More problems on Linear Systems

1.

-1/2 1

Solve the dynamic system xx11 = Axg, 9 = { _} ] if A = [ 0 1/2

}. What is dynamic

behavior?

Solve the DE system z'(t) = Az(t), 2(0) = [ B ] itA= [ —1/2 L } . What is dynamic behavior?

Solve the dynamic system zp1 = Axy, xg = [ ] . Write your answer without

complex numbers. What is dynamic behavior?

Solve the DE system z/(t) = Ax(t), (0) = { _} } if A= [ b 2 } Write your answer without

complex numbers. What is dynamic behavior?

Solve the dynamic system xp 1 = Axy, ©g = { B } if A= [ ? _é } What is dynamic behavior?
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Solve the DE system z'(t) = Axz(t), z(0) = [ _1 ] it A= { _(1) ] What is dynamic behavior?



Solutions

1. Eventually A has eigenvalues/eigenvectors A\; = 1/2, @ = [1,1]T and Ay = —1/2, @i, = [1,0]7. Since
To = U1 — 20s, the solution is x3, = (1/2)*¥; — 2(—1/2)*4%,. This shrinks to the origin.

2. We have the same eigenvalues/eigenvectors and now x(0) = @ — 24, the solution is z(t) = !/?#; —

2¢~/2,. This is a saddle point.

3. Eventually A has eigenvalues/eigenvectors Ay =4 +i, o7 = [1 +4,1]T and Aoy =4 — i, vy = [1 — 4, 1]7.
Since xg = (1/2+1)v) + (1/2 — i) the solution is zy = (4 +1)*(1/2 +4)0; + (4 —)F(1/2 — i)T. This
spirals out.

Now to remove the complex numbers. No please don’t use the binomial theorem. Use change of
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Nowgo = Pz = 1,2, g = C'yo = 17k/2({ sin k6 + 2 cos k6

] and so 2y = Pyy, — 175/2 [ —coskf — 3sin k@ }

cos kO — 2sin k6
Alternately, we observe both u and v are independent solutions to yx11 = Cys, with ug = [1,0]7 and
_ T _ k2 cos k6 R —sinkd . _ T .
vo = [0,1]* where. up = 17 [ sinkg | Uk 17 coskd | Since we want yo = [1,2]", pick
yr = lug + 2vg and x = P(ug + 2v) = Puy, + 2Py

4. We have the same eigenvalues/eigenvectors and now x(0) = (1/2 + @)t + (1/2 — ¢)¥%y the solution is
z(t) = (1/2 4+ 4)e ™D g, 4 (1/2 — i)e*~9 7, This also spirals outward.

To remove the complex numbers we convert to the real and imaginary parts of @ = e*(cost +

4t 4t 4t 4t
C e . t— t . t t
isint)th u(t) = Rew = { € COS4t ¢ s } v(t) = Imw = { € COS4t+e - Are both so-

e*'cost e*'sint

lutions to «/() = Ax(t) with u(0) = [ ! ] and v(0) = [

1 ] Eventually z(t) = wu(t) — 2v(t) =

O =

—e*t cost — 3e*sint
e*tcost — 2e*sint

5. Eventually A has only the repeated eigenvalue 1, eigenvector @ = [1,1]T and generalized eigenvector
172 = [I,O]T Tog = 171 — 2172, the solution is T = (1)’%71 — 2k(1)k71171 — 2(1)k172 = 171 — 2]{1171 — 2172. This
expands in the —v7 direction.

—

6. We have the same eigenvalues/eigenvectors and now z(0) = ¥, — 205, the solution is z(t) = e'v; —
2te! v, — 2y, This expands.



