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OF THE DYNAMICAL SYSTEM GENERATED BY
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ABSTRACT. Pursuing our work in [18], [17], [20], [5], we consider in
this article the two-dimensional thermohydraulics equations. We
discretize these equations in time using the implicit Euler scheme
and we prove that the global attractors generated by the numerical
scheme converge to the global attractor of the continuous system
as the time-step approaches zero.
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1. INTRODUCTION

In this article we discretize the two-dimensional thermohydraulics
equations in time using the implicit Euler scheme, and we show that
global attractors generated by the numerical scheme converge to the
global attractor of the continuous system as the time-step approaches
zero. In order to do this, we first prove that the scheme is H!-uniformly
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stable in time (see Section 4) and then we show that the long-term
dynamics of the continuous system can be approximated by the discrete
attractors of the dynamical systems generated by the numerical scheme
(see Section 5).

In the case of the Navier—Stokes equations with Dirichlet boundary
conditions, the H'-uniform stability of the fully implicit Euler scheme
has proven to be rather challenging. However, using techniques based
on the classical and uniform discrete Gronwall lemmas, we have been
able to show the H!'-stability for all time of the implicit Euler scheme
for the Navier—Stokes equations with Dirichlet boundary conditions
(see [20]). The HZ2-stability has also been established. More precisely,
the H2-stability has first been proven in the simpler case of space pe-
riodic boundary conditions (see [17]), and then extended to Dirichlet
boundary conditions (see [18]); the magnetohydrodynamics equations
are also considered in [18].

Our first objective in this article is to extend the H!-uniform stability
proven in [20] for the Navier—Stokes equations with Dirichlet bound-
ary conditions, to the thermohydraulics equations. In order to do so,
we divide our proof into three steps. First, we prove the L2-uniform
stability of both the discrete temperature 0™ and the discrete velocity
v" (see Lemma 3.2 and Lemma 3.3 below). Then, using techniques
based on the classical and uniform discrete Gronwall lemmas, we de-
rive the H'-uniform stability of v" (see Proposition 4.1 below), which
we will use in Subsection 4.2 in order to establish the H!'-uniform sta-
bility of 8" (see Proposition 4.2 below). Besides the intrinsec interest
of considering the thermohydraulics equations, the new technical diffi-
culties which appear here are related to the specific treatment of the
temperature with the necessary utilization of the maximum principle.
Furthermore, we have simplified some steps of the proof as compared
to [20].

Our second objective in this article is to employ the technique de-
veloped in [5] to prove that the global attractors generated by the fully
implicit Euler scheme converge to the global attractor of the contin-
uous system as the time-step approaches zero. When discretizing the
two-dimensional thermohydraulics equations in time using the implicit
Euler scheme, one can prove the uniqueness of the solution provided
that the time step is sufficiently small. More precisely, the time re-
striction depends on the initial value, and thus one cannot define a
single-valued attractor in the classical sense. This is why we need to
use the theory of the so-called multi-valued attractors, which we briefly
recall in Subsection 5.1.
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2. THE THERMOHYDRAULICS EQUATIONS

Let © = (0,1) x (0,1) be the domain occupied by the fluid and let
es be the unit upward vertical vector. The thermohydraulics equations
consist of the coupled system of the equations of fluid and temperature
in the Boussinesq approximation and they read (see, e.g., [6], [15]):

0
(2.1) a—:—|—(U-V)U—VAU—|—V]?:€2(T—T1),
T
(2.2) %—t + (v- V)T — kAT =0,
(2.3) dive = 0;

here v = (vy, v9) is the velocity, p is the pressure, T is the temperature,
T; is the temperature at the top boundary, x5 = 1, and v, k are positive
constants. We supplement these equations with the initial conditions

(2.4) v(x,0) = vo(x),
T(x,0) = T°(x),

where vy : @ — R2%, TY : Q — R are given, and with the boundary
conditions

(2.6) v=0 at =0 and zy=1,
(27 T=To=Ti+1 at 29=0 and T =T, at xzy=1,

and

p,v, T and the first derivatives of v and T" are periodic
(2.8) . . o
of period 1 in the direction 1,

meaning that ¢|,,—o = ¢|,=1 for the corresponding functions ¢.
Letting

(29) HZT—T0+ZE2,

and changing p to

(2.10) p— (:Ez - %%) ;
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equations (2.1)—(2.3) together with the boundary conditions (2.6)—(2.8)
become

(2.11) % + (v-V)v—vAv + Vp = ey,

(2.12) % + (v- V)0 — vy — kKAO =0,

(2.13) dive = 0,

(2.14) v=0 at xo=0 and zy=1,

(2.15) 0=0 at z2=0 and x9=1,

(2.16) (2.8) holds with T" replaced by 6.

These equations are supplemented with the initial conditions
(2.17) v(z,0) = vo(z),

(2.18) 0(z,0) = T°(x) — Ty + 22 =: Op(x).

For the mathematical setting of the problem we define the space H =
H, x H,, where

(2.19)
Hy = {U S LQ(Q)Qa div = 0, va]y—0 = V2|ay=1 = 0, V12,0 = U1|x1=1} )
(2.20) Hy, = L*(9),

and we denote the scalar products and norms in Hy, Hy and H by (-,-)
and | - |.
We also define the space V = V| x V,, where

(2.21)
‘/1 = {U € Hl(Q)27 /0‘12:0 = U‘xg:l = Oa'U’an:O = ’U’:El:la divo = 0} )
(222) Vo = {8 € HI(Q), 9|$2:0 = 9|x2:1 = 0,9|$1:0 = 9|$1:1} .

The space V5 is a Hilbert space with the scalar product and the norm

(2.23) ((6,9)) = / Vo Vodr, |6 = (@ 0).

and we have the Poincaré inequality (see, e.g., [15], page 134)
(2.24) 6 < lloll, V¢ e Viorla
We denote both scalar products and norms in V4 and V' by ((-,-)) and

-1l
},i=1,2,
r1=1

Let D(A) = D(A;) x D(A;), where

»
’ 8:61

_81}

x1=0 81‘1

(2.25) D(A;) = {v € Vin H*(Q)?
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and let A be the linear operator from D(A) into H and from V into V’
defined by

(2.26) (Auy, uz) = a(uy, uz), Vu; = {v;,0;} € D(A), i =1,2,
with
(2.27) a(uy, up) = v((v1,02)) 4 £((01,62)).

We consider the trilinear continuous form b on V', defined by
(2.28)  b(u1, ug, u3) =b1(v1,v2,v3) + ba(v1,02,03), Vu; = {v;,0;} €V,
where

Ow; 1702
(2.29) bi(y,w, z) = Z /ﬂyZa—sz] dz,Vy,w,z € H(Q)",

1,j=1,2

(2.30) bo(y, ¢, 0) = i /yl%z/} dz,Vy € H'(Q)?, ¢, € H'(Q).
i=1 7O 0z;

The form by is trilinear continuous on V; x V; x V; and enjoys the
following properties:

(2.31)  |ou(yw, 2)| < eyl Uyl 2wl V2]V, Vy,w,2 € W,

[b1(y, w0, 2)| < ey Ary [ w]] 2],

(2.32)
Vy e D(Ay), we W, z € Hy,
(2.33) b1y, w, )| < eyl 2yl P lw]M?) Ayw]?)z],
' Vy e Vi,w e D(Ay),z € Hy,
(2.34) bi(y,w,w) =0, Yy, wel,
the last equation implying
(2.35) bi(y,w,z) = =bi(y,z,w), Yy, w,zec V.

The form by is trilinear continuous on V; x V5 x V5 and enjoys the
following properties, similar to (2.31)—(2.35):

(2.36)  [ba(y, &, )| < coly" 2yl 2Nl 2012, Yy, 6,0 € Vs,

b2y, 6, 0)| < ealy["*[ Azy[ |l |1,

(2.37)
VyeD(A2)a¢€V27¢€H27

[b2(y, &, 9)| < colyl Iyl 2l Azl 2],

2.38
( ) Vy€%7¢€D(A2)7¢€H2,
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the last equation implying
(240) b2<y7¢7 w) = _b2(y>w7¢)> vy € ‘/17 ¢7¢ € ‘/2

We associate with b the bilinear continuous operator B from V x V'
into V' and from D(A) x D(A) into H, such that

(241) <B(U17’LL2),U3>V/7V = b(ul,u2,u3), ‘v’ul,uQ,u;:, eV.
We also define the continuous operator in H
(2.42) Ru = —{es0,v2}, u = {v,0}.

For more details about the function spaces D(A), V and H, as well as
the operators A, B, R and b, the reader is referred to, e.g., [15].

In the above notation, the system (2.11)—(2.13) can be written as
the functional evolution equation

(2.43) ut + Au+ B(u) + Ru = 0, u(0) = up = {vo, 0o}

In the two-dimensional case under consideration, the solution to the
thermohydraulics equations is known to be smooth for all time (cf.
[15]). Using the maximum principle for parabolic equations, one can
show that 8 € L*(R,; L*(2)) and the velocity u is bounded uniformly
for all time by

—V 9(%0 et 4
240 oee < el + o3 (1),

where 0., = |0]L(®,;2(0))- Furthermore, using techniques based on
the uniform Gronwall lemma (cf. [15]), one can bound the solution u
of (2.43) uniformly in V for all ¢ > 0.

In this article we discretize (2.43) in time using the fully implicit
Euler scheme, and define recursively the elements u™ = {v",0"} of V
as follows:

u’ = {°,0°}, where v°(z) = vy(z), and

(2.45) . . |
0°(x) = Oy(x) :=T"(x) — Ty + x4 are given;

then when u® = {0°,6°}, -+ u"~! = {v"~1 #"~1} are known, we define
u" = {v",0"} € V such that
(2.46)

1

E(v” — ") + v((v™",0)) + by (v, 0", v) = (exf™,v), Yo € V4,
(2.47)

1

207 = 0"71,0) + £((07,6)) + ba(0",0",0) — (v5,6) = 0, Y0 € V.



LONG-TERM DYNAMICS OF 2D THERMOHYDRAULICS EQUATIONS 7

The above system is very similar to the stationary Navier—Stokes
equations and the existence of solutions is proven e.g. by the Galerkin
method, as in [16]. Uniqueness can also be derived as in [16] under
some conditions. Let us explain this point, which somehow motivates
the developments in Section 5. For that, we rewrite the system (2.45)—
(2.47) in the form
(2.48)

(v"™,v) + vk((v"™,v)) + kb (v", 0", v) — k(e20™,v) = (v, v), Vv € V1,
(2.49)

(0™, 0) + kk((0™,0)) + kby(v™, 0™,0) — k(vy,0) = (0" *,0), VO € Vs,
and assume that {v™ 0"} and {9, 6"} are two solutions corresponding
to the same initial data {vo,6p} € V. Setting 0" = v" — v" and
0" = 6™ — 0", we obtain that {0",6"} is a solution to the following
System:

(2.50)

(07, 0) 4 vk((3",v)) + kby (0", 0", v) + kby (7", 0", v) — k(e20",v) = 0, Yv € V4,
(2.51)

(07, 0) + kk((67,0)) + kby(0", 67, 0) + kby(T", 67, 0) — k(7%,0) = 0.Y0 € Vs,
Taking v = 0" in (2.50) and using (2.34), we obtain

(2.52) 072 4+ vk||[0"|)? + kby (2", 0™, 0") — k(e,6",5") = 0.

Using property (2.31) of the trilinear form b; and the bound (4.52)
below on [[v"]|, we obtain (for k& < ry(||{vo, 0o}||), with r4(|[{vo, 00}

given in Theorem 4.1 below):

Kby (07, 0", 0") < cpk[o"|[[o"|[[[o"]] < e Kok[o"[[[0"]
2.53
(2:53) < k][5 + Kk

We also have

k(ea0", 0™) < kleaf™||0"| < K|6"|||5"
(2.54) 1 -
< Zkllon)? + 2 k6"
4 v

Relations (2.52)—(2.54) imply
1
(2.55) (1 - @K§k> 572 + Zk|lan |2 < —k|6° 2.
v 2 v

Now taking # = 6" in (2.51) and using (2.39), we obtain
(2.56) 1072 + KE||0™(|* + kbo (2", 07, 0™) — k(v 0") = 0.
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Using property (2.36) of the trilinear form by and the bound (4.52)
below on [|6™]|, we obtain

(2.57)
kba (0", 6", 67) < cobe| 0" V2|5 |2 10" (116721672

< %kuanyﬁ + ZkHé"HQ + eK2E|5"? + cK2K|07.
We also have
_ _ _ _ 1
(258)  k(@5,6%) < kT |I6"] < k5" |I197]) < THIG"| + ~klo" .
Relations (2.56)—(2.58) yield
i i 1
(2.59) (1 —cKgk)|0"* + nge”H? < ZkﬁHfJ”HQ + cKGK|5"? + —k|o")?.
K
Adding relations (2.55) and (2.59), we obtain
1 -
(1 — OR2% — K2k — —k> 57?4+ (1 — K2k — fk;) 172
(2.60) v R v
v Ko (5
ko™ 2 ZEO™ 2 < 0.
YRR+ ShEIe <o
Assuming k is sufficiently small, that is

1 1
2.61) k < mi 7
(2.61) —mm{“(”{”o’ 0}”)’2(%Kg+ch+§)’2(ch+§)}’

relation (2.60) implies ©* = " = 0. Hence, the system (2.45)(2.47)
possesses a unique solution, provided that the time-step satisfies the
constraint (2.61). This is enough to uniquely define the sequence
{v™, 0"} for k small enough, but the dependence of the time step k
on the initial data prevents us from defining a single-valued attrac-
tor in the classical sense, and this is why we need the theory of the
multi-valued attractors, that we discuss in Subsection 5.1.

Our next aims are to prove that the solution u" = {v",0"} to the
discrete system (2.45)—(2.47) is uniformly bounded in the V-norm and
then to show that the global attractors generated by the numerical
scheme (2.45)—(2.47) converge to the global attractor of the continuous
system as the time-step approaches zero.

In this article we only consider time discretization, we do not con-
sider space discretization. Important background information on space
discretization and on various computational methods can be found in
some of the books and articles available in the literature. On finite el-
ements, see, e.g., [7], [9]; on finite differences and finite elements, [10],
[16]; on spectral methods, [3], [8].
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3. H-UNIFORM BOUNDEDNESS OF v™ AND 0"

In proving the H-uniform boundedness of v™ and 6", we need first to
prove a variant of the maximum principle for ™. In order to do so, we
introduce the following truncation operators (cf. [15]), that associate
with the function ¢, the functions ¢, and ¢_, given by

(3.1)  ¢i(x) =max(p(x),0), ¢-(2)=max(—p(z),0).
Note that, with this notation, we have ¢ = ¢, —p_, the absolute value

lp] of pis o +¢_ and p,p_ = 0. Using these operators, we can prove
the following preliminary lemma

Lemma 3.1. If p,¢ € L*(Q), then
(3.2) 200 — ¥, 04) = o P — [0 + Jor — vy
(3.3) —2(p =, 0-) = Jo-|* = [-|* + |- — _|*.
Proof. We have
200 =Y, 04) =2(py —_ — by +9Y_,04)

= 2(90+ — Yy, 90+> - 2(90— -, 90+)

— el = sl for = P 2 [ o

Q

> Joi? = Wi + o — vy,

since ¥_p, > 0. The proof is similar for (3.3) and the lemma is
proved. U

(3.4)

We are now able to prove the following variant of the maximum
principle for ™:

Lemma 3.2. Ifv" and 0" satisfy (2.46) and (2.47), then

(3.5) o = 60" + 0,

with

(3.6) Ty — 1< 0" < 2o,

(3.7) 1671 < (1621 +162]) (1 + 2kk) 2.

Moreover, there exists My = M;(|6y]), given in (3.26) below, such that
(3.8) 07| < My, ¥n > 1.

Proof. Rewriting (2.47) in terms of T" = 0" 4+ Ty — x5, we find:

(3.9)

1
(T = TV T) + k(T T)) + bo(v", T, T) = 0, VT € Vo, =0, n > 1.
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Replacing T by 2k(T™ — Tp), in the above equation and using (3.2),
we obtain:

(3.10) (T = To) | = (T = To)+|?
H(T" = To) — (T = To)4|* + 2k&|| (T — Tp)+|* < 0.
Using the Poincaré inequality (2.24), we find
(3.11) (" =T 2 < S| =T, P,
where
(3.12) a =1+ 2kk.
Using recursively (3.11), we find
(313) (T = To)sl? < (14 26k) (70 — Ty, 2
Similarly, using (3.3), we obtain
(3.14) (T —Ty)_|* < (14 2rk)"|(T° —T7)_|*.

Setting
(3.15) T =T"4+T", with T" = (T" — Ty)+ — (T" —T})_,
we find that 7 = T" — (T™ = Ty) 4 + (T" — T1)_, so that T" = Ty, for

"< Ty, T =T" for Ty <T" < Ty, and T" = Ty, for T" > Tp; in all
cases

(3.16) T, <T" <Ty.

Rewriting (3.13)—(3.15) in terms of 6, we obtain

(3.17) (07 — 22) 1 2 < (14 26K) 7" (07 — @) 4%,

(3.18) [(0" — 2o+ 1) > < (14 26k)7"(0° — 29 + 1)_|?,
(3.19) O + Ty — a0 =T" + (0" — 23)4 — (0" — 0 +1)_.
Setting

(3.20) 0" = (0" —a9)y — (0" — a0+ 1)_,

(3.21) 0" =T — Ty + o,

equation (3.19) becomes

(3.22) 0" =0"+0".
By (3.16), we have
(323) To — 1 S én S T,
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and by (3.20), (3.17) and (3.18) we derive
6°) < (6" — 22) | + (6" — 2+ 1)
< (1+26k)"2(107] +16°)).

To complete the proof of the lemma, we note that (3.22), (3.23) and
(3.24) yield

(3.24)

(3.25) 07 < QY2+ (16%] + 16°]) (1 + 2kk) "2, ¥n > 1,

and setting

(3.26) My(60]) = 922 + 162 + 16°),

we obtain conclusion (3.8) of the lemma. O

Corollary 3.1. If
1
2 < —
(3.27) k< 5

then By2(0,2|Q|"?), the ball in L? centered at 0 and radius 2|Q|"/?, is
an absorbing ball for 6™ in L?.

Proof. Indeed, let B be any bounded set in L? and assume that it is
included in a ball B(0, R) of L?. Tt is easy to deduce from (3.25) that
for any 0y € B(0, R),

(3.28) 07 < QY%+ 2R(1 + 2kk)"2,Vn > 1,
and using assumption (3.27) on k and the fact that 1+2 > exp(z/2) if z €

2R
(0,1), we obtain that there exists Ny (R, k) := ,'5:1/2 such that
0" € Br2(0,2|QY/2),¥n > Ni. This completes the proof of the corol-

lary. U

We are now able to prove the H-uniform boundedness of v™. More
precisely, we have the following:

Lemma 3.3. Let {v", 0"} be the solution of the numerical scheme
(2.46)—~(2.47). Then for every k > 0, we have
n —_n M2 —-n
(3.29)  |v"]* < (14 vk) \v0]2+y—21[1—(1+1/k) ], Vn>o.
Moreover, there exists K1 = Kq(|vo|, |6o]), such that
(3.30) | < Ky, Yn >0,

and

m . . 1 &
3.31 k 2 < |2+ 2k 02 Yi=1,---
(3.31) v;HvH_!v |+V ;\ %, Vi=1,---,m,
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3.32 k 72 <1012 + —k i, Vi=1,---,m.
(3.32) H;H - <| |+K;|v| i=1, m

Proof. Taking v to be 2kv™ in (2.46) and using the relation

(3.33) 200 =¥, 0) = o — [0 + o — P,

as well as the skew property (2.34), we obtain
(3.34) 0" = TP A4 ot = 0" 20k |07 = 2k (e, ™).

Using the Cauchy—Schwarz inequality and the Poincaré inequality (2.24),
we majorize the right-hand side of (3.34) by

2k (e20™, v™) < 2k|ex0™||v"| < 2K|0™||0"|
55 < 210707 < vk 2+ k10
Relations (3.34) and (3.35) imply
(3.36) A R e S R e e LR ) B O %k 0™|2.

Using again the Poincaré inequality (2.24), we find

1 1

(3.37) "2 < =" 2+ —k (0",
o av

where

(3.38) a=1+vk.

Using recursively (3.37), we find

1 1 — 1 ,
n|2 0]2 n+1—1|2
v < —Jo +—k§ — 0
| | = n| | v pa 1| |

(3.39)
ny o M? .
< (1+vk)™"™ [ +?[1—(1+Vk) ],

which proves (3.29).
Taking K? = [v°]? + 2L relation (3.30) follows right away.
Adding inequalities (3.36) with n from i to m we obtain (3.31).
Now, replacing 6 by 2k0" in (2.47) and using the skew property
(2.39), we obtain

(3.40) 07> — [0" 12+ 0™ — 0" + 26Kk |07 = 2k (v, 0™).
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Using again the Cauchy—Schwarz inequality and the Poincaré inequality
(2.24), we majorize the right-hand side of (3.40) by

2k(vy,0") < 2k|vy|0"] < 2k[v"[[|0"
(341 < k|7 4+ k"
Relations (3.40) and (3.41) imply
(342) 0" — " P 4 10" — 0"tk 07 < %k w2

Summing inequalities (3.42) with n from ¢ to m we obtain (3.32). O

Corollary 3.2. Let

11
(3.43) kgmin{z—,—} = K1,

KR UV

and set py = 2|Q/? + \/g‘+ll/2 Then B (0, po), the ball in H centered
at 0 and radius po, is an absorbing ball for {v",0"} in H.

Proof. Let B be any bounded set in H and assume that it is included
in a ball B(0, R) of H. For any initial data {v° 6°} € B, Corollary 3.1
implies that

(3.44) 07| < 2|1Q|Y%,¥n > NYR, k),
and then (3.37) becomes
1 4
4 "2 < =" P+ —|Qlk, Vn > Ny (R, k
(345) P < 7+ o [Qlk V> N (R,
where
(3.46) a=1+vk.

[terating the above inequality, we find (for any n > N} (R, k))

n—N3
1 1 4 U1
n2 < Ny |2 - E _
’U | — C((n—N&)|,U 0| + U|Q|k — ot

—(n—N1 1 4 N
(3.47) = (L+vk)™ N°)\vN°\2+§|QI [1—<1+y/<:) ( No’],

(n_N! 4 4
< (14 vk) =) {R2+§(my+2R2)] +;|QI

(by (3.29) and (3.26)),
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and using assumption (3.43) on k and the fact that 1+z > exp(z/2) if z €
(0,1), we obtain that there exists NZ(R, k),

2 . V[R*+ (/9] + 2R?)]
2 o v
(3.48) N3 (R.F):= I 0 ,

such that [v"| < V5|QY2 /v, ¥n > N} + N2 =: No(R, k).
We, therefore, have that {v", 6"} € Bg(0, po), for all n > Ny(R, k),
which completes the proof of the corollary. O

4. V-UNIFORM BOUNDEDNESS OF v" AND 6"

We now seek to obtain uniform bounds for v™ and 6™ in V', similar
to those we have already obtained in H (see (3.30) and (3.8) above).
In order to do this, we will first use the discrete Gronwall lemma to
derive an upper bound on |[v"||, n < N, for some N > 0, and then
we will use the discrete uniform Gronwall lemma to obtain an upper
bound on |[v"||, n > N. Once we have obtained the V-uniform bounds
on v", we can use those, together with a new version of the discrete
uniform Gronwall lemma, to derive the V-uniform boundedness of 6™.

4.1. H'-Uniform Boundedness of v".

Lemma 4.1. For every k > 0, we have
4

(4.1) l"|[* < Kallo" H|* + S MY, ¥n > 1,
v

where Ky = 2(1 + 22 K3 /v?).
Proof. Replacing v by 2k(v™ — v™!) in (2.46), we obtain

200" — " vk |0 |)? — vk|o" | 4 vl — o™ )P

(4.2) ., .
+ 2k by (0™, 0" 0" — 0" ) = 2k (ex0", 0" — 0" ).

Using properties (2.34), (2.35) and (2.31) of the trilinear form b; and
recalling (3.30), we bound the nonlinear term as
2kby (V" 0", V" — ") = 2kby (0™, 0" ™) (by (2.34), (2.35))

(4.3) < 2¢k[o"|[o"|[[0" ] (by (2.31))

Voo 2¢3 e
< ZH"? + 22 KR
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We bound the right-hand side of (4.26) using Cauchy—Schwarz’ inequal-
ity, (2.24) and (3.8):

2k (ex™, v — ") < 2k[07|[" — "
(44 < ko |lo” — v
Von e 2
S EI{IHU — v 1||2—|—;le2
Gathering relations (4.26) through (4.4), we find
2 2
2" — o R Skl = (v T2E ke
(4.5) V 2 ) 4
+ §k‘ 0" — "2 < ;k:Mlz,
We thus obtain
n n— 4
(4.6) lo"[I* < Kofo™HI® + —5 MY,
which is exactly conclusion (4.1) of the lemma. U

Lemma 4.2. For every k > 0, we have
2
(4.7) KR [ = ([ 0" 1P 4 —kME > 0, V0 > 1,

where ¢ = 27¢;/(213).
Proof. Replacing v by 2kA;v™ in (2.46), we obtain

[0 [1F = [P+ o™ — v 4 2Dy (v", 0", Ar”)

(48) ni2 __ n n
+ 2vk| Ao |7 = 2k(e0", Aj™).

Using property (2.32) of the trilinear form b; and recalling (3.30), we
have the following bound of the nonlinear term,

2kby (v, 0", Ajo™) < 2 k |20 ||| Ao P2
v w2, 27Ch o001 nya
< Skl + o Kkt

Using the Cauchy—Schwarz inequality and recalling (3.8), we bound the
right-hand side of (4.8) by

k(e Au™) < 2k[07)| 0"

(4.9)

4.10 2
(4.10) < gk\Alv”P + =kM}.
14
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Relations (4.8)—(4.10) imply
o™ = [l 12+ flo™ = 0" + vkl A"
(4.11) 27t
<2
- 23

from which we obtain conclusion (4.7) of Lemma 4.1. O

2
KER[0" [+ kM2,

In what follows, we will make use of the following two lemmas, whose
proofs can be found in [14]:

Lemma 4.3. Given k > 0 and positive sequences &,, n, and , such
that

(4.12) En < &na(1+ knp_q) + kG, forn>1,

we have, for any n > 2,

n n—1
(4.13) & < (50 +> k@-) exp (Z k'n)
i=1 i=0
Lemma 4.4. Given k > 0, a positive integer ng, positive sequences &,,
Nn and C, such that
(414) gn S Sn—l(l + knn—l) + kCn7 fOT n Z No,

and given the bounds

N+ko N+kg
Z knn < ay, Z kCn < agy,
n=ko n=ko
(4.15) o
Z k{n S as,
n=ko

for any kg > ng, we have,

a
(4.16) £, < (N—?}g + a2> ¢, ¥n> N+ no
Proposition 4.1. Let T' > 0 be arbitrarily fived and let {v™, 0"} be
the solution of the numerical scheme (2.46)—(2.47). Then there exists
K5 = K5(||vl|, |6o], T), such that for every k < ky, we have

(4.17) 0" < K5, ¥n >0,
“ 27¢
3o — o P <K+ Q—C;Kng*(m ik
1%
(4.18)  n=i

2
+=Mim—i+ 1)k, Vi=1,--- m.
14
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Moreover, for any initial data from H, there exists K4(T) such that

(4.19) |o"|| < Ky, ¥n >N+ No+1,

where N := |T/k| and Ty = Nok is the time the approzimate solution
{v",0"} enters the absorbing ball B(0, py) in H.

Proof. Using (4.1), we infer from (4.7)
2 2 12 4 2 e 20
[0"11° < er Kk { Kallo™ P + 5 M7 )+ 0"+ kM

8
(4.20) < o2 (1 + o K2R2E|om Y2 + ﬁcleKngk)

1 16
+ ;ka (;cleMf + 2) :
We rewrite (4.20) in the form

(421) £n S énfl(l + kT}n71> -+ kgn,
with
(4.22)
n||2 92 2, O 2 2 1. 516 2172
§n = ||U || ) nn:CIK1K2||U || +§CIK1K2MD Cn = ;Ml ;CIK1M1 +2],

and recalling (3.8) and (3.30), we compute the following:

- 1 16
(4.23) > kG = ;Mf (;cleMf + 2) nk,
=1
(4.24)
n—1 n—1 8
_ 2 ni|2 2
; kn; = clKlng:; <K2|yv 12 + ;Ml)

M? 3
< %Kng {Kf + 71(n - 1)k] + ¢ K7 Kok ||0°|* + ﬁcleKQank
(by (3.31)).
Then conclusion (4.13) of Lemma 4.3 yields

(4.25)

o™ ||2 < (HUOHQ + %Mf (%cleMf + 2) nk> exp {%KfKQ {Kf[@ + MTIQ(KQ + S)nk} }
exp {1 K7 Kok|[0® |} =: K3 (|[voll, 6o, nk),

and thus

(4.26) 0" 1> < K3 (|Jvoll, 160, T + Tp),¥n = 0,--- , N + Ny.
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In order to derive a bound on [[v"]|? valid for n > N + Ny + 1, we
will apply (the discrete uniform Gronwall) Lemma 4.4. In order to do
so, we recall that [v"| < po, |6™] < po, for n > Ny, and we compute the
following (for ko > Np + 1):

N"l‘k() N"l_ko 8
— 2 n|2 2
E:MM—QKﬂQkEI(KﬂUH+;ﬂ4)
n=ko n=ko
(4.27) " ] g
< ;pﬁKg (1 + ;(N + 1)k) + ﬁclpéKznk;
(by (3.31)),
N-+ko Nitko 4 16
> kG = —M@(ij@N@+2>nk
v v
(4.28) n=ko n=ko
1 16
< ;P(Q) (Fclpé + 2) (N + 1)k,
N+kg N+ko
Y k&= k|
n=ko n=ko
(4.29) 2 1
g@<r+4N+mk)
v v
(by (3.31)).
Then conclusion (4.16) of Lemma 4.4 yields
(4.30)
2
n2 Po 1 Lof16
lv" " < {m (1 + ;(N—i- 1)k> + ;po <EC1PO +2 | (N+ 1k

1 8
exp {%péKg <1 + ;(N + 1)k> + ﬁcmngnk}

2
05 T 1 1,716 1
<|l=[(14+4—+4+= — — 20\ T+ -
> |:I/T ( + U+y2>+yp0 U301p0+ +I/
Cl 4,9 T 1 8 4
exp {;pOKQ (1 + ” + ;) + ;ClpoKQT

= K2(T), VYn> N+ Ny+ 1.
Combining the above bound with (4.26), we obtain both conclusion
(4.17) and conclusion (4.19) of the proposition.

Taking the sum of (4.11) with n from 7 to m and using (4.17) gives
conclusion (4.18) and thus the proof of Proposition 4.1 is complete.
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O

4.2. H'-Uniform Boundedness of §". We are now going to prove
the H'-uniform boundedness of 67, for all n > 0. In order to do so, we
will first use the discrete Gronwall lemma to derive an upper bound on
10™]], n < N, for some N > 0, and then we will use another version of
the discrete uniform Gronwall lemma (see Lemma 4.6 below) to obtain
an upper bound on ||6"|, n > N.

Lemma 4.5. Let {vy, 00} € V and {v", 0"} be the solution of the nu-
merical scheme (2.46)—(2.47). Also, let T > 0 be arbitrarily fized and
k be such that

1
4.31 k < min < Ky, =: Ka(|lvoll, [6o]),
45 koo gy § )

where ry is given by (3.43), co = 27c¢}/(32k?) and Ks(||vol|,|60]) is
given in Proposition 4.1. Then we have

(4.32)

2 2 2
O™ < 42BTEST (19912 Yn=1,--- . N:=|T/k|.
lonII* < 01 + o ) ¥n = Lo N o= T/k]

Proof. Replacing 6 by 2kA56™ in (2.47), we obtain
10717 = [l0" 1 + 16" — 0" + 2kba(v", 67, A6")
— 2k (vy, Ay0™) + 2kk|Ax0™|* = 0.

Using property (2.38) of the trilinear form by and recalling (3.30) and
(4.17), we have the following bound of the nonlinear term,

kaQ(Un"gn’AQen) < 2Cbk? |Un|1/2an||1/2||9n”1/2|A29n|3/2
< Sh|A0" [ + o KPRk ")

(4.33)

(4.34)

Using the Cauchy—Schwarz inequality and recalling (3.30), we have the
following bound
—2k(vy, Ax0™) < 2k|vg || AL0™|
4.35 2
(4:85) < A0 + SRk
2 K
Relations (4.33)—(4.35) imply
16711 = 10" + [|0™ — 0" |1 + Kk|Az0" 2
4.36 2
) < QKM + 2Kk
K
from which we obtain

1 2
(4.37) 1671 < 110" +

— K7k,
RO
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where
(4.38) a=1-cKK2k.
Using recursively (4.37), we find

2
4, 0"1* < (1 — o KT K2k 0°|° + .
am) < - ekt (10—
Since

1
l-w247, 0<z<y,

and, by hypothesis, co KZK2k < 1/2, conclusion (4.32) follows imme-
diately. This completes the proof of Lemma 4.5. U

In order to derive an upper bound on ||0"*||, n > N, we will need
the following version of the discrete uniform Gronwall lemma, slightly
different from Lemma 4.4:

Lemma 4.6. We are given k > 0, positive integers ng,ny and positive
sequences &, My, Cn such that

(4.40) kn, < 3 for n > ny,
(441) (1 - knn)gn S fnfl + kCnv fO?“ n 2 no.
Assume also that
ko+n1 ko+n1
k Z N < ay(ng, ny), k Z Gn < as(ng,m1),
n=kog n=ko
(4.42) hosns
k Z &n < ag(no,n1),
n=ko

for any kg > ng. We then have,

a3(n0> n1)
knl

(443) ¢, < ( + ag(no,n1)> e4a1(no,n1)’

for any n > ng + ny.

Proof. Let nz and ng be such that ng < ny < n3 < ny + ny. Using
recursively (4.41), we derive

(4.44)
1 na2+ni
én +n; = o411 gn 1 ++k Nnotn g
2+n1 HnQ—;gl( . k ) 3~ nzns 2+ 1( knj)
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Using the fact that 1—z > ™%, Vo € (0, %), and recalling assumptions
(4.42), and (4.42),, we obtain

Sngtns < (gng—l + a2)€_4a1-

Multiplying this inequality by k, summing n3 from ns+1 to no+mn, and
using assumption (4.42), gives the conclusion (4.43) of the lemma. [

We are now able to derive an upper bound on ||6"|, n > N. More
precisely, we have the following:

Lemma 4.7. Let {vy, 0} € V and {v", 0"} be the solution of the nu-
merical scheme (2.46)—(2.47). Also, let T > 0 be arbitrarily fized and
k be such that

T

145) k< min feallooll 6uD, = wallol 6u),

where Ko+, +) is given in Lemma 4.5. Then there exists My = May(||vol|, |6o], T'),
given in (4.48) below, such that

(4.46) 1671 < Ma([|voll, |0o], T), Vn = N = |T/k].
Proof. We apply Lemma 4.6 to (4.36), which we rewrite as
(1= co KTEZR)0™ [ — (10" [1* + 110" — 0"~ |* + wk[ A20" |2

4.47 2
(447) < Kk
K

We set &, = 0™, n, = c2K{K3, ¢, = 2K7, ng=1,n1 = N — 1 and
for ko > 1 we compute:

ko+n1 ko+n1
EY =k Y aKiK:<oK KT,
n=ko n=ko
ko+n1 ko+mn1 2 2
k = K< ZK?
n=ko n=ko
ko+n1 ko+n1 1 K?
k n =Kk 1> < — [ M2+ —LT) (by (3.32)).
> 6=k I <2 (024 20T oy (332)
n=kKo Nn=kKo

Then Lemma 4.6 implies
2 2
167 < 2 (% + Ky + KfT) plea KEKET
k\ T K
= M2(||vol|, |6o], T), ¥n > N.

(4.48)

Thus, the lemma is proved. O
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Combining Lemma 4.5 and Lemma 4.7, we obtain that #" are uni-
formly bounded in V', for all n > 0. More precisely, we have

Proposition 4.2. Let {vy, 0y} € V and {v™, 0"} be the solution of the
numerical scheme (2.46)—(2.47). Also, let T > 0 be arbitrarily fized
and k be such that k < r3(||vol|, |fo]), where k3(-,-) is given in Lemma
4.7. Then there exists My = Ms(||vol|,||60ol), such that

(4.49) 107 < M3([|voll, [|6o]]), ¥ > 0.
Proof. Taking

2
(el 601) = o { 4557 (J6ulP + 2 ) (ol )
ok K2
Lemmas 4.5 and 4.7 give conclusion (4.49) of the proposition. O

Corollary 4.1. Under the assumptions of Proposition 4.2, we also
have

S O6" = 0P <M5 + oo KPKZM3k(m — n+ 1)
(4.50)  n=i

2
+ ZKik(m—n+1), Vi=1---,m.
K

Proof. Taking the sum of (4.36) with n from i to m and using (4.49)
gives conclusion (4.50) of the corollary right away. O

With the notation [[{vo,8o}|| = [|vo]| + ||60]|, Proposition 4.1 and
Proposition 4.2 can be combined to obtain the following theorem, which
is one of our main results:

Theorem 4.1. Let {vy,00} € V and {v™, 0"} be the solution of the
numerical scheme (2.46)—(2.47). Then there exists a positive function
k4(+), depending decreasingly of its argument, and a positive function
Ks(+), depending increasingly of its argument, such that if

(4.51) k < ka(|[{vo, 0o }]),
then
(4.52) [{v"™, 0" }H| < Ko([[{vo, bo}]), ¥ = 0.

5. CONVERGENCE OF ATTRACTORS

In this section we address the issue of the convergence of the attrac-
tors generated by the discrete system (2.45)—(2.47) to the attractor
generated by the continuous system (2.11)—(2.18). Whereas for the
continuous system (2.11)—(2.18) one can prove both the existence and
uniqueness of the solution (see, e.g., [15])—and, therefore, define a global
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attractor—, for the discrete system (2.45)—(2.47) one can prove (using
Theorem 4.1) the uniqueness of the solution provided that k& < x(||uo||),
for some £ (||ug||) > 0. Since the time restriction depends on the initial
data, one cannot define a single-valued attractor in the classical sense,
and this is why we need to use the attractor theory for the so-called
multi-valued mappings. Multi-valued dynamical systems have been in-
vestigated by many authors (see, e.g., [1], [2], [4], [11], [12], [13]), but in
this article we use the tools developed in [5] to study the convergence of
the discrete (multi-valued) attractors to the continuous (single-valued)
attractor. For convenience, we recall those results in Subsection 5.1,
and then we apply them to the thermohydraulics equations in Subsec-
tion 5.2.

5.1. Attractors for multi-valued mappings. Throughout this sub-
section, we consider (H, |- |) to be a Hilbert space and T to be either
R* =10, 00) or N.

Definition 5.1. A one-parameter family of set-valued maps S(t) :
21— 28 s q multi-valued semigroup (m-semigroup) if it satis-
fies the following properties:

(S.1) S(0) = Ly (identity in 2% );

(S.2) S(t+s) = S(t)S(s), for allt,s € T.

Moreover, the m-semigroup is said to be closed if S(t) is a closed
map for every t € T, meaning that if v, — x in H and y, € S(t)x,
is such that y, — y in H, then y € S(t)z. (To simplify the notation,
hereafter we have written S(t)x in place of S(t){z}.)

Definition 5.2. The positive orbit of B, starting att € T, is the set
7(B) = JS(n)B.
T>t

where

SHB =] S(t)x.

zeB

Definition 5.3. For any B € 27, the set

w(B) = () n(B)

teT
is called the w-limit set of B.

Definition 5.4. A nonempty set B € 2 is invariant for S(t) if
SHB=B, VieT.
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Definition 5.5. A set By, € 27 is an absorbing set for the m-
semigroup S(t) if for every bounded set B € 2 there exists tg € T
such that

S(t)B C Bo, YVt > tg.

Definition 5.6. A nonempty set C € 27 is attracting if for every
bounded set B we have

Jim dist(S(t)B,C) = 0,
—00
where dist(+,-) is the Hausdorff semidistance, defined as

(5.1) dist(B,C) = supinf |b — ¢|,VB,C C H.
beB ceC

Definition 5.7. A nonempty compact set A € 2% is said to be the
global attractor of S(t) if A is an invariant attracting set.

Remark 5.1. The global attractor, if it exists, is necessarily unique.
Moreover, it enjoys the following mazimality and minimality properties:

(i) Zf/} is a bounded invariant set, then A D:/i;
(i) if A is a closed attracting set, then A C A.

Definition 5.8. Given a bounded set B € 27, the Kuratowski mea-
sure of noncompactness a(B) of B is defined as

a(B) = inf {5 . B has a finite cover by balls of X of diameter less than 5}.

We note that a(B) = 0 if and only if B is compact.
The following theorem, whose proof can be found in [5], gives condi-
tions under which a global attractor exists.

Theorem 5.1. Suppose that the closed m-semigroup S(t) possesses a
bounded absorbing set By € 28 and

(5.2) tli)m a(S(t)By) = 0.
Then w(By) is the global attractor of S(t).

For the purpose of this article, we need to introduce the notion of
discrete m-semigroups. More precisely, we have the following;:

Definition 5.9. Given a set-valued map S : 2% — 27 we define a
discrete m-semigroupby

S(n) = 8", Vn e N,
and we will denote it by {S}nen (instead of {S™}nen).
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Remark 5.2. Given two nonempty sets B,C € 22 we write
B-C={b—c:beB,ceC} and |B| = sup |b].
beB

In order to prove the convergence of the attractors generated by
the discrete system (2.45)—(2.47) to the attractor generated by the
continuous system (2.11)—(2.18) we will use the following result, whose
proof can be found in [5]; see also [21], [19].

Theorem 5.2. Let S(t) be a closed m-semigroup, possessing the global
attractor A, and for kg > 0, let {Sg, 0 < k < Kolnen be a family
of discrete closed m-semigroups, with global attractor Ay. Assume the
following:

(H1) [Uniform boundedness/: there exists k1 € (0, ko] such that the

set
K= |J A

ke(0,k1]
18 bounded in H;
(H2) [Finite time uniform convergence]: there exists to > 0 such that
for any T™ > t,

lim sup |Spx — S(nk)x| = 0.
k—0 IeAk,nkE[to,T*}

Then
lim dist (A, A) = 0,
k—0

where dist denotes the Hausdorff semidistance defined in (5.1).

5.2. Application: The thermohydraulics equations. The system
(2.11)—(2.18) possesses a unique solution and thus generates a continu-
ous single-valued dynamical system S(t) : H — H, with global attrac-
tor A, bounded in V' (see, e.g., [15]). Using Theorem 4.1 one can prove
that the discrete system (2.45)—(2.47) has a unique solution provided
that k& < k(|luo||), for some k(|jugl|) > 0. The dependence of the time
step k on the initial data prevents us from defining a single-valued at-
tractor in the classical sense, but this difficulty can be overcome by the
theory of the multi-valued attractors. More precisely, in this article we
will prove that there exists kg > 0 such that if 0 < k£ < kg, the system
(2.45)—(2.47) generates a closed discrete m-semigroup {Si }nen, with
global attractors Ay, that will converge to A in the sense of Theorem
5.2.

In order to do that, we define, for £ > 0, the multi-valued map
Sy, : 28 — 27 as follows: for every @ = {0,0} € H,

St = {u={v,0} € V: usolves (5.3)—(5.4) below with time-step k} :
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(5.3)
(v,0") + vk((v,0") + kb (v,v,0") — k(e20,0") = (0,0), Vo' € Vi,

V'),
(5.4) (0,0') + Kk((60,0) + kby(v,6,0) — k(vy,0") = (6,0, VO € Vs.
We then have the following:

Theorem 5.3. The multi-valued map Sy associated with the implicit
Euler scheme (2.45)—(2.47) generates a closed discrete m-semigroup

{Sk}nGN-

Proof. Since conditions (S.1) and (S.2) are satisfied by definition, we
just need to prove that for each n € N, S is a closed multi-valued
map. For that, we let n € N be arbitrarily fixed and, as 7 — oo, we let

0 0 0 _ £,0 9OV ,0 — [0 O n n,0
u; — v’ in H, where uj = {05,07},u” = {v°,0°}. Also let u} € Spu;
be such that v} — u" in H, where u} = {7,607}, u™ = {v",0"}. We

507
need to show that u™ € Sju®.

Indeed, since uf € Sju, there exists a sequence (uf, uj, . . ., u?_l, uy),
with u} € Sguj™", such that
(5.5)

(11;,1)') + yk((v;,v')) + kbl(v;,vj-,v’) — k(ezej-,v’) = (vji-’l,v’), Yo' e W,
(5.6)
(02,0") + Kk((65,0') + kba (v}, 05, 0") — k((0})2,0") = (057",6'), V0’ € Vi

ERE R
The sequence ug-’ being convergent in H, it is also bounded in H and
thus there exists M > 0 such that

(5.7) sup [uj]? < M.
j

Then Lemmas 3.2 and 3.3 imply that for every ¢« = 1,...,n, the se-
quences v]i- and 9; are bounded in V; and V5, respectively. We therefore
have that there exist subsequences still denoted U;- and 8}, such that as

j — oc:

(5.8) vi — o', strongly in H; and weakly in Vi,

(5.9) 9; — 6%, strongly in Hy and weakly in V.

Now, passing to the limit in (5.5)—(5.6), we obtain

(5.10)

(v, 0") + vk((v', ") + kb (v, 0", v) — Ek(eaf',0") = (v 10, Vo' € W,
(5.11)

(07, 0)) + kk((0, ') + kbo(u, 0, 0') — k((v),0') = (61,0, V' € V.
We therefore obtain that u’ € Syu'~!, for each i = 1,...,n, and hence,

u™ € Spu™t C SPu®. This completes the proof of the theorem. O
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In order to prove the existence of the discrete global attractors, we
first prove the existence of absorbing sets. More precisely, we have the
following:

Proposition 5.1. There exists k5 > 0, independent of {vg, 00}, n, k,
such that if k € (0,ks] the following holds: there exists a constant
Ry > 0 such that for every R > 0 and |{vo,00}| < R, there exists
Ny = Ny(R,k) > 0 such that

(5.12) 1S {vo, 6o}l < Ry, Vn > Nj.
Hence, the set

By = {{v,0} € V: [{v,0}]| < R}
is a V-bounded absorbing set for {Sk}nen, for k € (0, ks).

Proof. Let k1 be as in Corollary 3.2 and let & < min{l,x;}. Also,
let R > 0 and |[{vg,0p}| < R. Then, by Corollary 3.2, there exists
Ny = No(R, k) > 0 such that

(5.13) {v™, 6"} < po, Vn > Np.

Let m := Ny + EJ Then equations (3.31) and (3.32) imply

(5.14) vk Y 1P < o6+ S pb(m — Nok,
Jj=No+1
(5.15) sk S 10 < 4 ol — Nolk
Jj=No+1
Adding the above relations we obtain
(5.16)
n . . 1 1
k 7112 7112 2 - _ - _ .
<' > Wl + w6 )) <o (24 5 (m = Nolk + —(m — No)k
Jj=No+1
Assuming that for every j € {Ny+1,--- ,m}
2+ m102) = 2 (24 = Nk + £ — Nk
I/ _— J— J— J— —
v " — k(m — Np) p A PR
we obtain
(5.17)

m

k ( 3wl + /<;H91'H?)> > (2 + %(m — No)k + %(m - No)k;) ,

Jj=No+1
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which contradicts (5.16). Hence there exists [ € {Ny+ 1,--- ,m} such
that

(5.18)

W12+ 1012 < —P— (24 L — NoYe+ L — No)i
~ k(m — Ny) v K
§2p3(2+1+1).

1% K
We, therefore, have
1 1 1 1
5.19 Lo <2(24+-+—-) -+~ = R~
519 N2 (205 1) (S r) = R

Applying Theorem 4.1 with initial data {v!,6'} we obtain that there
exists k4 (|[{v!, 0'}]) and Kg(||[{v",0'}]|) such that if k < ky(|[{0!, 0'}]]),
then

(5.20) o™, 0"} < Ks([[{v", 0°}H]). v = L.

Recalling (5.19) and the fact that x4(-) and Kg(-) are, respectively,
decreasing and increasing functions of their arguments, (5.20) yields

(5.21) [[{v",0"}]| < Kg(R.) = Ry,¥n > Ny = Ny(R, k) := No+ &J
provided that k£ < k5, where

(5.22) ks = min{1l, Ky, ka(Ry)}.

This completes the proof of Proposition 5.1. O

We are now in a position to prove the existence of the discrete global
attractors. More precisely, we have the following:

Proposition 5.2. For every k € (0, k5|, there exists the global attractor
Ay of the m-semigroup {Sk }nen.

Proof. Let By = By (0, pg) be the bounded absorbing set given in Corol-
lary 3.2. Then Proposition 5.1 implies that S}'B, is bounded in V/, for
all n > Ni(po, k). Since V' is compactly embedded in H, we obtain
that SpBy is relatively compact in H and, thus, a(SpBy) = 0, for all
n > Ni(po, k). Condition (5.2) of Theorem 5.1 is therefore satisfied
and then the existence of the discrete global attractor Ay follows right
away. 0

Remark 5.3. Since the global attractor Ay is the smallest closed at-
tracting set of H, Proposition 5.1 implies

(523) Ak C Bhvk € (07 l{5]7
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and thus
(5.24) U AccB.
kJE(O,H5]

Let us recall that our goal is to prove, using Theorem 5.2, that the
discrete global attractors A, converge to the continuous global attrac-
tor A. Thanks to (5.24), condition (H1) of Theorem 5.2 holds true.
There remains to prove the finite time uniform convergence required
by (H2). In order to do that, we define, for any k£ > 0 and for any
function ¢, the following:

(5.25) Ur(t) =¥ t€[(n—1)k nk),

(5.26)  Op(t) = v+ © _k”’“ (" — D), € [(n— Dk, nk).

With the above notations, equations (2.46) and (2.47) can be rewrit-
ten as follows; for t € [(n — 1)k, nk):

(5.27)
(8vg§t)7v> + v((0k(t),0)) + by (0p(t), 0p(t),v) = <€Qék<t)”l]) + (fu(t),v), Yo € V4,
(5.28)

<898kt(t)’0> + K((0(1),0)) + ba(0r(t), Ok(t), 0) — (0k(t))2,0) = (gr(t),0), VO € V3,

where
(fr(t),v) = v((0(t) — vi(t), v)) + b1 (0k(t), 0k(t), v)
(5.29)
— by (g (), ve(t), v) = (e2(0k(t) — Ox(t)), v),
gy 900 = K((B0) = (0. 0) + ba(ok(0), Bu(0), 0
— ba(vi(t), 0k (1), 0) — ((0(t) — vk())2, 0).

Lemma 5.1. Let T > 0 be arbitrarily fized and let k < kg, where
(531) Ro = min{’i& I{4(R1)}7

with ks being given in (5.22) and k4 being given in Theorem 4.1. As-
sume that {vo, 0y} € Ay and let {v™, 0™} be the solution of the numerical
scheme (2.45)—(2.47). Then there exist K7(T*) and Ks(T*) such that

(5.32) il 220y < BE(T),
and

(5.33) gl 0z < RES(T?).
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Proof. Let us first note that for any ¢ € [(n — 1)k, nk) we have

(5.34) Gult) — nlt) = @ - ),

Also, since {vg, by} € Ag, we have that ||[{vg,0}|] < Ry (by (5.23))
and then Theorem 4.1 implies that for k£ < kg,

(5.35) [{v", 0"} < K¢(Ba), Vn > 0.

Now let v € V] be such that |[v]| < 1, and let ¢t € [(n — 1)k, nk) be
fixed. Using property (2.31) of the trilinear form by, we have

|01 (0k(£), 0k (t), v) — b1 (vk(t), vi(t), v)|

= [b1(0k(t) — vi(t), 0(t), v) + by (vk(t), 0k (t) — vi(t), v)]
< ([ on(t) — ve ()| (1ox (O] 4 ve (@) DI]v]

<clv™ —v" Y| (by (5.34),(5.35) and |jv]| < 1).

We also have

(5.36)

(5.37) vI((B:(8) — ve(t), )] < wllo™ — "1,
(5.38) [(ea(Bi(t) — O(2)), )| < [|6" — "1
Relations (5.36)—(5.38) imply

(5.39) 1£e®llvy < e(llv™ ="M + 16" — ")),

and thus, setting N* = |T*/k| and recalling that ||[{vo, 0o }|| < Ry , we
obtain
N*+1

2 *.\// - /dt / /dt
sy Meltora 4 Ol =3 [ 10l

< kE(T*)  (by (5.39), (4.18), (4.50)),

which proves (5.32).
Now let # € V5 be such that ||6]| < 1, and let ¢ € [(n — 1)k, nk) be
fixed. Using property (2.36) of the trilinear form by, we have

(5.41)

b2k (t), 01 (2), 0) — bo(vk (%), O(2), 0)]

= [ba(T(t) = vi(t), B (1), 6) + ba(vr (1), O () — Bk (1), 0)|

< e ([[5(t) — o)1 )] + Non (@) 116x(2) — B () D161l

< cffo" ="M+ [l0" = 0" 7)  (by (5.34),(5.35) and [|0]] < 1).
We also have
(5.42) RI((Be(t) — 0u(2), 0)] < k6" — 0",
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(5.43) [(T0(t) = ve(t))2, O)] < o™ — 0" 1].
Relations (5.41)—(5.43) imply
(5.44) lgr(®)llvg < e(lo™ ="Ml + (16" — ")),

and thus setting N* = |T*/k]| and recalling that ||[{vo,6}|| < Ry , we
obtain
N*41

T* nk
sasy 1oy = [ g = 30 [ ool
n=1 v "™
< BKS(T*)  (by (5.44), (4.18), (4.50)),
which proves (5.33) and the proof of the lemma is complete. t

We are now able to prove that condition (H2) of Theorem 5.2 is
satisfied. More precisely, we have the following

Proposition 5.3 (Finite time uniform convergence). For any T > 0

we have

(5.46) lim sup 1Sy {vo, 00} — S(nk){ve, b} = 0.
k=0 L4560} Ay, nke[0,T7]

Proof. Let

(5.47) E(t) = v(t) = (1), mu(t) = 0(t) — Ou(2).

Subtracting (5.27) and (5.28) from (2.11) and (2.12) written in their
week form, respectively, we obtain

O8(t) / ,
(5.48) (770) + v((&(1), ")) + b (&(t), v(t),0)

+ 01 (Tx (1), §k(2), V) = (eamn(t), V') — (fu(t),0"), Vo' € VA,

877k<t> / , ,
(5.49) < ot ’9)+“<<Wk(t>a9))+b2(£k(t)79(t),9)

+ ba(Tk(t), (1), 6) = ((§r(2))2,0') = —(gu(t), 0), VO € V2.
Replacing v' by & (t) in (5.48), we find

1d
s 3 ISOF IGO0 &(0)
= (e2mi(t), & (1)) — (fu(t), &k (2)).
Using property (2.31) of the form b;, we bound the nonlinear term as

(Ex(1), v(0), (1)) < al&u® €D o]
< &I + Zle P o)1

(5.51)
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Using the Cauchy—Schwarz inequality, we also have

(eame(6),&(O)] < Inn()[&x(0)]
(5.52) < Ime(0) &)1

< GOl + S OP
(AORAO)E VO [O]
< &I + S IR
Relations (5.50)—(5.53) imply
d
Sla P +aOIP < lo@IPle )

C C
“Ine(O? + =|| fu (D%
@) + 1O,

Now replacing ¢’ by n(t) in (5.49), we find

s 3 OF + RO + b0, 60) )

= ((&(1))2, (1)) = —(gk (1), Mk (1))-

Using property (2.36) of the form by, we bound the nonlinear term as
(5.56)
[B2(&(8), 6(8), ()] < eol& (D1 & O 10 e (0) e () |2

< sla” + S0P

c c
+ 0PI + —10@) P me(6)]
Using the Cauchy—Schwarz inequality, we also have the following bounds:

(€2 ()] < 660 me()
< Sl + e o),
e t). me )] < gl e 0)]
< I+ = llae®) .
Relations (5.55)—(5.58) imply
SIOF + sl <%l + 1o PP
(5.59) + 10O + ~ (0

C 2
+ o)y

(5.53)

(5.54)

(5.57)

(5.58)
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Adding equations (5.54) and (5.59), we obtain
d 2
(&P + ) + SUIEON + wlm®]?
C 1%
< (@2 + 16@IE +2) I
1% K
te 242160 ) moP
c J— —
L Mk

Cc Cc
+ ;llfk(t)HQvl/ + E||gk(t)||%/,;-

As shown in [15], the solution {v, 0} of the continuous problem is uni-
formly bounded in V for all ¢ > 0. More precisely, we have

(5.61) sup sup |[S(t){vo, O} < c.
t>0 {’Uo,eo}GBl

(5.60)

Thus, inequality (5.60) becomes
d 2
ZUG@F + In(O)F) + 3vIEO1° + £l @)1

< &) + Ine()P) + S + ~llge (O]

By Gronwall’s lemma and using the fact that & (0) = n(0) = 0, we
obtain

(5.63) €O + @) < ce™ (IfllZa0rvy) + N9nllZ20.)
and recalling (5.32) and (5.33), we find
(5.64) €O + ()] < ek,

for some constant ¢ = ¢(T*) > 0.
We therefore have,

(5.62)

(5.65)

lim sup Sk {vo, 0o} — S(nk){vo, bo}|

k=0 f40,00}€ Ay, nke[0,T]

= lim sup sup {v", 6"} — {v(nk), 6(nk)}|
k=0 fyg,00} €Ak, nke[0,T] {v,07}€S7 {vo,00}

= lim sup sup {Bk(nk), Ok (nk)} — {v(nk), 0(nk)}|
k—0 {U0790}€A1€7 nk‘E[O,T*} {U",Q"}ESZ{’U(),@()}

= lim sup sup [{&k(nk), nk(nk)}| =0,

k=0 f10,00} € Ay, nke[0,T%] {v7,67} €57 {v0,00}

which concludes the proof of the lemma. 0

We have, therefore, proved that conditions (H1) and (H2) of Theorem
5.2 are both satisfied and thus, the long-term behavior of the semigroup
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S(t) generated by the continuous thermohydraulics equations (2.11)—
(2.12) is approximated by that of the m-semigroups generated by the
discrete system (2.45)—(2.47). More precisely, we have the following
result concerning the approximation of the attractor; this is our second
main result:

Theorem 5.4. The family of attractors {Ay}re,x, converges, ask —
0, to A, in the following sense:

lim dist (A, A) = 0,
k—0
where dist denotes the Hausdorff semidistance in H, namely
dist(Ay, A) = sup in£|xk — .

€A T
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