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| NTRODUCTION

Describe fhe Aom Spoce Howm (ﬂ() g)
Where H, G are group-Cike sfacks (over Some sife ,f)a&'ke 7_13;3)

Way ?

>* érowp-gl'/(e s'/&c/<s are //easg/// He,g 455%'/7&6[’3, Y a’l—s'/'@;o

w/mp@’xe/o: - 2 ~ Go, G, e (rbeowver
6~ [6,2>6, ] o) groups

¥ Mopbisms H — G betwern them ang difficnll :
NOT™ morpbisms of complexes fhus R Hom /,q.) Q)
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Stacks

/

FfX a base si?'% Z)a h// & Grothewdieck 75/:»93333, L

(1) o = Oponsets im am molimany Topsbogical spo /scheme S

(2) aO s a Caf&?og Like ZtJ—/g ) Ao you Rave obgedts T,..
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StAcksS  (Comt’d.)

Fovorife exampll Lt G be a rowp { erW‘/i ofttm : ofeaf of groups)
BG I B VNS { Prima'qu luocmgyemwu\s G- spaces /Tg
UBT nviy §7 BG, —BG,, gullback

Tors(§) im plac of BG of PHS
LD Stock 'a-f-’ G—‘/‘ér‘sor:s
‘R(mk: Tors (&) moker Semse even when & is SPec k, (Gaeol's Coﬁormoeo(jﬂ:)
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GR-Stacks = X-GRoupPs

R_
”Fr‘% CDA //_I_W;moq‘o\j 4 NQNJ_ Q',je-

A gr-gl'%k) § is & sfick o 3 with “a gwoup Lowr:"
* rrnuﬁi'iao&wi’{om (mO'LPW.s:m gxgﬂbg

o Io(wﬁg ob(jci‘: IeObg .

* Joveve dumdor: § TG X X

Such thal e tuiple (m, T %) beflouses exactly Lk the
w’v'/.f/a(;)oawhm@ one {or‘.éwl o'w(,tmwg gr‘o’f}qa | excopt Fhak
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GR-$THCK.»$ <Com'(3 ! oL)

fxmp&s one given, 1%9 Asfomerphasm Stacks :
69(%) : Self- eq,(dvﬁkgemcw of Ahe slack E

 Eqa( P : veldlam BGOBQ Pr—uw(P)
q( 6> R - \“,) o i (P) —v(P)

Mo«i‘l’&,n\wﬁ {30%"3"60“5 T bL'lT)hsm s Aot
wCPd= P RE,

M;.(P(U'PVVP EALL'VE/J

sk VarianT: uﬁ 2: G—>H s a -&nmomqusm)-l-kzm 3*: BRG—BH
fYnO'lPeu',‘S(m of
Stacks
EQ’BH(BG) : om% comsioler AC@#'W\N&M& M: BG —=-BG§

B =BG
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STacks & caTeEGORIES

Amo‘l‘ﬂu V\/a& )L'o 200/6 at oa%ouw : SIMPLICIAL SETS
¢ wligoy > N.e menve
- coskelital si/rnr&'oiaf sekb
(anoofuea'ﬁ‘émdﬂp_ eomebuc nealization Ao
defina T ) NE % o Q-tyge
Moved (butum be anase /uaow%) :

Stacks com be Viewed o /oi/md:'&'ciag (Pr'ejéﬂwufw
which e Q—‘/’numww.



GIR - STACKS % CROSSED NODULES

For adr-wﬁgo'g 9, the menve Ng is a 9-cosRelotel simp&ciaﬂ
Objed' W / 8r‘044.r ﬁo.h/ Afo 1o %ormo'fapg ( 'gm‘él“w ?)

4 Ng has e nigiol group Low | then itis a simplicial group
Bj Tahr(lj imfs account” the Q-Tnmmcaiiom, N § onises .fmrm @ crossed
mmodule G,-g—bGo , d.e

NG,=Go , NG, = Gux-2a >

4-Times
CRrRossed ModuLe:

Actiom G,xq, —>G (9,)+> 9§ EXaMPLES:

4') ’9(3 )— x' (93)1 ) G_>HM'I'(G)
i) 97 =993 DN oG imcusion of & mormmo
subarbw‘:

3)(F,«)—s(E, *) —> (B,x) $ibratiom

 (F
Wl\&tif g Is & gr-sl'mck 7 ‘ l|( *) —> T, (E *)



GR-STACKS ¥ CROSSED NODULES ‘

Le'f 5 be o gr*-sfosk oV aa TA}& sifuation is a’"qQQ?”A to Hot of o
SiMSQE oafwory—ﬁrwwiﬁ well kmonlm,bu'f' mo defoifed Pwo{ .

ProPosiTIoN (E.A.—B.Noowr) There exists o, (sheaf of ) crossed mmodules
%é’itbﬁo over 5) omd. o ﬂh%&&rm [ofjr‘-‘s'ro.c](s) T: G, —>§ /\)ucﬂ,

GG, G
s exack ol G, , amd esselially sunjecive ot §.

% ”E.s.sm'l'ia.f’@ \SMILJ'?-Ct e :” evew OLJ'ed: of o_f 9 Is foc.aﬂ@ Lsmnm/;ﬁic t a
poin: of G,

* The Sequame 4s & Pre.sw‘/’atiom of g (Nor Min1gue .’)
We wife - § ~ L_G, —9->60__7, whom a me‘l’at.bu Ros beem chasen.

% From mow om, we' ¥ a,QvJad.s choase a.drmm'f’a-t\'orm



Misc. Facts re. §

Assume g:}: [C,—B—>G|oj , for a crossed amodule G,?—>G0

* Deuane: G Tors(G),6,) (We should waite B(G,,,&,) )
pumcipol homqgemesns G, -spaces P whase exdemsiom PR ‘G, ~ G,

* DReeN: § is port of am exact Segquonce
6 — Baq,—BG,

X |m :rpa.d'.‘
(l) § = Egggo(BQ')
(2) Im Par#wew, gg (BG) > [&1—> Aut (G)j



THE RORLEM WIiTH MORPHISHS

B Yo [H2oH,] smd §~][G,2G,], and F: #—>G is
o morpgﬁ;s'm af @P—Sfi.r*.s :

Myt FOXY)— FO F(Y) 5 X,Y e Ob(#)

Thow sunely F comgspomds Lo :

H —G,
9 2

h—a 72 NO!
oame dmbewm with desaif:im\g rmorpﬁi&ma im olerivea wj@or‘ies

By the some Tokom & moduwnd '/’m{ownat'om R =F:H—>6
doer mot imoluce , 01 come ffbrm, & choim -Qomoﬁp'at # 00’”")”&)(%-



PUTTERFLIES

Let H —>H, and G -—>G be Two cwssed moduber. B. Noofi defimes :
A lw‘ttoz{i% from H, o G, is a oiggoam of grougps:

(i) The NE-SW is & aroup oxctonsiom

\ / (@ The NW-SE s & compley
J/ / \J/ (uk) Cormpoilba&‘l'l%

Tle) -1
A moplusm of bulferflier is o group :.sormm}:h KA) =€ ()
o : E-=+E’
OompoiiLQo with the shuctunes a;f the d{@mﬂn above .
A butterfly is split if the exclousion im it is Twviel : E= H, X G,
In Hus case, we get am fonest moyolism

°o—>0
v

e —@



\Weak MORPHISMS

Bu"ﬁﬂpe«ﬂsﬁmﬂn 354, b G, 255G, form o Cﬂfgoy B[H.)G,,) ( im fact
aﬂrou,’ooid).

[HeoREM (E.(-\.—B.A{oonD Let He 3&5"&*3 U, omd 5 Danke }Dr'est’ot\m
H'_\:EI,LHJ) O EG,LGJ - There is am b?lA*V&Qnma of Categeues

/'/01‘1 (%) S) - B(H-)G'.)
Both members cam be sheafified, (= stackified ) amd Hhe equivilence is am
Z?M(/&Q(wcc of Stacks

Hom (#%,8) ~B (#.,6.)
Foof =) Ome olinection sssigns to F:H—G the (stack ) dibered product
E= Ho Xg G,

‘Hle O‘MM/ a,ssgm_s to € the ﬂYJO'thA'.srm whicf nNends am o’ojeot a_
oF % Lo tom (@,) < O ()



FacTs AND EXAHPLES

[ 0—>A—E—K—>1 is & groufo extamion w/ abdliam Keme? , we get :
A
e< |

K< T8

hone o maphism K—>Tors(R) (=RA)

More gemersy, Jor am excfension 1—G-HETsk—1 (Gmot meassarit
bbefian) we get

/E< Gl
K Aut (&)

amd no, K—> Eg(BG)

(Schnaier, Declecker, Grothendieck, Bream )



FacTs aND ExAnPLES ||

G H/i\a
A buttenfty T\E/L' Cam be completeol 1o ’J,'\ /L'Q
Ha G|° HO G

whone Ei=HxG, —E is & cnossed module . Ome wal/eja:

HelH, i>:‘4,,]f:[l:', ——>E] E,—E == H,—H,

quasi- ISomoypdism

Thus Thow is a. fraction of crossed mosules H.;H/qu N

A (moqogu‘arm of baﬁuf&'m o : E-=>E’ iy jelds E.

W l«\ G.

E [ ]
Non abeliom derived catggory o) (XMod)

(Abeliam case : Debigne , S6A 4, XVHI)



APPLICATIONS T
Dermimod (LBRes) A short oxact sequanca of gr- stacks is o seguuemce of mmorphisms
% ‘L7 % —P—? 5) P 0 Q ~ 4
such thot : i) I = Homolopy Kermel (p)
i) p essoutinlly surjechive
W) Suifable motiom of exadliess ot H,
w) o 4sa fibratiom ()

Reasom for iv)  The short wad sequemce opst 4o yield & fomg oxact seguonce
of (mem abeQn'om) OoRormoeoJJ objed‘s.

Proposmod (E.a.-B.Noow) The ibrotiom l@dw‘i'kasis Com be shispemsed with.

Prool: Given p: H—§ rserifiolly punective, Hone is a bultafly emd,
Demce, o fraciom
> =
HE TR

which. 9ives em W\fa&rﬁfﬂnmp%m p: E—§ whick s a fibration



A?PUCHTIO“S ﬂ— The #I‘Wt/'om ra Pe ocormerct '¥0{7P00\ls frbfm
THEOREM (EA—BA) let F: H—§ be a mophism of gr-cfacks , K Hir(F)
There is a farg exact Seguance of 9_slacks

F
0T (i) > T, (%) — T, (§)—> 16— H —>G 2> F—» ToRs (1) > Tor>(§)

% Amalog of "furmimg Triamgfes’ but wnfortumalely it fermimates
x F is the ”hormo'fapa f.‘Ler" ail F* : Tors (H) —>Tors(8)

9-tack ossocioted 5 the complex H, —F —s @, , the monexact
disgomol of +he buﬂ'en.ﬁ@

 The froction. LVE\F;G guevides om  explicit™ desciption of [
, Sufticiently explicit
X=X% X . ToRsE) " .
7 o ) [o) MVI:OLQ Co dﬂ.s.
X~ \F;( x) ¢ I
s tha v‘fw bo oblaim anops im mom abelian Co‘K.ocmoﬁﬁy



A??LICHTIOAIS ﬁ Ho(%, T, (§)) , i=-!
Nom abelian cchomotoqy : H(x,8) = <m,(§&¥), i=0
T(ToRs(§)(x) , i=4

TueoreM (Lo‘r.s oF PEoPLE) let F: %_+5 be & m,,m,;-ﬂ,’,yvn 9{ dl"-étd(’s os above.
There are fumdtorial anaes

Fi s H'G %) — Hilx,8)
ik are i by "2

T(F): T (1) — ™ (§)
F:#4—¢
F, : ToRs (1) —> Tors(§)
/,fowvwl im The bomg 2xad sequomee .



