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Abstract

We propose a novel second order in time numerical scheme for Cahn-Hilliard-Navier-
Stokes phase field model with matched density. The scheme is based on second order
convex-splitting for the Cahn-Hilliard equation and pressure-projection for the Navier-Stokes
equation. We show that the scheme is mass-conservative, satisfies a modified energy law and
is therefore unconditionally stable. Moreover, we prove that the scheme is uncondition-
ally uniquely solvable at each time step by exploring the monotonicity associated with the
scheme. Thanks to the weak coupling of the scheme, we design an efficient Picard iteration
procedure to further decouple the computation of Cahn-Hilliard equation and Navier-Stokes
equation. We implement the scheme by the mixed finite element method. Ample numerical
experiments are performed to validate the accuracy and efficiency of the numerical scheme.

Keywords— Cahn-Hilliard-Navier-Stokes; diffuse interface model; energy law preserving;
unique solvability; pressure-projection; mixed finite element

1 Introduction

In this work, we are interested in solving numerically the Cahn-Hilliard-Navier-Stokes (CHNS)
phase field model that describes the interface dynamics of a binary incompressible and macro-
scopically immiscible Newtonian fluids with matched density and viscosity in a bounded domain

Q C R4 d = 2,3. The non-dimensional system takes the explicit form as, cf. [26]

¢t + V- (pu) =V - (M(¢)Vp), inQr (1.1)

p=f(®) —Ap, in Qp (1.2)
~1

u — éAu—l—u-Vu—i—Vp: —%d)Vﬂ, in Qp (1.3)

V.ou=0, inQy (1.4)
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where u is the velocity field, p is a modified pressure, ¢ is the phase field variable (order
parameter), p the chemical potential, fo(¢) is the quartic homogeneous free energy density
function fo(¢) = (1 — ¢?)%, and Qp := Q x (0,T) with T > 0 a fixed constant. Re is the
Reynolds number; We* is the modified Weber number that measures the relative strengths of
the kinetic and surface energies [26]; € is a dimensionless parameter that measures capillary
width of the diffuse interface; M(¢) is the mobility function that incorporates the diffusional
Peclet number Pe. We refer to [25, 29] for the detailed non-dimensionalization of the CHNS
system.
We close the system with the following initial and boundary conditions

u=0, ondQx(0,7) (1.5)
Véo-n=Vyu-n=0, ondQx(0,7) (1.6)
(W, )[t=0 = (1o, ¢o), in Q. (1.7)

Here n denotes the unit outer normal vector of the boundary 0€2. It is clear that the CHNS
system (1.1)-(1.4) under the above boundary conditions is mass-conservative,

d
L gdr=0 1.8
RS (1.9
and energy-dissipative
4 B, 6) = ——— /|Vu2dx ! /M(¢)|V 2 da (1.9)
at Y T TRe ) We* Jq Kl o, '

where the total energy Ej.; is defined as

1
We*

B, ) = [ sluPdet g [ (Chlo)+ §V6P) da. (1.10)
Q o € 2

The first term on the right hand side of equation (1.10) is the total kinetic energy, and the term,
denoted by E throughout, is a measure of the surface energy of the fluid system.

The CHNS phase field model (1.1)-(1.4) is proposed as an alternative of sharp interface
model to describe the dynamics of two phase, incompressible, and macroscopically immiscible
Newtonian fluids with matched density, cf. [21, 18, 1, 29, 28]. In contrast to the sharp interface
model, the diffuse interface model recognizes the micro-scale mixing and hence treats the inter-
face of two fluids as a transition layer with small but non-zero width €. Although the region
is thin, it may play an important role during topological transition like interface pinchoff or
reconnection [29]. One then introduces an order parameter ¢, for instance the concentration
difference, which takes the value 1 in the bulk of one fluid and —1 in regions filled by the other
fluid and varies continuously between 1 and —1 over the interfacial region. One can view the
zero level set of the order parameter as the averaged interface of the mixture. Thus, the dynam-
ics of the interface can be simulated on a fixed grid without explicit interface tracking, which
renders the diffuse interface method an attractive numerical approach for deforming interface
problems. The CHNS diffuse interface model has been successfully employed for the simulations
of two-phase flow in various contexts. We refer the readers to [1, 26] and references therein for
its diverse applications.



In this work, we assume that m; < M(¢) < mq for constants 0 < m; < mgy. We point
out that the degenerate mobility function may be more physically relevant, as it guarantees the
order parameter stays within the physical bound ¢ € [—1,1] [5], though uniqueness of weak
solutions is still open even for the Cahn-Hilliard equation. Recent numerical experiments [41]
also indicate that the Cahn-Hilliard equation with degenerate mobility may be more accurate
for immiscible binary fluids. Numerical resolution of the degenerate case is a subtle matter and
beyond the scope of our current work (cf. [3, 6] for the case of Cahn-Hilliard equation).

There are several challenges in solving the system (1.1)-(1.4) numerically. First of all, the
small interfacial width e introduces tremendous amount of stiffness into the system (large spatial
derivative within the interfacial region). It demands the numerical scheme to be unconditionally
stable so that the stiffness can be handled with ease. The resulting numerical scheme tends
to be nonlinear and therefore poses challenge in proving unconditionally unique solvability. A
popular strategy in discretizing the Cahn-Hilliard equation (Eqgs (1.1)—(1.2)) in time is based
on the convex-splitting of the free energy functional Ey, i.e., treating the convex part of the
functional implicitly and concave part explicitly, an idea dates back to Eyre [12]. The design of
convex-splitting scheme yields not only unconditional stability, but also unconditionally unique
solvability for systems with symmetric structures[40, 9]. However, the variational approach for
proving unique solvability (see the references above) is not applicable to the CHNS system since
the advection term in Navier-Stokes equation (Eq.(1.3)) breaks the symmetry. In addition, the
stiffness issue naturally requires adaptive mesh refinement in order to reduce the computational
cost. Secondly, when it comes to solving the Navier-Stokes equation, one always faces the
difficulty of the coupling between velocity and pressure. The common practice is to use the well-
known Chorin-Temam type pressure projection scheme, see [15] for a general review. Lastly,
higher order scheme is always preferable from the accuracy point-of-view. Yet, it is a challenge to
design higher order scheme for a nonlinear system while maintaining the unconditional stability.

There have been many works on the numerical resolution of the CHNS system, see a com-
prehensive summary by Shen [35]. Here we survey several papers that are especially relevant to
ours. In [26], Kim, Kang and Lowengrub proposed a conservative, second-order accurate fully
implicit discretization of the CHNS system. The update of the pressure in the Navier-Stokes
equation is based on an approximate pressure projection method. To ensure the unconditional
stability, they introduce a non-linear stabilization term to the Navier-Stokes solver. The scheme
is strongly coupled and highly nonlinear, for which they design a multigrid iterative solver. The
authors point out (without proof) that a restriction on the time-step size may be needed for
the unique solvability of the scheme. In [13], Feng analyses a first-order in time, fully discrete
finite element approximation of the CHNS system. He shows that his scheme is uncondition-
ally energy-stable and convergent, but gives no analysis on unique solvability. Kay, Styles and
Welford [24] also studied a first-order in time, finite element approximation of CHNS system.
In contrast to Feng’s scheme, the velocity in the Cahn-Hilliard equation (1.1) is discretized ex-
plicitly at the discrete time level. Thus the computation of the Cahn-Hilliard equation is fully
decoupled from that of Navier-Stokes equation. Moreover, the unique solvability of the overall
scheme can be established easily by exploring the gradient flow structure of the Cahn-Hilliard
equation. However, a CFL condition has to be imposed for the scheme to be stable. See [30]
for an operator-splitting strategy in decoupling the computation of Cahn-Hilliard equation and



Navier-Stokes equation which still preserves the unconditional stability (without decoupling the
pressure and velocity). Dong and Shen [10] recently derived a fully decoupled linear time step-
ping scheme for the CHNS system with variable density, which involves only constant matrices
for all flow variables. However, there is no stability analysis on their numerical scheme.

In this paper, we propose a novel second order in time numerical scheme for Cahn-Hilliard-
Navier-Stokes phase field model with matched density. The scheme is based on second order
convex-splitting for the Cahn-Hilliard equation and pressure-projection for the Navier-Stokes
equation. This scheme satisfies a modified energy law which mimics the continuous version
of the energy law (1.9), and is therefore unconditionally stable. Moreover, we prove that the
scheme is unconditionally uniquely solvable at each time step by exploring the monotonicity
associated with the scheme. Thanks to the weak coupling of the scheme, we design an efficient
Picard iteration procedure to further decouple the computation of Cahn-Hilliard equation and
Navier-Stokes equation. We implement the scheme by the mixed finite element method. Ample
numerical experiments are performed to validate the accuracy and efficiency of the numerical
scheme. The possibility of such a scheme is alluded in Remark 5.5 [35]. A similar scheme without
pressure-correction for Cahn-Hilliard-Brinkman equation is proposed in the concluding remarks
of [9].

The rest of the paper is organized as follows. In section 2, we give the discrete time, continu-
ous space scheme. We prove the mass-conservation, unconditional stability and unconditionally
unique solvability in section 3. In section 4, the scheme is further discretized in space by mixed
finite element approximation. An efficient Picard iteration procedure is proposed to solve the
fully discrete equations. Finally, We provide some numerical experiments in section 5 to validate

our numerical scheme.

2 A Discrete Time, Continuous Space Scheme

Let 6¢ > 0 be a time step size and set t* = két for 0 < k < K = [T'/6t]. Without ambiguity,
we denote by (f,g) the L? inner product between functions f and g. Also for convenience, the
following notations will be used throughout this paper

51«% _ 3¢k _ gbk:fl

1
ot = §(¢k+1 + ¢ 5 , (2.11a)
—k+1 k E_ k-1
ghtd o U W ey SW U (2.11b)
2 2
We propose the semi-implicit, semi-discrete scheme in strong form as follows:
E+1 _ .k - ~
% = V- (M(FHH VRt - Geriahed), (2.12)
11 1 o~ 1
/~Lk+2 — 5((¢k+1)2 + (¢k)2)¢k+2 . ¢k+2 o 62A¢k+2, (2'13)
—=k+1 _ .k 1 -1 _
% - EAﬁ’”% + B, a ) = —vph - Le*gb’f*%w’”%, (2.14)
7v k+1 - k — O7
ot + 9 (p p ) (2'15)

V-uftt =0,



with boundary conditions
Ve njgo =0, ViF2mlpo =0, 0 F3jpn =0, uf*!'-nfpe =0, (2.16)

Here B(u,v) := (u-V)v + 3(V - u)v is the skew-symmetric form of the nonlinear advection
term in the Navier-Stokes equation (2.14), which is first introduced by Temam [38]. In the
space continuous level, V - ks = 0, thus B (ﬁk+%,ﬁk+%) — ks Vﬁk+%, which amounts to
a second order semi-implicit discretization of the advection term. The skew symmetric form

B(u,v) induces a trilinear form b defined as, Yu,v,w € H}(Q)
1
b(u,v,w) = (B(u,v),w) = 5{(u -Vv,w) — (u-Vw,v)}. (2.17)

It follows immediately that b(u,v,v) = 0 for any u,v € H}(Q). This skew symmetry holds
regardless of whether u, v are divergence-free or not, which would help to preserve the stability
when the scheme is further discretized in space.

The overall scheme (2.12)—(2.15) is based on the Crank-Nicolson time discretization and the
second order Adams-Bashforth extrapolation. We note that the term ((¢"1)2 + (¢k)2)¢k+% -
(ZkJr% from the chemical potential equation (2.13) is a second order approximation of the non-
linear term f((¢) (Eq.(1.2)), which is derived according to a convex-splitting of the free energy
density function fy(¢). To see this, we rewrite fy(¢) as the sum of a convex function and a

concave function . ) )
Jo(@) = fu(@) + fe(@) = 1054 + ( — §¢2 + Z)’

and accordingly f(¢) = fi(¢) + fL(¢). The idea of convex-splitting is to use explicit discretiza-
tion for the concave part (i.e. fé(gzﬁ’”%)) and implicit discretization for the convex part. Thus
we approximate fé(gbk*%) by the Crank-Nicolson scheme

1 k+1y _ k )
fl/}(qsk—i-i) ~ fv(¢¢k+z — ;];l;c(qb ) _ %[(¢k+1)2 + (¢k)2]¢k+§'

Such a second order convex-splitting scheme is originally proposed and analysed in [22, 4] in

the context of phase field crystal equation, see also [36] for applications in thin film epitaxy.
We point out one can also approximate f(’)(gzﬁk*%) directly by Crank-Nicolson scheme [26, 14]
which would yield unconditional stability. The design of convex-splitting scheme enables us to
prove not only unconditional stability but also unconditionally unique solvability of the overall
scheme.

Egs. (2.14) and (2.15) comprise the second order incremental pressure projection method
of Van Kan type [39] with linear extrapolation for the nonlinear advection term. The viscous

E+1 k—l—%)

step (Eq. (2.14)) solves for an intermediate velocity u**" (or, equivalently @ which is not

divergence-free. The projection step  (Eq. (2.15)) is  amount to

u*+! = Pguft!, where Py is the Leray projection operator into H:

H:={vecl?Q);V-v=0v-n|p =0}

The projection equation (2.15) can also be solved in two sub-steps: first through a Pressure
Poisson equation for the pressure increment

zv X ﬁk-i—l

5t (2.18)
V(p" —p¥) - nlpn = 0.

A(pk+1 o pk)



and then by an algebraic update for velocity

~ ot

Variants of such a splitting method are analyzed in [34] where it is shown (discrete time, contin-
uous space) that the schemes are second order accurate for velocity in 12(0,T; L?(€2)) but only
first order accurate for pressure in [*°(0,T; L%(€2)). The loss of accuracy for pressure is due to
the artificial boundary condition (cf. Eq. (2.18)) imposed on pressure [11]. We also remark
that the Crank-Nicolson scheme with linear extrapolation is a popular time discretization for
the Navier-Stokes equation. We refer to [23] and references therein for analysis on this type of
discretization.

Note that the projection step (Eq. (2.15)) is decoupled from the rest of the equations.
Moreover, the coupling between Eqgs. (2.12)-(2.14) is fairly weak, thanks to the semi-implicit
discretization. We see that the Cahn-Hilliard equation (2.12) and (2.13) is coupled with the
Navier-Stokes equation (2.12) only through the velocity @3 in the advection term of Eq.
(2.12) and the chemical potential 1F*2 in the elastic forcing term of Eq. (2.14). On the one
hand, this allows us to use a Picard iteration procedure on velocity to further decouple the
computation of the nonlinear Cahn-Hilliard equation from the linear Navier-Stokes equation,
see Section 4 for details. On the other hand, owing to the special design, we are able to show the
unconditionally unique solvability of the system (2.12)-(2.14) by a monotonicity argument (cf.
k+%) : 1F 3 5 $F 1 from equation
k+%(uk+%) : Iuk+§ gkt

As a result, the system (2.12)-(2.14) reduces to a scalar equation in terms of the unknown ,uk“L%

Section 3). In fact, one can define a solution operator ¢**!(u
(2.13). Likewise, equation (2.14) gives rise to a solution operator U

P (D) — F 4 5tV - (SFHRERR (uFHR)) - 6tV - (M (@M 2) VM) = 0.

The key here is to recognize that the left-hand side of the above equation defines a strictly
monotone operator T'(11), in the sense that

(T'(p) =TW),p=v) 20,

with equal sign if and only if ¢ = v. Thus one can invoke the Browder-Minty Lemma 3.1 (see
Section 3) to prove the unique existence of such a solution /ﬂ”%. We remark that the variational
approach [40, 9] is not directly applicable for the unique solvability of the Cahn-Hilliard-Navier-
Stokes system (2.12)-(2.15). In both cases (Cahn-Hilliard-Hele-Shaw, Cahn-Hilliard-Brinkman),
the approach relies on the symmetry of the underlying systems which breaks down in the Navier-

Stokes equation due to the nonlinear advection.

3 Properties of the scheme

In this section, we summarize the properties of the discrete time, continuous space scheme
(2.12)-(2.16), namely mass-conservation, unconditional stability and unconditionally unique
solvability. It will be clear from the proof, that these properties will be preserved when the
scheme is combined with any consistent Galerkin type spatial discretization schemes.

First of all, one can readily obtain that the scheme is mass-conservative.



Proposition 3.1. The scheme (2.12)-(2.15) equipped with the boundary condition (2.16) satis-
fies the mass-conservation, i.e.,

/¢k+1d9@:/¢kdw, k=0,1,---K — 1.
Q Q

Next, we show that our numerical scheme (2.12)-(2.16) is unconditionally stable, thus allow-
ing for large time stepping. Recall the definition of the total energy functional Eiy(u, ¢) in Eq.
(1.10).

Proposition 3.2. The scheme (2.12)-(2.15) with the boundary condition (2.16) satisfies the
modified energy law

671
4We*
— { Bl 64) 4 6% = e + 2 vt
A4We 8
VATV, — st [T 2, —

We* 1 L2 Re L2

Thus it is unconditionally stable.

ot
{Bror(w, 0 + ol — 6F13 + SV 2 )

671

4We*

= ot 1654 =268 + 6572, (3.20)
Proof. One first takes the L? inner product of Eq. (2.12) with 5tuk+% to obtain
(¢k+1 _ ¢k7uk+%) = —5t|| ﬁMVMkJr%H%Q + 5t($’“+%ﬁk+%,vuk+%). (3.21)

Next, multiplying Eq. (2.13) by (¢**! — ¢*), performing integration by parts and using the the
following identity

§Frz,h - gh)
= B0k gt - o
= (MR R k) - (oM 26k g gk gh)
= SIS = 6Ms) — 010 — 12 — 6% — 612
HIe"! = 20% + F 72},
one deduces
(O )+ () — (6, 1) + ST — V)
{8 = M E = 16" — R + (641 — 2% + 641} =, (3:22)

where one has utilized the definition of fo(¢) = 3(¢* — 1)%. Summing up Egs. (3.21) and (3.22)

gives

2
(Fol@) = fo(6), 1) + S UV 22 — IV6HIZ2) + 1165 — ¥, — 9% — 6 1]132)

1 ~
= 11657 20" 4 M — St VMV ot (F 2t Vi), (3.23)

7



Now we turn to the Navier-Stokes part. Taking the L? inner product of Eq. (2.14) with
@36t and using the skew-symmetry of the trilinear form b in (2.17), one gets

1 1 1 1 el ~ 1 1 1
S = 22) GtV = =5 (Vw8 — ot (B Wb k),

We*
(3.24)
Testing the first equation in (2.15) by u**!§t and performing integration by parts yield
1
§(Huk+1Hiz — @+ [t —at[7e) =0, (3.25)

where one has utilized explicitly the divergence-free condition V - u**! = 0. Next, we rewrite
the projection step Eq. (2.15) as
uFtl 4 uk — 0wkt . 1

s §v(pk+1 _pk) =0.

Testing the above equation with %Vpk, one arrives at

5t? kil
< UIVP L = 1VPM[5e = IVOF = ph)IITe} = at(Vp", ot 2). (3.26)
On the other hand, it follows directly from Eq. (2.15) that

ot? 1 _
gllv(p":+1 — )7 = 5Huk+1 —a" [, (3.27)

Now summing up Eqgs. (3.24)-(3.26) and in view of Eq. (3.27), one obtains

1 ot
S (™I — [Juf][7.) + §{||Vpk+1||%2 — IVp*(I7:}
1 -t~
- —5t@\|Vﬁk+%H%2 - 5t%(¢k+%wk+%,aﬂ%). (3.28)
The energy law (3.20) then follows from summing up the multiple of Eq. (3.23) by ﬁv;el* and
Eq. (3.28). O

Remark 3.1. Heuristically, Epor(uf*, gF+1) 4 %\ [P — k|2, + %HV})’““H%Q is a second

order approzimation of Etot(ukH, ¢k+1), as one can write

|t — |2, = 662||(¢FH — ¢*) /61| |22,
and (¢F 1 — ¢¥) /5t is an approzimation of ¢y at tFTL.

To prove the unconditionally unique solvability of Eqgs. (2.12)-(2.16), we write them in a
weak form. Note that the pressure equation (2.15) is completely decoupled from the rest of
the equations. Thus one only needs to establish the unique solvability of Eqgs. (2.12)-(2.14).

— . —pal.
Once T**! or equivalently u**2 is known, one can find uf*?

and p**! by either solving a Darcy
problem as Eq. (2.15) or solving a pressure Poisson equation and an update of the velocity as
described in Egs. (2.18)-(2.19). Hereafter, we denote by LZ({2) an L? subspace with mean zero,

ie., L3(Q) := {f € L*(Q); [, fdz = 0}.



Definition 3.1. Given that ¢, ¢*~1 € HY(Q), u*,u*~1 € HY(Q), and p* € HY(Q) N L3(Q)
fork=1,2,--- K = [T/dt], the triple {¢k+1,uk+%,ﬁk+%} is said to be a weak solution of Eqs.
(2.12)-(2.14) if they satisfy

O e HNQ), pftr e HY(Q), uTE e Hy(Q),
and there hold, Vv € HY(Q),p € HY(Q),v € H{(Q),
(651 — ¢k, 0) + 6t (M($FH2)V kT2, Vo) — 6t(§F a2, Vo) =0, (3.29)
1 1 ~pi 1
(+h9) = (162 + (BRI + )] - (@)
2
+ 5 (V6" + 6). V), (3:30)
2(ﬁk+% —u”, V) + 6té(Vﬁk+%, Vv) + 5tb(ﬁk+%,ﬁk+%,v)
S
We

where the trilinear form b is defined in (2.17).
We will mainly use the well-known Browder-Minty lemma in establishing the unconditionally
unique solvability of Eqs. (3.29)-(3.31), cf. [32], p.364, Theorem 10.49.

1 ~
= —5t<VPk,V> —0t—— (q§k+%v,u,k+%,v), (3.31)

Lemma 3.1 (Browder-Minty). Let X be a real, reflexive Banach space and let T : X — X' (the
dual space of X ) be bounded, continuous, coercive and monotone. Then for any g € X' there
exists a solution uw € X of the equation

T(u)=g.
If further, the operator T is strictly monotone, then the solution u is unique.

We observe that Eqgs. (3.29)-(3.31) are coupled together through ,ukJr%. It is possible to
rewrite the system equivalently as a scalar equation in terms of unknown uk“'%. To do so, we
introduce two solution operators ¢k+1(,uk+%) : uk+% — ¢F*t1 and ﬁk+%(,uk+%) : uk+% ks
by solving equations (3.30) and (3.31), respectively, for a given source function MH% € HY(Q).
Specifically, one can establish the following lemmas.

Lemma 3.2 (solvability of Eq. (3.30)). Given a source function ukJr% € HY(Q) and known func-
tions ¢F, pF~1 € HY(Q), there exists a unique solution ¢*+1 € H'(Q) to Eq. (3.30). Moreover,
the solution is bounded and depends continuously on ,uk+% in the weak topology.

Lemma 3.3 (solvability of Eq. (3.31)). Given a source function MH% € HY(Q), known functions
oF, 1 € HY(Q) and u¥,u*~! € HY(Q), there exists a unique solution s ¢ H{(Q) to Eq.
(3.31). In addition, the solution is bounded and depends continuously on ,uk+% in the strong
topology.

It will be clear from the proof of Proposition 3.3 below that the unique solvability of Eq.
(3.30) can be proved by using Browder-Minty Lemma 3.1 as well. The boundedness and continu-
ity of the solution readily follow from the fact that Eq. (3.30) is a semilinear elliptic equation for



"1 with cubic nonlinearity. Lemma 3.3 can be proved by invoking the Lax-Milgram Theorem.
We omit the details here for conciseness.

With the help of Lemma 3.1, Lemma 3.2 and Lemma 3.3, one can prove the unique existence
of a weak solution in the sense of Definition 3.1.

Proposition 3.3. Assume that ¢, ¢*~1 € HY(Q), u* ub~1 € HY(Q), and p* € HY(Q) are
known functions for k = 1,2,--- | K — 1. Then there exists a unique weak solution to Egs.
(2.12)-(2.14) in the sense of Def. 3.1

Proof. Here for notational simplicity, we will temporarily omit the the superscripts on ¢**1, ,ukJr% , TG H
For any p € H(€2), one defines an operator T : H*(Q) — (H'(£2))’ such that
(T(1),v) = (¢ — ¢F,0) + t(MVp, Vo) — 6t($"30, Vo), Vo€ HY(Q), (3.32)

where (,) is the duality pairing between (H'(2))’ and H'(f), ¢ and U are the unique solutions
to Egs. (3.30) and (3.31) that are defined in Lemma 3.2 and Lemma 3.3, respectively.
It readily follows that

(T (), 0)| < O (Dl + 168Nz + 11Vl 2 + 1672 | [0 [0 [V

where we have used the boundedness of the mobility function m; < M < mo for constants
0 < m1 < mo. Thus the boundedness of the operator T follows from the boundedness of ¢
and u as functions of p in Lemmas 3.2 and 3.3. Similarly, one can verify that the operator
T: HY(Q) — (H' ()" is continuous as a consequence of the continuity of ¢ and @ on p.

For the monotonicity, one obtains from the definition of 7" in (3.32)

(T(n) = T(W), n—v) = (6(4) = (), i = v) + StIVMV (1~ v)|[72
— ot($" 3 [T(p) — TW)), V(n - 1)), Ypve HY(Q), (3.33)
where ¢(v) and u(v) are solutions to Egs. (3.30) and (3.31), respectively, with a given source

function v. For the first term on the right hand side of (3.33), one subtracts Eq. (3.30) with
source functions p and v respectively to get

(h-v0) = 5 /Q (6(1) = (D) + () + (@) + ¢")* + (¢" + 6(v))*]p do

62

+ S (V) - 6()), Vg), Vo€ HY(S).

By taking ¢ = ¢(u) — ¢(v) in the above equation, one concludes that
(1 —v,é(n) — ¢(v)) >0, (3.34)

and that the equality holds if only if © = v thanks to the uniqueness of solutions to Eq. (3.30) in
Lemma 3.2. By the linearity of Eq. (3.31), the third term on the right hand side of Eq. (3.33)
can be written as
~pal. _ .ol _ ot _ _
—8t(¢" 2 [(p) — W), V(p —v)) = eWer{2][a(u) —a@)|[7. + 2ol IV @) = a))[[7:},
(3.35)

10



where the convective term vanishes thanks to the skew-symmetry of the form b. In view of
(3.34) and (3.35), one sees

(T(p) =T(W),p—v) 20, (3.36)

with equality if only if 4 = v. This establishes the strict monotonicity of the operator T
We next turn to the coercivity of the operator T'. One has

(T(p), 1) = (¢ — ¢, ) + 6t (MVp, Vi) — 6t (2w, V), W€ HY(Q). (3.37)

Taking the test function ¢ = ¢ — ¢* in Eq. (3.30), one obtains

(6 — ¢, 1
/¢> (6")4d /¢k+ (6— &*)do+ & /|v¢|2 VP de.
= 8/Q¢4dx+ 2/ﬂ’V¢|2dx—0(679)(”5'”4!%2 + 16" + 1) (3.38)

Similarly, one can take the test function v =1 in Eq. (3.31) to get

—St(¢F 2w, Vi) = eWer{2|[a][2s + 6t|| Va2, — 6t(2uF — VpF, 1)}
> C(e, We*, 6t){|[@l |72 + [|VEl[72 — ([[u*[[72 + |IVP"|172)}- (3.39)

Collecting inequalities (3.38) and (3.39), one finds that Eq. (3.37) becomes

(T(), 1) > Cl|Vullf2 + 2 H¢||L4 +5 HV¢>|IL2 +O([alfZ: +[|Vali.) - C, (3.40)

where again the boundedness of the moblhty function has been invoked. To have coercivity in
H'(), one needs to bound the average m(u) := ﬁ Jo v dx appropriately. For this, one takes
the test function ¢ = 1 in Eq. (3.30).

1 ~. 1
| [ mas] < % [ 167 4161164 + 165621 d + OQI* s + 13+ )
Q Q

< C(1gl13s + 181172 + 16"l 2ll9ll74) + C
< C(lloll3s + 1ol172 + lI6l134) + C
< C(llol13a + l1ol174) + C,

where one has applied Young’s inequality. It readily follows that
4
im()|5 < O« + C (3.41)
Thus by using Poincaré inequality, one gets from (3.40) and (3.41) that
4
(T(), ) = Cllpllzn = C, (3.42)

which implies the coercivity of T

Now Browder-Minty Lemma 3.1 yields that there exists a unique solution u* € H* () such
that (T'(u*),v) = 0,Yv € HY(Q). In view of the definition of 7" in (3.32), one sees u* € H'(f)
and the corresponding ¢* € H(Q),u* € H} uniquely solve the system (3.29)-(3.31). O
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4 Mixed Finite Element Formulation

We now discretize the time-discrete scheme (2.12)-(2.16) in space by finite element method.
Let 7j, be a quasi-uniform triangulation of the domain €2 of mesh size h. We introduce Xy, and Y},
the finite element approximations of H}(2) and H'(Q) respectively based on the triangulation
Tr- In addition, we define My, = Y, N L3(Q) := {qn € Yx; Jo andz = 0}. We assume that Y3, x Y},
is a stable pair for the biharmonic operator in the sense that there holds the inf-sup condition

Von, Vr
sup (Vén, Veon) > cllenllm,  Von € Y.
PrEYY, H¢hHH1
We also assume that Xj and Y}, are stable approximation spaces for velocity and pressure in
the sense of

sup (v *Vh, Qh)

> cllanllr2,  Van € Ya.
vpeX) thHHl

It is pointed out [16] that the inf-sup condition is necessary for the stability of pressure even
though one may solve the projection step as a pressure Poisson equation.

Then the fully discrete finite element formulation for scheme (2.12)-(2.16) reads: find
(¢k+1, bty ﬁZJr?,prH ffl) €Y, x Y, x Xy, X My, x Xy, such that for all (vp, op, vp,qn) €
Y, x Y, x X}, x Y}, there hold

a7 vu,) =0, (4.43)

(¢k+1 _¢§,’Uh) +5t(MVMz+%7VUh) —5t(5§ u, 2,Vuy,

(ui*%m (qu’f“) () ]<¢k+1+¢z>,soh)—($h 5 on)

( V(gp + 61), Veon), (4.44)
(2ﬁh+ Vi) + 6tR—(Vuh 2 Vvy) +otb(a 2w e vy) = —ot(Vpkv)
+ (2uf,vi) — ot (¢h+2v 42 00), (4.45)
(bt — ﬁiﬂ,vh) n %(V(pkﬂ — v =0, (4.46)
(V-ui™, q) = 0. (4.47)

The notations used here are defined in (2.11) and Eq. (2.17).

The properties of the time-discrete scheme (2.12)-(2.16) (i.e., mass-conservation, uncondi-
tional stability and unconditionally unique solvability) are preserved by the fully discrete for-
mulation (4.43)-(4.47). Note that Eqs. (4.46)-(4.47) amount to solving the projection step
(2.15)-(2.16) as a Darcy problem. This formulation is shown [17] to yield an optimal condition
number for the pressure operator associated with finite element spatial discretizations. An al-
ternative way of solving Eqs. (4.46)-(4.47) is the so-called ”approximate projection” (cf. [8] and

references therein)
2,
(V(pEtt —pf), V) = E(uﬁﬂa Van), Vg, € Yy
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( k+1

N 5t
it vy) = (@ - VT - ph).vi), Yve € X

Hh 2
One can still prove the unconditional stability of the scheme with the approximate projection,
see the reference above. In our numerical experiment, we observe the L? error of the pressure is
indeed smaller in the former case, though at the expense of more memory consumed due to the
coupling between the velocity and pressure.

Note that the only nonlinear term appears in the chemical potential equation (4.44). We
thus adopt a Picard iteration procedure on velocity to decouple the computation of the nonlinear
Cahn-Hilliard equation (4.43) and (4.44) from that of the linear Navier-Stokes equation (4.45).
Denote by i the Picard iteration index. Specifically, given the velocity aita , we solve for
GF+LitL k+30+] from the Cahn-Hilliard equation (4. 43) (4.44) by Newton’s method. As
Mk+%7i+ —h+1i+1

We repeat this procedure until the relative difference between two iterations within a fixed

is available, we can then proceed to solve for u from the linear equations (4.45).
tolerance. We summarize this procedure in four steps as follows:

k+Li
Step 1: given Thta , find (qﬁkH i+l i, Jr2’Z—H) € Y}, x Yy such that V(vp, pn) € Yy x Yy,

ket i+ k+2f

(EFLITL gk ) 6t (MY, 2 V) — 6t (o,

(T2 ) = ([(gb’“*““) +(85) ](as’“*““wm,soh)—(%i“,soh)

27 V’Uh) = 0

2
€ i
+ §(V( PR L kY V),

Step 2: find @htaitl ¢ X, such that Vv, € X,

(a2 y )mﬁ(w’“*z’ Vvh) +otb(E e arE y)

+ (2uf, vi) = 0t (¢h+2v braa

= *575(VP§7 Vh)
+ ) Vh) )

e+ 1
Step 3: find ﬁh+2 € X;, by repeating Step 1 and Step 2 until the relative error in L? of

k+Li41 k+Li, . e 1 s
(—thzv” _ *h+2’l) is within a fixed tolerance.
Step 4: find u*' € Xy, pp*! € Vi (equivalently, pj ™! — pf) such that vy, € Xy, qn € Y,

ot
E(V(pk+1 — i), ve) + (V-uptt g,) =0.

(UZH ﬁZH,Vh) i
We remark that our scheme is a two step method. One can solve for ¢,ll, u,ll,ullz,p,ll through
a coupled first order scheme (see, for example, [13, 24]) to initialize the second order scheme.
Numerical simulations in [26] suggest that at least 4 grid elements across the interfacial region
of thickness v/2¢ are needed for accuracy. To improve the efficiency of the algorithm, we ex-
plore the capability of adaptive mesh refinement of FreeFem++ (cf. [20]) in which a variable

metric/Delaunay automatic meshing algorithm is implemented.

5 Numerical Experiments

In this section, we perform some standard tests to gauge our numerical algorithm. For
simplicity, we will use P1-P1 function spaces for Y;, x Y, , and P1b—P1 mixed finite element
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spaces for X, x Yy, . It is well-known [7, 2] that these approximation spaces satisfy the inf-sup
conditions for the biharmonic operator and Stokes operator, respectively. In principle, any inf-
sup compatible approximation spaces for biharmonic operator and Stokes operator can be used,
for example, P2-P2 for Y} x Y}, and Taylor-Hood P2-P1 for X;, x Y.

5.1 Convergence, energy dissipation, mass conservation

Here we provide some numerical evidence to show that our scheme is second order accurate,
energy-dissipative and mass-conservative.

As the Cahn-Hilliard equation does not have a natural forcing term, we verify the second
order convergence of the scheme by a Cauchy convergence test. We consider the problem in a
unit square domain Q = [0, 1] x [0, 1]. The initial conditions are taken to be

¢o = 0.24 cos(2mx) cos(2my) + 0.4 cos(mz) cos(3my),

ug = (— sin(rz)? sin(2my), sin(7y)? sin(27z)).

We impose no-slip no penetration boundary conditions for velocity, and homogeneous Neumann
boundary condition for ¢ and p .

The final time is 7" = 0.1, the grid in space is uniform h = g (2™ grid points in each
direction), for n from 5 to 9, and the refinement path is taken to be 6t = %h. The other
parameters are € = 0.04, M = 0.1, We* = 25 , Re = 100. We calculate the the rate at witch
the Cauchy difference converges to zero in the L? norm. The errors and convergence rates are
given in Table 1 . The results show that the scheme is of second order accuracy for ¢ and u in

L? norm, and the rate of convergence for pressure p appear to be only first order.

32—-64 rate 64—128 rate 128 —256 rate 256 — 512
4.14e—-3 190 1.11-3 197 283 -4 199 7.12¢e—-5
72le—4 208 1.70e—4 2.04 4.16e—5 2.02 1.03e—5
6.99¢e —4 2.11 1.62e—4 2.05 393e—-5 2.02 9.7le—6
2.06e—3 1.75 6.10e—4 1.62 198e—4 144 7.27e—-5

" S 2 ©

Table 1: Cauchy convergence test; errors are measured in L? norm; 2" grid points in each
direction for n from 5 to 9, 6t = %2h, e = 0.04, M = 0.1, We* = 25 , Re = 100.

Next, we verify numerically that the total energy of the system is non-increasing at each time
step. We define two discrete energy functional at discrete time t = kdt according to Proposition
3.20

1 1 1 €
Ehvt:/92u’ffd:wl—W/Q(€f0(¢ﬁ)+2|v¢ﬁ|2) dz,

el _ 5t?
By = B+ g [ ok — ok o+ 5 [ (kP

In the calculation, we take 6t = 0.005, h = % and a constant mobility M = 1.0. The other
parameters are the same as ones in the Cauchy convergence test. Fig. 1 shows that both of
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Time Time

(a) Evolution of EM? (b) Evolution of Egl’,;

Figure 1: Time evolution of the discrete energy; 6t = 0.005, h = %, M = 1.0, € =
We* =25, Re = 100.

0.04,

. : Rt . . S .
the discrete energy functional E™* and E.}p are indeed non-increasing in time. Moreover, since

E&’fp is a second order approximation of EM! in terms of §t, the qualitative evolution behaviour

of E™t and Elt is virtually the same.

In Fig. 2, we show the time evolution of the discrete mass fQ d)ﬁda: associated with the energy
dissipation test (Fig. 1). Note that [, ¢odx = 0. After projection into the finite element space
P1, we have fQ gb%dm = 8.14e — 06. Fig. 2 shows that the exact value is preserved during the

evolution, which verifies that our scheme is conservative.

Mass

Time

Figure 2: Time evolution of the discrete mass fQ ¢Zdw; the parameters are given in Figure 1.

5.2 Shape relaxation

Here we use the CHNS system (1.1)-(1.4) to simulate the relaxation of an isolated shape

in a two-phase flow system. The initial shape is a small square located in the middle of the

domain (cf. Fig. 3). For velocity, we set both the initial condition and boundary condition to be
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zero. We impose homogeneous Neumann boundary conditions fro ¢ and g. The parameters are
e = 0.005, We* =200, M(¢) = 0.1,/(1 — ¢?)? + €2, Re = 10, 6t = 0.005. In space, we explore
the adaptive mesh refinement of FreeFem++ (cf. [20]) which uses a variable metric/Delaunay
automatic meshing algorithm. Specifically, we adapt the mesh according to the Hessian of the
order parameter such that at least four grid cells are located across the diffuse interface.

I B

Figure 3: The initial shape of the order parameter for simulations of shape relaxation.

Since the initial velocity is zero, the initial total energy of the system is the surface energy.
Due to the effect of surface tension and the isotropy of the mobility, isolated irregular shape will
relax to a circular shape. This relaxation is observed in Fig. 4. We also show the effectiveness
of the adaptive mesh refinement at ¢ = 0.02 and ¢ = 0.4 in Fig. 5.

Next, we demonstrate the effect of imposed shear on shape relaxation. The initial configura-
tion of order parameter is given in Figure 3. For velocity, we take the initial data to be the Stokes
solution to the lid driven cavity problem and for boundary data we take uf,—1 = (:13(1 —x), 0)
and zero otherwise. We set Re = 100 and the rest of the parameters are the same as in the
case of surface tension driven flow (Fig. 4). The relaxation of the shape under shear driven
flow and the associated flow field are reported in Fig. 6. As the flow goes clockwise, the shape
travels slightly to the left. Meanwhile, the shape elongates to an ellipse with the major axis
along north-west direction.

5.3 Spinodal decomposition

The CHNS system (1.1)-(1.4) can be used as a model for spinodal decomposition of a binary
fluid, cf. [26]. Here we examine the effect of the excess surface tension, defined as v = ﬁ, on
coarsening during spinodal decomposition. The initial velocity is zero ug = 0. For the initial
condition of the phase field variable, we take a random field of values ¢g = ¢ + r(z,y) with an
average composition ¢ = —0.05 and random r € [—0.05,0.05]. We take no-slip no penetration
boundary condition for velocity and homogeneous Neumann boundary condition for ¢ and pu.
The parameters are ¢ = 0.005, M(¢) = 0.11/(1 — ¢?)2 + €2, Re = 10, 5t = 0.005, h = %. In
Fig. 7, we show some snapshots of the filled contour of ¢ in gray scale (white color ¢ ~ 1.0,
black color ¢ ~ —1.0) at different times with v = 0, 0.1¢, 1.0¢, respectively. The case of v = 0,
corresponds to purely Cahn-Hilliard equation with no fluid motion, is included for comparison
purpose.

After a rapid initial phase separation (not shown in Fig. 7), the dynamics of the CHNS
system are dominated by the slow process of coarsening. There are several physical mechanisms
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t=0.02 t=0.1

Figure 4: Shape relaxation of surface tension driven flow; ¢ = 0.005, We* = 200, M(¢) =

(1 —¢%)2+ €2, Re = 10, 6t = 0.005; Adaptive mesh refinement is explored for spatial
discretization.

mesh at ¢t = 0.02 mesh at t = 0.4

Figure 5: Adaptive mesh refinement associated with shape relaxation in Fig. 4 at ¢ = 0.02,0.4;
€ = 0.005, 4 grid elements are placed across the interfacial area.

in the CHNS system that contribute to the coarsening process: bulk diffusion, surface diffusion,
and hydrodynamic convection. Note that our chosen regularized degenerate mobility M (¢)
limits the bulk diffusion (of order €) at the late stage of the coarsening process. In comparison
to the coarsening process governed by the Cahn-Hilliard equation with no fluid motion (the first
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Figure 6: Shape relaxation under shear driven flow and the flow field; The applied shear is
on the upper boundary with a shear rate of z(1 — z); Re = 100, ¢ = 0.005, We* = 200,
¢) = 0.1\/(1 — ¢2)2 + €%

column of Fig. 7), we find that the hydrodynamic effect speeds up the coarsening process by
promoting the droplets coalescence, the larger v, the more dramatic the coalescence effect. The
effect is less discernible in the case of v = 0.1e (We* = 2000). Indeed, the morphology for v = 0
(We* = o0) and v = 0.1le are nearly identical over the evolution. One can even observe the
evaporation-condensation effect (Ostwald ripening) for the scattered isolated drops at ¢ = 4, 9.
In contrast, for v = € (We* = 200) at the same time, the morphology is less deformed and
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t=1  wdP

Vs

FCrEcy

4

qaiq

4

t =40 R

923,

v =0.1e v = 1.0¢

Figure 7: Snapshots of coarsening of a binary fluid during spinodal decomposition with v = 0.1e
(second column), 1.0¢ (third column), respectively; The case of v = 0 (first column) is included
for comparison purpose; The rest of the parameters are e = 0.005, M (¢) = 0.1/(1 — ¢2)? + €2,

Re = 10, 8t = 0.005, h = 32.
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exhibits rich connection (fewer isolated drops). Moreover, as time evolves, the scattered islands
quickly merge together.

Coarsening rate can be tied with surface energy decay rate. The domain size of one phase L
(physical length scale) can be defined as a suitable negative norm of the order parameter [27].
Recall that the surface energy Ey is defined as

By = gy [ (Ghole) + 519 oP) e
Thus the surface energy Ey is proportional to the average interfacial circumference in 2D (inter-
facial area in 3D), at least near equilibrium where the order parameter roughly has a profile of
hyperbolic tangent function [35]. It follows from the conservation of volume that the spatially
averaged surface energy should scale like the inverse of the domain diameter L. This heuristic
argument suggests that the decay rate of the surface energy can be used as a proxy of the phase
coarsening rate. One can also motivate this argument from the standpoint of sharp interface
limit. The exact relation between L and Ey is an inequality established rigorously in [27]. Fig.
8 shows the correlation between the surface energy decay rate E¢ (thus coarsening rate) and the
excess surface tension parameter 7. It is observed that larger surface tension 7 (smaller We*)
yields faster coarsening rate, which agrees with the energy law (3.20).

10 T

Energy

107°F 1

10 10’ 10
Time

Figure 8: Loglog plot of the surface energy Ef as a function of time (solid lines) for simulations
in Fig. 7. Here we include the case v = 0.01e for comparison purpose. The dash lines are fitted
functions ¢;t 70216 (y = 0.01¢), cot=023% (y = 0.1¢) and c3t~%3% (v = 1.0¢), respectively.

For a large system of a binary fluid at late stage of spinodal decomposition, it is expected
[37, 33] that the coarsening rate would obey a dynamical scaling law: L(t) o t, where L(t)
is the average domain size of one phase. Nevertheless, in 2D such a scaling law is open to
debate (see the recent work [31] and references therein). Here we run our scheme on a domain
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Q = [0,200] x [0,200] for a final time up to 10*. The parameters are: ¢ = 1.0, M = 1.0,
We* = 1.0, Re = 1.0. The initial and boundary conditions for ¢ and u are set similarly as
above. We take 6t = 0.5 and h = /2 for t < 1000, and § = 1.0 and adaptive mesh refinement
for t € [10%,10*]. We plot the decay of the surface energy E ¢ in log-log scale in Fig. 9, which
reveals roughly a decay rate of % at the late stage of coarsening. This result corroborates the
t3 growth law for the average domain size proposed in [33]. Note that the wall effect becomes
influential when ¢ approaches 10* at which large islands occupy the boundary of the domain.

10

Energy

10 . \3 .
10 10 10 10 10

Time

Figure 9: Loglog plot of the surface energy Ef as a function of time (solid line) for the CHNS
system; ©Q = [0, 200] x [0,200], e = 1.0, M = 1.0, We* = 1.0, Re = 1.0; The red dash line has a
slope of —%.

6 Conclusions

In this paper, we have presented a novel second order in time numerical method for the Cahn-
Hilliard-Navier-Stokes system that models two-phase flow with matched density. The method
is efficient since we decoupled the pressure from the velocity and phase field, and the coupling
between the velocity field and the phase field is weak. We have shown in a rigorous fashion that
the scheme is unconditionally stable and uniquely solvable. Fully discrete numerical methods
effected with finite-element method are also presented and analyzed with similar conclusions.
To the best of our knowledge, this is the first second-order scheme that decouples the pressure
and the velocity and phase field variables while maintaining unconditional stability and unique
solvability.

Several numerical experiments are performed to test the accuracy of the scheme. We verify
numerically that our scheme is conservative, energy- dissipative, and is of second order accuracy
in L? norm. We demonstrate the effectiveness of our scheme incorporated with adaptive mesh
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refinement by simulating the shape relaxation with and without applied shear. Finally, we also
investigates the effect of surface tension on the coarsening rate of spinodal decomposition of a
binary fluid. In particular, our long time numerical simulation suggests a growth rate of t3 for
a large system at late stage, which agrees with [33].

There are numerous potential extensions of the current work. The design of second-order in
time scheme that decouples the pressure, velocity and phase field completely, and is uncondi-
tionally stable and uniquely solvable is very desirable. The extension of the current scheme to
the case of unmatched density, or to the case of coupled Cahn-Hilliard-Stokes-Darcy system that
models two-phase flow in karstic geometry would also be interesting [19]. From the theoretical
side, the rigorous error analysis of the scheme, especially with adaptive mesh, is a very attractive

but challenging topic.
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