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 5I² V 0I Dý D0J²HD±² ²HEDý�� FD²E�ý �ÿ D ²HEDý� FI ë ²& D² & DJ
±�C 0EýD²�HEDF GE& IGHDF J�CC I²H� 1 5I² � 7 0I D J�0GE( EJE�ý �ÿ � J�±& ²& D² ²& I HIB
J²HE±²E�ý �ÿ � 7 ²� ID±& ÿ D±I �ÿ � EJ ±�C 0Eý D²�HEDF F� I�� E(DFIý² ²� V 1 ,& Iý � 7 EJ D
±�ýÿ �HC DF J�0GE(EJE�ý �ÿ � 1�544[ 
 v/s+)/ )*/ j/,)et/0 +f ë -0 � � ° � ê ° � Ø -s. ,/t-ii )*-) ÂV ÂÃÄ ./s+)/0 ë
/z( eoo /. � e)* -s /z(ei-)/,-i � /),et 0),(t)(,/. +s V q r./s)ef� esl ë � e)* - /(tie./-s
(se) /z(ei-)/,-i ),e-sli/ Ñ ° )*/,/ e0 - (sez(/ *+� /+�+,o*e0� Ù 1 ÂV ÂÃÄ Õ Ñ �*et*
�m/0 � � � � ê � � Ø -s. e0 t+sf+,� -i +s )*/ es)/,e+, +f ÂV ÂÃÄ Ú,/t-ii )*-) )*/ es)/,e+, +fÂV ÂÃÄ es*/,e)0 - t+sf+,� -i 0),(t)(,/ t+�o-)eh i/ � e)* e)0 /z(ei-)/,-i � /),et je- t*-,)0
-00+ te-)/. � e)* o-e,0 +f t+s)el(+(0 /z(ei-)/,-i f-t/0 ° -0 es æu quÜ q ~� ,/o i-tesl )*/
-h0),-t) ),e-sl(i-)e+s V +f ë � e)* )*/ e� -l/ ),e-sl(i-)e+s Ù ÚV Ü ° �/ � -� -00(� / °
� e)*+() i+00 +f l/s/,-ie)�° )*-) V e0 - ,/�/t)ej/ ),e-sl(i-)e+s +f )*/ /z(ei-)/,-i
),e-sli/ Ñ )*-) e0 esj-,e-s) (s./, )*/ -t)e+s +f )*/ .e*/.,-i e0+� /),� l,+(o � Ø WÖ +fÑ q g*e0 � /-s0 ° +f t+(,0/ ° )*-) /-t* /.l/ Ë +f V )*-) .+/0 s+) ie/ es )*/ h+(s.-,�îÑ ./)/,� es/0 - t+sf+,� -i ,/�/t)e+s � Ã -t,+00 Ë +f e)0 )�+ t+s)el(+(0 f-t/0 q

rs )*/ � e/� -ss 0(,f-t/ �è ° ,/-ie�/. t+st,/)/i� -0 )*/ /z(ei-)/,-i 0(,f-t/ Â� ÂÃÄ °i/) �X ./s+)/ )*/ ),e-sl(i-)e+s f+,� /. h� e0+� /),et-ii� � -ooesl )*/ ,/�/t)ej/ ),e�
-sl(i-)e+s V +f Ñ +s)+ /-t* f-t/ +f � Ú/-t* - /(tie./-s (se) /z(ei-)/,-i ),e-sli/Ü q
g*/ f-t) )*-) V e0 � Ø WÖ�esj-,e-s) l(-,-s)//0 )*-) )*e0 lej/0 - �/ii�./�s/. ),e-sl(�
i-)e+s q �/ ti-e� )*-) �X e0 - ,/�/t)ej/ ),e-sl(i-)e+s +f �è q rs.//. ° /j/,� /.l/ Ë
+f �X �*+0/ es)/,e+, ie/0 es )*/ es)/,e+, +f - f-t/ +f � -.� e)0 - t+sf+,�-i ,/�/t)e+s� Ã +f e)0 t+s)el(+(0 f-t/0 h� t+s0),(t)e+s q k(,)*/, ° ef Ë e0 -s /.l/ +f �X t+s)-es/.
es -s /.l/ +f � ° )*/s )*/ f-t)0 )*-) V e0 � Ø WÖ �esj-,e-s) -s. � e)0/if e0 ,/�/t)ej/ es�è e� oi� )*/ /m e0)/st/ +f - t+sf+,� -i ,/�/t)e+s � Ã q rs f-t) ° ef )*/ /.l/ Ë +f �X e0
t+s)-es/. es )*/ /.l/ µ +f � ° )*/s ° h /t-(0/ +f )*/ .e*/.,-i 0���/),� -t,+00 )*/
-i)e)(./0 +f )*/ /z( ei-)/,-i ),e-sli/0 ° �/ *-j/ � Ã 3 �S ÂÚ2Ï ¬ 2éÜ ° �*/,/ 2Ì -,/ )*/
f-t/0 +f �X t+s)el(+(0 -i+sl Ë q g*(0 �X e0 - ,/�/t)ej/ ),e-sl(i-)e+s +f �è )*-) 0(h�
.eje./0 � -s. ° */st/ ° � 7 ° �*et* e0 t+�hes-)+,e-ii� /z(ej-i/s) )+ �X ° e0 - t+sf+,� -i
0(h.eje0e+s +f � q 6

� ;[6=6: 64= 
 çÿ V DýG � DHI DJ Eý ²& I � H�� �JE²E�ý % V � GIý�²IJ D J�0GE( EJE�ý *�H
HI. ýIC Iý²+ �0²DEýIG 0� J�0GE( EGEý� ID±& ÿ D±I �ÿ � D±±�HGEý� ²� ²& I ±�C 0Eý D²�HE±J�ÿ V 1

α β γ δ

26
�5; T 
�
 n+sf+,� -i 0(h.eje0e+s ,(i/0 q
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kel(,/ � qp eii(0),-)/0 f+(, � Ø WÖ�esj-,e-s) ),e-sl( i-)e+s0 +f Ñ ° ./s+)/. . �  � < °

-s. Û q g*/ �,0) )*,// -,/ t+sf+,� -ii� t+,,/t) -0 0*+�s ° 0est/ )*/ ,/�/t)ej/ /.l/0
-,/ 0),-el*) /(tie./-s ies/ 0/l� /s)0 q g*/ t-0/ Û e0 � +,/ l/s/,et -s. e)0 t+sf+,�
� -ii� t+,,/t) f+,� e0 0*+�s es kel(,/ � qu ³ e)0 ,/�/t)ej/ /.l/0 -,/ 0+�/ (s�s+�s
t(,j/0 ° s/e)*/, /(tie./-s ies/ 0/l� /s)0 s+, /(tie./-s te,t(i-, -,t0 q Úg*e0 e� -l/
+f k el(,/ � qu �-0 +h)-es/. h� -ooi�esl /00/s)e-ii� )*/ 0-� / �/)*+.0 ./j/i+o/.
h/i+� qÜ

2 6
�5; T 
6 
 g*/ ,/�/t)ej/ 0(h.eje0e+s Ù ÚÛ Ü q

g*/ (sef+,� e�-)e+s -il+,e)*� �/ ./j/i+o +si� ,/z(e,/0 - 0/z(/st/ +f ,/�s/�
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l,// -) )*/ +,el es-i j/,)et/0 ° �*/,/-0 )*/ +)*/,0 es kel(,/ � qp /e)*/, .+(hi/ +, ),eoi/
)*+0/ ./l,//0 q �/ )*/,/f+,/ ,/i� +s ,/�s/�/s) 0/z(/st/0 +f )*/ f+,� �.Þ � � ° 0el�
sef� esl W 0(tt/00ej/ */m ,/�s/�/s)0 +f -s ese)e-i h-,�t/s),et 0(h.eje0e+s +f � q g*/
,/-./, � eii ,/t+lse�/ )*/0/ ,/�s/� /s)0 f,+� n*-o)/, } q g*/ s+)-)e+s -s. )/,� e�
s+i+l� +f ,/�s/� /s)0 -ooi� /z(-ii� �/ii ° +f t+(,0/ ° )+ 0e�oiete-i t+�oi/m/0 �*et*
),e-sl(i-)/ 0(,f-t/0 q
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g*e0 0/t)e+s /0)-h ie0*/0 )*/ )*/+,/)et-i )++i0 f+, (sef+,� e�esl /z( ei-)/,-i 0(,�
f-t/0 ° es o-,)et(i-, ° ./00es 0(,f-t/0 q �/ (0/ � -s� 0)-s.-,. ,/0(i)0 ,/l-,.esl �e/�
� -ss 0(,f-t/0 -s. z(-0et+sf+,�-i �-ooesl0 ³ l++. ,/f/,/st/0 -,/ ðåå ÿ û� ÿ åøó q

d/) � h/ - ),e-sl(i-)e+s +f )*/ t+�o-t) ° t+ss/t)/. ° +,e/s)/. )+o+i+let-i 0(,f-t/� q �(, )-0� e0 )+ (sef+,� e�/ )*/ ,/�/t)ej/ 0(,f-t/ �è ./)/,� es/. h� )*/ /z(ei-)/,-i
0(,f-t/ Â� ÂÃÄ q k+, o,-t)et-i ,/-0+s0 �/ �+,� � e)* )*/ h-,�t/s),et 0(h.eje0e+s  � q
{est/ h-,�t/s),et 0(h.eje0e+s e0 t+sf+,�-i ° )*/ /z(ei-)/,-i 0(,f-t/ Â � ÂÃÄ e0 es )*/
0-� / t+sf+,� -i ti-00 -0 �è q ~� e./s)ef� esl �è -0 )*/ /z(ei-)/,-i 0(,f-t/ Â � ÂÃÄ-s. 0(h.eje.esl /-t* (se) /z(ei-)/,-i f-t/ +f Â � ÂÃÄ es)+ /z(ei-)/,-i ),e-sli/0 +f
0e./ i/sl)* È ÚW Ü 3 êØ5 je- W 0(tt/00ej/ */m ,/�s/� /s)0 ° �/ ,/-ie�/ �è -0 Â�Þ ÂÊ UÞ VÃÄ °
�*/,/ �� 3  � -s. �ÞÏ ê 3 .�Þ f+, W $ � q g*(0 ° ��Þ � e0 - 0/z(/st/ +f ,/�/t)ej/
),e-sl(i-)e+s0 +f �è es)+ ),e-sli/0 ° /z(ei-)/,-i -0 0//s es )*/ oe/t/� e0/ /(tie./-s
� /),et +f Â�� ÂÃÄ ° �*et* -,/ ,/�s/� /s)0 +f +s/ -s+)*/, �© ¨� ®` ° -s. �*+0/ � /0*/0
-oo,+-t* �/,+ es )*/ � /),et +f Â�� ÂÃÄ -0 W Õ � q

�+)/ )*-) ° (s ie�/ )*/ es),es0et �/),et ° )*/ oe/t/� e0/ /(tie./-s � /),et +s )*/
� e/� -ss 0(,f-t/ �è ./)/,� es/. h� )*/ ),e-sl(i-)e+s �� l/s/,-ii� e0 s+) t+sf+,� -i q
g*+(l* e) e0 t+�o-)ehi/ � e)* )*/ t+�oi/m 0),(t)(,/ +f �è es )*/ 0/s0/ )*-) e)
o,+je./0 -s-i�)et t*-,)0 f+, �è )*-) t+j/, -ii h() )*/ �se)/i� �-s� j/,)et/0 +f �� °
-s. e) e0 t+sf+,�-i +s )*/ t+�oi/� /s) +f )*/0/ j/,)et/0 ° s+s/)*/i/00 ° e) f-ei0 )+
h / t+sf+,� -i -) )*/ s+s�0em ./l,// j/,)et/0 +f �� q rs.//. ° )*+(l* )*/ � /-0(,/
+f /j/,� -sli/ es /j/,� f-t/ +f �� e0 LÖ �*/s �/-0(,/. es )*/ /(tie./-s l/+� /),�
+f )*/ /z( ei-)/,-i �/),et ° )*/ � /-0(,/ )*-) )*/ � e/� -ss 0(,f-t/ �è -0t,eh/0 )+ -
o-,)et(i-, -sli/ e0 ØLM ° �*/,/ ± e0 )*/ ./l,// es �� +f )*/ -00+ te-)/. j/,)/m q

g+ -e. es )*/ ,/-.-heie)� +f �*-) f+ ii+� 0 ° �/ t+s)es(/ )+ (0/ -h0),-t) 0e�oiete-i
t+�oi/m/0 f+, )*/ t+�hes-)+,et0 +s )*/ .e0t,/)/ 0e./ +f )* esl0 ° -0 es n*-o)/, } q
g*(0 � 3 � � e0 )*/ 0e�oiete-i u�t+�oi/m �*et* e0 t+�hes-)+,e-ii� e0+�+,o*et )+
�� 3  � ° -s. f+, /-t* W $ p° � Þ 3 .Þ� e0 +h)-es/. f,+� � h� W 0(tt/00ej/ */m
,/�s/� /s)0 -s. e0 t+�hes-)+,e-ii� e0+�+,o*et )+ �Þ q

�/ -,/ s+� es o+0e)e+s )+ ies� )*/ ti-00et-i -s. .e0t,/)/ +h´ /t)0 q k em W $ � q
�s )*/ ti-00et-i 0e./ �/ *-j/ )*/ � e/� -ss 0(,f-t/ �è �e)* e)0 ,/�/t)ej/ ),e-s�
l(i-)e+s �Þ ³ +s )*/ .e0t,/)/ 0e./ ° )*/ � e/� -ss 0(,f-t/ Â� Þ Â�â ./)/,� es/. h� )*/
te,ti/ o-t�esl î�5 q {est/ � Þ -s. �Þ *-j/ h//s t-s+set-ii� e./s)e�/. ° �/ � -�
t+s0e./, - j/,)/m ® +f �Þ 0e�(i)-s/+(0i� -0 - j/,)/m +f � Þ q �/ s+� ./�s/ )*/ �/�
*+� /+�+,o*e0� 0 ÝÞ f,+� �è +s)+ Â� Þ Â�â q� ;[6=6: 64= 
 5I² ÝÞ ²� 0I D JEC� FE±EDF & �CI�C �H� & EJC

ÝÞ 1 �è �Õ Â� Þ Â�â � W 3 � � p � Ø Ø Ø
ÿ H�C ²& I HIs I±²E(I ²HEDý�� FD²E�ý �Þ �ÿ �è ²� ²& I ±DHHEIH t-,, Úî�5 Ü Eý Â� Þ Â�â ²& D²
²D4 IJ D (IH²I- ® Eý �Þ ²� ²& I ±Iý²IH ÓÖ �ÿ ²& I ±�HHIJ� �ýGEý� ±EH±FI 
Ö Eý Â� Þ Â�â DýG
²& Iý I- ²IýGJ ( ED 0DH�±Iý²HE± ±��HGEýD²IJ ²� CD� ID±& I�� EFD²IHDF ²HEDý� FI �®	 Eý �Þ& �C I�C �H� & E±DF F� �ý²� ²& I � I�GIJE± ²HEDý� FI Ó� ÓÖ Ó� Eý Â� Þ Â�â 1Ú� */s �/ f-t/ )*/ 0e)(-)e+s es �*et* Â� Þ Â�â e0 )*/ 0o*/,/ ° �/ � eii *-j/ )+ e�o+0/
- s+,� -ie�-)e+s +s î�5 )+ /s0(,/ )*-) ÝÞ e0 (s-�hel(+(0 qÜ

�(, -oo,+me� -)e+s ,/0(i)0 -,/ s et/i� f+,�(i-)/. es )*/ i-sl(-l/ +f g/et*� Y(ii/,
0o-t/ �*/s � *-0 o+0e)ej/ l/s(0 q �/t-ii )*-) )*/ g/et*� Y(ii/, 0o-t/ g/et* Ú� Ü +f
)*/ 0(,f-t/ � t+s0e0)0 +f /z(ej-i/st/ ti-00/0 ð# ó +f *+� /+�+,o*e0� 0 # f,+� � +s)+
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� e/� -ss 0(,f-t/0 �[ ° �*/,/ )*/ *+� /+�+,o*e0� 0 # 1 � �Õ �[ -s. Ý 1 � �Õ �\
-,/ /z( ej-i/s) �*/s/j/, )*/ *+� /+�+,o*e0� Ý ³ # éê e0 *+�+)+o et )+ - t+sf+,� -i
e0+�+,o*e0� +f �[ +s)+ �\ q g*/ g/et*� Y(ii/, .e0)-st/ h /)�//s o+es)0 ð# ó -s. ðÝó +f
g/et* Ú� Ü e0 ] Úð# ó � ðÝóÜ 3 êØ i+l esf 9 ÚA Ü ��*/,/ 9 ÚA Ü e0 )*/ Úli+h-i z(-0et+sf+,� -iÜ .ei-)-)e+s +f A ° -s. A ,-sl/0 +j/, -ii
z(-0et+sf+,� -i �-ooesl0 es )*/ *+�+)+o� ti-00 +f Ý ³ # éê q g*e0 g/et*� Y(ii/, � /),et] e0 t+�oi/)/ ° t+sj/m ° /m)/,s-ii� t+sj/m ° -s. g/et* Ú� Ü � e)* )*/ ] �� /),et )+o+i+l�
e0 *+� /+�+,o*et )+ - �se)/�.e� /s0e+s-i /(tie./-s 0o-t/ ü )+ ' Ø ef � e0 - l/s(0 p
0(,f-t/ ° -s. )+ ' r^ér ef � e0 - l/s(0 _ $ u 0(,f-t/ q g*/0/ -s. +)*/, o,+o /,)e/0 +f
)*/ g/et*� Y(ii/, � /),et � -� h/ f+(s. es ðú ÿ åñ ÿ åú ÿ åø ÿ å� ÿ øòó q

�+� )*/ �e/� -ss 0(,f-t/ �è e0 /m-t)i� )*/ )+o+i+let-i 0(,f-t/ � �e)* - � -me�
� -i t+�oi/m -)i-0 ./)/,� es/. h� o-e,0 +f t+s)el(+(0 f-t/0 f,+� )*/ ),e-sl(i-)e+s �
,/-ie�/. -0 /(tie./-s /z(ei-)/,-i ),e-sli/0 q g*(0 )*/ e./s)e)� � -ooesl `a 1 � Õ �è
./)/,� es/0 )*/ o+es) ð`a ó +f g/et* Ú� Ü q k(,)*/, ° )*/ *+� /+�+,o*e0� 0 ÝÞ ° h� f+,�
l/))esl )*/ t+�oi/m 0),(t)(,/ +s �è ° -,/ �-ooesl0 ./�s/. +s � -s. 0+ o,+je./
o+es)0 ðÝÞ ó +f g/et* Ú� Ü q �/ � eii 0*+� )*-) )*/ *+�/+�+,o*e0� 0 ÝÞ -,/ z(-0et+s�
f+,� -i � -o0 � e)* (sef+,� i� h+(s./. .ei-)-)e+s0 ³ /j/s )*+(l* )*+0/ .ei-)-)e+s0 -,/
h+(s./. -�-� f,+� (se)�° �/ *-j/ )*/ f+ii+� esl ,/0(i) ° �*et* 0*+� 0 t+sj/,l/st/ es
�+.(ie +f )*/ te,ti/ o-t�esl 0(,f-t/0 Â� Þ Â�â )+ )*/ 0(,f-t/ �è q rs �-s� -,l(� /s)0
)+ f+ ii+� )*/,/ e0 - �se)/ 0/) f b +f o+es)0 +f �è �*et* �(0) h / ),/-)/. .eù/,/s)i� ³
s-� /i�° f b ./s+)/0 )*/ 0/) +f j/,)et/0 +f �� )*-) *-j/ ./l,// s+) /z(-i )+ 0em q

\�;45; � qp 
 çÿ � & DJ ý�ý; IH� � Iý�J% ²& Iý Eý ²& I ,IE±&C c� F FIH J� D±I g/et* Ú� Ü %
ie�Þd­ ðÝÞ ó 3 ð`a ó X
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(a) Euclidean triangles

(c) Combinatortial weld

(b) Circle packed

(d) The packed result
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