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Categorification?

In mathematics, categorification is the process of replacing set-theoretic theorems with 
category-theoretic analogues. Categorification […] replaces sets with categories, functions 
with functors, and equations with natural isomorphisms of functors satisfying additional 
properties.
Wikipedia (quoting Louis Crane)

Categorification is the process of promoting an algebraic object to one with more 
structure. […] Lauda & Sussan, Notices AMS, January 2022.

Categorification, in the broad sense, refers to the realization of a mathematical object as 
the Grothendieck group of certain [higher] category.
Peng Shan, Categorification and Applications, ICM 2022
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Motivation: Divisors and line bundles

• 𝑋 smooth, proper variety over a field 𝐹. (More generally, separated smooth scheme of finite type 
over a field.)

• 𝑍𝑖(𝑋) abelian group of algebraic cycles of codimension 𝑖 on 𝑋.
• CH𝑖(𝑋) Chow group of algebraic cycles codimension 𝑖 modulo rational equivalence. 
• For 𝑖 = 1, 𝑍1(𝑋) = Divisors

CH1(𝑋) H1(𝑋, 𝒪∗𝑋)
𝑍1(𝑋) TORS(𝒪∗𝑋)

∼ 𝜋0
𝐷 ⟼ 𝐿𝐷
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Divisorial correspondence𝑋 connected, 𝜂 generic point. Well-known exact sequence:0 𝒪∗𝑋 𝜂∗𝐹(𝑋)∗ ⊕𝑥∈𝑋(1)𝚥𝑥∗ℤ 0Div

• Cycle 𝐷 = ∑ 𝑛𝑥𝑥, with 𝑛𝑥 ∈ ℤ, determines (map of abelian sheaves)𝛼𝐷 ∶ ℤ → ⊕𝑥∈𝑋(1)𝚥𝑥∗ℤ, 1 ↦ 𝐷 = ∑ 𝑛𝑥𝑥.
• As sheaves of sets: 𝛼𝐷 ∶ ∗ ⟶ ⊕𝑥∈𝑋(1)𝚥𝑥∗ℤ
• The 𝒪∗𝑋-torsor 𝐿𝐷 is the pullback𝐿𝐷 𝜂∗𝐹(𝑋)∗

∗ ⊕𝑥∈𝑋(1)𝚥𝑥∗ℤ⌟
Div𝛼𝐷

– Zariski open cover {𝑈𝑖} of 𝑋
– 𝑓𝑖 ∈ 𝐹(𝑋)∗, ord𝑥(𝑓) = 𝑛𝑥 on 𝑥|𝑈𝑖 .– On 𝑈𝑖 ∩ 𝑈𝑗: 𝑓𝑖 = 𝑔𝑖𝑗𝑓𝑗, 𝑔𝑖𝑗 ∈ 𝒪∗𝑋(𝑈𝑖 ∩ 𝑈𝑗)
– {𝑔𝑖𝑗} are the transition functions of 𝐿𝐷.
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Higher codimension cycles?
S. Bloch, 𝐾2 and algebraic cycles, 1979

• 𝑋 smooth, algebraic surface over a field 𝐹.
That a point 𝑝 ∈ 𝑋 can locally be defined by a pair of equations 𝑓 = 0, 𝑔 = 0 gives

CH2(𝑋) ≃⟶ H2(𝑋, 𝒦2,𝑋)
• In fact,

H1(𝑋, 𝒪∗𝑋) × H1(𝑋, 𝒪∗𝑋) H2(𝑋, 𝒪∗𝑋 ⊗ℤ 𝒪∗𝑋) H2(𝑋, 𝒦2,𝑋)({𝑔𝑖𝑗}, {ℎ𝑖𝑗}) {𝑔𝑖𝑗, ℎ𝑗𝑘}∪ {,}

• Lift 𝐿1 ⊕ 𝐿2 ⊕ 𝐿−11 ⊗ 𝐿−12  through the central extension1 → 𝒦2,𝑋 → St(𝒦2,𝑋) → SL(𝒦2,𝑋) → 1 , SL(𝐴) = lim→→→→→𝑛 SL𝑛(𝐴)
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Recap

Coefficients
”You are doing 𝐾-theory.”

In fact, 𝒪∗𝑋 = 𝒦1,𝑋.

Codimension 2
H2(𝑋, 𝒦2,𝑋) : gerbes banded by 𝒦2,𝑋.

In general
Codimension 𝑖 cycle 𝛼 Higher stack 𝒞𝛼
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Algebraic 𝐾-theory

𝐾-TheoryWaldhausen Categories Spaces/Spectra
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Waldhausen categories

Waldhausen category
A Waldhausen category is a category 𝒞 with:

• A zero object ∗
• A class of cofibrations (denoted ↣) containing all isomorphisms
• A class of weak equivalences (denoted ⥲) containing all isomorphisms

Axioms:
1. ∗ ↣ 𝐴 for all 𝐴 ∈ 𝒞
2. Pushouts of cofibrations exist and are cofibrations
3. Weak equivalences are closed under pushouts along cofibrations
4. Gluing axioms
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Waldhausen categories II

Examples
• 𝐅𝐢𝐧∗: Finite pointed sets
• � 𝐌𝐨𝐝fg𝑅 : Finitely generated projective modules over a ring 𝑅 �

• (Quillen) Exact categories
• Perfect complexes on schemes

Pushouts and cofibers
Given a cofibration 𝐴 ↣ 𝐵, the cofiber of 𝐴 ↣ 𝐵 is the pushout𝐴 𝐵

0 𝐵/𝐴
↣
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Waldhausen categories III: 𝑆•-construction
The 𝑆•-construction associates to a Waldhausen category 𝒞 a simplicial category 𝑤𝑆•𝒞.

• 𝑤𝑆𝑛𝒞 has objects: diagrams∗ = 𝐴0,0 𝐴0,1 𝐴0,2 ⋯ 𝐴0,𝑛∗ = 𝐴1,1 𝐴1,2 ⋯ 𝐴1,𝑛∗ = 𝐴2,2 ⋯ 𝐴2,𝑛⋮∗ = 𝐴𝑛,𝑛

↣ ↣ ↣ ↣
↣ ↣ ↣

↣ ↣

such that each square is a pushout.
• Morphisms are levelwise weak equivalences.
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𝐾-Theory space/spectrum

• The 𝐾-theory space associated to a Waldhausen category 𝒞 is

K(𝒞) = Ω| diag 𝑁•(𝑤𝑆•𝒞)| ≝ Ω|𝑤𝑆•𝒞|
• The 𝐾-theory spectrum is the sequence of spaces𝐊(𝒞) = Ω|𝑤𝑆•𝒞|, |𝑤𝑆•𝒞|, |𝑤𝑆•𝑆•𝒞|, … , |𝑤𝑆(𝑛)• 𝒞|, …

obtained by iterating the 𝑆•-construction, to form the multi-simplicial category 𝑤𝑆(𝑚)• 𝒞.
• The 𝐾-groups are the homotopy groups of the 𝐾-theory space/spectrum:

K𝑖(𝒞) ≝ 𝜋𝑖𝐊(𝒞) = 𝜋𝑖K(𝒞), 𝑖 ≥ 0.
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𝐾-Theory groups

Examples
• K0(𝒞) is the Grothendieck group of 𝒞
• If 𝑅 is a (nice commutative) ring, define K𝑖(𝑅) = K𝑖(𝐌𝐨𝐝fg𝑅 ).

– K0(𝑅) = ℤ
– K1(𝑅) = 𝑅∗

(In general there is a map K1(𝑅) ⟶ 𝑅∗)
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𝐾-Theory sheaves

Recall: 𝑋 smooth, proper variety over a field 𝐹.
(More generally, separated smooth scheme of finite type over a field.)

Definition
• The 𝐾-theory sheaf  𝒦𝑖,𝑋 is the Zariski sheaf associated to the presheaf𝑈 ⟼ K𝑖(𝒪∗𝑋(𝑈))
• We can consider the sheaf of spectra 𝐊𝑋 associated to the Zariski presheaf𝑈 ⟼ 𝐊(𝒪∗𝑋(𝑈))
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The Gersten complex I
Definition
For 𝑖 ≥ 0, the Gersten Complex is the complex of sheaves on 𝑋𝒢ℯ𝓇𝑖,𝑋 ∶ 𝐾𝑖(𝐹 (𝑋)) ⟶ ⨁𝑥∈𝑋(1) 𝐾𝑖−1(𝑘(𝑥)) ⟶ ⋯ ⟶ ⨁𝑥∈𝑋(𝑖−1) 𝐾1(𝑘(𝑥)) ⟶ ⨁𝑥∈𝑋(𝑖) 𝐾0(𝑘(𝑥))
𝐹 (𝑋) is the function field of 𝑋, 𝑋(𝑗) is the set of points of codimension 𝑗 in 𝑋, and 𝑘(𝑥) is the residue field 
at 𝑥. 
The Gersten conjecture
The Gersten complex 𝒢ℯ𝓇𝑖,𝑋 is a (flasque) resolution of the sheaf 𝒦𝑖,𝑋.
As a result:0 ⟶ 𝒦𝑖,𝑋 ⟶ 𝐾𝑖(𝐹 (𝑋)) ⟶ ⨁𝑥∈𝑋(1) 𝐾𝑖−1(𝑘(𝑥)) ⟶ ⋯ ⟶ ⨁𝑥∈𝑋(𝑖−1) 𝐾1(𝑘(𝑥)) ⟶ ⨁𝑥∈𝑋(𝑖) 𝐾0(𝑘(𝑥)) ⟶ 0
is exact. 
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The Gersten complex II

Remarks
• ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)) ≅ ⊕𝑥∈𝑋(𝑖)ℤ is the sheaf associated to the presheaf 𝑈 ↦ 𝑍𝑖(𝑈).
• ⊕𝑥∈𝑋(𝑖−1)𝐾1(𝑘(𝑥)) ⟶ ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)) is the ”ord” map:

⨁𝑥∈𝑋(𝑖−1) 𝑘(𝑥)∗ ⟶ ⨁𝑥∈𝑋(𝑖) ℤ, 𝑓 ↦ ∑𝑥 ord𝑥(𝑓)𝑥
• ⊕𝑥∈𝑋(𝑖−2)𝐾2(𝑘(𝑥)) ⟶ ⊕𝑥∈𝑋(𝑖−1)𝐾1(𝑘(𝑥)) is given by tame symbols𝑇𝑥{𝑓, 𝑔} = (−1)ord𝑥(𝑓) ord𝑥(𝑔) (𝑓ord𝑥(𝑔)𝑔ord𝑥(𝑓) mod 𝑥) ∈ 𝑘(𝑥)∗

By Matsumoto’s theorem, 𝐾2(𝐹 ) is generated by symbols {𝑓, 𝑔} satisfying bilinearity, anti-symmetry, 
and the Steinberg relation {𝑓, 1 − 𝑓} = 1.
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• ⊕𝑥∈𝑋(𝑖−2)𝐾2(𝑘(𝑥)) ⟶ ⊕𝑥∈𝑋(𝑖−1)𝐾1(𝑘(𝑥)) is given by tame symbols𝑇𝑥{𝑓, 𝑔} = (−1)ord𝑥(𝑓) ord𝑥(𝑔) (𝑓ord𝑥(𝑔)𝑔ord𝑥(𝑓) mod 𝑥) ∈ 𝑘(𝑥)∗

By Matsumoto’s theorem, 𝐾2(𝐹 ) is generated by symbols {𝑓, 𝑔} satisfying bilinearity, anti-symmetry, 
and the Steinberg relation {𝑓, 1 − 𝑓} = 1.

September 16, 2025 | Ettore Aldrovandi | Categorifying Algebraic Cycles and Intersection Theory | 2025 Nairobi Workshop in Algebraic Geometry | 20

kiss



The Gersten complex II

Remarks
• ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)) ≅ ⊕𝑥∈𝑋(𝑖)ℤ is the sheaf associated to the presheaf 𝑈 ↦ 𝑍𝑖(𝑈).
• ⊕𝑥∈𝑋(𝑖−1)𝐾1(𝑘(𝑥)) ⟶ ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)) is the ”ord” map:

⨁𝑥∈𝑋(𝑖−1) 𝑘(𝑥)∗ ⟶ ⨁𝑥∈𝑋(𝑖) ℤ, 𝑓 ↦ ∑𝑥 ord𝑥(𝑓)𝑥
• ⊕𝑥∈𝑋(𝑖−2)𝐾2(𝑘(𝑥)) ⟶ ⊕𝑥∈𝑋(𝑖−1)𝐾1(𝑘(𝑥)) is given by tame symbols𝑇𝑥{𝑓, 𝑔} = (−1)ord𝑥(𝑓) ord𝑥(𝑔) (𝑓ord𝑥(𝑔)𝑔ord𝑥(𝑓) mod 𝑥) ∈ 𝑘(𝑥)∗

By Matsumoto’s theorem, 𝐾2(𝐹 ) is generated by symbols {𝑓, 𝑔} satisfying bilinearity, anti-symmetry, 
and the Steinberg relation {𝑓, 1 − 𝑓} = 1.

September 16, 2025 | Ettore Aldrovandi | Categorifying Algebraic Cycles and Intersection Theory | 2025 Nairobi Workshop in Algebraic Geometry | 20



Bloch-Quillen formula

Theorem (Bloch, Quillen)
If 𝑋 is a smooth, proper variety over a field 𝐹, then

CH𝑖(𝑋) ≃⟶ H𝑖(𝑋, 𝒦𝑖,𝑋)
Remark
The part of the Gersten complex𝒢ℯ𝓇𝑖,𝑋 ∶ ⋯ ⟶ ⨁𝑥∈𝑋(𝑖−1)(𝑘(𝑥))∗ ord⟶ ⨁𝑥∈𝑋(𝑖) ℤ ⟶ 0
gives the cycles modulo rational equivalence.
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Animas and higher stacks

Following Česnavičius–Scholze, Lurie...
• The ∞-category 𝒜b of Abelian Animas of Animated Abelian Groups is the ∞-category 

obtained from the category of simplicial abelian groups by inverting weak equivalences.
• 𝒜b ≃ 𝒟≤0(ℤ), the connective part of the ∞-derived category of ℤ.
• Sh(𝑋, 𝒜b) is the ∞-category of Zariski sheaves of anima on 𝑋 with values in 𝒜b.

Remarks
• Concretely, an object of 𝒜b is a simplicial abelian group 𝐴• or a connective chain complex of 

abelian groups 𝐴∗.
• Dold-Kan correspondence:

Ch≥0(Ab) ≃ 𝑠Ab
but invert weak equivalences.
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Classifying map of a cycle?
Write the Bloch-Quillen formula as

CH𝑖(𝑋) ≅ H𝑖(𝑋, 𝒦𝑖,𝑋) ≅ H0(𝑋, B𝑖𝒦𝑖,𝑋) ≅ 𝜋0ω (𝑋, B𝑖𝒦𝑖,𝑋)
Problem/Question
Up to equivalence, a cycle 𝛼 ∈ 𝑍𝑖(𝑋) should correspond to a “classifying” map𝑓𝛼 ∶ ∗ ⟶ B𝑖𝒦𝑖,𝑋
in Sh(𝑋, 𝒜b). By pullback, we get the “B𝑖−1𝒦𝑖,𝑋 torsor” 𝒞𝛼 corresponding to 𝛼:𝒞𝛼 ∗

∗ B𝑖𝒦𝑖,𝑋
⌟

𝑓𝛼
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Bloch-Quillen-Gersten revisited

Write the Gersten resolution as a morphism𝒦𝑖,𝑋 0 ⋯ 0 0
𝐾𝑖(𝐹 (𝑋)) ⊕𝑥∈𝑋(1)𝐾𝑖−1(𝑘(𝑥)) ⋯ ⊕𝑥∈𝑋(𝑖−1)𝐾1(𝑘(𝑥)) ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥))

Then 𝒢ℯ𝓇𝑖,𝑋 (or rather the anima it determines) is a model for B𝑖𝒦𝑖,𝑋 in Sh(𝑋, 𝒜b).
Degrees are now homological, so 𝒦𝑖,𝑋 is in degree 𝑖. We should really write 𝒢ℯ𝓇𝑖,𝑋[𝑖]. 
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Higher torsors attached to cycles
• Cycle 𝛼 = ∑𝑥 𝑛𝑥𝑥 ∈ 𝑍𝑖(𝑋) determines𝑓𝛼 ∶ ℤ[0] ⟶ 𝒢ℯ𝓇𝑖,𝑋[𝑖]

sending 1 ∈ ℤ to the vector {𝑛𝑥} ∈ ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)).
• In Sh(𝑋, 𝒜ni), we have𝑓𝛼 ∶ ∗ ⟶ ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)) ⟶ 𝒢ℯ𝓇𝑖,𝑋[𝑖] ≃ B𝑖𝒦𝑖,𝑋
• Pullback gives the B𝑖−1𝒦𝑖,𝑋-torsor 𝒞𝛼 attached to 𝛼:𝒞𝛼 ∗

∗ B𝑖𝒦𝑖,𝑋
⌟

𝑓𝛼
September 16, 2025 | Ettore Aldrovandi | Categorifying Algebraic Cycles and Intersection Theory | 2025 Nairobi Workshop in Algebraic Geometry | 26



Higher torsors attached to cycles II

• Rewrite the equivalence 𝒢ℯ𝓇𝑖,𝑋[𝑖] ≃ B𝑖𝒦𝑖,𝑋 as an extension in Sh(𝑋, 𝒜b):
B𝑖−1𝒦𝑖,𝑋 ⟶ 𝜏≥1𝒢ℯ𝓇𝑖,𝑋[𝑖] ⟶ ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥))

• 𝒞𝛼 is the fiber of 𝜏≥1𝒢ℯ𝓇𝑖,𝑋[𝑖] over the point 𝛼∶ ∗ → ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥)):
B𝑖−1𝒦𝑖,𝑋 𝜏≥1𝒢ℯ𝓇𝑖,𝑋[𝑖] ⊕𝑥∈𝑋(𝑖)𝐾0(𝑘(𝑥))

𝒞𝛼 ∗⌝ 𝛼
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Intersection of cycles

Bloch-Quillen gives is compatible with intersection products:

CH𝑖(𝑋) × CH𝑗(𝑋) ⟶ CH𝑖+𝑗(𝑋)
Same as

H𝑖(𝑋, 𝒦𝑖,𝑋) × H𝑗(𝑋, 𝒦𝑗,𝑋) ⟶ H𝑖+𝑗(𝑋, 𝒦𝑖,𝑋 ⊗ 𝒦𝑗,𝑋) ⟶ H𝑖+𝑗(𝑋, 𝒦𝑖+𝑗,𝑋)
where the last map is induced by the product on 𝐾-theory spectra [Grayson]
Remark
There is no map at the cycle level:𝑍𝑖(𝑋) × 𝑍𝑗(𝑋) ⟶ 𝑍𝑖+𝑗(𝑋), (𝛼, 𝛽) ⟼ 𝛼 ⋅ 𝛽
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Intersection of cycles II

There is a map at the level of classifying maps of cycles:∗ B𝑖𝒦𝑖,𝑋 ∧ B𝑗𝒦𝑗,𝑋 B𝑖+𝑗(𝒦𝑖,𝑋 ⊗ 𝒦𝑗,𝑋) B𝑖+𝑗𝒦𝑖+𝑗,𝑋𝛼∧𝛽
Let 𝒞𝛼∧𝛽 be the resulting B𝑖+𝑗−1𝒦𝑖+𝑗,𝑋-torsor. 

Questions
• Can we describe 𝒞𝛼∧𝛽 in terms of 𝒞𝛼 and 𝒞𝛽?
• Is 𝒞𝛼∧𝛽 equivalent to 𝒞𝛼⋅𝛽?
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𝒦2-gerbes attached to codimension 2 cycles

In codimension 2 we have the four-term exact sequence:0 ⟶ 𝒦2,𝑋 ⟶ 𝐾2(𝐹 (𝑋)) Tame⟶ ⨁𝑥∈𝑋(1) 𝐾1(𝑘(𝑥)) ord⟶ ⨁𝑥∈𝑋(2) 𝐾0(𝑘(𝑥)) ⟶ 0
If 𝛼 is a codimension 2 cycle, the corresponding B1𝒦2,𝑋-torsor 𝒞𝛼 is a 𝒦2,𝑋-gerbe. 

Theorem (E.A.–N. Ramachandran, 2016)
• The class of 𝒞𝛼 in H2(𝑋, 𝒦2,𝑋) corresponds to 𝛼 ∈ CH2(𝑋) via the Bloch-Quillen 

isomorphism.
• 𝒞𝛼 and 𝒞𝛽 are equivalent as 𝒦2,𝑋-gerbes if and only if 𝛼 and 𝛽 are rationally equivalent.
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Heisenberg group and cup product

The Heisenberg group is the central extension of abelian sheaves on 𝑋0 𝒦1,𝑋 ⊗ 𝒦1,𝑋 𝐻 𝒦1,𝑋 × 𝒦1,𝑋 0
𝒦2,𝑋

The classifying map B𝒦1,𝑋 × B𝒦1,𝑋 → B2𝒦2,𝑋 corresponds to the gerbe of liftings of a 𝒦1,𝑋 × 𝒦1,𝑋-torsor to an 𝐻-torsor.

The cup product H1(𝑋, 𝒦1,𝑋) × H1(𝑋, 𝒦1,𝑋) ⟶ H2(𝑋, 𝒦2,𝑋) arises from the Heisenberg group via 
the class of the extension. 
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The 𝒦2,𝑋-gerbe of an intersection

Let 𝐷, 𝐸 be divisors on 𝑋, with associated 𝒪∗𝑋-torsors 𝐿, 𝑀.
The corresponding classifying maps 𝑓𝐷, 𝑓𝐸 determine a 𝒦2,𝑋-gerbe 𝒞𝐷,𝐸 via the pullback∗ ⟶ B𝒦1,𝑋 × B𝒦1,𝑋 ⟶ B2𝒦2,𝑋
of the class of the Heisenberg extension.

Theorem (E.A.–N. Ramachandran, 2016)
Let 𝛼 = 𝐷 ⋅ 𝐸 be the intersection cycle. There is a natural equivalence of 𝒦2,𝑋-gerbes𝒞𝛼 ∼⟶ 𝒞𝐷,𝐸
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Behavior under certain morphisms

Let 𝜋∶ 𝑋 → 𝑆 be a smooth projective morphism of relative dimension one.
Theorem (E.A.–N. Ramachandran, 2023)

• There exists a natural additive functor∫𝜋 ∶ B2𝒦2,𝑋 ⟶ B1𝒦1,𝑆
• Suppose that 𝐿, 𝑀 are 𝒪∗𝑋-torsors corresponding to divisors 𝐷, 𝐸 on 𝑋. Let 𝒞𝐷,𝐸 be the 𝒦2,𝑋-gerbe of liftings associated to 𝐿, 𝑀. Then∫𝜋 𝒞𝐷,𝐸 ≅ ⟨𝐿, 𝑀⟩

where ⟨𝐿⟩, 𝑀  is the Deligne pairing of 𝐿 and 𝑀.
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End

Thank you!
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