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Abstract Pancreatic islet β-cells are electrically excitable cells that secrete insulin
in an oscillatory fashion when the blood glucose concentration is at a stimulatory
level. Insulin oscillations are the result of cytosolic Ca2+ oscillations that accompany
bursting electrical activity of β-cells and are physiologically important. ATP-sensitive
K+ channels (K(ATP) channels) play the key role in setting the overall activity of the
cell and in driving bursting, by coupling cell metabolism to the membrane potential.
In humans, when there is a defect in K(ATP) channel function, β-cells fail to respond
appropriately to changes in the blood glucose level, and electrical and Ca2+ oscillations are lost. However, mice compensate for K(ATP) channel defects in islet β-cells
by employing alternative mechanisms to maintain electrical and Ca2+ oscillations. In
a recent study, we showed that in mice islets in which K(ATP) channels are genetically knocked out another K+ current, provided by inward-rectifying K+ channels,
is increased. With mathematical modeling, we demonstrated that a sufficient upregulation in these channels can account for the paradoxical electrical bursting and Ca2+
oscillations observed in these β-cells. However, the question of determining the correct
level of upregulation that is necessary for this compensation remained unanswered,
and this question motivates the current study. Ca2+ is a well-known regulator of gene
expression, and several examples have been shown of genes that are sensitive to the frequency of the Ca2+ signal. In this mathematical modeling study, we demonstrate that
a Ca2+ oscillation frequency-sensitive gene transcription network can adjust the gene
expression level of a compensating K+ channel so as to rescue electrical bursting and
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Ca2+ oscillations in a model β-cell in which the key K(ATP) current is removed. This
is done without the prescription of a target Ca2+ level, but evolves naturally as a consequence of the feedback between the Ca2+ -dependent enzymes and the cell’s electrical
activity. More generally, the study indicates how Ca2+ can provide the link between
gene expression and cellular electrical activity that promotes wild-type behavior in a
cell following gene knockout.
Keywords Gene knockout · Insulin secretion · Pancreatic islets · Bursting ·
Homeostatic compensation

1 Introduction
Pancreatic β-cells are clustered into micro-organs called islets of Langerhans and
secrete insulin in response to elevated blood glucose levels. Insulin secretion is typically pulsatile with periods ranging from tens of seconds to a few minutes (Pørksen
2002; Nunemaker et al. 2005; Song et al. 2007; Matveyenko et al. 2008). This pulsatility is due to oscillations in the intracellular Ca2+ concentration, which are themselves
the result of bursting electrical activity of β-cells (Santos et al. 1991; Zhang et al. 2003;
Bertram et al. 2010). Insulin pulsatility has been shown to play an important role in
glucose homeostasis (Matthews et al. 1983b; Paolisso et al. 1991; Hellman 2009). In
a recent study, it was shown that insulin was more effective at reducing blood glucose
when presented to the liver in an oscillatory manner (Matveyenko et al. 2012). In type
2 diabetic patients and their near relatives (Matthews et al. 1983a; O’Rahilly et al.
1988; Polonsky et al. 1988), in ob/ob mice (Ravier et al. 2002), and ZDF rats (Sturis
et al. 1994), insulin oscillations are impaired. Together, these findings demonstrate the
importance of rhythmic insulin secretion for normal blood glucose homeostasis.
Insulin secretion is controlled by interacting metabolic and electrophysiological
mechanisms in β-cells. Glucose is taken up by β-cells and metabolized to form
ATP, which binds to ATP-sensitive K+ channels (K(ATP) channels) in the plasma
membrane, putting most of them into an inactive state. The resulting reduction in
hyperpolarizing K+ current causes membrane depolarization, and the opening of
voltage-dependent Ca2+ ion channels. The increase in intracellular Ca2+ concentration that results from Ca2+ influx through these channels evokes exocytosis of
insulin-filled granules (Hedeskov 1980; Rorsman and Braun 2013). In this process,
K(ATP) channels work as molecular sensors of ATP and couple cell metabolism to
the membrane potential. There is also evidence that metabolic oscillations act through
these channels to drive bursting electrical activity in β-cells (Ren et al. 2013; McKenna
et al. 2016; Merrins et al. 2016).
K(ATP) channels are comprised of four inward-rectifying K+ channel (Kir6.2) subunits associated with four sulfonylurea receptor (SUR1) subunits [see (Nichols 2006)
for review]. A defect in the genes coding these subunits prevents K(ATP) channel
expression in the plasma membrane and results in tonic membrane depolarization and
persistent hyperinsulinemic hypoglycemia of infancy (PHHI) in humans, a condition
caused by excessive insulin secretion (Kane et al. 1996; Shah et al. 2014). However,
in genetically engineered SUR1−/− mouse islets (SUR1-KO islets), which also do
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not express K(ATP) channels in their β-cell plasma membranes, bursting electrical
activity and Ca2+ oscillations persist (Düfer et al. 2004; Nenquin et al. 2004). Furthermore, these mice exhibit nearly normal blood glucose levels unless metabolically
stressed (Seghers et al. 2000; Düfer et al. 2004). Clearly, then, there must be some form
of compensation to counteract the complete loss of this hyperpolarizing K+ current,
since otherwise the cells would be tonically active, as they are when K(ATP) channels
are blocked with pharmacological agents in wild-type islets (Larsson et al. 1996; Ren
et al. 2013). (Whether compensation occurs in PHHI human islets is not presently
known.) One study on clonal rat insulinoma RINm5F cells showed that long-term
blockade of K(ATP) channels with pharmacological agents, which should result in
membrane depolarization and increased Ca2+ influx, led to increased DNA synthesis (Sjöholm 1995). This study also showed that blocking Ca2+ influx or inhibiting
Ca2+ -dependent kinases reduces DNA synthesis in these cells. Thus, elevations in the
intracellular Ca2+ concentration in a β-cell clonal cell line may drive compensation
through gene transcription. The aim of this paper is to illustrate how this compensation can occur at the right level to maintain the oscillatory activity that is important in
glucose homeostasis.
The pattern of activity that an excitable cell, like the β-cell, generates is determined by the type and density of ion channels it expresses in its plasma membrane.
Although ion channels are subject to perpetual protein turnover, excitable cells typically maintain a stable phenotype. Studies show that the relation between cellular
activity and ion channel expression is bidirectional and the mutual feedback can provide activity-dependent homeostasis in case of a perturbation (Turrigiano et al. 1994;
Rosati and McKinnon 2004; Davis 2006; Temporal et al. 2014). When there is a
defect in the expression of one type of ion channel, a compensation mechanism can
restore homeostasis by regulating the expression of other ion channel types (Xu et al.
2003; Zhou et al. 2003; Rosati and McKinnon 2004). This activity-dependent compensation requires a feedback element that can reflect the electrical activity of the
cell and can regulate the expression of ion channels. In excitable cells containing
voltage-dependent Ca2+ channels, the intracellular Ca2+ concentration reflects the
cell’s electrical activity. In addition, Ca2+ is a signaling molecule known to regulate
the expression of several proteins including ion channels (Sheng et al. 1991; Barish
1998; Vigmond et al. 2001; West et al. 2001). Computational studies have shown that
cytosolic Ca2+ can indeed be an effective molecule for setting channel expression in
such a way that a target electrical activity pattern is achieved (LeMasson et al. 1993;
Liu et al. 1998; Olypher and Prinz 2010; O’Leary et al. 2014).
Ca2+ regulates gene expression by transmitting cellular information to the gene
transcription network, and theoretical and experimental studies have shown that this
information can be encoded in the frequency and amplitude of Ca2+ oscillations
(Dupont and Goldbeter 1998; Li et al. 2012; Smedler and Uhlén 2014). It has been
shown that several transcription factors (Dolmetsch et al. 1998; Tsien et al. 1998; Zhu
et al. 2008), enzymes (Li et al. 2012) and mitochondrial responses (Hajnóczky et al.
1995; Robb-Gaspers et al. 1998; Collins et al. 2001) are sensitive to the frequency of
the Ca2+ oscillations. In gene transcription networks, it was shown that oscillatory
Ca2+ is more effective in regulating gene expression than constant Ca2+ (Dolmetsch
et al. 1998; Tsien et al. 1998). Furthermore, for some genes, there seems to be an
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optimum range of oscillation frequencies in which the signal is most efficient (Tsien
et al. 1998; Zhu et al. 2008).
This paper was motivated by the finding that in SUR1-KO mouse islets there is
an upregulation of the Kir2.1 isoform of inward-rectifying K+ channels (manuscript
in preparation) and modeling work demonstrating that the resulting Kir2.1 current
can effectively compensate for the loss of K(ATP) current and rescue slow bursting
oscillations (manuscript submitted). This rescue only occurs, however, if the level
of upregulated conductance is right. This raises the question that motives the current
study: How does the cell know the appropriate level of compensation? The most likely
answer is that it sets the compensation level so that Ca2+ oscillations with frequency
similar to the wild-type cells are restored. But how does it do that? We demonstrate
here that a model containing two Ca2+ -dependent enzymes with opposing actions can
achieve this. These enzymes effectively decode the frequency of Ca2+ oscillations and
regulate the activity of a target transcription factor. By coupling the activity-dependent
compensation mechanism with a well-studied β-cell model (Bertram and Sherman
2004), we show that the paradoxical bursting electrical activity, and Ca2+ and insulin
oscillations observed in SUR1-KO islets, could result from compensation by another
ion channel whose expression is regulated by intracellular Ca2+ dynamics. The optimal
expression level of this channel is achieved naturally by the Ca2+ -dependent enzymes.
Unlike prior theoretical studies that made use of a target average Ca2+ level to achieve
appropriate conductance levels (LeMasson et al. 1993; O’Leary et al. 2014), this
mechanism naturally achieves the target activity pattern due to properties of the Ca2+ dependent enzymes controlling transcription of the compensating channel protein.
The first part of this paper focuses on how Ca2+ -dependent enzymes can discriminate between Ca2+ signals of different frequencies. It ends by demonstrating that
transcription factor activation by two Ca2+ -dependent enzymes with opposing actions
can be adjusted to increase monotonically with the frequency of Ca2+ pulse application, or decrease monotonically, or exhibit a bell-shaped response. The second part of
the paper combines the transcription model to a model of the activity of the pancreatic
β-cell. The β-cell model sets the Ca2+ dynamics that in turn regulate the activity of
the transcription factor, thereby closing the loop. This combined model is then used
to illustrate the compensation mechanism that is triggered by the removal of the key
K(ATP) current. It demonstrates that compensation at the appropriate level to rescue
slow Ca2+ oscillations associated with electrical bursting can be achieved through
the actions of Ca2+ on two opposing enzymes, provided that the compensating gene
product, an ion channel, feeds back onto the membrane potential and contributes to
the patterning of electrical activity (Fig. 1).

2 Mathematical Model
2.1 The Frequency Decoding Model
The Ca2+ frequency decoding network (Fig. 1) consists of a Ca2+ -dependent activator enzyme (A) and an inhibitor enzyme (I), both of which regulate the activity of the
target transcription factor. These enzymes could be either kinases or phosphatases,
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Fig. 1 Frequency decoding
mechanism is shaded with gray.
Green arrows are for stimulatory
and red circles are for inhibitory
pathways. The model consists of
a Ca2+ -dependent activator
enzyme (A) and an inhibitor
enzyme (I), both of which
regulate the activity of the target
transcription factor (TF). The
activated transcription factor
accelerates compensating ion
channel mRNA synthesis, which
increases the maximal
conductance (gcmp ) of the
compensating current. By
providing negative feedback on
the membrane potential (V),
gcmp completes the feedback
loop that underlies
activity-dependent homeostasis
(Color figure online)

which regulate the activity of proteins by phosphorylating and dephosphorylating
them, respectively. Both enzyme families have Ca2+ -dependent members (Rosen et al.
1995), and studies have shown that some Ca2+ -frequency-sensitive transcription factors are activated when phosphorylated (e.g., Oct-1 and NF-κB) (Segil et al. 1991;
Oeckinghaus and Ghosh 2009) where others are activated when dephosphorylated
(e.g., NFAT) (Rao et al. 1997). Therefore, we avoid using terms kinase and phosphatase and use activator and inhibitor instead. In the model, we assume that the total
concentration of the enzymes and the transcription factor do not change over time and
we represent the activation of these proteins by the fractions of their active forms. Studies show that Ca2+ binds and activates several Ca2+ dependent enzymes cooperatively
(Stemmer and Klee 1994; Bradshaw et al. 2003; Falcke and Malchow 2003; Swulius
and Waxham 2013). Taking the nonlinearity induced by positive cooperativity into
account, we employ a simple mechanism for enzyme activation kinetics that is easy to
analyze and yet encapsulates the kinetic properties of many Ca2+ -dependent enzymes
(Falcke and Malchow 2003). The fraction of activator enzyme that is activated by
Ca2+ , Aa , changes with time according to:
d Aa
cn A
= pA n
(1 − Aa ) − d A Aa
dt
c A + K cnAA

(1)

where p A and d A are the activation and deactivation rate constants, respectively. The
activation rate is a Hill function of the free intracellular Ca2+ concentration (c), with
Hill coefficient n A and dissociation constant K c A . The fraction of inhibitor enzyme
that is activated by Ca2+ , Ia , changes over time according to:
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dIa
cn I
= pI n
n I (1 − Ia ) − d I Ia .
dt
c I + K cI

(2)

Parameters for the inhibitor enzyme are analogous to those for the activator.
The rate of change of the fraction of activated transcription factor, TFa , is given by
the difference between its activation and inhibition rates in the following form:
dTFa
= A∞ (1 − TFa ) − I∞ TFa .
dt

(3)

The activation rate of the transcription factor is given by the Aa -dependent secondorder Hill function A∞ :
α A Aa2
(4)
A∞ = 2
Aa + K A2
where the maximal activation rate is α A and K A is the value of Aa for half-maximal
activation. The inactivation rate of the transcription factor is given by the Ia -dependent
Hill function I∞ :
β I Ia
(5)
I∞ =
Ia + K I
where β I is the maximal inhibition rate and K I is the Ia fraction for half-maximal
inhibition (we assume a Hill coefficient of 1).
In the initial studies of the Ca2+ frequency decoding mechanism, we simulate
changes in the intracellular free Ca2+ concentration with a periodic square wave:

c(t) =

c0 = 0.1, mod(t, T ) ≤ D
0,
mod(t, T ) > D

(6)

where c0 is the amplitude of the Ca2+ signal during a pulse, T is the oscillation period
and D is the pulse duration. Periodic piecewise continuous Ca2+ signals were used in
previous experimental (De Koninck and Schulman 1998; Dolmetsch et al. 1998) and
computational (Dupont et al. 2003; Schuster et al. 2005; Salazar et al. 2008) studies.
Ca2+ signals of this type are easy to manipulate in terms of amplitude and frequency
in the experiments and allow derivation of analytical solutions for kinetic equations
in computational studies.

3 Results
3.1 Enzyme Response to a Square-Wave Ca2+ Stimulus
Our first goal is to determine the long-term dynamics of an enzyme with Ca2+ dependent activation described by a Hill function. This enzyme could either activate
or repress a gene transcription factor. As described in Methods with Eqs. 1–2, the form
we use is:
cn E
dE a
= pE n
(7)
(1 − E a ) − d E E a
dt
c E + K En E
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where E a is the fraction of an enzyme that is in its activated state. Assuming that all
enzyme molecules are initially in an inactive form and that the enzyme is subject to
a periodic square-wave Ca2+ signal (Eq. 6), we can derive an analytical solution to
Eq. 7 during periods where the Ca2+ input is on (top) or off (bottom):

E a (t) =



∗
E ss 1 − e−( p E +d E )t , t < D
E a (D) e−d E t ,

where
p ∗E = p E

D≤t ≤T

,

c0n E
c0n E + K En E

(8)

(9)

is the Ca2+ -dependent activation rate of the enzyme, and
E ss =

1
1+

dE
p ∗E

(10)

is the steady-state fraction of activated enzyme with Ca2+ concentration c0 . Equation 8
shows that the characteristic response time of the enzyme to the stimulus is 1/d E . Thus,
if d E is large, then the response time is fast and E ss is small. In this case, the activated
enzyme concentration closely follows the c time course. However, many enzymes
respond to a stimulus slowly due to the conformational changes and/or phosphorylation
necessary for their activation (Frieden 1970, 1979). The rate-limiting slow activation
dynamics serve as a low-pass filter against noise in the input and also enable the
enzyme to have an optimal response to certain stimulus frequencies (Wu and Xing
2012). Our aim is to construct a signaling model that will exhibit such a response to
the periodic Ca2+ stimulus, so we tune d E and p E so that the characteristic response
time of the enzyme is comparable to the period of the square-wave Ca2+ stimulus.
Figure 2 shows one period of a representative Ca2+ stimulus (inset, red) and the
resulting activated enzyme time course (black solid) over many periods of the stimulus.
The time-varying mean value of the fraction of activated enzyme over the ith stimulus
cycle Ē a,i is:

1 (i+1)T
E a (t)dt
(11)
Ē a,i =
T iT
and is shown by the dashed curve in the figure. This eventually settles to a value
Ē a . The formula for this steady-state mean activated enzyme fraction is derived in
“Appendix 1” and is given by:


⎞
∗
1 − e−D ( p E +d E ) 1 − e−d E (T −D)
D
E
ss
⎠.
Ē a = E ss ⎝ +
∗
T
dE T
1 − e−( p E D+d E T )
⎛

(12)

This provides a manageable expression for Ē a in terms of the Ca2+ pulse duration
(D) and the period (T ) of the periodic square-wave Ca2+ stimulus.
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Fig. 2 Time course of the fraction of the activated enzyme (black solid curve) with a representative squarewave Ca2+ signal (red curve, inset). The enzyme integrates the Ca2+ signal over time. The mean fraction
of activated enzyme (black dotted curve) initially increases and reaches an equilibrium once the activated
enzyme level becomes periodic (Color figure online)

3.2 Oscillations are More Effective than Constant Ca2+ at Low Frequencies
When Ca2+ Binds to an Enzyme Cooperatively
Is Ca2+ more effective at activating an enzyme when it is delivered as periodic square
pulses? To answer this question, we compare the long-term activated enzyme level
with a square-wave stimulus to that obtained with a constant stimulus of the same
mean value of Ca2+ . This value, cc , is:
cc = c0

D
.
T

(13)

Substituting cc for c in the equilibrium activated enzyme function Eq. 10 yields, after
some algebra,
1
(14)
Ē a,c =

 n E 
1 + dPEE 1 + KccE
which gives the steady-state fraction of the activated enzyme with constant Ca2+ . We
now compare Ē a,c with the long-term average activated enzyme level with a squarewave stimulus, Ē a , using what we call the ‘Oscillation Efficiency’:
Oscillation Efficiency =

Ē a − Ē a,c
.
Ē a,c

(15)

Figure 3 shows the oscillation efficiency over a range of values of the oscillation period
T and the Ca2+ dissociation constant for the enzyme, K E , using three different levels
of cooperativity n E . In each case, D = 10 s. When T → D in Eqs. 12 and 14, both
Ē a → E ss and Ē a,c → E ss , and consequently, the oscillation efficiency approaches
zero independent of n E . That is, the responses of the enzyme to the square wave and
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Fig. 3 Cooperativity increases
the oscillation efficiency
(Eq. 15) at low frequencies when
Ca2+ binds to enzyme with low
affinity (larger K E ). a When
n E = 1, the oscillation
efficiency is negative for all K E
values, indicating that a constant
Ca2+ stimulus is more effective
than a square-wave stimulus. b,
c With increasing Ca2+ binding
cooperativity, the square-wave
Ca2+ stimulus becomes more
effective, particularly at low
frequencies (Color figure online)

constant stimuli are similar when there is little time between stimuli, regardless of the
cooperativity (leftmost portions of each panel in Fig. 3).
Figure 3a shows that when n E = 1, oscillation efficiency is negative ( Ē a ≤ Ē a,c )
for all values of K E shown. That is, when Ca2+ binds to the enzyme non-cooperatively,
a constant Ca2+ stimulus is more effective than a square-wave Ca2+ stimulus. However, with positive cooperativity (n E > 1), the oscillation efficiency increases with
d Ē

Ē a
longer periods T and larger values of K E ( ddT
> dTa,c ) due to the exponential dependence of Ē a,c on n E . Thus, the periodic square wave Ca2+ becomes more effective at
activating the enzyme than constant Ca2+ at lower frequencies (Fig. 3b, c). Since K E is
divided by cc and thus multiplies T in Eq. 14, when K E is small, T must be large for this
effect to be seen (the efficiency is highest in the upper right portions of panels B and C).
How does Ca2+ cooperativity affect the activated enzyme level? This depends
on whether Ca2+ is constant or delivered as periodic square pulses. For the case of
a constant Ca2+ stimulation, this is simple; Eq. 14 shows that if cc > K E , then
cooperativity increases the activated enzyme level, while if cc < K E , it decreases it.
If the Ca2+ signal is a periodic square wave, then the influence of cooperativity on the
long-term mean activated enzyme concentration, Ē a (Eq. 12), is determined by
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Fig. 4 The K E values where cooperative Ca2+ binding enhances or reduces the enzyme activation are
indicated by + or −, respectively. Blue symbols are for a constant Ca2+ stimulus, and red symbols are for
a square-wave stimulus with the same mean level. The solid curve satisfies K E = c0 D
T = cc , while the
dashed line satisfies K E = c0 . Oscillations increase the range of the parameter space where cooperativity
has a positive impact on the enzyme activation (Color figure online)

d Ē a
d Ē a d p ∗E
=
.
dn E
d p ∗E dn E
It can be shown that

d Ē a
d p ∗E

(16)

> 0 and,


c0n E K En E ln Kc0E
d p ∗E
=
2
dn E
c0n E + K En E

(17)

d Ē a
> 0
which is positive if the argument of the natural log is greater than 1, so dn
E
if K E < c0 . Therefore, for a periodic square-wave Ca2+ signal, Ca2+ cooperativity
increases the activated enzyme level if the amplitude of the Ca2+ pulse is greater than
the dissociation constant, else it decreases the activated enzyme level.
The cooperativity effects are illustrated in Fig. 4. Below the curve K E = c0 D
T
(Fig. 4, purple region), cooperativity increases activated enzyme if the Ca2+ level is
constant (Fig. 4, blue +). Below the dashed line K E = c0 (Fig. 4, purple and green
regions) cooperativity increases activated enzyme if the Ca2+ level is a square wave
(Fig. 4, red +). Since the latter area is larger, the range of K E values where cooperativity
increases the activated enzyme level is greater with a square-wave Ca2+ stimulus than
with a constant stimulus with the same average Ca2+ level.

3.3 Frequency Decoding Capability of the Enzyme Increases with Its Affinity to
Ca2+
It is clear that the activated enzyme level increases with the frequency of the square
wave Ca2+ . However, it is ambiguous whether increased activation is due to the
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Fig. 5 The enzyme is capable of decoding the Ca2+ oscillation frequency when the average Ca2+ is held
constant. In Eq. 12, we set D = γ T and γ = 0.25. a Fraction of activated enzyme is color coded with
dark red being the highest and dark blue being the lowest values. Enzyme activation is higher when short
square-wave Ca2+ pulses are separated by short intervals. b Frequency decoding capacity of the enzyme
declines as K E increases. The decoding capacity is defined in Eq. 18 (Color figure online)

increased average Ca2+ concentration with frequency or due to the increased frequency itself. To what extent is the activation responding to the frequency of the
oscillations? To answer this question, it is necessary to fix the average Ca2+ as the
oscillation frequency is varied. We do this while keeping the duty cycle, γ = D
T , fixed.
Consequently, as T is varied, the average Ca2+ remains constant. Figure 5 shows the
fraction of activated enzyme as T and K E are varied, with γ = 0.25 and n E = 4.
For all K E values, the activated enzyme concentration decreases with the period of
the square wave (Fig. 5a), so short Ca2+ pulses separated by small intervals are more
effective at activating the enzyme. How does the frequency decoding capability of the
enzyme depend on its affinity to Ca2+ ? To find out, for each K E value, we calculate
the fraction of activated enzyme obtained for a short-period stimulus, T = 10 s, and
a long-period stimulus, T = 180 s. We denote these by Ē a,10 (K E ) and Ē a,180 (K E ),
respectively. The effect of frequency for each K E value is reflected in the difference
between these two. Normalizing this with respect to Ē a,180 (K E ) yields the following
K E -dependent estimate for the ‘Decoding Capacity’ of the enzyme:
Decoding Capacity = 100 ·

Ē a,10 (K E ) − Ē a,180 (K E )
.
Ē a,180 (K E )

(18)

The frequency decoding capacity of the enzyme decreases as K E increases (Fig. 5b).
Thus, enzymes with higher Ca2+ affinity are better able to decode the frequency of
oscillations.
3.4 Opposing Actions of the Activator and Inhibitor Enzymes Determine the
Frequency Response Regime of the Transcription Factor
In this section, we investigate the frequency-dependent regulation dynamics of the
transcription factor, subject to Ca2+ -dependent activator (A) and inhibitor (I) enzymes.
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Fig. 6 Relative sensitivity of the transcription factor to the activator and inhibitor enzymes determines
the frequency response regime. a Representative Ā∞ (blue) and I¯∞ (red) curves. Relative positions of
these curves determine the transcription factor activation level. b Approximate asymptotic fraction of the
activated transcription factor (TFss ) over a range of values of T and K a . c The rates of changes of Ā∞ and
I¯∞ with respect to T determines the frequency response. In the blue region, Ā∞ declines faster than I¯∞
as T is increased. In the brown region, this relation is reversed (Color figure online)

The time-dependent activation of enzymes is governed by Eqs. 1 and 2, and Eq. 3
describes the effect of the activated form of the enzymes (Aa and Ia ) on the fraction
of activated transcription factor (TFa ). For a periodic square-wave Ca2+ stimulus, the
long-term mean values of Aa and Ia (denoted by Āa and I¯a , respectively) are described
by Eq. 12. Inserting these into Eqs. 4 and 5, respectively, yields Ā∞ and I¯∞ (Fig 6a).
These long-term activator and inhibitor actions determine the approximate long-term
or steady-state fraction of activated transcription factor:
TFss =

Ā∞
.
Ā∞ + I¯∞

(19)

In the model, the sensitivity of the transcription factor to activator and inhibitor
enzymes is determined by K A and K I , respectively (Table 1). Changes in these parameters shift the Ā∞ and I¯∞ curves left/right when plotted versus stimulus period as shown
in Fig. 6a, and for each T value, the vertical distance between the curves is the primary
determinant of the long-term transcription factor activation level (Eq. 19). That means
the relative positions of these curves gives the fraction of activated transcription factor at each T value. Therefore, we explore frequency-dependent transcription factor
dynamics by fixing I¯∞ and shifting Ā∞ horizontally by varying K A (Fig. 6b). For
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pA

0.1 s−1

Cm

5300 fF

nA

4

τn

16 ms

Kc A

0.4

f cyt

0.01

dA

0.004 s−1

f er

0.01

pI

0.1 s−1

Vcyt /Ver

5

nI

4

τa

300 s

K cI

0.4

VCa

25 mV

dI

0.004 s−1

VK

−75 mV

αA

0.03 s−1

gCa

1200 pS

Ka

0.8

gK

3000 pS

βI

0.03 s−1

g K ATP

142 pS

Ki

0.1

g K Ca

400 pS

c0

0.1 μM

gl

170 pS

pM

0.001 s−1

Kω

0.3 μM

Km

0.8

α

4.5 × 10−6 ms−1

dM

0.001 s−1

kpmca

0.2 ms−1

pg

0.02 pS s−1

pleak

0.0005 ms−1

Kg

0.8

kserca

0.4 ms−1

dg

0.00265 s−1

small values of K A , increasing frequency by moving from right to left reduces TFss
(Fig. 6b, bottom portion), while for large K A values increasing frequency increases
TFss (Fig. 6b, top portion). For moderate K A values, the frequency response of TFss
is bell shaped. Thus, for moderate K A values there exists an optimum frequency for
which TFss is maximized (Fig. 6b, middle portion). To understand these relationships,
we compare the rate of change of Ā∞ with respect to period T to that of I¯∞ as K A
is varied. Both Ā∞ and I¯∞ are decreasing functions of T , but in the brown region of
Fig. 6c the rate of change of Ā∞ with respect to T is greater than the rate of change
of I¯∞ . Therefore, in this region, as the frequency is increased (or as T is decreased),
Ā∞ grows less than I¯∞ and inhibition dominates. Consequently, for small K A values, increasing frequency reduces TFss . In the blue region, this relation is reversed
and increased frequency leads to a greater increase in Ā∞ . Therefore, for large K A
values, increasing frequency increases TFss . For moderate K A values, there is a transition from one region to the other as frequency is increased. Therefore, increasing
frequency initially has a greater impact on Ā∞ then I¯∞ (blue region), which leads to
a net increase in TFss . Once in the brown region, further increasing frequency causes
TFss to decrease. In summary, depending on their sensitivities to the Ca2+ regulated
enzymes, the transcription factor activity may increase or decrease with the frequency
of the Ca2+ signal. If the sensitivity of the transcription factor to the inhibitor is greater
than its sensitivity to the activator, then increased frequency increases transcription
factor activation. When sensitivity of the transcription factor to the activator and the
inhibitor are relatively similar, then the frequency response curve of the transcription
factor is bell shaped and has an optimum range for stimulus frequency.
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Fig. 7 Different periodic Ca2+ signals produce different levels of gene expression, even though the average
Ca2+ level is the same. a Two square-wave and two sinusoidal Ca2+ signals, each with the same average
of 0.05 μM. b The asymptotic mRNA level in response to the four Ca2+ stimuli (Color figure online)

The transcription factor is assumed to be an activator, so that its activated form,
TFa , increases the mRNA concentration. In the model, we describe the mRNA level
with a dimensionless variable M, which changes in time according to:
TFa
dM
= pM
− dM M
dt
TFa + K M

(20)

where p M is the maximal transcription rate, K M is the TFa for half-maximal transcription and d M is the degradation rate. From the analysis above, it is clear that the
level of activated transcription factor, and from Eq. 20 the level of mRNA, will be
different with different patterns of square-wave input. This is shown in the red and
blue traces of Fig. 7, where the stimulus frequencies and amplitudes are different, but
the mean levels of Ca2+ are the same. In this case, the blue pattern evokes a larger
response in the mRNA level (panel B). This is also true for the response to sinusoidal
(violet and green) versus square-wave (blue and red) stimuli. Clearly, both the shape
of the pulses and their frequency influence the mRNA level.
3.5 Ca2+ Frequency-Dependent Upregulation of a Compensating Channel Can
Rescue Bursting upon K(ATP) Knockout
We now ask whether, in a β-cell model adopted from (Bertram and Sherman 2004),
knockout of the key K(ATP) ion channel can induce compensating upregulation of
a different K+ ion channel to the correct level so that bursting electrical activity is
rescued. Can the Ca2+ -dependent transcription described above act as a homeostatic
mechanism to return the system to its original pattern of activity? An illustration
of the model that shows the pathways regulating membrane potential is given in
Fig. 8a. The model wild-type cell can produce bursting electrical activity by coupling a Hodgkin–Huxley-type membrane potential model with intracellular Ca2+ and
nucleotide dynamics. It is equipped with voltage-gated Ca2+ and K+ currents (ICa ,
IK ), ATP- and Ca2+ -sensitive K+ currents (I K ATP , I K Ca ), a leak current (Il ) and an
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Fig. 8 The model β-cell produces bursts of electrical activity accompanied by oscillations in the free
cytosolic Ca2+ concentration (c) and the free ER Ca2+ concentration (cer ). a An illustration of the β-cell
model. Green arrows represent stimulatory, and red circles represent inhibitory pathways. b The model cell
produces bursts of electrical activity with a period of ∼3 min. c Bursts of electrical activity are accompanied
by square-wave c oscillations (red) and slow sawtooth-shaped cer oscillations (blue) (Color figure online)

inward-rectifying K+ current (Icmp ). Inclusion of Icmp is motivated by data discussed
in Introduction on inward-rectifying Kir2.1 channel upregulation in mouse β-cells
lacking K(ATP) channels. This current has a very small influence on the electrical
activity of the wild-type cells, but is larger and gains importance during compensation. The differential equations for the electrical potential change across the plasma
membrane, V , delayed-rectifying K+ current activation, n, the cytosolic ADP/ATP
ratio, a, and the free cytosolic Ca2+ concentration, c, and free endoplasmic reticulum
(ER) Ca2+ concentration, cer , are as follows:
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dV
dt
dn
dt
dc
dt
dcer
dt
da
dt

= − ICa + IK + I K ATP + I K Ca + Il + Icmp /Cm

(21)

= (n ∞ (V ) − n) /τn

(22)

= f cyt (Jmem + Jer )

(23)

= − f er

Vcyt
Jer
Ver

= (a∞ (c) − a) /τa

(24)
(25)

where Cm is the constant membrane capacitance. n ∞ (V ) and a∞ (c) are the equilibrium
functions for activation variables n and a, respectively, τn and τa are activation time
constants, Jmem is the Ca2+ flux across the membrane and f cyt is the ratio of unbound
Ca2+ to the total Ca2+ concentration. Jer is the Ca2+ flux across the ER membrane,
and f er is the ratio of unbound Ca2+ to the total Ca2+ concentration in the ER. Vcyt and
Ver are the volumes of cytosolic and ER compartments, respectively. The details of
the equilibrium activation functions, ionic currents and fluxes are given in “Appendix
2.”
When exposed to stimulatory glucose levels, pancreatic β-cells exhibit bursting
electrical activity and Ca2+ oscillations. The model cell can produce bursting for
moderate maximal conductance values of the ATP-sensitive K+ current (Fig. 8b). In
the model, the fast activation of depolarizing Ca2+ current and slower activation of
hyperpolarizing K+ current produces action potentials. Episodes of action potentials
are separated by slow negative feedback provided by Ca2+ on the membrane potential
and ATP production. The endoplasmic reticulum (ER) acts as a Ca2+ sink during
active phases of spiking and as a Ca2+ source during silent phases. The impact that
this buffering has on the cytosolic Ca2+ ultimately sets the period of bursting; during
an active phase, cer slowly rises as it uptakes Ca2+ , thereby removing some of the Ca2+
from the cytosol that would otherwise terminate a burst quickly through actions on
Ca2+ -activated K+ channels. During a silent phase, cer slowly declines as it releases
Ca2+ into the cytosol, thereby delaying the decline of c that will ultimately allow
spiking to restart by deactivation of the same K(Ca) channels (Fig. 8c). A detailed
analysis of this bursting mechanism is given in the following section where we discuss
the compensation dynamics.
We assume that the maximal conductances of all ionic currents are constant, with
the exception of that of the compensating current (gcmp ). We assume that the maximal
conductance of this current is proportional to the compensating channel expression
and dynamically regulated by Ca2+ -dependent gene transcription with the following
equation:
dgcmp
M
= pg
− dg
(26)
dt
M + Kg
where M is the mRNA level, whose dynamics are governed by Eq. 20, pg is the
maximal rate of production, K g is the mRNA level for half-maximal production and
dg represents the saturated degradation rate (Drengstig et al. 2008; He et al. 2013;
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Fig. 9 K(ATP) channel knockout changes the pattern of activity and leads to an increase in the expression of
the compensating ion channel, eventually rescuing the bursting pattern. a, b Frequency decoding mechanism
regulates M, which regulates gcmp , according to the pattern of activity. Prior to the K(ATP) knockout
(KO), the cell is in a homeostatic state with M and gcmp at equilibrium levels. Once compensation is
complete, a new homeostatic state is reached. Voltage traces show patterns of activity before KO (c), during
compensation (d, e) and at the completion of compensation (f)

O’Leary et al. 2014). Dynamical regulation of gcmp by Ca2+ -dependent transcription
completes the feedback loop illustrated in Fig. 1.
We next examine the effect of K(ATP) channel knockout. Can the model cell successfully compensate for this and restore slow bursting? Prior to the knockout (KO)
of K(ATP) channels (to the left of the dot-dashed line in Fig. 9), the cell is in a homeostatic state. The cell bursts with a period of about 3 min (Fig. 9c), and this pattern
leads to a certain level of M (Fig. 9a, left of the KO). Parameter values are set so that
at this homeostatic state gcmp is low and constant (Fig. 9b, left of the KO). Since the
burst pattern generated in this state is the behavior of the wild-type cell in the homeostatic state, we refer to it as ‘the target pattern of activity’. Following the knockout,
the complete loss of hyperpolarizing K(ATP) current puts the cell into a continuously
spiking depolarized state (Fig. 9d). This change in the pattern of activity alters the
Ca2+ signal and consequently gene expression (Fig. 9a, right of the KO). Since the
cytosolic Ca2+ level is now higher than before, both the mRNA level, M, of the compensating ion channel and the channel conductance, gcmp , increase (Fig. 9b, right of
the KO). Since the compensating current is a hyperpolarizing K+ current, increased
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maximal conductance hyperpolarizes the cell membrane and slowly changes the pattern of activity (Fig. 9e). The hyperpolarization is accompanied by decreased Ca2+
concentration, which slows down production of M. At about hour 14 and again at
about hour 18 following the knockout, there is a sharp decrease in the mRNA. This
is due to the overexpression of the compensating current, which puts the cell into a
transient silent state, where the Ca2+ level is low. As a result, both M and gcmp decline.
The latter decline causes electrical activity to re-emerge and the process continues as
before. Within several more hours, a new homeostatic state is reached, and in this new
state the cell is once again bursting with a period close to that of the target pattern of
activity (Fig. 9f). There is a difference between burst periods and between the burst
duty cycles, but this is to be expected since the properties of the compensating ion
channel are not the same as those of the K(ATP) channel in the wild-type cell. In
fact, electrophysiological recordings from wild-type and KO-mice islets also show
noticeable differences in the bursting patterns (Düfer et al. 2004).
3.6 The Evolution of Dynamics in the Model β-Cell During Compensation
To understand the way the dynamics of the model β-cell evolve throughout compensation, we performed a fast/slow analysis (Rinzel and Ermentrout 1998; Bertram et al.
1995). This method is widely used for analyzing the dynamics of systems that exhibit
multi-timescale oscillations. The method separates the system of equations into two
subsystems, a slow and a fast subsystem, with respect to the time scales on which
variables change. The idea is that the slow variables remain relatively unchanged on
the timescale of the fast variables. Therefore, initially, slow variables can be treated
as the parameters of the fast subsystem and the dynamics of the fast subsystem can
be explored as those parameters are changed. In the β-cell model that we use, the fast
variables are voltage (V ), the activation variable for the voltage-gated K+ current (n)
and the cytosolic Ca2+ concentration (c). The Ca2+ concentration in the ER (cer ) and
the cytosolic ADP/ATP ratio (a) change more slowly. If we set a to its mean value over
a burst period, the cell continues to burst with almost the same pattern. Therefore, we
set a to its mean over a burst period, which reduces the number of slow variables to one
and simplifies the analysis. The slow variable cer acts on the fast subsystem through
its effects on c, which in turn affects the membrane potential via the K(Ca) current.
The fast-subsystem bifurcation diagram of the model wild-type cell, using cer as
the bifurcation parameter, is shown in Fig. 10a. We refer to this as the “z-curve.” At
low values of cer , the fast subsystem produces continuous spiking, with the minimum
and maximum value of V shown as blue curves in the bifurcation diagram. This
spiking branch terminates at a homoclinic bifurcation (HC), but before this the branch
loses stability at a period-doubling (PD) bifurcation. For larger values of cer , there is
a single low-voltage stable equilibrium. The branch of stable equilibria (solid black
curve) loses stability at a saddle-node bifurcation (SN1), giving rise to a branch of
saddle points (dashed black curve). The saddle points transition to unstable nodes at
a second saddle-node bifurcation (SN2). Between SN1 and PD, there is a region of
bistability between the spiking branch and the lower stationary branch, which is key
to the bursting.
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Fig. 10 Fast/slow analysis of the model β-cell dynamics throughout the compensation process. The black
curve represents stationary solutions of the fast subsystem, while the blue curves are the minimum and
maximum voltage branches of periodic spiking solutions. The green portions of the periodic branch are
regions in which the spiking branch is unstable. The magenta curve is the cer nullcline, and the red curve
is the projection of the asymptotic periodic orbit. a Before K(ATP) channel knockout. b, c At different
points in the compensation process. d After completion of compensation. Panels a–d correspond to the
time courses shown in Fig. 9, panels c–f, respectively (Color figure online)

To analyze the bursting shown in Fig. 9c, we treat the cer − V plane as a phase
plane, and add in the cer -nullcline, obtained by setting dcdter = 0. This is satisfied by
Jer = 0, so from Eq. 59 of “Appendix 2”,
cer =

(kSERCA + pleak ) c
pleak

(27)

and on the slow timescale c is in quasi-equilibrium with V (so that Jmem = 0) and
using Eq. 58, the cer -nullcline becomes:
cer = −

α (kserca + pleak ) ICa
pleak kpmca

(28)

where ICa is a function of V (Eq. 45). This curve is superimposed onto the z-curve in
Fig. 10a (magenta curve). Finally, we complete the picture by adding the burst trajectory (red curve). During the silent phase, the trajectory follows the stable stationary
branch of the z-curve, moving leftward toward the cer -nullcline. When the saddle-node
bifurcation SN1 is reached, the trajectory quickly transitions to the spiking attractor
and slowly drifts rightward toward the cer -nullcline, which is now to the right of the
phase point. This is the active phase of the burst, and it is terminated soon after when
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the spiking branch loses stability (green) at the period-doubling bifurcation. The trajectory follows the stable period-two branch until this branch itself loses stability at
a second period-doubling bifurcation, and at this point the trajectory returns to the
stable stationary branch, reentering the silent phase.
When the K(ATP) channel knockout is simulated (gK(ATP) = 0 pS), while the
compensating channel conductance is still low (gcmp = 5 pS), the z-curve is shifted
rightward due to the loss of hyperpolarizing current (Fig. 10b), now revealing the
supercritical Hopf bifurcation (HB) from which the spiking branch emerges (the stable
stationary branch is out of the viewing frame). The system moves to a new stable limit
cycle consisting of continuous spiking (Fig. 10b, red curve), with time course shown
in Fig. 9d. The spiking orbit is located at a value of cer for which the average voltage
of the spike is on the cer -nullcline. Thus, without compensation, the knockout model
cell would not burst, but would spike continuously.
Meanwhile, on a much slower timescale the compensation mechanism increases the
expression of the compensating channel, shifting the z-curve leftward with the addition
of hyperpolarizing current (Fig. 10c). The periodic orbit now comes to rest on a portion
of the periodic branch where the continuous spiking solution is unstable, but the periodtwo solution is stable. This results in spike doublets, as shown in Fig. 9e. Eventually,
when gcmp rises to a sufficiently large value, compensation restores bursting (shown
in Fig. 9f) with a dynamic mechanism essentially the same as in the wild-type cell
(Fig. 10d).

3.7 The Model Predicts a Silencing Effect Following Prolonged
Pharmacological Blockade of K(ATP) Channels
Experimental evidence suggests that pharmacological long-term blockade of the
K(ATP) channels could lead to increased gene expression (Sjöholm 1995). Thus,
upregulation of the compensating current may result from long-term pharmacological blockade of K(ATP) channels. Unlike the genetic knockout, the pharmacological
blockade of the K(ATP) channels with an agent such as tolbutamide would be transient
and reversible.
Figure 11 shows the effects of simulated blockade of K(ATP) channels. The model
cell is initially bursting, but when K(ATP) channels are blocked (red dashed line) the
cell immediately begins to spike continuously, leading to an elevated cytosolic Ca2+
level (Fig. 11b), which causes increased expression of the compensating channel and
consequent increase in the channel conductance (Fig. 11a). The sharp rise in c after
K(ATP) blockade is followed by a gradual decay, which is due to the slow rise in
the compensating current that has a hyperpolarizing effect on the cell membrane.
After removal of the K(ATP) channel blocker (vertical green dashed line), the cell
remains silent for roughly an hour, which results in a sustained low value of c. This
prolonged silent period is due to the combination of the restored K(ATP) current and
the compensating K+ current, Icmp . With the low value of c, however, gcmp declines
and after some time Icmp is small enough that bursting resumes, although initially with
a lower frequency. The longer the application of K(ATP) channel blocker, the longer
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Fig. 11 K(ATP) current is transiently turned off at the vertical red dashed line and turned back on at
the vertical green dashed line. a The compensating current conductance. b The c time course, showing a
transient silencing after K(ATP) current is added back (Color figure online)

the silent phase after its removal. The prolonged hyperpolarized phase that follows
K(ATP) channel restoration is a testable model prediction.

4 Discussion
In this report, we introduced an activity-dependent homeostatic compensation mechanism to explain the rescue of bursting electrical activity observed in K(ATP)
channel-deficient pancreatic mouse β-cells (Fig. 9). The mechanism for compensation
is based on Ca2+ activation of two opposing enzymes that control the level of gene
expression of the compensating channel, which is altered when the K(ATP) channels
are removed. It is well established that long-term changes in the activity of an excitable
cell can regulate the expression of ion channels (LeMasson et al. 1993; Rosati and
McKinnon 2004; O’Leary et al. 2014). This may result from the increased intracellular
Ca2+ concentration, which is a well-documented regulator of gene expression (Barish
1998; West et al. 2001). One safety aspect of the feedback mechanism is that it prevents
the cytosolic Ca2+ concentration from remaining persistently elevated, which leads
to excitotoxicity and ultimately cell death (Efanova et al. 1998; Iwakura et al. 2000;
Maedler et al. 2005; Pinton et al. 2008). Our model responds to the K(ATP) channel
knockout by regulating the expression of a compensating inward-rectifier K+ channel.
Such channels, Kir2.1, have been shown to be upregulated in K(ATP) knockout cells
(manuscript in preparation), and the upregulated channels are functional, providing
inward-rectifying current (manuscript submitted). In the model, the key elements are
two opposing Ca2+ -dependent enzymes, which decode the frequency of the Ca2+
oscillations and regulate the activity of a target transcription factor. These enzymes
could be either kinases or phosphatases, both of which have Ca2+ -dependent isoforms
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(Rosen et al. 1995; Swulius and Waxham 2013; Li et al. 2011). Studies have shown
that some Ca2+ -frequency-sensitive transcription factors are activated when phosphorylated (Segil et al. 1991; Oeckinghaus and Ghosh 2009) where others are activated
when dephosphorylated (Rao et al. 1997).
It was previously shown that Ca2+ is more effective at regulating gene expression
when delivered in an oscillatory fashion (Dolmetsch et al. 1998; Tsien et al. 1998). This
amplifying effect of Ca2+ oscillations was subsequently studied with mathematical
models (Dupont et al. 2003; Schuster et al. 2005; Salazar et al. 2008). These studies
show that the efficiency of the oscillatory signals arises primarily from the nonlinear
dependence of the components of the pathway on the upstream events, which may
result from cooperative Ca2+ binding, zero-order ultra-sensitivity, homo-dimerization
or trimerization and cooperative activation through multiple pathways (Zhang et al.
2013). These prior modeling studies either focused on the transcription factors which
are regulated by a single Ca2+ -dependent enzyme (Salazar et al. 2008) or focus on the
activation of the enzymes themselves (Dupont et al. 2003). However, activity of several
transcription factors is modulated by multiple pathways that involve Ca2+ -dependent
components (Berridge et al. 2003). We showed that regulation of a transcription factor
by two opposing Ca2+ -dependent enzymes yields qualitatively different frequency
response regimes (Fig. 6). Depending on the relative affinities of the transcription factor
to the activator and inhibitor enzymes, transcription factor activation may increase with
the frequency of the stimulus or decrease. If the transcription factor’s sensitivity to
the activator and inhibitor enzymes are comparable, then there is bell-shaped response
function with an optimum frequency for which the activation of the transcription factor
is maximized, as has been observed experimentally (Tsien et al. 1998; Zhu et al. 2008).
The compensation mechanism that we employed differs fundamentally from the
mechanism described in (O’Leary et al. 2014). In that study, gene expression evolved
to a point such that the time-averaged Ca2+ concentration matched a target level. In
the mechanism that we employed, there is no explicit target, and the Ca2+ pattern, not
its time average, sets the expression level of the compensating gene (Fig. 7). Parameter
values were set so that the interaction of the activator and inhibitor enzymes push the
system to a point such that the Ca2+ concentration oscillates and the pattern is similar
to that of wild-type cells. We speculate that in the actual cells this choice of affinity
values would be set through natural selection, given the importance of pulsatile insulin
secretion in glucose homeostasis (Matthews et al. 1983b; Paolisso et al. 1991; Hellman
2009; Matveyenko et al. 2012).
While we have considered compensation through a single gene, the reality is much
more complicated. Studies have shown that the expression levels are altered for tens
or hundreds of genes in response to genetic knockout of a single gene (Liu et al. 2007;
Eraly 2014; Wang et al. 2015). The difficulty comes in determining which of these
changes are the most important for the behavior of the cell. In the case of K(ATP)
channel knockout in pancreatic β-cells, we know that Kir2.1 channels are upregulated
(manuscript in preparation), but there are likely many other changes in protein levels,
some of which could be ion channels. Mathematical modeling can be useful here, in
determining which channels can potentially compensate for the K(ATP) channel in the
preservation of electrical bursting activity. We recently showed that Kir2.1 has the right
properties to do this (manuscript submitted), but we gave no explanation for how the
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cell would know how much Kir2.1 conductance was needed to rescue bursting. How
would the appropriate level of expression of this compensating channel be determined?
That question motivated the current study, in which we showed that the appropriate
level of compensation can occur quite naturally provided that the transcription factor
is activated by Ca2+ -dependent enzymes whose levels of activation are different for
Ca2+ signals of different frequencies. That is, Ca2+ -frequency regulated enzymes.
This process would of course be much more complex if the expression levels of
multiple ion channel proteins or modulating enzymes are affected by the compensation
process, but the same underlying principle should apply. Indeed, having several degrees
of freedom should make it easier to achieve a target pattern that is similar to that of
the wild-type cell.
It has been shown that long-term blockade of K(ATP) channels by pharmacological
agents in insulin-secreting cell lines results in increased DNA synthesis (Sjöholm
1995). The same study showed that blocking Ca2+ influx, while K(ATP) channels are
blocked, suppressed the DNA synthesis. This is direct evidence for Ca2+ -dependent
compensatory gene expression in response to the removal of K(ATP) current. We
simulated transient K(ATP) blockage and found that the cell is silenced for an extended
period of time after the channel blocker is removed (Fig. 11). The duration of the silent
phase increases with the length of time that K(ATP) channels remain blocked. While
K(ATP) channel blockers such as tolbutamide have been used in many studies [for
example, (Larsson et al. 1996; Ren et al. 2013)], the exposure time is typically in
the seconds to minutes range. A recent study applied tolbutamide to islets overnight,
but the behavior of the islets immediately after removal of the channel blocker was
not examined (Glynn et al. 2016). Thus, our finding of cell silencing after hours-long
blockade of K(ATP) channels is a testable, but to our knowledge untested, prediction.
Acknowledgements This work was partially supported by a Grant from the National Science Foundation
(DMS-1612193) to R.B.

Appendix 1
The linear differential equation (Eq. 7) that governs the rate of change of the fraction
of an activated enzyme has the following form:
dE a
cn E
= pE n
(1 − E a ) − d E E a .
dt
c E + K En E

(29)

This can be solved in response to the following square-wave Ca2+ stimulus:

c = 0.1, mod(t, T ) ≤ D
c(t) = 0
0,
mod(t, T ) > D

(30)

Derivation of the solution is similar to what was done in prior studies (Schuster et al.
2005; Salazar et al. 2008). The solution during the ith oscillation cycle is:

∗
E ss + ξi e−( p E +d E )θ , 0 ≤ θ < D
E a,i (θ ) =
(31)
D≤θ ≤T
ψi e−d E θ ,
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where E a,i is the solution of Eq. 29 for the ith stimulus cycle with the internal time
θ ∈ [0, T ] and E ss and p ∗E are given by:
p ∗E = p E
E ss =

c0n E
1

1+

dE
p ∗E

c0n E
,
+ K En E

(32)

.

(33)

For consecutive oscillation cycles i − 1 and i,
E a,i−1 (T ) = E a,i (0)

(34)

and E a,i is continuous at D. Therefore, these relations yield the following difference
equations for coefficients ξi and ψi :


∗
ξi+1 = E ss e−d E (T −D) − 1 + e−( p E D+d E T ) ξi
∗

ψi = e− p E D ξi + E ss e−d E D .

(35)
(36)

Assuming that the enzyme is completely in its inactive form at the beginning,
E a,0 (0) = 0, we get ξ0 = −E ss . The difference equation in Eq. 35 has the form,
xi+1 = axi + b

(37)

and with initial condition x0 :
xi = axi−1 + b
= a(axi−2 + b) + b
= a 2 xi−2 + ab + b
= a 2 (axi−3 + b) + ab + b
= a 3 xi−3 + a 2 b + ab + b
...


xi = a i x0 + b a i−1 + . . . a 2 + a + 1


(ai −1)
a−1

Hence,
xi = a i x0 +
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Therefore, the solution to Eq. 35 is:
ξi = −e−( p E D+d E T )i E ss +
∗



E ss e−d E (T −D) − 1

e−( p E D+d E T )i − 1
∗


(39)

e−( p E D+d E T ) − 1
∗

For i → ∞,
ξi → ξ∞ = −E ss

e−d E (T −D) − 1
∗
e−( p E D+d E T ) − 1

(40)

and consequently,
∗

ψi → ψ∞ = E ss

ed E D − e− p E D
.
∗
1 − e−( p E D+d E T )

(41)

Thus, over many stimulus cycles the solution to Eq. 31 approaches:

E a,∞ (θ ) =

E ss + ξ∞ e−( p E +d E )θ , 0 ≤ θ < D −
.
ψ∞ e−d E θ ,
D+ ≤ θ ≤ T
∗

(42)

The mean fraction of activated enzyme concentration during this stimulus cycle is then
given by:
1
Ē a =
T



T

E a,∞ (θ )dθ,

(43)

0

or upon integration:


⎞
∗
1 − e−D (d E + p E ) 1 − e−d E (T −D)
D
1
⎠.
E ss
Ē a = E ss ⎝ +
∗
T
dE T
1 − e−( p E D+d E T )
⎛

(44)

Appendix 2
The β-cell model is from (Bertram and Sherman 2004) with the following ionic currents:
ICa = gCa m ∞ (V − VCa ) ,
IK = g K n (V − VK ) ,

(45)
(46)

I K ATP = g K ATP a (V − VK ) ,
I K Ca = g K Ca ω (V − VK ) ,

(47)
(48)

Il = gl (V − Vl ) ,
Icmp = gcmp k∞ (V − VK ) .

(49)
(50)
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For each ionic current Ii , gi is the maximal conductance, Vi is the reversal potential
and (V − Vi ) is the driving force. The rates of changes of the delayed rectifier K+
current activation, n, and the K(ATP) current activation, a, are:
dn
= (n ∞ (V ) − n) /τn ,
dt
da
= (a∞ (c) − a) /τa ,
dt

(51)
(52)

where τn and τa are the time constants. Steady-state activation functions, m ∞ , n ∞ ,
a∞ and k∞ , are:
m ∞ (V ) =

1
1 + e(−20−V )/12

,

1
,
1 + e(−16−V )/5
1
k∞ (V ) =
,
(−49−V
)/15
1+e
1
,
a∞ (c) =
(0.14−c)/0.1
1+e

n ∞ (V ) =

(53)
(54)
(55)
(56)

where m ∞ , n ∞ , a∞ and k∞ are sigmoidal functions of V and c. ω is the Ca2+ dependent activation variable of I K Ca and given with the following Hill equation:
ω=

c5
,
c5 + K ω5

(57)

where K ω is the dissociation constant. Ca2+ fluxes across the plasma and endoplasmic
reticulum (ER) membranes are:
Jmem = − α ICa + kpmca c ,
Jer = pleak (cer − c) − kserca c,

(58)
(59)

where parameter α converts ionic current to flux and provides Ca2+ influx through
voltage-gated Ca2+ channels and kpmca is the plasma membrane Ca2+ -ATPase pumping rate and mediates Ca2+ efflux from the cytosol. Ca2+ leaks from the ER with a rate
proportional to pleak . kserca is the Ca2+ pumping rate into the ER by SERCA pumps.
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