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Abstract
Let E be an optimal elliptic curve over Q of prime conductor N . We
show that if for an odd prime p, the mod p representation associated
to E is reducible (in particular, if p divides the order of the torsion
subgroup of E(Q)), then the p-primary component of the ShafarevichTate group of E is trivial. We also state a related result for more
general abelian subvarieties of J0 (N ) and mention what to expect if N
is not prime.

1

Introduction and results

Let N be a positive integer. Let X0 (N ) be the modular curve over Q
associated to Γ0 (N ), and let J = J0 (N ) denote the Jacobian of X0 (N ),
which is an abelian variety over Q. Let T denote the Hecke algebra, which
is the subring of endomorphisms of J0 (N ) generated by the Hecke operators
(usually denoted T! for ! ! N and Up for p | N ). If f is a newform of weight 2
on Γ0 (N ), then let If = AnnT f and let Af denote the associated newform
quotient J/If J, which is an abelian variety over Q. If the newform f has
integer Fourier coefficients, then Af is an elliptic curve, and we denote it
by E. It is called the optimal elliptic curve associated to f and its conductor
is N (which we may also call the level of E). If A is an abelian variety over
a field F , then as usual, X(A/F ) denotes the Shafarevich-Tate group of A
over F .
Theorem 1.1. Let E be an optimal elliptic curve of prime conductor N . If
p is an odd prime such that E[p] is reducible as a Gal(Q/Q) representation
∗
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over Z/pZ, then the p-primary component of X(E) is trivial. In particular,
if an odd prime p divides |E(Q)tor |, then p does not divide |X(E)|, assuming
that X(E) is finite.
We shall soon deduce this theorem from a more general result involving
abelian subvarieties of J0 (N ), which we discuss next. The Eisenstein ideal !
of T is the ideal generated by 1 + WN and 1 + ! − T! for all primes ! ! N ,
where WN denotes the Atkin-Lehner involution. Prop. II.14.2 in [Maz77]
implies:
Proposition 1.2 (Mazur). Let m be a maximal ideal of T with odd residue
characteristic. If J0 (N )[m] is reducible as a Gal(Q/Q) representation over T/m,
then ! ⊆ m.
Theorem 1.3. Suppose that N is prime. Let A be an abelian subvariety
of J0 (N ) that is stable under the action of the Hecke algebra T. If m is a
maximal ideal of T containing ! and having odd residue characteristic p,
then X(A)[m] = 0 (equivalently X(A)m ⊗Tp Tm = 0).
We shall prove this theorem in Section 4. For now, we just remark
that our proof follows that of [Maz77, III.3.6] (which proves proves the
theorem above for the case where A = J0 (N )), with an extra input coming
from [Eme03].
Corollary 1.4. Suppose that N is prime. Let A be an abelian subvariety
of J0 (N ) that is stable under the action of the Hecke algebra T. If m is
maximal ideal of T with odd residue characteristic such that A[m] is reducible
as a Gal(Q/Q) representation over T/m, then X(A)[m] = 0 (equivalently
X(A)m ⊗Tp Tm = 0).
Proof. Since A[m] is a sub-representation of J0 (N )[m], we see that J0 (N )[m]
is reducible as well. Then by Proposition 1.2, we see that ! ⊆ m. The
corollary now follows from Theorem 1.3.
We remark that if A is as in the corollary above, then we do not expect
that a statement analogous to the first conclusion of Theorem 1.1 holds if
A is not an elliptic curve, i.e., it may not be true that if p is an odd prime
such that A[p] is reducible as a Gal(Q/Q) representation over Z/pZ, then
X(A)[p] = 0, although we do not know a counterexample.
Proof
! of Theorem 1.1. Let f denote the newform corresponding to E and
let n>0 an (f )q n be its Fourier expansion. For all primes ! ! N , T! acts as
multiplication by a! (f ) on E, and Up acts as multiplication by ap (f ) for
2
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all primes p | N . Also, T1 acts as the identity. Hence we get a surjection
φ

φ : T→Z, whose kernel is If . The kernel of the composite T → Z→Z/pZ
is then (p, If ), the ideal of T generated by p and If . Since the composite is also surjective, T/(p, If ) ∼
= Z/pZ and so (p, If ) is a maximal ideal
of T, which we denote by m. Then m annihilates E[p], and so E[p] ⊆ E[m].
Conversely, since p ∈ m, E[m] ⊆ E[p]. Hence E[m] = E[p]. By hypothesis, E[p] is reducible over Z/pZ. Hence by the discussion above, E[m] is
reducible over T/m. Then by Corollary 1.4, X(E)[m] = 0. Now X(E)[p]
is annihilated by p and If , hence by m. Thus X(E)[p] ⊆ X(E)[m], and
so X(E)[p] = 0. If the p-primary part of X(E) were non-trivial, then so
would X(E)[p]. Hence the p-primary part of X(E) is trivial, as was to be
shown.
In Section 2, we mention the relevance of Theorem 1.1 from the point of
view of the second part of the Birch and Swinnerton-Dyer conjecture and the
results towards the conjecture coming from the theory of Euler systems. In
Section 3, we discuss what one may expect if the level is not prime. Finally,
in Section 4, we give the proof of Theorem 1.3.
Acknowledgements: We are grateful to E. Aldrovandi and F. Calegari for
answering some questions related to this article, and to W. Stein for helping
us use the mathematical software sage. Some of the computations were
done on sage.math.washington.edu, which is supported by National Science
Foundation Grant No. DMS-0821725.
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Applications

We first recall the second part of the Birch and Swinnerton-Dyer conjecture
(see, e.g.,[Sil92, §16] for details). Let LE (s) denote the L-function of E and
let r denote the order of vanishing of LE (s) at s = 1; it is called the analytic
rank of E. Let cp (A) denote the order of the arithmetic component group of
the special fiber at the prime p of the Néron model of E (so cp (E) = 1 for
almost every prime). Let ΩE denote the volume of E(R) calculated using
a generator of the group of invariant differentials on the Néron model of E
and let RE denote the regulator of E.
The second part of the Birch and Swinnerton-Dyer conjecture asserts
the formula:
"
|XE | · p cp (E)
lims→1 {(s − 1)−r LE (s)}
=
.
(1)
ΩE R E
|E(Q)tor |2
3

May 26 2009 10:02:28 EDT
Vers. 1 - Sub. to PROC

If E is an elliptic curve and N is prime, then by [Eme03, Theorem B],
cN (E) = |E(Q)tor |, so there is some cancellation on the right side of (1).
Our result shows that however, in this case, there is no cancellation between
the odd parts of |XE | and |E(Q)tor |; in particular, up to a power of 2, the
numerator of the right side of (1) is precisely |XE | and the denominator is
|E(Q)tor |.
We return to the case where N is arbitrary (not necessarily prime).
Suppose E is an elliptic curve whose analytic rank is zero or one. Then
by results of [KL89], XE is finite, and moreover, one can use the theory
of Euler systems to bound ordp (|XE |) for a prime p from above in terms
of the order conjectured by formula (1) under certain hypotheses on p. As
far as the author is aware, the hypotheses on the prime p include either
the hypothesis that the image of Gal(Q/Q) acting on E[p] is isomorphic
to GL2 (Z/pZ) or the weaker hypothesis that the Gal(Q/Q)-representation
E[p] is irreducible. Our result shows that the latter hypothesis is redundant
when N is prime, as we now explain in more detail.
Let K be a quadratic imaginary field of discriminant not equal to −3
or −4, and such that all primes dividing N split in K. Choose an ideal N of
the ring of integers OK of K such that OK /N ∼
= Z/N Z. Then the complex
tori C/OK and C/N −1 define elliptic curves related by a cyclic N -isogeny,
and thus give a complex valued point x of X0 (N ). This point, called a
Heegner point, is defined over
! the Hilbert class field H of K. Let P ∈ J(K)
be the class of the divisor σ∈Gal(H/K) ((x) − (∞))σ , where H is the Hilbert
class field of K.
By [BFH90], we may choose K so that L(E/K, s) vanishes to order one
at s = 1. Hence, by [GZ86, §V.2:(2.1)], π(P ) has infinite order, and by work
of Kolyvagin, E(K) has rank one and the order of the Shafarevich-Tate
group X(E/K) of E over K is finite (e.g., see [Kol90, Thm. A] or [Gro91,
Thm. 1.3]). In particular, the index [E(K) : Zπ(P )] is finite. By [GZ86,
§V.2:(2.2)] (or see [Gro91, Conj. 1.2]), the second part of the Birch and
Swinnerton-Dyer conjecture becomes:
Conjecture 2.1 (Birch and Swinnerton-Dyer, Gross-Zagier).
#
$
|E(K)/Zπ(P )| = cE ·
c! (E) · |X(E/K)|,

(2)

!|N

where cE is the Manin constant of E.

Note that the Manin constant cE is conjectured to be one, and one
knows that if p is a prime such that p2 ! 2N , then p does not divide cE
(by [Maz78, Cor. 4.1] and [AU96, Thm. A]).
4
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The following is [Jet08, Cor. 1.5]:
Proposition 2.2 (Jetchev). Suppose that p is a prime such that p ! 2N ,
the image Gal(Q/Q) acting on E[p] is isomorphic to GL2 (Z/pZ) , and p
divides at most one c! (E). Then
ordp (|X(E/K)|) ≤ ordp (|X(E/K)|an ).
We also have:
Proposition 2.3 (Cha). Suppose that p is an odd prime such that p does
not divide the discriminant of K, p2 ! N , and the Gal(Q/Q)-representation
E[p] is irreducible. Then
%"
&
!|N c! (E)
ordp (|X(E/K)|) ≤ ordp (|X(E/K)|an ) + ordp
.
|E(K)tor |
Proof. This follows from Theorem 21 of [Cha05], in view of the formula in
Conjecture 4 of loc. cit. and the fact that under the hypotheses, the Manin
constant of E is one by [Maz78, Cor. 4.1].
The two results above are typical results coming from the theory of Eulers systems. The inflation-restriction sequence shows that the natural map
X(E/Q)→X(E/K) has kernel a finite group of order a power of 2, hence
the above results give bounds on |X(E/Q)| as well. Note that the hypotheses of Proposition 2.2 implies that the Gal(Q/Q)-representation E[p] is irreducible. Our result shows that if N is prime, then the bound on |X(E/Q)|
obtained from Proposition 2.2 holds even if the Gal(Q/Q)-representation
E[p] is reducible and the bound on |X(E/Q)| obtained from Proposition 2.3
holds even without the hypothesis that the Gal(Q/Q)-representation E[p]
is irreducible.
Finally, we remark that Theorem 1.3, which applies not just to elliptic
curves, but more generally to abelian subvarieties of J0 (N ) that are stable
under the action of the Hecke algebra, may have an application to a potential equivariant Tamagawa number conjecture where the quantities in the
Birch and Swinnerton-Dyer conjectural formula (analogous to (1) for such
abelian varieties) are treated as modules over the Hecke algebra. Also, this
more general theorem motivates the need to come up with Euler systems
type results for m-primary parts of the Shafarevich-Tate group for maximal ideals m of the Hecke algebra (as opposed to p-primary parts for some
prime p).
5

May 26 2009 10:02:28 EDT
Vers. 1 - Sub. to PROC

Table 1:

3

E

N

r

2366d1
5054c1
46683w1
10621c1
33825o1
40455k1
52094m1

2 · 7 · 132
2 · 7 · 192
33 · 7 · 13 · 19
13 · 19 · 43
3 · 52 · 11 · 41
32 · 5 · 29 · 31
2 · 7 · 612

0
0
1
0
0
0
0

p : E[p] is
reducible
3
3
3
3
5
5
5

|E(Q)tor |
3
1
3
3
1
1
1

"
3
1
1
1
1
1
1

p cp (E)

|Xan |
9
9
9
9
25
25
25

Non-prime conductors

One may wonder what happens if the hypothesis that N is prime is dropped
in any of our results above. We searched through Cremona’s database [Cre]
of elliptic curves of conductor up to 130,000 using the mathematical software
sage to find all curves E such that there is an odd prime p such that E[p]
is reducible, and p divides the Birch and Swinnerton-Dyer conjectural order
of X(E/Q). We found several examples, some of which are listed in Table 1.
In the table, the first column gives Cremona’s label for the elliptic curve, the
second column is the prime factorization of the conductor, the third column
is the rank of E(Q), the fourth column lists all odd primes p such that E[p]
is reducible, the fifth column is the
" order of the odd part of E(Q)tor , the
sixth column is the odd part of p cp (E), and the last column is the odd
part of the Birch and Swinnerton-Dyer conjectural order of X(E/Q).
Thus if one believes the second part of the Birch and Swinnerton-Dyer
conjecture, then if the hypothesis that N is prime is dropped from the statement of Theorem 1.1 (or of Theorem 1.3 and Corollary 1.4), then the statement is no longer true. Among all the counterexamples that we found (up
to level 130,000) the curve 2366d1 has the smallest conductor, all except
the curve 46683w1 have analytic rank 0, the curve 10621c1 has the smallest
square-free conductor, and the curves 33825o1, 40455k1, and 52094m1 are
the only ones for which p *= 3. One might wonder if the weaker statement
of Theorem 1.1 that if an odd prime p divides |E(Q)tor |, then p does not
divide |X(E/Q)| holds if N is not prime. If one assumes the second part of
the Birch and Swinnerton-Dyer conjecture, then the curve 10621c1 (among
others) shows that this need not hold for p = 3 (note also that for this curve,
6
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level is square-free and not divisible by p); however the weaker version does
hold in the examples for any prime p > 3. The primes 2 and 3 are rather
special from the point of view of component groups (e.g., see Remark 2 on
p. 175 of [Maz77]). This raises the following question:
Question 3.1. Is it true that if a prime p > 3 divides |E(Q)tor |, then p does
not divide |X(E/Q)|, perhaps under the restriction that N is square-free?
While the data mentioned above does support an affirmative answer,
in the range of Cremona’s database, if p is a prime bigger than 3, then the
order of the torsion subgroup is often not divisible by p and the Birch and
Swinnerton-Dyer conjectural order of the Shafarevich-Tate group is rarely
divisible by p; thus the chance of finding an example where both are divisible
by p is very slim. Hence the data is not enough to make the conjecture that
the answer to the above question is yes.

4

Proof of Theorem 1.3

As mentioned earlier, our proof follows that of [Maz77, III.3.6] (which proves
the theorem above for the case where A = J0 (N )), with an extra input
coming from [Eme03]. We also take the opportunity to give some details
that were skipped in [Maz77, III.3.6].
Let m be a maximal ideal of T containing ! and having odd residue
characteristic p. Following [Maz77, §16], an odd prime number ! *= N is
said to be good if ! is not a p-th power modulo N , and !−1
2 *≡ 0 mod p.
As mentioned in [Maz77, p.125], there are always some good primes. Let
η = 1 + ! − T! for a good prime !. By [Maz77, II.16.6], !Tm is principal and
generated by η. We will show below that the map induced on X(A) by the
map η on A is injective, i.e., X(A)[η] = 0. Then since !Tm ⊆ mTm, we
see that η ∈ mTm, and so X(A)[m] = X(A)m[mTm] = 0, which proves the
theorem.
We now turn to showing that the map induced on X(A) by the map η
on A is injective. Let S = SpecZ. Let J denote the Néron model of J0 (N )
over S, and A the Néron model of A over S. We denote the map induced
by η on J by ηJ on A by η again. Let ∆ denote a finite set of primes
of T, not containing m, but containing all other primes in the support of
the T-modules (ker η)(Q) and (coker η)(Q). We shall work in the category
of T-modules modulo the category of T-modules whose supports lie in ∆.
Thus, all equalities, injections, surjections, exact sequences, etc., below shall
mean “modulo” ∆. If G is a group scheme over S, then we shall denote the
7
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associated f ppf sheaf on S also by G. All cohomology groups below are for
the f ppf topology over S.
Now X(A) is a submodule of H 1 (S, A) by the Appendix of [Maz72].
We will show below that η induces an injection on H 1 (S, A). Then the map
on X(A) induced by η is also injective, as was to be shown. It remains to
prove the claim that η induces an injection on H 1 (S, A), which is what we
do next.
Let C denote the finite flat subgroup scheme of J generated by the
subgroup of J0 (N )(Q) generated by the divisor (0) − (∞); it is called the
cuspidal subgroup in [Maz77, § II.11]. Let Σ denote the the Shimura subgroup of J as in [Maz77, § II.11]; by [Maz77, II.11.6], it is a µ-type group
(i.e., a finite flat group scheme whose Cartier dual is a constant group). Let
Cp denote the p-primary component of the cuspidal subgroup C and Σp the
p-primary component of the Shimura subgroup Σ. As shown in the proof
of Lemma 16.10 in Chapter II of [Maz77], ηJ is an isogeny. By [Maz77,
II.16.6], ker ηJ = Cp ⊕ Σp as group schemes, and hence as f ppf sheaves. By
Theorem 4(i) in [BLR90, §7.5], the map A→J is a closed immersion. Thus
ker η = (A∩Cp )⊕(A∩Σp ). Let CA denote the group H 0 (S, A∩Cp ) = A∩Cp .
Then, since Σ is a µ-type subgroup, we have
H 0 (S, ker η) = CA .

(3)

Also, since Cp is a constant group scheme and Σp is a µ-type group scheme,
Cp ∩ A and Σp ∩ A are admissible group schemes in the sense of § I.1(f)
of [Maz77], and so by [Maz77, I.1.7], H 1 (S, Cp ∩A) = 0 and H 1 (S, Σp ∩A) =
0 (in the notation of [Maz77, I.1.7]: for G = Cp ∩ A, h0 (G) = α(G), and
δ(G) = 0 since G is finite, so h1 (G) = 0; for G = Σp ∩ A, h0 (G) = 0, α(G) =
0, and δ(G) = 0 since G is finite by [Maz77, II.11.6], and so h1 (G) = 0).
Thus
H 1 (S, ker η) = 0.

(4)

Consider the short exact sequence:
η

0→ ker η→A → im η→0.

(5)

Its associated long exact sequence is:
η

0→H 0 (S, ker η)→H 0 (S, A) → H 0 (S, im η)→H 1 (S, ker η)→ . . . .
Now H 1 (S, ker η) = 0 by (4), so we have an exact sequence:
η

0→H 0 (S, ker η)→H 0 (S, A) → H 0 (S, im η)→0.

(6)

8
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Now consider the short exact sequence:
0→ im η→A→ coker η→0.
Its associated long exact sequence is:
i

0 → H 0 (S, im η)→H 0 (S, A) → H 0 (S, coker η)→
i"

→ H 1 (S, im η) → H 1 (S, A)→ . . . ,

(7)

where i and i% denote the indicated induced maps. Combining (6) and (7),
we get the exact sequence
η

i

0 → H 0 (S, ker η)→H 0 (S, A) → H 0 (S, A) → H 0 (S, coker η)→
i"

→ H 1 (S, im η) → H 1 (S, A)→ . . . .

(8)

Claim: The map i is surjective.
Proof. Let A0 denote the identity component of A and let Φ denote the
quotient (i.e., the component group):
0→A0 →A→Φ→0.

(9)

By [Eme03, Thm. 4.12(ii) and (iii)], Φ is a constant group scheme and the
specialization map CA →Φ is an isomorphism. Hence Φ is killed by η. Also,
by the argument in [Gro72, § 2.2] (cf. Prop. C.8 and Cor. C.9 of [Mil86]), η
is surjective on A0 (considered as an f ppf sheaf). In view of this, if we apply
the map η to the short exact sequence (9) of f ppf sheaves and consider the
snake lemma, then we see that coker η = Φ. Now H 0 (S, A) = A(Q) is a
finitely generated abelian group, and by the exactness of (8), the kernel of the
map induced by η on this group contains the finite group H 0 (S, ker η) = CA .
Hence the cokernel of the map induced by η on H 0 (S, A) has order at least
that of CA . But by the exactness of (8), this cokernel is isomorphic to the
image of i, which is contained in H 0 (S, coker η) = H 0 (S, Φ) = CA (from the
discussion above), and hence has order at most that of CA . Thus i must be
surjective, as was to be shown.
Using the claim above, from the exactness of (8), we see that the map i%
is injective. Part of long exact sequence associated to (5) is
η

. . . →H 1 (S, ker η)→H 1 (S, A) → H 1 (S, im η)→ . . . .
9
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From this, using the fact that the natural map i% : H 1 (S, im η)→H 1 (S, A)
in (8) is injective, we get the following exact sequence:
η

H 1 (S, ker η)→H 1 (S, A) → H 1 (S, A).

(10)

But H 1 (S, ker η) = 0 by (4), and so by (10), η induces an injection on H 1 (S, A),
as was left to be shown.
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