Generalized Eigenvectors

1. Example Consider the 2 X 2 matrix
1 -1
]
The matrix A has characteristic polynomial A? and hence its only eigenvalue is 0. The eigenvectors for
the eigenvalue 0 have the form [z4, xg]T for any z2 # 0. Thus the eigenspace for 0 is the one-dimensional

span{ [ﬂ } which is not enough to span all of R?. However A? is the zero matrix so A%7 = (A—01)?7 =0

for all vectors ¥. If we let @5 be [1, —1]T (or any other vector outside the eigenspace), then Avy is in
the eigenspace so it is a[1,1]7 for some a (2 in this case). If we let @ = [1,1]7, and P = [y, 7] and
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(It is more usual in this case to pick ¥» so that it solves Avs = ¥;. This will make a = 1, and perhaps
vy = [1, O]T which yields a slightly different equation)
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2. Theorem If A is a 2 x 2 matrix with repeated eigenvalue A but whose eigenspace is only one-dimension
and spanned by the eigenvector ¥;. Let U2 be a solution to (A — A\ )y = ¢, Let P = [U,7s] and let

B = [)\ 1} then

we can write A = PBP~! where B = {

0 A
A=PBpP!

(and as usual we check the construction using AP = PB.)

3. Problems Compute the eigenvalues For the given 2 x 2 matrices A and decide if the theorem above
applies. If the theorem applies find B and P, and if the theorem does not find the usual diagonal D
and P. Check your answers.
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4. Definition To handle this problem we generalize notion of an eigenvector to a generalized eigenvector
we say a non-zero vector v is a generalized eigenvector for A corresponding to A if

(A= ADF5=0

for some positive integer k. The smallest such & is the order of the generalized eigenvector. Note that
a regular eigenvector is a generalized eigenvector of order 1. The vector ¥ in the theorem above is a
generalized eigenvector of order 2. Since (D — I)(te') = (e' +te') —te! = e’ # 0 and (D —I)e' = 0, te
is a generalized eigenvector of order 2 for D and the eigenvalue 1.



The simplest case is when A = 0 then we are looking at the kernels of powers of A. It is easy to see
that the chain of subspaces

{0} =ker A° C ker A' C .. Cker A¥ Cker Akl C ... CR"

are all subspaces of the big vector space. Because if A¥#' = 0 then A"l = A(A*%) = A0 = 0. Also
note that eventually ker A*¥ = ker A**J for all positive integers j because the dimensions are all less
than or equal to n. (This can fail in infinite dimensions.)

But it is easy to show the stronger result that if ker A* = ker A**+! then ker A**! = ker A**2. Let
7 € ker A2 then Av € ker AF*! = ker AF so A*(A%) = 0 and hence A¥+15 =0 so ¥ is in ker A¥+1 =
ker A*. So for each eigenvalue, there is a largest order.

There is one more requirement on the dimensions of these spaces which we will illustrate with k£ = 1
and k = 2. Let {#1,... 7} be a basis for ker A # ker A? and we add Tsy1, ... Usys until {7 ... Ts1¢} is a
basis for ker A2. So ker A is s-dimensional and ker A? is s + t-dimensional. The additional requirement
is that t < s.

If ¢t > s then {AUs11, ... AUs;+} must be linearly dependent in ker A. So there are scalars cs41, . .. Cs it
not all zero so that
Cot1AUsq1 + - Coqt ATsy =0

A(Cop1Usq1 + -+ CoptUsqt) =0
Cot1Ust1 + ++* Cs41Usyt € ker A
Cs+1ﬁs+1 + - Cs+tﬁs+t = 01171 + - ngs
for some ¢y, . .. g since {U1, ... Ts} is a basis for ker A. But this is a contradiction to {¥1, ... Us;+} being
linearly independent.

Other facts without proof. The proofs are in the down with determinates resource. The dimension of
generalized eigenspace for the eigenvalue A (the span of all all A generalized eigenvectors) is equal to the
number of times A is a root to the characteristic polynomial. If ¥, ...7s are generalized eigenvectors
for distinct eigenvalues Aj,... A, then {¢7,...7,} is linearly independent. Each matrix A is similar
to block diagonal matrix where each non-zero block B; corresponds to the generalized eigenspace of a
distinct eigenvalue A;.
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We list all a sequence of 4 x 4 matrices that could be B in a 4-dimensional version of our theorem
above.

Al010]0 A 11010 A 110 O A1 0 0
0jA|0|O0 0 A|0|O 0 )\‘0 0 0 A 10
0]0|A|O 0 0|A|O0 0 0| 1 0 0 A 1
0]0|0 A 0 0|0]A 0 O‘O A 0 0 0 A

Note that there are non-zero entries only on the main diagonal and on the diagonal just above the
main diagonal. This diagonal is sometimes called the super diagonal.

5. Bigger Example Consider the matrix A, eventually A has characteristic polynomial (A — 5)3(\ + 2).
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The eigenvalue —2 has a one-dimension eigenspace spanned by vg = [0,0,0,0,0,1]7, the eigenvalue
5 has a two-dimensional space spanned by v; = [1,0,0,0,0,0]7 and v4 = [0,0,0,1,0,0]”. The
subspace ker(A — 5I)2 is spanned by four vectors vy, vy and the order 2 generalized eigenvectors
ve = [0,1,0,0,0,0]7 and vs = [0,0,0,0,1,0]7. While the subspace ker(A — 5I)? is spanned by five
vectors vy, v2, vg, v5 and the order 3 generalize eignevector vz = [0,0,1,0,0,0]7. Any non-zero vector
of the form [z, To, 3,74, 75,0]T is a generalized eigenvector for the eigenvalue 5.

There are a couple of ways to work on these problems. One is to backtract from generalized eigenvector
of order k to generalize eigenvector of order k£ + 1 as needed. Sometimes, trial and error is the fastest
method.

6. Problems part 2 For each n X n matrix, find a basis of R™ consisting of generalized eigenvectors.

31 0
A=10 2 -1
0 0 3
3 1 1]
A=10 3 1
0 0 3]
(3 0 1]
A=10 3 1
0 0 3]
1 2 0 1]
010 1
A=10 0 2 2
0 0 0 1
1 2 1 1]
0 2 3 1
A=10 0 2 2
0 0 0 1)
-1 0 2 1
0 -1 2 1
A=10 0o -1 2
0 0 0 2

An eigenvector is a generalized eigenvector.

If A0 =0 and ¥ # 0 then ¥ is a generalized eigenvector of order 2 for the eigenvalue 0 of A.
Sometimes dim ker A2 > dim ker A.

Sometimes dim ker A% > 2 dim ker A.

te=?! is a generalized eigenvector of order 2 for the eigenvalue —2 of the derivative operator D.

If ¥ is a generalized eigenvector of order k for the eigenvalue A then X is a root at least k& times to
the characteristic polynomial.

If A is a root k times of the characteristic polynomial of the matrix A, then A has a generalized
eigenvalue of order k.

If ¥ is a generalize eigenvector of order k for X\ and A then (A — A\ )7 is a generalized eigenvector
of order k + 1.

0 10
The matrix [0 0 0] is diagonalizable.
0 0 1



8. Answers These answers are not unique.

(a) Characteristic polynomial p(\) = (A — 3)? which has a one dimensional eigenspace spanned by

v1 = [1,1]7. There are many choices possible for vy, how about ve = [2,0]7. then B = [g :1,)]
1 2

1 0

andP:{ 3 1 3 1

} Checking AP = [3 7] and PB = [3 7} v

(b) Repeated eigenvalue A = 6, vy = [1, 1], v, = [0,2]T B = {g é} and P = E g}

(c) Repeated eigenvalue A =5, v; = [1,0], v = [0,-1]T B = [(5) é} and P = [(1) 01]

(d) Repeated eigenvalue A = —2, vy = [1/2,1/2]T, vy = [1,2]T B = [_02 _12} and P = Bg ;]
9. Answers part 2 The answers are not unique, but there is a logic to answers choosen, it is so the
super-diagonal entries of something would be one. Careful, these answers were machine generated and
not yet checked.
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| 0 0 1
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(b) A=3order k=1 |0|, order k=2 |1| and order k =3 |—1
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10. True or False answers



