goal: Study Morita invariant cohomology theories, related to ((s),
then extend them to Arakelov geometry.

Algebraic K-theory — Morita invariant and related to ((s)!

@ GL(R) = group of infinite invertible matrices with entries in
R, equal to | except in finitely many places

@ KR = topological group (spectrum), H*(KR) = Hg,(GL(R))
Q KiR=m.KR
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Algebraic K-theory

Goal: Study Morita invariant cohomology theories, related to ((s),
then extend them to Arakelov geometry.

Algebraic K-theory — Morita invariant and related to ((s)!

@ GL(R) = group of infinite invertible matrices with entries in
R, equal to | except in finitely many places

@ KR = topological group (spectrum), H*(KR) = Hg,(GL(R))
Q@ KiR=m.KR
K7 is very hard to compute but related to number theory:

(Kurihara 1992) K4,Z = 0 < Vandiver Conjecture (ca 1850!);
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Algebraic K-theory

fl.,[_..l Ks(Z) = (07) Kar(Z) (07), k> 1
Ko(Z) = A Kars i
Kyw(Z) = 15 Kgkpa(
Kn(Z) = Kyg(Z) = Kakss
ﬁ1 2(Z) f\ 20(Z) Kir44(Z) =

!\-\,L
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Algebraic K-theory

= ((7) K16(Z) -

Z&Z/2 Ki(Z
Ki15(Z)
-‘\.-Ll‘lq:.fll
K 3||f—-|

= (07)

KwlZ)
Ku(Z) =
I\]Jl

.I\] i
) =Z/240 K\5(Z) = Z/480

Example (Main Conjecture, Iwasawa Theory)

(Wiles 1990) =271 = |¢(1 = 2k)| up to a power of 2.
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Algebraic K-theory

I\.,[_.J Ks(Z) = (07) hL..t-_l L[P‘ Kae(Z) =(07), k=1
Ko(Z) = Z/2 L K1 (Z) = Z/2
Kwl(Z) = Keps2(Z) dCap
Kn(Z)=Z/1008 Kyl(Z) = Kakss(Z) Pak42
Jr\]; (£) = E”q ]\. :..f-.l J\--\k._ J[:] = )
Z Ksrasl
Kaps
Kgksr

Example (Main Conjecture, Iwasawa Theory)

(Wiles 1990) =271 = |¢(1 = 2k)| up to a power of 2.

(Thomason 1980s) If X is a curve over Fg,

|Koi—2X| - |Kai—3Fq|
|K2i—1Fq| - |K2i—3X]

= [Cx (1 = 1)
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Algebraic K-theory

Kae o7 2
% = |((1 — 2k)| exactly

Question: What is K,7Z
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Algebraic K-theory

Kae o7 2
% = |((1 — 2k)| exactly

Question: What is K,Z = K.Mod3?
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Algebraic K-theory

Kax_oZ R
% = |¢(1 — 2k)| exactly |

Question: What is K,Z = K.Mod3?

C = category equipped with groups Ext'(X, Y) for all X, Y eC
Waldhausen’s S,-construction — cohomology groups K;C

Algebraic K-Theory and ¢(s)
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Algebraic K-theory

Kax_oZ R
% = |¢(1 — 2k)| exactly |

Question: What is K,Z = K.Mod3?

C = category equipped with groups Ext'(X, Y) for all X, Y eC
Waldhausen’s S,-construction — cohomology groups K;C

C = Modg, Ext/(X,Y) = RHom'(X, Y) right derived functors
K«Modr =~ KR

Algebraic K-Theory and ¢(s)
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Algebraic K-theory

Why consider K-theory as an invariant of Modg instead of R?

@ necessary for the application to Arakelov geometry
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Algebraic K-theory

Why consider K-theory as an invariant of Modg instead of R?
@ necessary for the application to Arakelov geometry

@ necessary to state the Localization Theorem:

Theorem (Localization Theorem a la Thomason 1980s)

If C € D, there is a long exact sequence
- = Kn(C) = Kin(D) = Kn(D/C) — Kpa(C) — - -~

D/C = Verdier quotient.
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Algebraic K-theory

Why consider K-theory as an invariant of Modg instead of R?
@ necessary for the application to Arakelov geometry

@ necessary to state the Localization Theorem:

Theorem (Localization Theorem a la Thomason 1980s)

If C € D, there is a long exact sequence
- = Kn(C) = Kin(D) = Kn(D/C) — Kpa(C) — - -~

D/C = Verdier quotient.

-H@Kan—)KnZHKHQHG—)Kn,lFP—w--
P P

even though there is no R > Z — Q with K,R = El—)p KnIFp.
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Reconnaissance

Summary: K, defined for any category equipped with Ext groups
If Ris a ring, K.Modr agrees with the ‘classical’ KR
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Summary: K, defined for any category equipped with Ext groups
If Ris a ring, K.Modr agrees with the ‘classical’ KR

We want to understand K;Mod;.
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Summary: K, defined for any category equipped with Ext groups
If Ris a ring, K.Modr agrees with the ‘classical’ KR

We want to understand K;Mod;.

Problem: Mody is not naturally equipped with Ext groups
(related to: normed vector space don't form an abelian category)
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Reconnaissance

Summary: K, defined for any category equipped with Ext groups
If Ris a ring, K.Modr agrees with the ‘classical’ KR

We want to understand K;Mod;.

Problem: Mody is not naturally equipped with Ext groups
(related to: normed vector space don't form an abelian category)

Next step: What exactly does it mean to 'have Ext groups’?
Can this condition be weakened?
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Reconnaissance

Summary: K, defined for any category equipped with Ext groups
If Ris a ring, K.Modr agrees with the ‘classical’ KR

We want to understand K;Mod;.

Problem: Mody is not naturally equipped with Ext groups
(related to: normed vector space don't form an abelian category)

Next step: What exactly does it mean to 'have Ext groups’?
Can this condition be weakened?

Part 3: Category theory
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oo-categories

Definition (1960s)

A spectrum (a la algebraic topology) is a:

@ cohomology theory such as K, (R) or Extg(M, N)
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oo-categories

Definition (1960s)

A spectrum (a la algebraic topology) is a:

@ cohomology theory such as K, (R) or Extg(M, N)

@ space KR or Extg(M, N) with structure of an abelian group
‘up to homotopy': xy ~ yx as X x X —» X
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oo-categories

Definition (1960s)

A spectrum (a la algebraic topology) is a:

@ cohomology theory such as K, (R) or Extg(M, N)

@ space KR or Extg(M, N) with structure of an abelian group
‘up to homotopy': xy ~ yx as X x X —» X

o related by: K,R = m,(KR)
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oo-categories

Definition (1960s)

A spectrum (a la algebraic topology) is a:

@ cohomology theory such as K, (R) or Extg(M, N)

@ space KR or Extg(M, N) with structure of an abelian group
‘up to homotopy': xy ~ yx as X x X —» X

o related by: K,R = m,(KR)

v

Philosophy: Spectra are only defined up to homotopy equivalence.
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oo-categories

Definition (1960s)

A spectrum (a la algebraic topology) is a:

@ cohomology theory such as K, (R) or Extg(M, N)

@ space KR or Extg(M, N) with structure of an abelian group
‘up to homotopy': xy ~ yx as X x X —» X

o related by: K,R = m,(KR)

v

Philosophy: Spectra are only defined up to homotopy equivalence.

Definition (2000s, Joyal/Lurie)

An oo-category is a category in which morphisms are only defined
up to homotopy, objects up to homotopy equivalence.

(no notion of isomorphic objects or equal morphisms)
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oo-categories

Examples of co-categories:

@ spaces up to homotopy equivalence
(‘homotopy types' or ‘co-groupoids')

@ spectra (‘cohomology theories’)
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oo-categories

Examples of co-categories:
@ spaces up to homotopy equivalence
(‘homotopy types' or ‘co-groupoids')
@ spectra (‘cohomology theories’)

e Ch,Modg up to weak equivalence (the derived category)
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oo-categories

Examples of co-categories:
@ spaces up to homotopy equivalence
(‘homotopy types' or ‘co-groupoids')
@ spectra (‘cohomology theories’)
e Ch,Modg up to weak equivalence (the derived category)
co-categories can be studied using:

@ combinatorics of simplicial sets
(Joyal/Rezk/Lurie/Barwick, 2000s)
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oo-categories

Examples of co-categories:
@ spaces up to homotopy equivalence
(‘homotopy types' or ‘co-groupoids')
@ spectra (‘cohomology theories’)
e Ch,Modg up to weak equivalence (the derived category)
co-categories can be studied using:

@ combinatorics of simplicial sets
(Joyal/Rezk/Lurie/Barwick, 2000s)

@ formal techniques familiar to category theorists
(Yoneda lemma, adjoint functor theorem)
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oo-categories

Examples of co-categories:
@ spaces up to homotopy equivalence
(‘homotopy types' or ‘co-groupoids')
@ spectra (‘cohomology theories’)
e Ch,Modg up to weak equivalence (the derived category)
co-categories can be studied using:

@ combinatorics of simplicial sets
(Joyal/Rezk/Lurie/Barwick, 2000s)

@ formal techniques familiar to category theorists
(Yoneda lemma, adjoint functor theorem)

@ purely algebraic techniques of higher algebra
(Lurie/Nikolaus/Mathew/Scholze/etc., 2010s)
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oo-categories

Recall: K, is an invariant of ‘categories with Ext groups’
Category with Ext groups = oo-category enriched in spectra
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oo-categories

Recall: K, is an invariant of ‘categories with Ext groups’
Category with Ext groups = oo-category enriched in spectra

‘R = category or cc-category

Definition (Gepner-Haugseng 2013)

An R-enriched category has a set S of objects, and Hom-objects
Hom(X, Y) € R which assemble together suitably.
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oo-categories

Recall: K, is an invariant of ‘categories with Ext groups’
Category with Ext groups = oo-category enriched in spectra

‘R = category or cc-category

Definition (Gepner-Haugseng 2013)
An R-enriched category has a set S of objects, and Hom-objects
Hom(X, Y) € R which assemble together suitably.

Example

If R = abelian groups, an R-enriched category is a category C for
which morphisms f, g : X — Y can be added and subtracted.
Example: Modg is enriched in abelian groups via Homg(M, N)

- or in spectra via Extgx(M, N)

| \
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oo-categories

Upshot: K, is an invariant of spectrum-enriched co-categories
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oo-categories

Upshot: K, is an invariant of spectrum-enriched co-categories

Theorem (Blumberg-Gepner-Tabuada 2013)

K-theory is the universal invariant of spectrum-enriched
oo-categories which satisfies the Localization Theorem.
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oo-categories

Upshot: K, is an invariant of spectrum-enriched co-categories

Theorem (Blumberg-Gepner-Tabuada 2013)

K-theory is the universal invariant of spectrum-enriched
oo-categories which satisfies the Localization Theorem.

(no such universal property without co-categories!)
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oo-categories

Upshot: K, is an invariant of spectrum-enriched co-categories

Theorem (Blumberg-Gepner-Tabuada 2013)

K-theory is the universal invariant of spectrum-enriched
oo-categories which satisfies the Localization Theorem.

(no such universal property without co-categories!)

We wanted K,Z = K.Mod, but
Problem: Modj not naturally enriched in spectra
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oo-categories

Upshot: K, is an invariant of spectrum-enriched co-categories

Theorem (Blumberg-Gepner-Tabuada 2013)

K-theory is the universal invariant of spectrum-enriched
oo-categories which satisfies the Localization Theorem.

(no such universal property without co-categories!)

We wanted K,Z = K.Mod, but
Problem: Modj not naturally enriched in spectra
Solution: Mody is enriched in ‘Arakelov spectra’!
- spectrum E + normson EQR
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My work:
@ (2020) theory of enriched co-categories reduces to algebra;

@ (2019) new cohomology theories on enriched co-categories;
(topological Hochschild homology, K-theory)
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My work:
@ (2020) theory of enriched co-categories reduces to algebra;

@ (2019) new cohomology theories on enriched co-categories;
(topological Hochschild homology, K-theory)

Future goals:

@ calculate K,Z; verify Iﬁj"j% = |¢(1 —2n)|;
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My work:
@ (2020) theory of enriched co-categories reduces to algebra;

@ (2019) new cohomology theories on enriched co-categories;
(topological Hochschild homology, K-theory)

Future goals:

@ calculate K,Z; verify Iﬁj"j% = |¢(1 —2n)|;

@ other applications of enriched oo-categories to K-theory:
o K(Qp) and K(R) topologized ‘correctly’
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My work:
@ (2020) theory of enriched co-categories reduces to algebra;

@ (2019) new cohomology theories on enriched co-categories;
(topological Hochschild homology, K-theory)

Future goals:

@ calculate K,Z; verify Iﬁj"j% = |¢(1 —2n)|;

@ other applications of enriched oco-categories to K-theory:
o K(Qp) and K(R) topologized ‘correctly’
o K(K(R)) and redshift conjecture
A goal for all of us:
Find a Morita invariant Weil cohomology theory
— Riemann Hypothesis
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Enriched oco-categories

Theorem (B. 2020)

EnrCatg is a full subcategory of Mod,.
e Mody, = R-modules with set of distinguished objects

@ R-module M with set S of objects in the essential image if
and only if M — R is a conservative functor of R-modules

(enriched oo-categories < higher algebra)

S = oo-category of spectra
S-enriched co-categories & S-module
K — S-module invariant with universal property

1Enriched oo-categories |: enriched presheaves. https://arxiv.org/abs /200811323

John D. Berman NSF Postdoc University of Texas Algebraic K-Theory and ¢(s)



K. of an enriched co-category

K-theory is defined on
{rings/schemes} < {spectrum-enriched co-categories} < {S-modules}

Using this algebraic model for R-enriched categories,

Definition (universal property for K-theory)

K-theory is the universal invariant of R-modules
K :Modj - R

sending Verdier quotients to cofibers (Blumberg-Gepner-Tabuada)

Questions:
@ Are these definitions equivalent?

o K. (SpecZ) is now well-defined! How do we compute it?
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