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Summary. In this work, proper orthogonal decomposition (POD) is combined with Petrov-Galerkin
least squares mixed finite element (PLSMFE) method to derive an optimizing reduced PLSMFE for-
mulation for non-stationary conduction-convection problems. Error estimates between the optimizing
reduced PLSMFE solutions based on POD and classical MFE solutions are presented. The optimiz-
ing reduced PLSMFE formulation can circumvent the constraint of Babuska-Brezzi (BB) condition so
that the combination of finite element subspaces can be chosen freely and allow optimal order error
estimates to be obtained. Numerical simulation examples have shown that the errors between the
optimizing reduced PLSMFE solutions and the classical MFE solutions are consistent with theoretical

results. Moreover, they have also shown the feasibility and efficiency of POD method.

Mathematics Subject Classifications (2000): 65N30, 35Q10

1. Introduction

Let Q C R? be a bounded, connected, and polygonal domain. Consider the following the
non-stationary conduction—convection problems, where the coupled equations govern viscous
incompressible flow and heat transfer processes for an incompressible fluid are Boussinesq ap-
proximations to non-stationary Navier—Stokes equations.

Problem (I) Find w = (u1,us), p and T such that for ¢ > 0,

us — vAu+ (u-V)u+ Vp = vjT (z,y,t)eQ x (0,tn),

V-u=0 (z,y,6)eQ x (0,tN),

T, — v AT +u-VT =0 (z,y,)€Q x (0,ty), (1.1)
u(z,y,t) =0, T(x,y,t) =p(z,y,t) (z,y,t)€dQ x (0,tN),

u(z,y,0) =0, T(z,y,0) = (z,y) (z,y)€9,
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where u = (u1, ug) represents the velocity vector, p the pressure, T' the temperature, v = Re !,
Re the Reynolds number, v > 0 is the Groshoff number, j = (0, 1) the unit vector, and ¢(z,y, t)
and ¥ (x,y) are the given functions.ty is the final time. For the sake of convenience and without

lost generality, we may as well suppose that ¢(x,y,t) = 0 in the following theoretical analysis.

The non-stationary conduction—convection problems (I) constitute an important system of
equations in atmospheric dynamics and a compelling dissipative nonlinear system of equations.
Since this system of equations does not only contain velocity vector field and the pressure field,
but also contains the temperature field!!, finding the numerical solution of Problem (I) is not
easy. Though mixed finite element (MFE) method is one of the important approaches for solving
the non-stationary conduction-convection problems, the fully discrete system of MFE solutions
for the non-stationary conduction—convection problems has many degrees of freedom and it
is an important convergence stability condition that the Babuska-Brezzi (BB) inequality2—4
holds for the combination of finite element subspaces. Thus, an important problem is how to
circumvent the constraint of the BB inequality and to simplify the computational load and save
time—consuming calculations and resource demands in the actual computational process in a
way that guarantees a sufficiently accurate numerical solution. In order to circumvent the con-
straint of the BB inequality in studies of MFE methods for Stokes equation and Navier-Stokes
Equations, stabilized finite element methods(®—8! have been developed, motivated by stream-
line diffusion (SD) methods® 1%, A stabilized SD method!*!] for the stationary Navier-Stokes
Equations is also proposed. Some Petrov-Galerkin least squares methods for the stationary
Navier-Stokes equations and non stationary conduction convection problems which residuals are

added to were developed!12—13]

. Proper orthogonal decomposition (POD) is a technique offering
adequate approximation for representing fluid flow with reduced number of degrees of freedom,
i.e., with lower dimensional models so as to alleviate the computational load and provide CPU
and memory requirements savingsi.POD has be successfully used in different fields including
signal analysis and pattern recognition*~15!, fluid dynamics and coherent structures!'6=21 as
well as optimal flow control problems?2=24. More recently, some reduced order finite differ-
ence models and MFE formulations and error estimates for the upper tropical pacific ocean
model based on POD were presented® =28, and an optimizing finite difference scheme based

291 However,

on POD for the non-stationary conduction—convection problems was established!
to the best of our knowledge, there are no published results to address the issue where POD is
used to reduce the PLSMFE formulation for the non-stationary conduction—convection prob-
lems and provide error estimates between classical PLSMFE solutions and reduced PLSMFE
solutions. Therefore, in this paper, we combine PLSMFE methods with POD to deal with the
non-stationary conduction—convection problems so that we insure not only the stabilization of
solutions of fully discrete PLSMFE system, but we also simplify the computational load and
save time—consuming calculations and resource demands in the actual computational process in
a way that guarantees a sufficiently accurate numerical solution. We also derive error estimates
between usual PLSMFE solutions and the solutions of optimizing reduced PLSMFE formula-

tion based POD technique. Then we consider the results obtained from numerical simulations
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of cavity flows to show that the errors between POD solutions of optimizing reduced PLSMFE
formulation and the usual PLSMFE solutions are consistent with theoretical results. Moreover,

we also show the feasibility and efficiency of the POD method.
Though Kunisch and Volkwein have presented some Galerkin POD methods for parabolic

problems[®®! and a general equation in fluid dynamics®!, our method is different from their ap-
proaches, whose methods consist of Galerkin projection approaches where the original variables
are substituted for linear combination of POD basis and the error estimates of the velocity
field therein are only derived, while their POD basis is generated with the solution of the phys-
ical system at all time instances. In particular , in our present method the velocity field is

only approximated®!,

while velocity and pressure fields are all simultaneously approximated
. Although the singular value decomposition approach combined with POD technique is used
to treat the Burgers equation in [32] and the cavity flow problem in [33], the error estimates
have not completely been derived, in particular, an optimizing reduced formulation of PLSMFE
for the non-stationary conduction—convection problems has not yet been derived. Therefore,
our method improves upon existing methods and POD basis is only generated along with the

numerical solution at a subset of time instances which are useful and of interest for us.

The present paper is organized as follows. In Section 2 we derive usual PLSMFE methods
for the non-stationary conduction—convection problems and generate snapshots from transient
solutions computed from the equation system derived by usual PLSMFE methods. In section 3,
the optimal orthogonal bases are reconstructed from the elements of the snapshots with POD
and an optimizing reduced PLSMFE formulation is developed with lower dimensional number
based on POD for the nonlinear non-stationary conduction—convection problems . In section
4, error estimates between usual PLSMFE solutions and POD solutions of optimizing reduced
PLSMFE formulation are derived. In section 5, some numerical examples are presented illus-
trating that the errors between optimizing the PLSMFE approximate solutions and the usual
PLSMFE solutions are consistent with previously obtained theoretical results, thus validating
both the feasibility and efficiency of POD method. Section 6 provides the main conclusions and

future tentative ideas.

2. Usual PLSMFE approximation for the non-stationary conduction—
convection problems and snapshots generate

The Sobolev spaces along with their properties used in this context are standard®*!. For
example, for a bounded domain €2, we denote by H™(2) (m > 0) and L?(Q) = H°(2) the usual

Sobolev spaces equipped with the semi-—norm and the norm, respectively,

1/2

Ol =4 > / | D [2dady and ||v]|m.0 = {Z B
@ =0

la|=m

1/2
?,Q} Vv € Hm(Q)a

where o = (a1, a2), ag and «ay are two nonnegative integers, and |a| = ay + ae. Especially, the
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subspace Hg () of H(Q) is denoted by
H3(Q) = {v e H' (Q);ulsq = 0}.

Note that || - |1 is equivalent to |- |; in H3(2). Let L3(Q) = {q € LQ(Q);/ qdzdy = O}, which
Q
is the subspace of L?().
Put X = H}(Q)?, M = Lo(Q) = {q € L*(Q); / gdzdy = 0}, W = H}(Q), and
a(u,v) = 1// Vu - Vodzdy Vu,v € X,
Q

b(q,v):/qdivvdxdy VveX,qge M,

a1 (u, v, w) /Zul Z?)wjvj]dxdy Yu,v,w € X,
i T
7,7=1
3¢
T, X, VT
(u,T,¢) = /QZ 8% 7o T)dzdy Yu e X,¥T,¢ € W,

D(T, ¢) = flfgvz“-wdxdy VT, € W.

Let N be the positive integer, denote the time step increment by k = t/N. Write ¢,, = kn
and (u™, p", T™) denotes the semi-discrete approximation of (u(x,y,t,), p(x,y,tn), T(x,y,tn))-
By introducing a finite difference approximation for time derivation of Problem (I), we obtain
the following semi-discrete formulation at discrete times.

Problem (ITI) Find (u™, p™) € X x M such that forn =1,2,---, N,

(U™, v) + ka(u™,v) + kaq (u™, u™,v) — kb(p™,v)

= ky(5T"™,v) + (u""1,v) Vv € X,

b(g,u) =0 Vqe M, (2.1)
(T, ¢) + kD(T™, ¢) + kaz(u™, T", ¢) = (T, ¢) Vo €W,

uw? =0, T°=1(z,y) in Q.

Using the theory of stationary conduction—convection problems may prove that Problem
(IT) has a unique solution, and has the following error estimatel!+35],

THEOREM 2.1. If second derivatives ug and Ty of the solution (u,p,T) of Problem (I) are
all bounded, then

n

lu(tn) = u™flo + (kv)2 > uts) = u'ly + | T(ta) = T" o

i=1
n

+y B Y IT() = T + k2 Y [Ip(ts) = p'llo < C,

i=1 i=1
where (u(ty), p(tn), T(ty)) is the value at t, = kn of the solution (u(t),p(t),T(t)) of Problem
(I), C is a constant dependent on (u(t),p(t), T(t)) but independent of k. O
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In order to find the numerical solution for Problem (II), it is necessary to discretize Problem
(IT). We introduce a MFE approximation for the spatial variable. Let {S,} be a uniformly reg-
ular family of triangulation of Q[¥5—36] indexed by a parameter h = max {hx; hx =diam(K)},

E%h

i.e., there is a constant C, independent of h, such that h < Chg (VK € S3,). We introduce the
finite element subspaces X, C X, M, C M, and W, C W as follows

Xp = {’Uh eXn CO(Q)Q; Uh‘K c Pg(K)Q VK € %h},

My, ={gn € MNC°(Q); aqnlx € Pu(K) VK € Sy}, (2.2)
Wi, = {¢n € WNC°(Q); ¢nlx € P.(K) VK € S},

where Pp(K) is the space of piecewise polynomials of degree £ on K, ¢ > 1, k > 1, and ¢ > 1
are three integers.
Let (up,pp,I7') € Xp x My x W}, be the PLSMFE approximation corresponding to (u”, p™,
T™). Then, the fully discrete PLSMFE solution for the problem (II) may be written as:
Problem (III). Find (u},pp,T3) € Xp x My x Wy, such that for 1 <n < N,

(u;llvvh) + ka(u27vh) + ka’l(u;’;?uz’vh) - kb(pZ7Uh) + kb(qha u;’zl)—'—
Z Or (up — kvAuy, + k(uy, - V)un + kVpp, vn — kvAvy, + k(uy, - V)vn, + kVar)k

KeSy,
= Z S (ki T + uy ™" o — kvAwy, + k(ul - V)on + kVan) i
&, (29)
+hy (TR on) + (" on)  V(on,qn) € X X M,
(T3, ¢n) + kD(Ty) , ¢n) + kas(up, i, ¢n) = (Tn " ¢n)  Vu € Wi,
up =0, TP =1(x,y) inl,
where 0 = ahg, a > 0 is arbitrary constant.
Write 9= (v, p) and @ = (w, q). Define
Bs(u, uf; 0,w) = (v,w) + ka(v,w) + kai (u,v,w) — kb(p, w) + kb(q, v)
+ Z Ox(v—kvAv+k(u-V)v+kVp,w — kvAw + k(up - Vw4 kVq)k,
KeSy,
Frs(w) = ky(T7), w) + (uz_l,w) (2.4)
+ ) Sk (up T+ kT w — kvAw + k(ufl - Vw + kV)x,
KeSy,

D(v;T,¢) = (T, 6) + kD(T, ¢) + kas(v, T, ¢).
Then Problem (III) could be rewritten as follows.
Problem (IV) Find 4} = (u},p}) € Xp x Mj, such that, for 1 <n < N,
Bs(up, up; 4y, wn) = Frs(n) Vo = (Vn, qn) € Xn X Mh,
D(uj; Tyt én) = (Ty ™4, 6n) Vo € W, (2.5)
u) =0, TP =p(x,y) inQ,

where |k = Jg.
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Throughout this paper, C indicates a positive constant, and it is possibly different at differ-
ent occurrences, which is independent of the mesh parameters h and time step increment k, but
may depend on €2, the Reynolds number, and on other parameters introduced in this paper.

The following properties for trilinear forms a;(-,-,-) and as(-, -, -) are often used (see [35]).

al(u,U,UJ) = _al(u7wav)’ al(u,v,v) =0 VU,U,’U) € X7
a1 (u, v, w)| < Crlfullg [ulf (ol [[oll§ [wh + [vh[[wllglwlf) Vu,v,w e X,
a2(u7Ta¢):_a2(uv¢7T)v a2(u7¢a¢):0 VUGX, VT,QSEVV,
1 1 1 1 1 1
laz(u, T, §)| < Collullg [ul (T IT§ [0k + T lI¢ll5 19lF) Yue X, VT,¢ € W,

(2.6)

where C is a constant independent of u, v, and w, and Cs is a constant independent of u, T,

and ¢. The bilinear forms a(-,-), D(:,), and b(-,-) have the following properties

a(v,v) > vlv]} Yo € X, |a(u,v)| < viuli|vy Yu, veE X, (2.7)
D(¢.¢) =y~ ¢l Yo e W, [D(T,¢)| <7~ H|Th|gh VI, ¢ €W, (2:8)
b(q,v
0> Blall v e o (29)
veEX |U\1

where 3 is a constant. Define

~ T
NO _ sup ay (’U,7 v, U}) sup a2 (U7 ) ¢)

_— 0 —_— (2.10)
u,v,wEX luly - vl - |w|1’ u€X,(T,p)EW XW luly - [T]1 - |l

The following discrete Gronwall lemma is well-known and very useful in context of next
analysis (see [4, 34]).

LEMMA 2.2. If {an}, {bn}, and {c,} are three positive sequences, and {c,} is monotone,
they satisfy

n—1
an + b, Scn+5\2ai, X > 0,a9 + by < co,
i=0
then
an +b, < cpexp(n)), n>0. d

For Problem (ITI) or (IV), we have the following result!*3].

THEOREM 2.3. If h and k are sufficiently small and h = O(k), then there exists hg > 0 such
that when h < hy Problem (III) has a unique solution sequence (u},pp,Ty) € Xy x My x Wy,
and for0 <n < N,

a5+ & i I+ D 167 (u, — kv, + k(v - V)uj, + kVpi)IIG, < RM, - (2.11)
i=1 i=1

1 i i 1 i i n n
™ = willo + (kw)* D u' = by + k% Y lp" = phllo + 1" = T lo
. i=1 i=1 (2.12)
(kDY IT = Til < O+ b+ 1),
i=1
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where M = tn (R+2kha)y?[l¢(e, )3 exp(2ahtn), R=v" -2, = 3 |34 (@, T7) =

Key,
(u™,p", T™) € [Wy ™ (Q) N HE(Q)]2 x HA Q) x [Wy ™ (Q) N HY(Q)] are the solutions for
the problem (II), C is the constant dependent on [u™|p+1, |p"|x, and |T™|,+1. O

Combining Theorem 2.1 and Theorem 2.3 could yield the following result.
THEOREM 2.4.Under the assumptions of Theorem 2.1 and Theorem 2.3, there are the fol-

lowing error estimates, for 1 <n < N,
n n
1 : 1 .
lu(tn) = upllo + (k)2 Y Ju(ts) — uhly + k2 Y lIp(t:) — phllo
i=1 i=1

T (t) = T o + (k=10 32 [T(k) = Tils < Ok + B + b=+ h). 0

If R = v—!, 4, triangulation paramle_tér h, finite elements X, My, and W) and the
time step increment k are given, by solving Problem (III), we can obtain solution ensemble
{upy,, uly,, pr, TP, for Problem (III). And then we choose L (for example, L = 20, N = 200,
in general, L < N) instantaneous solutions U;(z,y) = (ul,,ub,,ph. T3) (i = 1,2,---, L) (which
are useful and of interest for us) from the N groups of solutions (u},, w3, Py, T') (1 <n < N)

for Problem (IIT), which are known as snapshots.

3. Optimizing reduced PLSMFE formulation based POD technique for
the non-stationary Navier—Stokes equations

In this section, we use POD technique to deal with the snapshots in section 2 and develop
an optimizing reduced PLSMFE formulation for the non-stationary Navier—Stokes equations.
Let X = X x M x W. For U;(z,y) = (ul,,ub,,ph, T}) (i =1,2,---, L) in section 2, we set

V =span{Ui,Us,--- ,UL}, (3.1)

and refer to V' as the ensemble consisting of the snapshots {U;}2, at least one of which is
supposed to be non-zero. Let {1); }2:1 denote an orthogonal basis of V with [ = dim V. Then

each member of the ensemble can be expressed as

l
Ui =Y (Ui j)xtb; for i=1,2,---, L, (3.2)
j=1
where (U;, ;)5 = (ul, ¥uj)x + (B}, ¥pj)o, (+-)o is L?-inner production, t,; and t,; are or-
thogonal bases corresponding to u and p, respectively.
The method of POD cousists in finding the orthogonal basis such that for every d (1 < d <)
the mean square error between the elements U; (1 < i < L) and corresponding d-th partial

sum of (3.2) is minimized on average:

L

d
. 1
(min 7> 0= (Uni)x il (3.3)
=17 =1 j=1

such that
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where Uil 5 = [Vuin g + I Vudnllg + 17715 + VRIS A solution {4;}5_; of (3.3) and (3.4)
is known as a POD basis of rank d.
We introduce the correlation matrix K = (K;;)xr € RE*E corresponding to the snapshots
{Ui}iLzl by
1
K;; = Z(Ui7UJ‘)X' (3.5)
The matrix K is positive semi-definite and has rank [. The solution of (3.3) and (3.4) can be

found in [16, 19, 31], for example.
PROPOSITION 3.1. Let Ay > Ay > -+ > X\ > 0 denote the positive eigenvalues of K and vy,

vg, -+, v the associated eigenvectors. Then a POD basis of rank d <[ is given by
1 1 &
_ T T _ § NTT-
dji - \/)Tivi (Ula U27 e 7UL) - \/)\72 jZI(UZ)JUﬁ (36)

where (v;); denotes the j-th component of the eigenvector v;. Furthermore, the following error

formula holds

L d )
Z ng ills= > A (3.7)

Jj=d+1

b« \

Let V¢ = span {1,909, -+ , 94} and X4 x M4 x W? = V? with X¢ ¢ X, M? ¢ M, and
W c W. Set the Ritz-projection P%: X — X% L2%-projection p¢: M — M? and Ritz-
projection o¢: W — W4 denoted by, respectively,

a(Pu,vq) = alu,vg) Yug € X4,

(pp,qa)o = (p.qa)o  Vaq € MY, (3.8)
D(o%w,w?) = D(w,w?) Vwg € W4,

where u € X, p € M, and w € W. Due to (3.8) the linear operators P? and p? are well-defined
and bounded:

IV (Phu)[lo < IVullo Vu € X,
1p%pllo < lIpllo Vp e M, (3.9)
[V (edw)l|o < [|[Vwllo Yw € W.

LEMMA 3.2. For every d (1 < d < l) the projection operators P, p?, and o% satisfy
respectively

L
7 2 IVt~ Pl < S

j=d+1

LZth p'pillo < Z Ay (3.10)

j=d+1

L
Z Pl Y A

Jj=d+1

h \



An optimizing reduced PLSMFE formulation 9

Proof. For any u € X we deduce from (3.8) that

vI|IV(uj, = Pfup)lls = aluf — Pluj, uj, — Puy) = a(uj, — Puj, uj, — vg)
< || V(uj, = PPup)[lol|V (uj, = va)llo Vva € X7
Furthermore,
IV (up, = PPup)llo < [V (uf, = va)llo Vva € X7 (3.11)
d
Taking vy = Z(u}b, ;) x Yu; (where 1,5 is the component of ¢; corresponding to «) in (3.11),
j=1

we can obtain the first inequality of (3.10) from (3.7).
Using Holder inequality and the second inequality of (3.8) can yield

0}, — p*ph, v — P7Ph) = (D}, — PP} Ph — 4a)

1P}, — ppj I3
< vk = p*Pillollph, — aallo Vaa € MY,

consequently,
lph = p*pillo < lIph, — gallo Vaa € M*. (3.12)
d
Taking qq = Z(pz, Ypj)otp; (where 1p,; is the component of 9); corresponding to p) in (3.12),
j=1
from (3.7) we can obtain the second inequality of (3.10). Using the same technique as the

first inequality of (3.10) can prove the third inequality of (3.10), which completes the proof of
Lemma 3.2. U
Thus, using V¢ = X4 x M?% x W, we can obtain the optimizing reduced PLSMFE formu-
lation for Problem (IV) as follows.
Problem (V) Find (a%,77) = (u,p%, T7) € V¢ such that

Bs(uyy, uy; ayy,w)y) = Frs(w)) Yy = (va,qa) € X4 x MY,
DTy, ¢a) = (T34 da) Yo € W, (3.13)
u) =0,T9 =(x,y) (x,y) €Q,

where 1 <n < L.

Remark 1. Problem (V) is an optimizing reduced PLSMFE formulation based on POD
technique for Problem (IV), since it only includes 4d degrees of freedom while Problem (IV)
includes 4N, if Kk = £ = ¢+ = 1 (where N, is the number of the vertices in Jjp), Problem
(IV) includes 4N, + 4N, =~ 16N, if Kk = £ = ¢ = 2 and 4d < 4N, < 16N, (where N, is
the number of the sides in $7,). And since the residual is introduced, the combination of finite
element subsets need not satisfy the BB stability condition and optimizing order error estimates
will be obtained (see section 4). When one computes real-life problems, one may obtain the
ensemble of snapshots from physical system trajectories by drawing samples from experiments
and interpolation (or data assimilation). For example, for weather forecast, one can use previous

weather prediction results to construct the ensemble of snapshots, then restructure the POD
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basis for the ensemble of snapshots by above (3.3)-(3.6), and finally combine it with a Petrov-
Galerkin least squares projection to derive an optimizing reduced order dynamical system, i.e.,
one needs only to solve the above Problem (V) which has only few degrees of freedom, but it is
unnecessary to solve Problem (IV). Thus, the forecast of future weather change can be quickly

simulated, which is of major importance for actual real-life applications.

4. Existence and error analysis of solution of the optimizing reduced
PLSMFE formulation for the non-stationary conduction—convection
problems

This section is devoted to discussing the existence and error estimates of solutions for
Problem (V).

We see from (3.6) that V¢ = X4 x M?x W CVC Xy x My x W, C X x M xW.

We first derive the following existence result for solutions of Problem (V).

THEOREM 4.1. Under the assumptions of Theorem 2.1 and Theorem 2.3, Problem (V) has

a unique solution sequence (uly,pl) € X4 x M? and satisfies, for 1 <n < N,

g IF + kY gt + 18 (g — kvAug + kujVui + kVpg)[§ "7 < VRM.  (4.1)
i=1
Proof. We use Brouwer’s fixed point theorem to prove our theorem.

For all v7 € X4 and |[v7]|3 4+ &k > ||[v5]|7 < RM, consider the following linearized Problem:
=1

Bs (v, o5 4%, bg) = Fs(wg) Vg € X4 x M4, (4.2)
u?i =0, in (), '

D Th, ¢a) = (T) ', da)  Voa€ WY,

(4.3)
T = (z,y) in

Since D(vg; -,+) is a coercive bilinear functional, linearized problem (4.3) has unique a group
of solutions T} € W (n = 1,2,---,N). For known T}, since Bs(v},v};-,-) is a coercive
bilinear functional, linearized problem (4.2) has unique a group of solutions @/ = (u},p})
(n=1,2,---,N). Thus, there exists a map G : (07, x%) — (43,T}) (n =1,2,--- ,N), where
bg = (vg,vq)-

Taking ¢4 = T in (4.3), from (2.6) we obtain that
ITE I + 29 RIVTZIE < 1735 (4.4)

Summing (4.4) from 1 to n yields that

N2+~ % D IVTalG < (e, )lis. (4.5)

i=1
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Taking wq = 4} in (4.2), we obtain that

g 13 + Fvlug |t + 1167 (ug — kvdug + k(vg - V)ug +EVpg)[I§

= S Sk Ty il — kA + k(o - V)ul + kVp) K
KeSy,

(T ) + ()
1 1 ne
< SRR, + kvl ?) + 5 (g1 + g~ 13)

1 1 n— 1 1 T m
5102 (RT3 +uy DS + 1107 (ug — kvAug + k(v - V)ug + EVP)|5 -

Noting that || - ||-1 <|| - |lo- From (4.6) we have

g1 + kvl 3 + 1102 (uff — kvAug + k(v - V)ug + kP33,
< KRY?|ITFIIG + w15 + 2/12 kv T3 (1§ + 20k Ju 3
< k(R + 2kha)y? (e, y)llg + llug ™" I1§ + 2cch]|ug ™[5
Summing (4.7) from 1 to n and noting that % = 0 could yield
g1 + kv Y il + > 1167 (uf — kv Aug + kvl - V)ul + kVpY)[I3
— — o
< nk(R + 2kha)y® (e, y)lIg + 2ah Y [|ugl3.
i=0

By discrete Gronwall inequality we get that
n n
g2 4+ kS 2 + 37 6% (ul — kvAuh + R(vh - V)l + kDI,
i=1 i=1

< nk(R + 2kha)y?|¢(x, y)||3 exp(2ahn).

Note that 1 < v~! and kn < ty. From (4.9) we obtain that
n - i - Ea i i i i
Jugll5 + k‘z lugl? + Z 162 (ug — kvAug + k(vg - V)ug + kVpI[5 5

< Rty (R + 2kha)y? || (@, y)||2 exp(2aty) = RM.

11

(4.6)

(4.8)

(4.10)

Let Brar = {(v7, 9%, x%) € X4x M x W |22+ k Z |v§|2 < RM}. Tt is shown by (4.5)

i=1

and (4.10) that the map G : Bry — Bras. Thus, it is necessary to prove that F' is continuous.
For any (ﬁénv X}i ) (vd 7¢d 7Xd ) and (vd 7Xd ) (vd 7¢d 7Xd ) € BRM7 by (42) and (43)

we obtain two groups of solutions (u}™,py*,Ti") and (u2",p?",T5") (n = 1,2, --

that
Bg(v;",v;"; i bg) = Fs(wa) Ving € X4 x M,

Dy T ¢a) = (T, "7V, 0a0)  Voa € WY,
ud _O Td :1/’(3373/) (:E7y)697

™ 1§+ kD llug' I} < RM

,N) such

(4.11)
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and
BJ(”(%”,U(%n;a?inawd) = F&(ﬁ)d) Vg € X7 x Md,
D2 T da) = (T3 6a)  Voa € WY,
ud =0, TP =y (z,y) €,
13+ kY i1} < RM.
=1

By (4.11), (4.12), (2.6), (2.10), (4.5), and inverse inequality, we obtain that

1Ty = T3 lg + kT = T3
— (le(n—l) _ T;(nfl)’Tén . TdQn) . kag(vé” . Uu2ln7T¢}n7Tc}n . Td2n)

n n 1(n—1 2(n—1 n n n n n
TE — T2 |73 = T2V g Chlok™ — w2y T4 — T2, [ T2

IN

IN

1in n L in—1 2(n—1
ST =TI + STy TV
1

+CRlvg" = o3[ + SRy T = TP

Therefore, we get that

2n |2

n n — n n 1(n—1 2(n—1 n
T = T2%2 + by Y Ta" =T33 < |73 = T30 V|2 + kol — 032,

Summing (4.14) from 1 to n can yield that

n n
T3 — T3+ ky ™ 3 OITH — T3 < Ok Y ol — B2
=1

i=1

By (4.11) and (4.12), we obtain that, Viig = (wa,74) € X¢ x M9,

In ,In ~ln - 2n ,2n ~2n A
B5(Ud y Vg Ug 7wd>_B5(Ud y Vg Ug 7wd)

= (" —ud " wa) + Y Skl k(v = 03") - Vaa)x

KeSy,
i Z 5K(U;(n_1) . uz("_l), wq — kvAwg + kvé” -Vwg + kVry) k
Kegy,
+ Z Src (kg (Ty™ — T3, wq — kvAwg + ko™ - Vwg + kVra) ke
KeSy,
Ry G(T = T3 wa) + Y Ok (kg Ty k(vy™ — v3")Vwa) = So.
KeSy

Taking wyg = u(lin - uﬁ” and rg = p}i” — pi", on the one hand, we get that

B5(vén7vénamded) = ”wd”g + kV|wd|%

+6% (wq — kvAwg + kv - Vwa + kVra)||2 .

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)



An optimizing reduced PLSMFE formulation 13
On the other hand, by (4.11) and (4.12) we obtain

Bs (Uclln7 ’Uénv wd7 ’li)d) = B(S(’Uén7 Uclln7 ’acllny UA]d) - B(;(U(lin’ ’U;n7 ’ainy ’Ll’\}d)

= B(S(’U(Qina U§n7 ,ain’ UA}d) - Bé(vtlin7 Uzlin7 ﬁinv ’U}d) + SO = kal(’l}gﬂ - Ucllny ui’ﬂ’ wd)

+ Z S (k(03" —vi™)VuT", wa — kvAwg + kvy™ - Vwg + kVra) ke

P (4.18)
+ Z Orc(ud” — kvAuZ" + kvd" - Vui + kVp", k(vi™ — vi™")Vwa) x + So
Kesy,
= 51+ S2 + 53+ So.
By (2.10) and (4.12), we obtain that
1S1| = |kay (v3" — v} w3 we)| < KRM No|v2" — vi™|1|wal1- (4.19)

By inverse inequality ||val|o.0o < Clval1 and |lvallo < Chlvg|; (for allvg € X C X}, see [35-36]),
(2.10), (4.12), and (4.13), we obtain that

|S2| = | Z Src(k(v3" — v ™)Vus™ wg — kvAwg + kvy™ - Vwg + kVry) k|
Keon (4.20)
< CkR? |02 — 0|1 1|62 (wg — kvAwg + kvl - Vwg + EVr)|o.n,

|S3] = | Z Src (U3 — kv AuE™ + kvd™ - Vui™ + kEVpa®, k(v3" — i) Vwa) k|
Kesy, (421)
< Ckh# |03 — vl [wal1,

1ol = (g™ ™V —ud" T wg) + D Ok (uh "V k(wh —03") - Vwa) i

KeSy,

+ Z 5K(u;(n_1) - ufl(n_l), wg — kvAwg + kv™ - Vwg + kVra) i

+ Z Src (ki (T3 — T3™), wq — kvAwg + kvl - Vwg + kVry) i

KeSy,
Ry G(T™ = T3, wa) + Y Ok (VT3 k(v — v3") V)| (4.22)
KeSy,
< uy™ ™ = w2 ol [wallo + CEAlOY" — 03" 1 |waly

+Ch2 [Jul™ ™ — 20167 (wg — kvAwg + kv - Vwg + kVra)|los
FCkRE || T — T2%|0]|62 (wq — kvAwg + kvl - Vwa + kVra)|lon
+EP|T;™ — T3 lollwallr + Chkylug™ — v3" |1 wal1.

If h = O(k), combining (4.19)—(4.22) and (4.15) and using Cauchy inequality could yield that

1 1m-1 2(n—1 1
ol + 1811+ [Sa] + 18] < Gllug™ ™ = ug™ V3 + 3 Jwalo

n n kv 1(n—1) 2(n—1
+OR 0" — 03"} + 5 hwalf + Chllug™ ™ = ug™ V3 (4.23)

1 n
+§||(5 (wa — kvAwg + kvy™ - Vwa + kVra) ||, + CK® Z lug" — v3Y3.
i=1
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Combining (4.23) and (4.17)—(4.18) yields

6% (g — ") — kvA(u;" — ") + kv V(ug — ud")

+kV (py"* — P33, —u"||§ + kvlud” — u"[? (4.24)

1(n—1 2n1 1(n—1 2(n—1
< [y — >||0+0k|\< T >\|3+ck32|vd—v§”

=1

Summing (4.24) from 1 to n we get

chs wy' — i) = kvA(uy —uf) + kg’ - V(uy —u)

+kV (pg — )13

n||o+k”/2\ud —ug'|? (4.25)

n—1
< CkZIIUé" Z||0“‘C']€37”LZ‘% — g3

i=1

By discrete Gronwall inequality, we obtain that

Do l6% (ulf — i) — kvAuy —ud) + kit - V(ui = ud) + kY (05 = 33

(4.26)
el — w23 + kuz i~ < OKn S ol — o312 exp(Ci).
i=1
Since nk < ty, we obtain that
Lo 14 i i i i i i i i
D002 (ulf — ud’) — kvAul — ud) + kv - V(uf —ud) + kV (Y - pi)IE A
' (4.27)

g —ud”|\0+k1/2|ud —ug'|? <Ckzz|”d —og'|7.

Thus, (4.15) and (4.27) show that the map G : Bras — Bga is continuous. By Brouwer’s fixed
point theorem, this implies that G has at least one fixed (4}, T}) = G(4},T}) (n=1,2,--- ,N),
i.e., Problem (IV) has at least one solution sequence (u?,p%, T7) € X% x M4 x W4.

If (ul?,pl*, Ti) € X4 x M4 x W4 and (u2t™, p2", T2") € X9 x M9 x W% are two groups of
solutions for Problem (IV), using the same approaches as in (4.15) and (4.27), we derive that

T3 = T35+ k™' Y ITd = TFfE <C/€Z\ud —ug'li, (4.28)
i=1 i=1
D107 (g — ') = kvA(ug’ —ug) + kug' - V(uy' — i) + kY (g =350
i=1 n (4.29)

™ — NG+ kv Y g —ud 1<0khZ|u —udf3
=1

Therefore there is an hg = v/(2C) such that if b § ho, we get that

n

Z H5 (ud - Ud ) kVA(Ud - Ud ) + k:u ) V(u}f - Ud ) + kV(py - p?)”%,h
i=1 N (4.30)
g =g IF ke Y g’ — g} <0,
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which shows that u}" = u2" and p}™ = p3". And by (4.28) we get T;™ = T3". Therefore, the
solutions (uf,p%,T7) (1 <n < N) for Problem (IV) are unique. O

In the following theorem, the errors between the solutions (ul, plj) for Problem (V) and the
solutions (uj,pj) for Problem (IV) are derived.

THEOREM 4.2. Under the assumptions of Theorem 2.1 and Theorem 2.3, if h and k are
sufficiently small, h = O(k), and k = O(L™2), then the errors between the solutions (u”, p%, T)
for Problem (V) and the solutions (u},py,T}') for Problem (IV) have the following error esti-
mates, for 1 <n < N,

n n
1 . . 1 . .
i = willo + 1T = T llo + (kv)2 > IV (uf, — wip)llo + k2 Y lIph, — pillo
i=1 =1

n l (431)
ey I IV(TE - Tilo <C D Ay i ne {12, L);
i=1 j=d+1
and if snapshots are equably taken,
gy = willo + 177 = T3 llo + (kv)> DIV (g, — uillo + k2 > [Iph, = Pl
i=1 i=1 (4.32)

n l
1 , . N
-1z i _ i _ o
H R IV - Thlo < Ok 12 +C 30 Ay, it ng (1,2, L),

i=1 j=d+1
Proof. Let g = (w?,r%), w? = Pl —u?, and 7% = pp} — p%. On the one hand, we

have that

B5(ug’ ug, (OFR wd)

(4.33)
= [[wi 1§ + kv wil} + (102 (wf — kvAwf + kug Vwy +kVrd)|[3 -
On the other hand, if write P4 = (Plup, plpi) and dq = (u?,pf), we have that
B5(u7dlv Ug, wda wd) = B5(u37 UZ, pdﬁa qu)d) - Bts(urdlv 'UJZ, ﬂda wd)
= Bs(ul,ult, PY,1bg) — Bs(uf,ult, 4, ivg) + (up =t wh)
(4.34)

+ > Ok (up Tt —uy Tt + k(T - T, wi — kvAwy + kul V) + kVr)
KeSy,

+hyi (T — T wy) = St + Sz + S3 + Sa,
where, since a(P%u} — u}, w?) =0,
Sy = (Puy —up, wi) — kb(p?pj — ppy, wip),
Sy = ka1 (u}, Pdug,wgb) — a1 (upy, up,wy) +o(ry, PduZ —up)l,

S3

> Ok (Phuy — up — kv APy — up) + kufV Phup — kup Vup,
KeSy,
+EV (ppl — pi), wh — kvAw? + kutVwi 4+ V) i,
Su= (™" =™ wf) + kg (T = T wi) + 3 O™ = g™
KeSh
+hyi (T — T7), wly — kvAw] + kulyVw] + kEVri) k.
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Using inverse inequality, Holder inequality, (2.7), and Cauchy inequality, and noting that h =
O(k), we obtain that

1S1 = [(Phup — up, wh) — kb(ppp — pjt, wy)] (4.35)
< Ck(|[Phuj —upl? + |lp%ph — pplI3) + Ekv|w}3,
‘S2| = k|a1(u7dlapduszg) - al(uz’u;zlawg) + b(rg,PduZ - u;zl)|
= k|a1(ug’ PduZ - UZ,’LUZ) - al(wgvuszg) + al(PduZ - UZ, ug,wg)
- Z (w? — kvAw? + kul} - w? 4+ Vrl, Pl — ul) g
Ke
= (4.36)
+ 37 (wf — kvAwf + kulf - wlf, Py — uf)|
KeSy,
< E(kvwi? + 6% (wl — kvAw} + kul} - wh + kVER)|[2 )
+Ck|Puf — ul|? + Ckhlw?|?,
S| = > x(Phuj — up — kAP up — upl) + kuf V (Phuy — )
KeSy,
—kw}Vup + k(Phup — upt)Vup + kV (p%pj — pi),
wl — kvAw] + kuiVw] + kVr]) i (4.37)
< Ck(|PMup —upl} + %Py — pRlI§) + Ckhlwy |3
+E]|8% (wf — kvAw] + kuyVwy + kVri)|2 .,
Q n— n— 1 n— n—
1S < CkIPMup™ —up i+ §(|de Mg+ lwillg) + Ckllwg g
(4.38)

8162 (wy — kvAw} + kulVwl + kVrd)|2 .,
+ékv|wl|y + CE| Ty — T I3,

where € is a constant which can be chosen arbitrarily. Combining (4.33) and (4.34)—(4.38) could
yield that

w2 + kv|w? |3 + H(S% (] — kvAw}y + kulyVwl + erg)Hah
< Ck(|/Puy — w2 + [lp%p} — pplIE + [Py — up =t ?)
(4.39)
+3k(vwh |3 + (0% (W} — kvAw] + kuVw] + kVr)|2,)

n 1 n— n n— n n
+Ckh[wilT + 5 (lwg 1§ + wili§) + Chllwg ™ 1§ + CE T3 = T3
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Taking & < 1/6, from (4.39) we obtain that
w1 + bl £+ 116% (wif — kv Aw + kug Vg + k9|5 ),
< Ck(\Phuy —up|? + [lp%ph — pills + [Phup ™" —up ™ [7) (4.40)
+Ckhwi [ + [lwy = 1§ + Ckllwg I3 + CK Ty — T Il5.
If h is sufficiently small such that Ch < v/2, we could obtain from above inequality that
2w |2 + kv|wh |3 + 2||(5%(w3 — kvAw] + kuVw] + erg)Hah
< CR(PYW — w2 + %5 — P2 + [Phg™! — i1 2) (1.41)
+2wy MG + Chllwy g + CR Ty — T35,
Let 77 = T — T}. By (2.6), (4.11), (4.12), and inverse inequality, we could get that

7313 + ky M 1§ = (T3 = Ty i) + (13~ 7))

—kao(ull —u, TP, 70) + kao (ul}, 0T — TP, 7)) + (T} — 0T 1 7h)

R A R [ e Rt
+CR|| Ty~ = o TG + CRIT — o" T3
Therefore, we have
I3 + ke < 13 i

+CRT ™ = o' T M5 + CRIT; — o TR 3 + Chlu™ — ugli.

First, we consider the case of n € {1,2,---,L}. Summing (4.43) from 1 to n € {1,2,--- ,L}
and using Lemma 3.2 could yield that

=1 =1

n n l 2
B+ 1 ST € OF S uf — a4 CRE? ( 5 &) | (1.41)
7 1

Thus, if k = O(L™2),

n n l 2
1T = TS+ ky "D T = TpF < Ck Y Ju' —ujlf +C ( > )\Z—> . (4.45)
i 1

=1 i=1

Summing (4.41) from 1 ton € {1,2,---, L} and using Lemma 3.2 yields that

w115 + ke > [wil + D 1162 (w — kv Awf + kufVwh + Vi) |3,
=1 =1
(4.46)

l n—1 n

S CRLP( Y N+ Ck Y wglls + Ck* Y IIT" = Till5.

j=d+1 i=0 i=1
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By using discrete Gronwall inequality, we obtain that

n n
w15+ kv Y lwilf + Y1162 (wly — kv Awly + kugVwy + ki[5,
;:1 - (4.47)
SCRILP( Y NP+ KD IT = Ti|§) exp(Chn).
j=d+1 i=1
If h and k are sufficiently small, k = O(L?), by using inverse inequality and noting that
nk < kN < T, we get that

n n l n 1/2
leoillo + (ke)2 D fwily + k2 Y irilo <€ 37 N+ C K ITF ~ Tillg (4.48)
i=1 i=1 j=d+1 i=1
Using Lemma 3.2 and (4.45) yields that
gy = wgllo + (k)2 Y lup, — ugli + k2 Y |lph — pallo
i=1 i=1
. . (4.49)
<C Y N AHCEDY Juj, —udh.
j=d+1 i=1
If k are sufficiently small, for example, Ck < ()2 /2, by (4.49) we obtain that
n n l
lufs = willo + (k)% Y July —ugh + k2D g —pilo < C D7 A (450)

i=1 i=1 j=d+1

Combining (4.50) and (4.45) can yield (4.31).
Next, we consider the case of n € {1,2,--- ,L}. If n & {1,2,--- | L}, we may as well suppose
that t,, € (tr—1,tr) and ¢, be the nearest point to ¢7,. Expanding u}, pj, and T} into Taylor

series with respect to t;, could yield that

0

up =~k 2 e, 1),
0

o=k~ k28l ey ) (4.51)
o7,

Ty =Ty —nk ;é(tﬁg) &s € [tn, tLl,

where 7 is the step number from t,, to ¢1. If snapshots are equably taken, then nn < N/(2L).
. . .¢ | Ou 0,

Summing (4.43) and (4.41) from 1 to L — 1, n, and using (4.51), if |%|, |%\, and

|8T57(t§3)| are bounded, by discrete Gronwall inequality and Lemma 3.2, we obtain that

n n l
17215+ By Y malt < Ck Yl —ulff + CR(L Y M) + CLEN?/(2L)%. (4.52)

i=1 i=1 j=a+1

w1 + kv > lwhld + &Y [Irills
= =l n (4.53)
< CR(L Y M)+ CLE*N?/(20)* + CK* Y || T — T3l3.

j=a+1 i=1
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If k= O(L™?), by (4.52) and (4.53) we get that

n
> lwilf
i=1

1/2

l
N
+C Y +Ck,/ﬁ, (4.54)

n
I llo + kY™ > il < CE'?
i= j=a+1

n 1
wello + (kv)2 Z jwils + k2 Z Irlo

=1
1/2
ZHT HO] :

<C Z A+ Chy 7 +Ck3/2
Combining (4.54) and (4.55), by Lemma 3.2, we obtain (4.32). O

Jj=a+1
Combining Theorem 2.4 and Theorem 4.3 yields the following result.

(4.55)

THEOREM 4.4. Under Theorem 2.4 and Theorem 4.3 hypotheses, the error estimates between
the solutions (u(t),p(t), T(t)) for Problem (I) and the solutions (uly,pl,T7}) for the reduced order
basic Problem (V) are, forn=1,2,--- | N,

n n i - i i e - i i
[u(tn) = wfllo + 1T (tn) = Tillo + (k)2 Y IV (6’ = ulp)llo + k2 > 0" = plllo
=1 i=1
l
va —TPllo SC +h" +h +k)+C Y N, if ne{l,2,-- L}
j=d+1

lu(tn) = willo + I T(ta) = Tilo + (k)= Y IV (0’ —ug)llo+k= Y |1’ —piallo
=1 =1

N
ZHV Ty Ho<C(h”+hZ+h‘+k+k\/4L)

+C Z N, if ng{1,2,---,L}.

j=d+1

Remark 2. The conditions k = O(L™?) and the coefficient /& in Theorem 4.3 and

Theorem 4.4 show that enough snapshots must be taken, but if only % < 10, then error
estimates are almost optimal. For example, if only one snapshot is taken from each 10 transient
solutions, error estimates could be satisfactory. Therefore, it is unnecessary to take the total
transient solutions at all time instances t,, as snapshot for instance in [30-31]. Theorem 4.3 and
Theorem 4.4 have presented the error estimates between the solutions of the optimizing reduced
PLSMFE formulation Problem (V) and the solutions of usual PLSMFE formulation Problem
(III) and Problem (II), respectively. Since our methods employ some usual PLSMFE solutions
(up,pp,I9) (n = 1,2,--- ,L) for Problem (III) as assistant analysis, the error estimates in
Theorem 4.4 are correlated to the spatial grid scale h and time step size k. However, when
one computes actual problems, one may obtain the ensemble of snapshots from physical system
trajectories by drawing samples from experiments and interpolation (or data assimilation). For
example, for weather forecast, one can use previous weather prediction results to construct

the ensemble of snapshots. Thus, the assistant analysis (u},pp,T7) (n = 1,2,---, L) could
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be substituted by the interpolation functions of experimental and previous results, it is not
necessary to solve Problem (III), and it is only necessary to directly solve Problem (V) which
includes very few degrees of freedom since it is only dependent on d and is independent of the
spatial grid scale h and time step size k, and, in general, d (d < | < L < N).

5. Some numerical experiments

In this section, we present some numerical examples of the physical model of cavity flows
for first order element (i.e., = k = ¢ = 1) and different Reynolds numbers by the optimizing
reduced PLSMFE formulation Problem (V) validating the feasibility and efficiency of the POD
method.

T—0 -]
T= il —w)

wy =g =0
1 2 iy = g =0

Figure 1. Physics model of the cavity flows: ¢ = 0 i.e., n = 0 initial values on boundary

eSS

Figure 2. When Re=2000, temperature figure for classical PLSMFE solution (on left-hand side figure)
and when d = 5 the optimizing reduced PLSMFE solution based on POD (on right-hand side figure)

Let the side length of the cavity be 1 (see Figure 1). We first divide the cavity into 32x 32 =

1024 small squares with side length Ax = Ay = 3%7 and then link diagonal of square to divide
each square into two triangles on same direction which consists of triangularization Sy, (h = %)

We take time step increment as At = 0.001. Let the initial value and boundary value of u and

v equal to 0 on boundary of the cavity are also taken as 0. And let 7' = 0 on left and lower
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boundary of cavity, ‘g—g = 0 on supper boundary of cavity, and T' = 4y(1 — y) on right boundary
of cavity (see Figure 1). Put v = 10 and Re = 2000 or 5000.

5 00'0'0%
CSESERIL )
SSAEKLIIKN
AL

N
W

Figure 3. When Re=5000, temperature figure for classical PLSMFE solution (on left-hand side figure)
and when d = 5 the optimizing reduced PLSMFE solution based on POD (on right-hand side figure)
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Figure 4. When Re=2000, pressure Figure for classical PLSMFE solution (on left-hand side figure)
and when d = 5 the optimizing reduced PLSMFE solution based on POD (on right-hand side Figure)
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Figure 5. 'When Re=5000, pressure stream line figure for classical PLSMFE solutions (on left-hand side Figure)
and when d = 5 the optimizing reduced PLSMFE solution based on POD (on right-hand side Figure)

We obtain 20 values (i.e., snapshots) outputting at time ¢t = 10,20, 30, - - - , 200 by solving
classical PLSMFE formulation, i.e., Problem (IV). It is shown by computing that the eigenvalues
Z?iﬁ A <3x1073. When t = 200, we obtain the solutions of the reduced formulation Problem
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(IV) based POD method of MEF depicted graphically in Figure 2 to Figure 7 on right-hand
side used 5 optimal POD bases if Re = 2000 and Re = 5000, while the solutions obtained with
classical PLSMFE formulation Problem (III) are depicted graphically in Figure 2 to Figure 7
on left-hand side (Since these figures are equal to solutions obtained with 20 bases, they are

also known as the figures of solution with full bases).

Figure 6. When Re=2000, velocity stream line figure for classical PLSMFE solutions (on left-hand side Figure)
and when d = 5 the optimizing reduced PLSMFE solution based on POD (on right-hand side Figure)

Figure 7. When Re=5000, velocity stream line figure for classical PLSMFE solutions (on left-hand side Figure)
and when d = 5 the optimizing of the reduced PLSMFE solution based on POD (on right-hand side Figure)

Figure 8 shows the errors between solutions obtained with different number of optimal
POD bases and solutions obtained with full bases. Comparing classical PLSMFE formulation
Problem (IIT) with the reduced PLSMFE formulation Problem (IV) containing five optimal
bases implementing 3000 times numerical simulation computations, we find that classical for
PLSMFE formulation Problem (III) CPU time required is five minutes, while the optimizing
reduced PLSMFE formulation Problem (IV) with five optimal bases required CPU time is
only three seconds, i.e., classical PLSMFE formulation Problem (III) required CPU time is
by a factor of 120 larger than the optimizing reduced PLSMFE formulation Problem (IV)
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with five optimal bases required CPU time, while the errors between their solutions do not
exceed 4 x 1073, It is also shown that finding the approximate solutions for the non-stationary
conduction—convection problems with the optimizing reduced PLSMFE formulation Problem
(IV) is very effective. And the results obtained for numerical examples are consistent with

theoretical those.
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Figure 8. Error for Re=2000 on left-hand side, error for Re= 5000 on right-hand side

6. Conclusions

In this paper, we have employed the POD techniques to derive an optimizing reduced
PLSMFE formulation for the non-stationary conduction—convection problems. We first recon-
struct optimal orthogonal bases of ensembles of data which are compiled from transient solutions
derived by using usual PLSMFE equation system, while in actual applications, one may obtain
the ensemble of snapshots from physical system trajectories by drawing samples from experi-
ments and interpolation (or data assimilation). For example, for weather forecast, one can use
previous weather prediction results to construct the ensemble of snapshots to restructure the
POD basis for the ensemble of snapshots by methods of above section 3. We have also combined
the optimal orthogonal bases with a Petrov-Galerkin least squares projection procedure, thus
yielding a new optimizing reduced PLSMFE formulation of lower dimensional order and of high
accuracy for the non-stationary conduction—convection problems. We have then proceeded to
derive error estimates between our optimizing reduced PLSMFE approximate solutions and
the usual PLSMFE approximate solutions, and have shown using numerical examples that the
errors between the optimizing reduced PLSMFE approximate solutions and the usual PLSMFE
solutions are consistent with the theoretical error results, thus validating both feasibility and
efficiency of our optimizing reduced PLSMFE formulation. Future research work in this area
will aim to extend the optimizing reduced PLSMFE formulation, applying it to a realistic at-
mosphere quality forecast system and to more complicated PDEs. From theoretical analysis
and numerical examples, we have shown that the optimizing reduced PLSMFE formulation

presented herein has extensive perspective applications.

Though Kunisch and Volkwein have presented some Galerkin proper orthogonal decompo-



24

Z.D. Luo, J. Chen, I.M. Navon

sition methods for a general equation in fluid dynamics, i.e., for the non-stationary conduction—

co
co
co
th

nvection problems in [31], our method is different from their approaches, whose methods
nsist of Galerkin projection approaches where original variables are substituted for linear
mbination of POD basis and the error estimates of the velocity field therein are only derived,

eir POD basis is generated with the solutions of the physical system at all time instances,

while our POD basis is generated with few solutions of the physical system which are useful

and of interest for us. In particular,the velocity field is only approximated in Reference [31],

while velocity field and pressure are all synchronously approximated in our method, and the

error estimates of both velocity field and pressure approximate solutions are also synchronously

derived. Thus our method appears to be more optimal than that in [31].
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