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Abstract

We study asymptotic behavior of the global attractors to the Boussinesq system for Rayleigh-Benard convection at large Prandtl number.
In particular, we show that the global attractors to the Boussinesq
system for Rayleigh-Benard convection converge to that of the in nite Prandtl number model for convection as the Prandtl number approaches in nity. This o ers partial justi cation of the in nite Prandtl
number model for convection as a valid simpli ed model for convection
at large Prandtl number even in the long time regime.
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1 Introduction
One of the fundamental systems in uid dynamics is the following

Boussinesq system for Raleigh-Benard convection (non-dimensional):
1 ( @u + (u  r)u) + rp = u + Ra kT; r  u = 0;
(1)
P r @t

1

@T
@t

+ u  rT = T;
(2)
ujz=0;1 = 0;
(3)
T jz=0 = 1;
T jz=1 = 0;
(4)
ujt=0 = u0 ;
T jt=0 = T0 ;
(5)
where u is the uid velocity eld, p is the modi ed pressure, T is the temperature eld and k is the unit upward vector.
The system is a model for convection, i.e., uid motion induced by di erential heating, of a layer of uids bounded by two horizontal parallel plates
a distance h apart in the Rayleigh-Benard setting ([39], [20]) with the bottom plate heated at the temperature T2 and the top plate cooled at the
temperature T1 (T1 < T2 ).
We assume that he uids occupy the (non-dimensionalized) region
= [0; Lx]  [0; Ly ]  [0; 1]
(6)
with periodicity in the horizontal directions assumed for simplicity. The
parameters of the system are thus absorbed into the geometry of the domain
plus two non-dimensional numbers: the Rayleigh number
g (T2 T1 )h3
(7)
Ra =


measuring the ratio of overall buoyancy force to the damping coeÆcients;
and the Prandtl number

Pr =
(8)

measuring the relative importance of kinematic viscosity over thermal diffusivity. Here  and  are the kinematic viscosity and thermal di usive
coeÆcient respectively, is the thermal expansion coeÆcient of the uid, g
is the gravitational constant, h is the distance between the two plates conning the uid, T2 T1 is the temperature di erence between the bottom
and top plates, and we have taken the distance between the plates, h, as
typical length scale, the thermal di usive time as typical time scale, and the
temperature is scaled so that the top plate is set to 0 while the bottom plate
is set to 1 (see [39] among others).
The Boussinesq system exhibits extremely rich phenomena from pure conduction at low Rayleigh number, to Benard cells at rst bifurcation, spatialtemporal patterns and chaos at intermediate Rayleigh number, all the way
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Figure 1: Rayleigh-Benard convection
to convective turbulence at high Rayleigh number (see for instance [20], [39],
and the recent review by [3], [34]). On the other hand, we have very limited
mathematical knowledge on the system. Even the issue of the existence of
regular enough solutions is unresolved. Indeed, the velocity equation is exactly the Navier-Stokes system (forced by a buoyancy term) whose regularity
of solutions is one of the million dollar mathematical problems of the new
millennium (www:claymath:org=Millennium P rize P roblems=). For such
a complex system, simpli cation is highly desirable. Simpler model can be
obtained if we consider the regime of large Prandtl number. If we formally
set the Prandtl number to in nity, we arrive at the following
in nite Prandtl number model (non-dimensional)

rp0 = u0 + Ra kT 0 ; r  u0 = 0;
@T 0
+
u0  rT 0 = T 0 ;
@t
u0 jz=0;1 = 0;
T 0 jz=0 = 1;
T 0 jz=1 = 0:

(9)
(10)
(11)
(12)
(see for instance [3], [4], [5], [7], [21], [39], [40], [41] among others) which is
relevant for uids such as silicone oil and the earth's mantle as well as many
3

gases under high pressure. One observes that the Navier-Stokes equations in
the Boussinesq system has been replaced by the Stokes system in the in nite
Prandtl number model.
The fact that the velocity eld is linearly \slaved" by the temperature
eld has been exploited in several recent very interesting works on rigorous estimates on the rate of heat convection in this in nite Prandtl number
setting (see [10], [7], [9] and the references therein, as well as the work of [4]).
An important natural question is whether such an approximation is valid.
The mathematical justi cation of the in nite Prandtl number model on a
short time interval can be found in [41]. Encouraged by the nite time convergence, we naturally inquire if the solutions of the Boussinesq system and
solutions of the in nite Prandtl number model remain close on a large time
interval for large Prandtl number. In general we should not expect long time
proximity of each individual orbit. Such a long time orbital stability result
shouldn't be expected for such complex systems where turbulent/chaotic behavior abound. Instead, the statistical properties for such systems are much
more important and physically relevant and hence it is natural to ask if
the statistical properties (in terms of invariant measures) as well as global
attractors (if they exist) remain close.
The rst obstacle in studying long time behavior is the well-posedness
of the Boussinesq system global in time. This is closely related to the
well-known problem related to the 3D Navier-Stokes equations([8], [37], [28]
among others). This is partially resolved by considering suitable weak solutions (see section 2). Indeed, we are able to show the eventual regularity for
suitably de ned weak solutions to the Boussinesq system which exists for all
time [42].
Recall that the global attractor of a given dynamical system is a compact
invariant set which attracts all bounded set in the phase space ([18], [36]
among others). In particular, the global attractor is maximum in the sense
that any compact invariant set must be a subset of the global attractor. The
global attractor is also minimum in the sense that any bounded set that
attracts arbitrary bounded set in the phase space must contain the global
attractor. Therefore the closeness of global attractors, if they exist, would
be a good measure of closeness of long time behavior.
Although the dynamics of the Boussinesq system may not be well-de ned
due to the well-known regularity problem, all properly de ned weak solutions become regular after a transitional time at large Prandtl number ([42]).
The dynamics is also well-de ned if solutions start from a bounded set in a
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(smaller) subspace of the phase space. Moreover, such a bounded set is in
fact absorbing in the sense all suitably de ned weak solutions will enter this
bounded set in nite time ([42]). Furthermore, the system possesses a global
attractor which is regular in space and in time, and attracts all suitably dened weak solutions ([42]). It is also known that the in nite Prandtl number
model for convection possesses a global attractor. Hence, it makes sense to
discuss the closeness of the global attractors.
Another issue we encounter here is the di erence in natural phase spaces:
for the Boussinesq system we need both velocity and temperature while only
the temperature eld is needed for the in nite Prandtl number model since
the velocity eld is linearly slaved. There are two ways of handling the
discrepancy in phase space: 1. project the phase space of the Boussinesq
system down to the temperature eld only; 2. lift the phase space of the
in nite Prandtl number model to the product space of velocity and temperature. We will see that the comparison of global attractors after projection is
relatively easy, and is similar to the upper semi-continuity of global attractors
for dynamical systems (see for instance [18], [36]). The comparison of global
attractors after lifting the phase space of the in nite Prandtl number model
is a little bit more involved. Here we view the Boussinesq system as a small
perturbation of the in nite Prandtl number model. The proximity of global
attractors follows from appropriate a priori estimates (uniform in Prandtl
number) on the material derivative of the velocity eld after the initial layer.
The convergence result (corollary 1) was announced earlier [40, 41].
The rest of the manuscript is organized as follows. In section 2 we derive
a few a priori estimates needed in the the proof in section 3. These estimates
re ne previous estimates [42]. In section 3 we present our main results on the
convergence of the global attractors of the Boussinesq system to that of the
in nite Prandtl number model. The proof of the main results are sketched as
well. In section 4 we make concluding remarks and comments. In particular,
we discuss if similar results are valid for other systems with multiple time
scales.
Throughout this manuscript, we assume the physically important assumption of domain having large aspect ratio, i.e.,
Lx  1; Ly  1; and hence j j  1:
(13)
Likewise, we also assume the physically important case of high Rayleigh
number
Ra  1
(14)
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so that we may have non-trivial dynamics.
We also follow the mathematical tradition of denoting our small parameter as ", i.e.
1
"= :
(15)
Pr
2 A Priori Estimates
Here we establish a few a priori estimates on suitable weak solutions to
the Boussinesq system needed in the proof of the convergence of the global
attractors. The estimates given here re nes previous estimates [42] and are
uniform in terms of the (large) Prandtl number, or equivalently, the small
parameter ". They are uniform in time as well modulo an initial layer.
An initial time layer has to be neglected here since the time derivative is
proportional to 1=" within certain initial layer [41]. Estimates in higher
order Sobolev spaces can be derived as well.
Following traditional approach, we recast the Boussinesq system in terms
of the perturbative variable
(u; ) = (u; T (1 z))
(16)
(perturbation away from the pure conduction state (0; 1 z)).
Non-dimensional Boussinesq system for Raleigh-Benard convection
in perturbative variable:
1 ( @u + (u  r)u) + rp = u + Ra k; r  u = 0;
(17)
P r @t

@
+ u  r u3
@t
ujz=0;1
jz=0 = 1;
ujt=0 = u0 ;

= ;
(18)
= 0;
(19)
jz=1 = 0;
(20)
jt=0 = 0 :
(21)
The in nite Prandtl number model for convection can be casted in terms of
the perturbative variable in a similar fashion.
Non-dimensional in nite Prandtl number model in perturbative
variable

rp0 = u0 + Ra k0 ; r  u0 = 0;

6

(22)

@0
+ u0  r0 u03
@t
u0 jz=0;1
0 jz=0;1

= 0 ;
(23)
= 0;
(24)
= 0:
(25)
Next, we recall the de nition of suitable weak solutions [42]
De nition 1 (Suitable Weak Solution) (u; ) is called a suitable weak
solution to the Boussinesq equations on the time interval [0; T  ] with given
initial data (u0 ; 0 ) if the following hold
u 2 L1 (0; T  ; H ) \ L2 (0; T  ; V ) \ Cw ([0; T  ]; H );
(26)
0
4
=3

0
u 2 L (0; T ; V ); u(0) = u0 ;
(27)
1

2
2

1

2
 2 L (0; T ; L ( )) \ L (0; T ; H0 ( )) \ Cw ([0; T ]; L ( )); (28)
0 2 L4=3 (0; T  ; H 1( )); (0) = 0
(29)
"(

Z
Z
dZ
u  v + (u  r)u  v) + ru  rv
dt
Z
Z
dZ
  + u  r  + r  r
dt
"d
2
2
2 dt ju(t)jL2 + jru(t)jL2
d
j(T 1)+(t)j2L2 + 2jr(T 1)+(t)j2L2
dt
d
jT (t)j2L2 + 2jrT (t)j2L2
dt

Z

= Ra  v3 ; 8v 2 V;(30)
= u3 ; 8 2 H01; (31)
 Ra (t) u3(t);
(32)
 0;
(33)
 0:
(34)
Here we have used standard notations on function spaces used in the study
of incompressible uids (see for instance [8, 11, 17, 37] among others). In
particular, the energy inequalities should be understood in the weak sense
with initial value taken into consideration.
Recall our goal here is to derive uniform in large Prandtl number P r,
or small " estimates that are also uniform in time after neglecting an initial
transitional time interval.
We will start with the easy L2 estimates for the temperature and velocity
eld. In the second stage we derive uniform H 1 estimates for the solutions.
These estimates imply the eventual regularity of solutions to the Boussinesq
system for convection and the existence of global attractors [42]. In the third
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stage, we derive uniform estimates on the time derivative of the solutions. In
the fourth stage, we utilize the uniform estimates on the time derivative to
derive uniform estimates in H 2.
We start with L2 estimates on the temperature eld. Thanks to (33, 34),
and Poincare inequality, we see that
j(T 1)+(t)j2L  e 2t j(T0 1)+j2L  e 2t jT0 j2L ;
(35)
2
2
t
2
jT (t)jL  e jT0 jL :
(36)
Therefore,
jT (t)jL  jT (t)jL + jT +(t)jL
 jT (t)jL + j(T 1)+(t)jL + j j
 2e t jT0jL + j j:
(37)
Hence, for
2jT j
t1 = ln 0 L
(38)
j j
jT (t)jL  2j j; t  t1 :
(39)
2
2
With the L estimate in temperature, the L estimate of the perturbative
variable  is obvious. Indeed,
2

2

2

2

2

2

2

2

2

2

2

2

2

j(t)jL  jT (t)jL + j1 zjL
 2e tjT0 jL + 2j j
 3j j; 8 t  t1:
2

2

2

2

(40)
This, together with the energy inequality for the velocity eld (32), implies
"d
2
2
t
2 dt ju(t)jL2 + jru(t)jL2  Ra(2e jT0jL2 + 2j

j)ju3(t)jL ;
2

(41)

which further implies, by Poincare and Cauchy-Schwarz inequality,
d
" ju(t)j2L + ju(t)j2L  4Ra2 (e t jT0 jL + j j)2 :
(42)
dt
Therefore, by Gronwall inequality,
ju(t)j2L  ju0j2L e +4Ra2( 1 1 2" e 2t jT0j2L + 1 2 " e t jT0jL j j+j j2) (43)
2

2

2

2

2

t
"

2

8

2

Hence, for

t2 = maxft1 ;

and " < 14 , we have

1 ln( ju0 jL ); ln( 16jT0jL )g
2 j jRa
3j j
2

(44)

2

ju(t)jL  3Raj j; 8 t  t2 :

(45)

2

This completes the uniform estimates in the L2 space.
Next, we focus on the uniform estimates in the H 1 space.
We rst derive uniform H 1 bound for the velocity.
Following [42], we show that a ball of radius R1 = c1Ra is absorbing after
time t1 for suitable c1 (55).
Indeed, multiplying the velocity equation in the Boussinesq equation (17)
by Au, where A is the Stokes operator ([8, 11, 17, 37]), integrating over ,
applying Cauchy-Schwarz and Agmon's inequality and the uniform estimate
on  (40), we have, for t  t1,
"d
2
2
2 dt jrujL2 + jAujL2





RajjL2 jAujL2 + "jrujL2 jAujL2 jujL1
RajjL2 jAujL2 + c2 "jrujL2 2 jAujL2 2
3

3

1 jAuj2 + Ra2 jj2 + 64c4"4jruj6
L
2
L
2 L
 12 jAujL + 9j j2Ra2 + 64c42"4jruj6L : (46)
2

2

2

Hence,
"

2

2

d
jruj2L2 + jruj2L2  18j j2Ra2 + 128c42"4jruj6L2 :
dt

(47)

d
jruj2L2  0
dt

(48)

Consequently, we have,

provided the following hold simultaneously
1 jruj2  18j j2Ra2;
2 L
1 jruj2  128c4"4jruj6 ;
2
L
2 L
9
2

2

2

(49)
(50)

or equivalently,
jruj2L  36j j2Ra2;
jruj2L  16c12"2 :

(51)
(52)

36j j2Ra2  16c12"2 ;

(53)

 24c1j j :
2

(54)

2

2

Hence we need

2

2

i.e.

"Ra =

Ra
Pr

This is the exact condition of large Prandtl number that we need as was
discovered earlier [42].
Now we set
c1 = 6
(55)
and we observe that the ball of radius
R1 = c1 Raj j = 6Raj j
(56)
in H 1 centered at the origin is invariant for the dvelocity eld after t1 under the
large Prandtl number assumption (54) since dt jruj2L < 0 at the boundary
of the ball for t  t1.
In order to show that this ball is absorbing, we need to show that the
velocity eld must enter this ball within a set period of time after t1 . For
this purpose, we go back to the energy inequality for the velocity (41), and
we can deduce
1 t jru(s)j2 ds
L
t t2 t
"
4
Ra2 1 2
2
 t t ju(t2 )jL + t t ( 2 jT0 jL + 2jT0jL j j + (t t2)j j2) (57)
2
2
For the given c1 = 6, and " < 41 , we de ne
9
2jT j2
2jT j
t3 = maxft2 + ; t2 + 0 2L :t2 + 0 L g
(58)
4
j j
j j
10
2

Z

2

2

2

2

2

2

2

We then have
1 t jru(s)j2
Z

t t2

L2

t2

ds  c21 j j2 Ra2 =2 = 18j j2 Ra2 ; t  t3 ;

(59)

which implies the existence of t 2 [t2; t3 ], such that
jru(t)jL  c1 j jRa = R1 :
(60)
Therefore,
jru(t)jL  6j jRa; 8t  t3 :
(61)
Now we see that a ball of radius R1 = c1j jRa = 6j jRa in H 1 is absorbing
for the velocity eld.
This uniform estimate in H 1 for the velocity eld implies similar H 1
estimate for the perturbative temperature eld. Indeed, multiplying the
temperature equation (18) by  and integrating over , applying Poincare
inequality, we have
2

2

d 2
jj 2 + jj2L2 + jrj2L2  2ju3jL2 jjL2  9Raj j2;
dt L
This implies that for any t  t  t2
e

t

Z t

t

es jr(s)j2L2 ds

for t  t2 :

 9Raj j2 + e (t t ) j(t)j2L
 9Raj j2 + 9e (t t ) j j2
 10Raj j2:

2

We also have, for t  t3 + 1,
1 t jr(s)j2  j(t3)j2L + 9Raj j2
L
t t3 t
t t3
 9j j2(Ra + t 1 t )
3
 10j j2Ra; for t  t3 + 1:
This implies there exists t 2 [t3; t3 + 1], such that
jr(t )j2L  10j j2Ra:
Z

3

(62)

(63)

2

2

2

11

(64)
(65)

Next, we multiply the perturbative temperature equation (18) by 
and integrate over , we then have
1 d jrj2 + jj2  ju j jj + juj jrj jj
3L
L
L
L
L
L
2 dt L
 41 jj2L + ju3j2L + c3 jrujL jrjL jjL
 12 jj2L + ju3j2L + c4 jruj4L jrj2L :
(66)
Hence, after applying Poincare inequality, we have, for t  t3 ,
2

2

2

d
jrj2L2 + jrj2L2
dt

2

6

3

2

2

2

2

2

2

2

1
2

3
2

2

2

2

 2ju3j2L + 2c4jruj4L jrj2L
 18Ra2 j j2 + 2c464 j j4Ra4 jrj2L :
2

2

2

(67)
This implies, with Gronwall inequality and t chosen in (65) and the intermediate estimate (63),
jr(t)j2L  e (t t ) jr(t)j2L + 18Ra2j j2 + 20c464 j j6Ra5
 10j j2Ra + 18j j2Ra2 + 20c464j j6Ra5
 c5j j6Ra5; 8 t  t3 + 1:
(68)
This uniform H 1 norm estimates after neglecting a transitional time period (depending on initial data) implies the existence of global attractor for
the Boussinesq system at large Prandtl number (54).
This completes our uniform H 1 estimates.
Next, we estimate the time derivatives which are needed in order to
view the Boussinesq system as a perturbation of the in nite Prandtl number
model.
We rst observe that, according to the perturbative temperature equation
(18), and the uniform estimates (68), (61), (40), (45),
2

2

j @
j
@t H

2

1






jjH + ju  rjH + ju3jH
jrjL + jujL jjL + ju3jL
jrjL + c6jrujL jjL jrjL + ju3jL
c7 j j3 Ra ; 8 t  t3 + 1:
1

1

2

6

2

3

2

5
2

12

1

2

1
2

2

1
2

2

2

(69)

Next, we di erentiate the velocity equation (17) in time and deduce
@ 2 u @u
@u
@p
"( 2 + (  r)u + (u  r) ) + r
@t
@t
@t
@t

@
=  @u
+
Rak :
@t
@t

(70)

Multiplying this equation by @@tu and integrating over , we deduce, for t 
t3 + 1,





" d @u 2
@u 2
j
j
j2
L2 + jr
2 dt @t
@t L
@
@u
@u
Raj jH 1 jr jL2 + "jrujL2 j j2L4
@t
@t
@t
@
@u
@u 1 @u 3
Raj jH 1 jr jL2 + c8 "jrujL2 j jL2 2 jr jL2 2
@t
@t
@t
@t
1 jr @u j2 2 + 2Ra2j @ j2 1 + c "4jruj4 2 j @u j2 2
9
L
4 @t L
@t H
@t L
1 jr @u j2 2 + 2c2j j6Ra7 + c 64"4j j4Ra4 j @u j2 2
9
7
4 @t L
@t L

(71)

where we have utilized (69) and (61).
Therefore,
"

d @u 2
@u 2
j
j
j  4c27 j j6Ra7 ; t  t3 + 1
L2 + jr
dt @t
@t L2

(72)

1
Ra
c9 64 "4 j j4 Ra4 = c9 64 j j4 ( )4  :
Pr
4

(73)

provided P r = 1" is large enough so that

This is again a large Prandtl number condition as in (54).
Applying Poincare and Gronwall inequalities, we deduce, for t  t 
t3 + 1,
j @u
(t)j2  e
@t L
2



e

t t
"



j @u
(t )j2 + 4c27j j6 Ra7
@t  L
2



t t
"

(ju(t )jL2 + Raj(t)j + "j(u(t)  r)u(t )jL2 )2
"2
+4c27j j6Ra7 :
(74)
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Thanks to (46), (61) and (54), we have
d
" jruj2L + jAuj2L  18j j2 Ra2 + 128c42 "4 jruj6L
dt
 18j j2Ra2 + 128c42"466j j6Ra6
 36j j2Ra2 ; 8 t  t3 :
(75)
This implies, for t > t3 + 1,
t
1
jAu(s)j2L ds  36j j2Ra2 + "jru(t3 + 1)j2L
t t3 1 t +1
 72j j2Ra2
(76)
where we have applied the H 1 uniform estimate for the velocity (61).
Hence there exists t 2 [t3 + 1; t3 + 2], such that
jAu(t )j2L  72j j2Ra2 ;
(77)
and thus by elliptic regularity,
ju(t )j2L  c10 j j2Ra2;
(78)
which further implies
j(u(t )  r)u(t)jL  c11 jru(t )jL ju(t )jL
 c12 j j2Ra2:
(79)
Combining this estimate with (74), (68), (78) and (54), we have,
c
(
t)j2L  132 e
(j j2Ra2 + "2j j4Ra4) + 4c27j j6 Ra7
j @u
@t
"
 c14 j j6Ra7; 8 t  t3 + 3
(80)
since 1" e  4e 2 .
Next, we di erentiate the temperature equation (18) in time and we deduce
@2
@ @u
@u3
@
+
u  r +  r
=

:
(81)
2
@t
@t @t
@t
@t
Multiplying this equation by @@t , integrating over , we have
1 d j @ j2 + jr @ j2  j @u3 j j @ j + j @u j jrj j @ j
L
2 dt @t L
@t L
@t L @t L
@t L
@t L
2 + j @u3 j2 + c j @u j2 jj2 : (82)
 12 jr @
j
15
L
@t L
@t L
@t L
2

2

2

Z

2

3

2

2

2

3
2

2

1
2

2

2

t t3 2
"

2

1
"

2

2

2

2

2

14

2

2

6

3

2

2

Combining this with (80) and Poincare inequality, we have, for t  t3 + 3,
d @ 2
@ 2
j
j
j 2  c16j j6 Ra7(1 + jj2L2 ):
L2 + j
dt @t
@t L

(83)

On the other hand, thanks to (66) and (68), we have
d
jrj2L2 + jrj2L2 + jj2L2  c17 j j10Ra9 ;
dt

8 t  t3 + 1:

(84)

This implies, together with (68) and a Gronwall type argument,
e

t

Z t

t3 +3

es j(s)j2L2 ds

 e (t t 3)jr(t3 + 3)j2L + c17 j j10 Ra9
 c18j j10 Ra9 ;
(85)
3

2

and
Z t

j(s)j2L ds  c17 j j10 Ra9(t t3 3) + jr(t3 + 3)j2L
 c19 j j10 Ra9(t t3 2):
Therefore, there exists t 2 [t3 + 3; t3 + 4], such that
j(t)j2  2c19 j j10Ra9 :
t3 +3

Hence

2

2

(86)
(87)

j @
(t )jL
@t
 j(t )jL + ju3(t )jL + ju(t )jL jr(t )jL
 j(t )jL + ju3(t )jL + c20 jru(t)jL jr(t)jL j(t)jL
 c21 j j5Ra :
(88)
2

2

2

2

2

6

3

2

1
2

2

1
2

2

5
4

We now apply Gronwall inequality to (83) and utilize (85) and (88), and we
deduce
 @
j @
(
t)j2L  e (t t ) j (t )j2L + c22 j j16 Ra16
@t
@t
 c23 j j16Ra16 ; 8 t  t3 + 4:
(89)
Thus we have completed the uniform L2 estimates of the time derivatives.
2

2
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We are left with the uniform H 2 estimates.
For this purpose, we multiply the velocity equation (17) by Au and integrate over and deduce
jAu(t)j2L
 RajAu(t)jL j(t)jL + "j @u
(t)j jAu(t)jL + "ju(t)jL1 jru(t)jL jAu(t)jL
@t L
 RajAu(t)jL j(t)jL + "j @u
(t)j jAu(t)jL + c24 "jru(t)jL jAu(t)jL
@t L
 12 jAu(t)j2L + 4Ra2j(t)j2L + 4"2j @u
(t)j2 + c25 "4jru(t)j6L :
(90)
@t L
Hence, for t  t3 + 3, we have
2

2

2

2

2

2

2

2

2

2

2

2

3
2

2

2

2

2

2

3
2

2

(t)j2 + 2c25 "4jru(t)j6L
jAu(t)j2L  8Ra8 j(t)j2L + 8"2j @u
@t L
 72Ra2j j2 + 8"2c14j j6 Ra7 + c26 "4j j6Ra6
 c27 j j4Ra5 ;
2

2

2

(91)
where we have used the large Prandtl number assumption (54) and the large
Rayleigh number and aspect ratio assumption.
Elliptic regularity then implies,
ju(t)jH  c28j j2Ra ; 8 t  t3 + 3::
(92)
As for the H 2 estimate for the temperature eld, we have
5
2

2

j(t)jL  j @
(t)j + ju3(t)jL + ju(t)jL1 jr(t)jL
@t L
 j @
(t)j + ju3(t)jL + c29 jru(t)jL ju(t)jH jr(t)jL
@t L
 c30 j j8Ra8
(93)
2

2

2

2

2

2

1
2

2

1
2

2

2

where we have applied the uniform estimates (89), (45), (61), (92), and (68).
This completes our uniform estimates in H 2.
To summarize, we have the following
Lemma 1 (Uniform a priori estimates) Let Ra be an arbitrary large but
xed Rayleigh number. Suppose the Prandtl number P r is large enough
so that the conditions (54, 73) are satis ed. Then for any given suitable
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weak solutions (u(t); (t)) of the Boussinesq system, there exists a time t3 =
t3 (ju0 jL2 ; jT0 jL2 ; j j) given explicitly in (58), and a constant c31 independent
of P r, Ra such that the following hold when t  t3 + 4

ju(t)jH  c31 j j2Ra ;
j(t)jH  c31 j j8Ra8;
j @u
(
t)jL  c31 j j3 Ra ;
@t
5
2

2
2

7
2

2

j @
(t)j  c31 j j8Ra8 :
@t L
2

(94)
(95)
(96)
(97)

In particular, solutions on any of the global attractor must satisfy these estimates.

3 Convergence of the Global Attractors
We now show the convergence of the global attractors of the Boussinesq
system to that of the in nite Prandtl number model as the Prandtl number
approaches in nity.
As we mentioned earlier, the natural phase space for the Boussinesq system and the in nite Prandtl number model are di erent with the Boussinesq
system requiring both the velocity and the temperature eld while the in nite
Prandtl number model has only the temperature eld (or velocity eld).
There are two natural approaches to handle this discrepancy in phase
space. We either project the phase space of the Boussinesq system down to
the temperature led only, or we lift the phase space for the in nite Prandtl
number model to the product space of velocity and temperature. We will see
that the comparison of global attractors after projection is relatively easy,
and is similar to the upper semi-continuity of global attractors for dynamical
systems (see for instance [18, 36, 33]). The comparison of global attractors
after lifting the phase space of the in nite Prandtl number model is a little bit
more involved. Here we view the Boussinesq system as a small perturbation of
the in nite Prandtl number model with the help of the a priori estimates that
we derived in section 3. The convergence of the global attractors follows from
appropriate a priori estimates (uniform in Prandtl number) on the material
derivative of the velocity eld after the initial layer.
It is our belief that the techniques developed here can be applied to
more general dynamical systems with two explicitly separated time scales
17

(see section 4 as well). Therefore, we formulate our result in a more general
fashion and view the case of convection at large Prandtl number as a special
application.
Theorem 1 (Convergence of Global Attractors) Consider a generalized
dynamical system on X1  X2 with two explicitly separated time scales
dx
"( 1 + g (x1 ; x2 )) = f1 (x1 ; x2 ); x1 (0) = x10 ;
(98)
dt
dx2
= f2 (x1; x2 ); x2 (0) = x20 ;
(99)
dt
where X1 ; X2 are two Banach spaces.
Let

0 =
0
dx2
=
dt

f1 (x01 ; x02 );

f2 (x01 ; x02 ); x2 (0) = x20

(100)
(101)

be the limit system.
We postulate the following assumptions:
H1 (uniform dissipativity of the perturbed system) The two-time-scale system (98, 99) possesses a global attractor A" for all small positive ".
We also assume that the global attractors are regular and uniformly
bounded in the sense that there exist Banach spaces Yj ; j = 1; 2 which
are continuously imbedded in the Xj ; j = 1; 2 respectively, and there
exists a constant R0 such that

kx1 kY + kx2 kY  R0 ; 8(x1 ; x2) 2 A"; 8":
1

2

(102)

H2 (dissipativity of the limit system) The limit system is wellposed and
possesses a global attractor A0 in X2 .
H3 (convergence of the slow variable) The slow variable of the solutions of
the two time scale system converge uniformly on bounded sets in Y1  Y2
to that of the limit system after neglecting a transitional time period,
i.e., for any R > 0, there exists a t0 > 0 such that for any t > t0 ,

lim
!0

"

sup

kx10 kY1 +kx20 kY2 R

kx2 (t) x02 (t)kX = 0; 8 t  t0 :
2
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(103)

Then the global attractors
after projection, i.e.

A" of the two time scale system converge to A0

lim
distX (P2 A" ; A0) = 0;
!0
where P2 is the projection from X1  X2 to X2 de ned as
P2 (x1 ; x2) = x2 :
2

"

(104)
(105)

Furthermore, if we assume
H4 (smallness of the perturbation) The two time scale problem (98, 99) is
a uniformly small perturbation of the limit problem (100, 101) when
con ned to the global attractors, i.e.,

lim
sup k"( dxdt1 + g(x1; x2 ))kX = 0:
!0

"

1

(x1 ;x2)2A"

(106)

H5 (continuity of the slave relation) The rst equation in the limit system
(100) can be solved continuously for x01 with given x02 and a nontrivial
left hand side, i.e., there exists a continuous function F1 : X2  X1 !
X1 such that

y = f1 (F1 (x2 ; y ); x2):

Moreover, we assume F1 is uniformly continuous for y
bounded sets in Y2 .

(107)

= 0 and x2 in

Then the attractors A" of the two time scale system converge to A0 after lift,
i.e.
lim distX1 X2 (A"; LA0) = 0;
(108)
"!0
where

L is the lift from X2 to X1  X2 de ned by
L(x2) = (F1 (x2 ; 0); x2):

Proof of the theorem

(109)

We borrow ideas from the proof of upper semi-continuity of global attractors for dissipative dynamical systems [18, 36, 33].
Recall that the Hausdor semi-distance between two sets A1; A2 in a
Banach space is de ned as
distX (A1 ; A2) = xsup
inf kx1 x2 kX :
(110)
2A x 2A
1

1

19

2

2

We rst prove the convergence in the projected sense, i.e., (104).
Let Æ > 0 be xed. Since the limit system possesses a global attractor
A0 (H2), and since a bounded ball in Y2 is bounded in X2 by the continuous
imbedding (H1), and since the global attractor attracts all bounded set in
the phase space, there exists a T = T (Æ) > 0 such that
distX (S 0(t)BR (Y2); A0)  3Æ ; 8 t  T
(111)
where S 0(t) denotes the solution semi-group associated with the limit system
(100, 101) and BR (Y2) denotes the ball in Y2 with radius R0 centered at the
origin.
On the other hand, utilizing H3 with R = R0 , we see that there exists an
"(Æ ) such that
2

0

0

(112)
kx2(T ) x02(T )kX  2Æ ; 8 "  "(Æ):)
(x ;x )2B (Y Y )
Now for (y1; y2) 2 A" with "  "(Æ), there exists (x10 ; x20) 2 A" 
BR (Y1  Y2 ) so that
10

0

20

sup

R0

1

2

2

(y1; y2) = (x1 (T ); x2(T ))

(113)

since A" is invariant.
Therefore, thanks to (112),

(114)
ky2 x02 (T )kX = kx2(T ) x02 (T )kX  2Æ :
On the other hand, since x02 (T ) = S 0(T )x20 2 S 0 (T )BR (Y2), there exists a
x021 2 A0 such that
kx02 (T ) x021kX  2Æ ;
(115)
by the attracting property of A0 (111).
2

2

0

2

Hence we deduce, by triangle inequality,
ky2 x021 kX  Æ:
This further implies
distX (y2; A0)  Æ:
Since y2 is an arbitrary element in P2 A"; "  "(Æ), we have
distX (P2 A"; A0)  Æ; 8 "  "(Æ):
2

2

2

20

(116)
(117)
(118)

This ends the proof of the convergence of the global attractors in the projected sense, i.e., (104).
Next we discuss convergence in the lifted sense as de ned in (108).
Thanks to H5, we can rewrite the fast equation (98) as
dx
x1 = F1 (x2 ; "( 1 + g (x1 ; x2 ))):
(119)
dt
We also notice that for any xed Æ > 0, there exists an  = (Æ) > 0 such

that

kF1(x2 ; y) F1(x02 ; 0)kX  2Æ

(120)

kx2 x02 kX + kykX  

(121)

1

provided that

2

1

by the uniform continuity of F1 (H5).
Thanks to H4, we have, for some "1 = "1(Æ),

sup k"( dxdt1 + g(x1; x2 ))kX  2 ; 8"  "1:
(122)
(x ;x )2A
We also have, thanks to the rst part of the theorem, there exists an
"2 = "2 (Æ ), such that
1

2

1

"

distX (P2A"; A0)  min( 3Æ ; 3 ); 8 "  "2:

(123)

2

Therefore, for any given (x1; x2 ) 2 A"; "  min("1; "2), there exists an x02 2
A0 such that
kx2 x02kX  min( 2Æ ; 2 )
(124)
Consequently, for "  min("1; "2), we have
2

1
kx2 x02 kX + k"( dx
+ g(x1; x2 ))kX  
dt

and hence

(125)

1

2

kx1 x01 kX + kx2 x02 kX
= kF1(x2 ; "( dxdt1 + g(x1; x2))) F1 (x02; 0)kX + kx2 x02 kX
 Æ:
(126)
1

2

1
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2

Henceforth

distX X ((x1 ; x2); LA0)  Æ:
(127)
This end the proof of the theorem.
An immediate consequence of the theorem is its application to the Boussinesq system for convection at large Prandtl number. We have
1

2

Corollary 1 (Application to large Prandtl number convection) For
any large but xed Rayleigh number Ra, the global attractors A" of the Boussinesq system for convection with Prandtl number P r = 1" converge to the at-

tractor A0 of the in nite Prandtl number model for convection in both the
projected sense of (104) and the lifted sense of (108) as " approaches zero.

Proof of the Corollary We need to verify the assumptions in the theorem.

We rst identify
X1 = fu 2 L2 u3 jz=0;1 = 0; r  u = 0; periodic in x and y g; (128)
X2 = L2 ;
(129)
Y1 = fu 2 H2 ujz=0;1 = 0; r  u = 0; periodic in x and y g; (130)
Y2 = f 2 H 2 jz=0;1 = 0; periodic in x and y g:
(131)
It is then obvious that the Hilbert spaces Yj ; j = 1; 2 are continuously imbedded in the Hilbert spaces Xj ; j = 1; 2 respectively.
Hypothesis 1 is clear thanks to Lemma 1 and [42] where we have shown
the existence of global attractors for the Boussinesq system for convection.
Hypothesis 2 is evident with our in nite Prandtl number model.
Hypothesis 3 is veri ed thanks to Theorem 2 of [41] where we proved
the convergence of solutions of the Boussinesq system to that of the in nite
Prandtl number model on nite time interval after neglecting a transitional
time period and with initial data in Y1  Y2. The uniformity of convergence
is clear since the constants depend on the Y1  Y2 norm only.
As for Hypothesis 4, we have
@u
j"( @u
+
(
u  r)u)jL  "(j jL + jujL1 jrujL )
@t
@t
@u
 "(j @t jL + c32 jujH jrujL )
! 0
(132)
2

2

2
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2

2

according to lemma 1. Thus Hypothesis 4 is veri ed.
In terms of Hypothesis 5, we have, for (v; ) 2 Y1  Y2,
F1 (; v) = A 1 (Ra P (k) v)
(133)
where A is the Stokes operator and P is the Leray-Hopf projection from L2
to X1 [8, 11, 17, 37]. It is then clear that Hypothesis 5 is satis ed.
This ends the proof of the corollary.
Remark: It is worthwhile to reiterate that the global attractors to the Boussinesq system for convection and the in nite Prandtl number model for convection are non-trivial. It is easy to see that the pure conduction state belongs
to each of the global attractors. It is well-known that the pure conduction
state becomes unstable at high enough Rayleigh number and Benard cells
emerge [32, 43, 26]. Hence the attractors must be non-trivial. Indeed, numerical results indicate convection at large Prandtl number could be very
complicated with thermal plumes emerge at seemingly random time and at
random location [39].
4 Comments
In this manuscript we have demonstrated that the global attractors of the
Boussinesq system (which exist at large Prandtl number [42]) converge to
that of the in nite Prandtl number model for convection. This complements
our earlier result on the convergence of weak solutions to the Boussinesq system to that of the in nite Prandtl number model on nite interval modulo
an initial transitional layer [41]. These two results provide us with con dence
of using the in nite Prandtl number model as a simpli ed model for convection at large Prandtl number, both on short time and on long time since the
global attractors embody all long time behavior.
On the other hand, convergence in the symmetric Hausdor distance
sense, i.e., replace dist(A1; A2 ) by dist(A1 ; A2) + dist(A2; A1) for two sets in
a Banach or metric space, usually requires some hyperbolicity [1, 36, 33] and
may be much harder or even invalid as we can see from simple bifurcation
examples such as
du
= u( 1 + 2u2 u4 );
(134)
dt
where the global attractor for the case of " > 0 is the origin only and the
global attractor for the case of "  0 includes the interval [ 1; 1].
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There are two immediate questions that come naturally. First, are there
any other good measures of the (long time) validity of the in nite Prandtl
number model? If yes, what can we say about the the validity under these
measures? Second, is the result here special or could be applied to more
general (generalized) dynamical systems with two explicitly separated time
scales?
Regarding the rst question, there are many other measures of (long time)
validity of the in nite Prandtl number model. For instance, it is easy to show
that the Hausdor /fractal dimension of the global attractor to the Boussinesq system at large Prandtl number and that of the in nite Prandtl number
are nite. Thus we may ask if the dimension of the global attractors to the
Boussinesq system converge to that of the in nite Prandtl number model.
This could be very hard since we are usually only able to estimate upper
bounds for the dimension of attractors. We can then ask whether there is
a uniform in (large) Prandtl number bound on the dimension of attractors
for the Boussinesq system. The direct application of the Constantin-FoiasTemam version of the Kaplan-Yorke formula ([36]) seems not working and
may need revision due to the two time scales. The theorem that we have in
section 3 supports an aÆrmative answer to the question of existence of uniform bounds on the global attractor. However, it is not conclusive since two
very close sets could have very di erent fractal dimensions due to local oscillations. Therefore, it also makes sense to discuss convergence of trajectory
and attractors in space with more regularity (which measures oscillation). An
alternative approach is to use the crude estimates using squeezing properties
[23, 36, 35]. One may also consider bounds on the number of determining
modes, nodes, volumes etc (see for instance [17] among others).
Another two objects related to long time behavior are inertial manifold
and exponential attractors ([36, 14]). It is easy to check that the in nite
Prandtl number model for convection possesses an exponential attractor
which is positively invariant and attracts all orbits with exponential rate.
We can ask if the Boussinesq system possesses exponential attractor at large
Prandtl number and whether the exponential attractors, if they exist, converge in some sense to one of the exponential attractors of the in nite Prandtl
number model. See [16] for such a convergence result for a singularly perturbed wave equation, [19] for a general result, and see [14] for more on
exponential attractors. Indeed, one may even hopeful for continuity of exponential attractors since these objects are more stable [14, 30]. The question
regarding inertial manifold (a nite dimensional manifold which is positively
24

invariant under the dynamics and attracts all orbits with exponential rate)
is much harder. Even the existence of inertial manifold for the simpli ed
in nite Prandtl number model is unknown.
A related result is a connection to the Landau-Lifschitz theory on degrees
of freedom for turbulent ows. With xed Rayleigh and Prandtl number, the
intensity of the turbulence is xed and thus it is expected that the degrees
of freedom of the system scale linearly in each of the horizontal length (Lx
and Ly ) according to the Landau-Lifschitz theory (see for instance [11, 17]).
Utilizing techniques that we developed earlier for shear ows in elongated
channels ([12]) we can obtain upper bounds on the dimension of attractors
for the Boussinesq system and the in nite Prandtl number model that scale
linearly in each of the horizontal length (Lx and Ly ). We leave the detail
to the interested reader. Such a bound is optimal in terms of dependence
on Lx and Ly since one can show that at a xed value of Ra the number of
linearly unstable modes around the conduction state is proportional to the
"density of states" which is proportional to Lx  Ly (C.R. Doering, private
communication). Similar optimal bounds in the case of free-slip boundary
condition on top and bottom and with restriction to the two-dimensional case
or certain functional invariant sets in the three-dimensional case is known
[29],[31].
As we discussed earlier, statistical behavior is probably more important
and realistic for systems like the Boussinesq system where we expect turbulent/chaotic behavior. Thus a more important criterion for the validity of the
in nite Prandtl number model for convection is if the statistical properties
for the Boussinesq system are close to the corresponding statistical properties of the in nite Prandtl number model. A prominent statistical quantity
in convection is the averaged heat transfer in the vertical direction which
can be characterized via the time averaged Nusselt number ([4], [39], [7]). In
the case of in nite Prandtl number model, an upper bound on the Nusselt
number which agrees with physical scaling (modulo a logarithmic term) has
been derived by Constantin and Doering [7]. It is then interesting to see if we
can derive an upper bound on the Nusselt number for the Boussinesq system
which agrees with Constantin-Doering result in the sense the upper bound
should be the Constantin-Doering bound for in nite Prandtl number convection plus a correction term that vanishes as the Prandtl number approaches
in nity. This and a few other issues are currently under investigation [13].
In terms of the second question, we consider the Rayleigh-Benard convection problem at large Prandtl number as a special case of more general
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physical systems with two explicitly separated time scales. In general we
should not expect such kind results to be true all the time. For instance,
problems with fast oscillation on the fast time scale cannot be expected to
converge in strong sense as is clear from the following example
dx
dt
dy
"
dt
dz
dt

"

=
=
=

y

z;

x z;
z:

We see that the limit problem (" = 0) has trivial dynamics (converge to
the origin) while we have persistent oscillation for positive ". We have neither convergence in terms of individual trajectory, nor in terms of long time
behavior. This example can be modi ed into a dissipative one easily via
applying a lter in space. Although strong convergence is not possible in
this oscillatory situation, it may be still be possible to discuss convergence in
weak sense (see for instance [27]). Oscillation could occur spontaneously via
Hopf bifurcation. For instance, the two-dimensional Navier-Stokes equation
under generalized Kolmogorov forcing may experience Hopf bifurcation [6].
Therefore it may be hopeful to deal with the case with explicit fast oscillation, it may still be very hard to handle general situation with oscillation
generated by the nonlinear mechanism.
If the fast dynamics is not oscillatory, and the limit system is regular
enough, we expect similar results. For instance, we expect to have similar results (convergence of trajectory modulo a transitional layer and convergence
of global attractor) for convection in porous medium at small Darcy-Prandtl
number [38]. Convection in porous medium is more regular than standard
convection since the nonlinear advection term in the velocity eld is missing and the wellposedness of the governing system is known [15], [25]. We
also expect to have similar results for certain reaction-di usion systems with
one fast reaction/di usion time. In this case, the limit system may not be
wellposed since the limit elliptic equation in the fast variable may not have
unique solution. In this case we employ the notion of generalized dynamical
systems [2] and it seems that similar results may follow as well.
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