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Elliptic curves

Let E be an elliptic curve over Q, i.e., an
equation of the form y2 = 23 + ax + b, where

a,b e Q

Example: The graph of y2 = 23 — z over R

If p is a prime, then we can “think of” the

equation for £ modulo p
Let ap(E) = 1 4 p — #solutions to E mod p.
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Modular curves and modular forms

Let N = a positive integer.
b
Fo(N) = {(a d) € SLs(Z): N | c}.
C

e.g., MNo(1) =SL2(Z)
H = complex upper half plane

b
Mo(N) acts on HUPL(Q) as (CCL d) z = gjig

Xo(N) = Mo(M\(HUPLQ))

A modular form on g(N) is a holomorphic

function f : H—C such that
a b

Vy = (C d) € Mo(N), f(vz) = (cz + d)? f(2)
and f is holomorphic at the cusps.

In particular, f(z+ 1) = f(2), so

f(2) = Yps0an(f)q", where g = €272,

f is said to be a cuspform if ag(f) =0, i.e., f
vanishes at the cusps.



Modular degree and congruence num-
ber

By work of Wiles and Breuil-Conrad-Diamond-
Taylor, if Eis an (optimal) elliptic curve, then
there is an integer N (the conductor of F)
such that

1) 3 a surjective morphism of curves

op : Xo(N)—FE, and

2) 3 a cuspform fg on Mg(IN) with integer
Fourier coefficients such that an(E) = an(fg) Vn.

The modular degree of E = deg(¢g).

The congruence number of E

= the largest integer r such that

3 a cuspform g on N'g(IN) “orthogonal” to fg
with an(fg) = an(g) mod r Vn.

Both are important invariants:

Bounds on modular degree related to abc con-
jecture (Frey, Mai-Murty)

Congruence primes (the primes that divide the
congruence number) figured in work of Ribet
and Wiles on Fermat’s last theorem.



Relations between modular degree
and congruence number

Theorem (Ribet ~ 1985): The modular de-
gree divides the congruence number. If N is
prime, then the two are equal.

Frey and Muller asked: are they always equal?

Answer (Stein ~ 2000): NO. e.g., there is an
elliptic curve E of conductor 54 with modular
degree = 2 and congruence number = 6.

Theorem (A, Ribet, Stein): If a prime p di-
vides the ratio of the congruence number to

the modular degree, then p? | N.

In particular, if N is square-free, then the con-
gruence primes divide the modular degree.

Note: In previous example, 32 | 54.



Multiplicity one

Jo(NN) = Jacobian of Xg(IN); thus

Jo(N)(C) = degree zero divisors on Xy(N)(C)
modulo principal divisors

Hecke algebra T = subring of End(Jp(V))
generated by the Hecke operators.

We say that a maximal ideal m of T satisifies
multiplicity one if dimy Jo(IN)[m] = 2.

The notion of multiplicity one was initiated by
Mazur and played an important role in Wiles’
proof of Fermat's last theorem.

Proposition (A, Stein, Ribet): If E is an el-
liptic curve of conductor N, and p is a prime
such that p divides the congruence number
of E but not the modular degree of E, Then
m = AnnpFE[p] does not satisfy multiplicity
one.

So by the previous example, for N = 54, there
iIs a maximal ideal of T with residue charac-
teristic 3 which does not satisfy multiplicity
one.



