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DETERMINANTFUNCTORS DELIGNE Le determinantde la cohomologie 87

E exact category w short exactsequences
P Picard Groupoid

A determinant is a functor

det is E P

equipped with additivity data

det o det 2 det x det y

for each exact sequence 0 X Y 2 satisfying

naturality

associativity

commutativity



TRIANGULATED CATEGORIES

Additive category T

Equivalence E T T Suspension

Class of distinguishedtriangles 8 X y 215
gf hg D

satisfying well known axioms

A functor F T T between triangulated categories

is exact if

FI Z F

F o FAI FG FR EF X

is distinguished



DETERMINANTFUNCTORS M Breuning 06 11

T Triangulated category
P Picard Groupoid

A determinant is a functor

det is T P

equipped with additivity data

det o det 2 det x det y

for each distinguishedtriangle

D X Y Z EX

satisfying naturality associativity commutativity



Nationality

det 2 det x detcyD X Y Z EX

Ed I d d t m d d
g X y 2 EX det 2 det x det Y

Commutativity

d X X Y Y EX 82 Y XY X EX

det 4 det X Umm
out x detcy

let xxx
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z x y i Ex

d It 11

For every octahedron Ozu X p
Z V Z X
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We must have If

det z
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det v telet X det W out Y

idet Da id f id tolet o
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assoc



UNIVERSALDETERMINANT

Define naturel isomorphisms det det T P to obtain a groupoid

DET J D

Theorem Breuning 061 The 2 functor

DET T Pic GRPD

is representable
I

d P

det I
VCT
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UNIVERSALDETERMINANT

Define naturel isomorphisms det det T P to obtain a groupoid

DET J D

Theorem Breuning 061 The 2 functor

DET T Pic GRPD

is representable
T

d P T
d P

bet I det I fry
T VITI f

Theorem Muro Tonks Witte 08 There are natural isomorphismswith

Neeman's K Theory T V T E K T

T V J K T
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TENSOR TRIANGULATED CATEGORIES Balmer May Keller Neiman

T I 1 J triangulated
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TENSOR TRIANGULATED CATEGORIES Balmer May Keller Neiman

T I 1 J triangulated

minimal TX T T brexact symmetric monoidal

requirements with unit objet I
Beemer but

more axioms can be considered May Keller Neemen

Pmk TT cats behave like 2 rigs but very non canonically Example

X 2 4 02 Y 02 402 E x02

I L A A
X 2 X Y 02 402 E X2

Question For T D I is the universal determinant equipped with

UCT x VIT VIT



BEHAVIOR WITH RESPECT TO BIEXAT m EXACT FUNCTORS

F J x T J is biexact if i exact in each variable

127 FLEX 277 EFCXEY
t c n d

ZF EX 17 I 22 F X Y
Same for n exact F Tax x Tn T

GRPD enriched multi category f 2 macticatgory Treat with

TRITT Tn T n exactfonts Jax I T
and mortared isomorphisms

Schmierer I 5

Same for Pic multi category GRPD enriched ofPicardGroupoid PI with

PI CD Pm P n monoidelfunctors mat isomorphisms

Tn x X V Tn VIT I in PE
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P Picard Groupoid

n functor det iso T x x iso Tn P

det y is a determinant functor in each variable is in
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P Picard Groupoid
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det y is a determinant functor in each variable is in
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MULTIDETERMINANTS Ti Tn triangulated lets

P Picard Groupoid

n functor det iso T x x iso Tn P

det y is a determinant functor in each variable is on

Di Xi Yi Zi Zhi in Ti Notation det Xe x Ee Xn

Dj Xj Yg 2g Exj in Tj

y y
2in Xi Yj Ei Ei X Ei Zj HeXj3

o f
Eli Z Eli Xj L 2,257 51,25 Ei Xj Xi xp

Compatibility with fi Xi X c Ji Dj EJ
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UNIVERSAL MULTIDETERMINANT

Define natural isomorphisms det det Tax Tax x Tn P

to obtain a groupoid DET Ja I Tn P

Recall

symm multi category E IL Symon monoidalcategory E
Theorem E A C LESTER There is an equivalenceofgroupoid

Det Je In D BE VCT V Tn P X

That is theobject VIT V Tn ofPig arepresents

Det Tn Tn PE GRPD

Theorem E A C LESTER For each Picard Groupoid P x determines

DETC D TROI'veL GRPD
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VERDIER STRUCTURES Beilinson Bernstein Deligne May Keller Neemen

y y 2 EX The 9 diagram

5yd 21
x

Each line is a distinguished

triangle

41,4 six
Consider the triangle

Ei Entity
X Y A EX



VERDIER STRUCTURES Beilinson Bernstein Deligne May Keller Neemen

the 9 diagram has a

x y 2 Ex
Verdier structure

5yd É Ex if there exist octahedra

4 2k
s x

x Y 2 Ex

Ii E É Ix Y Y taek
X X

g
4 4

X A Z EX
I

1

I
didX Y

Y Ex x Y 52

x
At

Z X 2 212

E Éx Ea Ea



VERDIER STRUCTURES LE A C LESTER

F Tex x Tn T multi exact admits a Verdier structure

if for all Di e Ti Dj e Tj is j the diagram

F Xe Xy Fai Xi F Zi Xj EF Xi Xj
t d d

F X Yat Fai Yj F Zi Yj EF Xi Yj

t t t t
F Xi 2,7 F Yi 2 F Zi Zj EF Xi Zz

I b b i t
EF Xe Xy EFC li Xj Zi Xj EF Xi Xj

admits a Verdier structure



CATEGORICAL RINGS

Def A Picard groupoid P t o is a categoricalring if there exists

a second monoidal structure

Px P P

which is biexact unital associative

This is the biased version associativity etc require higher arity
structures by composition Alternatively

Def A categorical ring is a commutative monoid in Pig
This is the unbiased version

Rmb Similarly we consider a TT Cat J I as a monoid inTRAI
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Theorem E A C Lester T D I TenserTriangulated cat

admits Verdier

Then the universal Picard groupoid VIT is a categorical ring



DET

Theorem E A C Lester T I TenserTriangulated cat

admits Verdier

Then the universal Picard groupoid VIT is a categorical ring

Ideaofproof

T x T L T

oletxoletd a
detox at

VIT x VIT IV VIT



DET

Theorem E A C Lester T 0 I TenserTriangulated cat

admits Verdier

Then the universal Picard groupoid VIT is a categorical ring

Ideaofproof

T x T T

oletxoletd a
detox at

VIT x VIT AV VIT

As a corollary we get the well known fact

Ko T E To VIT ring

K T E T V I F T bi module
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What does thePostnikov Invariant

Mu ETH it Vitt ITV T1

say about T D I



OUTLOOK

What does thePostmikov Invariant

Mu ETH it Vitt ITV T1

say about T D I

THANK YOU


