The goal of the modeling component of this project is to provide a theoretical platform that we will use for two specific objectives. The first objective is to compare and validate different hypotheses regarding the rates and mechanisms of mesynchymal stem cell differentiation while the second is to propose novel experiments to further understand the process of stem cell differentiation. These two objectives underscore the utility of tightly coupled experimental and theoretical studies, since the theory requires data in order to be validated. Moreover, the most useful theory is predictive.  

We focus on the dominant mechanism of differentiation signaling. There are two broad mechanisms that have been proposed []. The first assumes that differentiated cells produce a diffusible signal that communicates with undifferentiated cells through a biological switch. That is, a stem cell may secrete a diffusible signal that can bind to a receptor on an undifferentiated cell, triggering a cascade of intracellular events that eventually cause the cell to differentiate.  The second mechanism argues that the differentiation mechanism is mediated by direct contact between differentiated and undifferentiated cells. Direct contact is required if the signal is controlled by a receptor that exists on the exterior of the cell membranes []. 

  We propose to focus on two particular aims that are distinguished by the modeling framework that we will use. Initially, we assume that cell differentiation is mediated by a diffusible signal, produced by the differentiated cells, and also that the stem cells only differentiate into one type of differentiated cell.  Our first goal is to develop a spatially homogeneous model that captures the quantitative trends of the data and the analysis provides insight into the dominant processes of cellular differentiation. This model consists of two ordinary differential equations (i.e. equations that depend on one independent variable, time). The equations describe the reproduction of a population of differentiated and undifferentiated cells as well as recruitment of undifferentiated cells. Recruitment is represented as a biological switch that depends on the density of differentiated cells. The latter captures the behavior of a diffusible cellular signal [keener_dockery]. 

In Figure [], we demonstrate that our model is able to capture the trends of the experimental data. However, we will also use sensitivity analysis to determine which process (growth/recruitment) dominates the quantitative fit. There are many methods for analyzing the sensitivity of a mathematical model.  Here we propose to use Partial-Rank Correlation (PRCC) as proposed in [].  Using random samples of parameter space to compare the least-squares error between the model prediction and the experimental data, PRCC provides insight into the most sensitive parameter. This, in turn, provides insight into the tuning of the system. For example, if the recruitment signal is the most sensitive parameter, this implies that the cells must be finely tuned to respond to recruitment. Because the experimental results are reproducible, this seems unlikely.

The second goal is to extend the model to include spatial variation, where the analysis can differentiate between a diffusible signal and contact mediated signaling. This component leads to a very interesting mathematical framework termed multiphase approach. We are interested in coupling physical and chemical forces within and between a variety of objects.  It is computationally prohibitive to model each cell (and the extracellular matrix) as individual variables. Moreover, the density of each object can be highly intermixed within the aggregate.  Cogan has used multiphase models to study spatial variations within biofilms-which, although biologically distinct from the present study, are mathematically very similar. In fact, the earliest multiphase models were derived to study tumor growth [].

We derive a multiphase model by treating the total material as a mixture of several constituents (densities of undifferentiated and differentiated cells, matrix fibers, and fluid and applying conservation of momentum and mass to each of the components. Momentum equations for each phase consist of a balance of physical forces that arise from material stresses as well as momentum transfer terms that arise from the spatial distribution and motion. In this manner, the model can incorporate differentiation processes that arise from physical forces.  As cells differentiate and divide the mass of the each phase also adjusts. The kinetic model developed in the first aim will be incorporated as well as terms that are local in space. 

Nutrient and diffusible signals are easily incorporated by relatively standard methods. Because the velocity of the aggregate depends on time, space and phase, leading to a novel view of advection.  In particular, advection can be driven either by physical forces that move material in space, or by the differentiation process alters the phase densities.  This has been addressed in simpler models [], but must be extended for the current proposal.

This model requires non-trivial mathematical treatment. Even though it is advantageous to avoid internal free boundaries, developing numerical methods to analyze the model will be challenging. We plan to follow recently developed methods that are extensions of standard fluid-dynamic solvers [fogelson].  Since the goal is to provide insight into the biological mechanisms, we will focus our studies on developing experimentally testable methods. Because diffusion-mediated processes are inherently sensitive to the geometry [], we will initially compare the predictions in two geometries: standard Petri dishes imply a circular domain; engineered dishes can exploit rectangular domains. We expect to be able to vary the domain enough to alter the spatial distribution of the cell population. However, the lack of a diffusible signal will substantially alter the distribution, providing an experimental design to distinguish between local (contact mediated) and global (diffusible signal) induced differentiation.

We list specific objectives here:

· Specific aim 1: Sensitivity (ODE)-For the first six months of the project, we will use partial rank correlation to determine the sensitivity of the outcome (least-squares error between the model prediction and the experimental measurements) on the parameters.  This points the theory towards parameters that must be estimated accurately as well as indicating how robust the model results are.  

· Specific aim 2: Develop/analyze (PDE)-The next year will be devoted to specifying the terms in the multiphase model, developing numerical schemes for nonlinear studies as well as using linear theory to investigate the existence and stability of steady-state and traveling wave solutions. The numerical methods will be based on finite difference methods

· Specific aim 3: The final time will be used to compare the analysis in different geometries (circular and rectangular) with each other and with experimental data. The focus will be on designing experiments to distinguish between the diffusible signal and contact mediated differentiation.

· These results will also form the thesis for Mr. Whidden  

