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The aim of this article is to establish the existence and uniqueness of stochastic solutions
of the two-dimensional equations of the ocean and atmosphere. White noise is additive,
and the solutions are strong in the probabilistic sense. Finally, from the point of view of
partial differential equations, they are of the type z-weak, that is bounded in L°° (LQ)
together with their derivative in z.
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1. Introduction

The mathematical theory of the Primitive Equations (PEs) for the ocean and the
atmosphere has made substantial progress since the early articles [10,11]. For the
most recent developments, see the review article [17] and the subsequent articles
by Cao and Titi [4] and by Kobelkov [9]. The object of the present article and of
the companion article [7], is to study the existence and uniqueness of stochastic
solutions to these equations driven by an additive white noise; the space dimension
two is considered in this article and the space dimension three in [7]. Note that these
two articles are devoted to the concept of strong solutions, strong in the probabilistic
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2 B. Ewald, M. Petcu € R. Temam

sense, that is, the solutions defined pathwise. The concept of weak solutions defined
by martingales will be investigated elsewhere. As we explain below, the white noise
is additive, i.e. of the form dW/dt, and strong solutions are obtained by requiring
enough spatial regularity on W (as in, e.g., [1,2]).

We start, in Sec. 2, by presenting the two-dimensional Primitive Equations with
periodic boundary conditions as in [12] and give their functional formulation. We
also state a result of existence and uniqueness of (semi) weak solutions which will be
the starting point for the stochastic case. This result of existence and uniqueness
of solutions is an unpublished result of Ziane which will appear in [13], but we
prove here, in Sec. 3, a slightly more general version of it. We proceed in Sec. 2 by
introducing the probability spaces and the driving white noise. Finally, in Sec. 3,
we consider the actual two-dimensional PEs driven by a white noise as well as prove
and state the main result of existence and uniqueness of solution.

We consider the equations for the ocean; the equations would be the same for the
atmosphere if we use the potential temperature instead of the usual temperature,
(see, e.g., [8] or [6]) and if the vertical coordinate is the pressure. The coupled
ocean-atmosphere pertain to the same methods. Furthermore, we consider only the
space periodic case. All the other cases (ocean with different boundary conditions,
atmosphere or coupled ocean-atmosphere) are treated in the same way at the price
of some modifications in the notations which are described briefly below and with
full details in [17].

2. The Two-Dimensional Space Periodic Primitive Equations

For the sake of simplicity and to follow [12], we do not consider the salinity; intro-
ducing the salinity would not produce any additional technical difficulty. In this
case, the density p is a linear function of the temperature 7.

Because of the hydrostatic equation, it is not possible to produce a solution
that is space periodic in all variables without restriction. For that reason, p,p
(the pressure) and T below represent the deviation from a stratified solution. In
what follows, p is the stratification profile for which N? = —(g/po)(dp/dz) is a
constant, and, as usual, by the hydrostatic equation and the equation of state,
dp/dz = —gp and p = po(1 — a(T — Tp)), po, To being reference values of p and T
(of the same order as p and T). Furthermore, the periodic (disturbance) solutions
that we consider present certain symmetries that are described below (see (2.2)
below). We refer the reader to [12,17] for more details on the physical background.
The PEs that we consider here are written in nondimensional form (see [12]), and
they read:

ou, ou, 0w 1 1dp
ot u@x w@z Rov Ro 0x
ov ov ov

1
E—Fu%—i—w&—kﬁu:%Av—i—Fv, (2.1b)

= v,Au+ F,, (2.1a)
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op
& = =P (21C)
Ju  Ow
e + 5= 0, (2.1d)
2
%—Fu@—i—w@ — N—wzypAp+Fp. (2.1e)

ot ox 0z Ro

All the independent variables (¢, z, z) and the dependent variables (u, v, w, p,p)
are dimensionless, as are the forcing and source terms (F,, F,, F},). Here, (u,v, w)
are the three components of the velocity vector and, as we have mentioned, p
and p denote the pressure and density deviations, respectively, from the pre-
scribed stratified state. The (dimensionless) parameters are the Rossby number
Ro; N, which is related to the Burger number; and the (eddy) Reynolds numbers
vy and v,.

Some motivations on the physical background and the derivation of these equa-
tions are given in [12]. The two spatial directions are 0z and 0z, corresponding
to the west-east and vertical directions in the so-called f-plane approximation for
geophysical flows (see [12]); A = §%/022 + §%/92.

We work in a limited domain M = (0,L;) x (—L3s/2,L3/2), and we assume
space periodicity with period M, that is, all functions are taken to satisfy

flz+ L1, 2,t) = f(x,2,t) = f(x,z + L3, t) (2.2)

when extended to R2.

Moreover, we assume that the following symmetries hold:
=u(z, —2,1), F(z,2,t) = F,(x,—2,t),
=v(z,—2z,t), Fy(z,z,t) = Fy(x,—2,1),
plz,z,t) = —p(x,—2,t), Fy(z,2,t) =—F,(r,—2,1),
w(z, z,t) = —w(x,—2z,t), p(z,z,t)=plx,—21).

(2.3)

Here, u,v and p are said to be even in 2z, and w and p odd in z.
Our aim is to solve the problem (2.1a)—(2.1e) with initial data

u=uy, v=4uvy, p=po, att=0. (2.4)

Hence the natural function spaces for this problem are as follows:

per

v {U= (w0, p) € (e (M))?,

L3/2
u,v even in z, p odd in z,/ u(x,2")dz = O}, (2.5)
—L3/2

H = closure of V in (L2(M))®. (2.6)



1st Reading

February 5, 2007 16:50 WSPC/176-AA 00094

11

13

15

17

19

21

23

25

27

29

4 B. Bwald, M. Petcu & R. Temam

Here the dot above ngr or L? denotes the functions with average in M equal
to zero. These spaces are endowed with Hilbert scalar products; in H the scalar

product is

(U, 0)n = (u, )12 + (v,5) 2 + K(ps ) 12, (2.7)
and in H;er and V the scalar product is (using the same notation when there is no
ambiguity):

(U, 0) = (u, @) + (v, 0) + K((p, ). (2.8)

Here, we have written dM for dzdz, and

wwzﬂigg+%gyw; 2.9

the positive constant x is defined below. We have
Ulu < colUll, YUEV, (2.10)

where ¢y > 0 is a positive constant related to x and the Poincaré constant
in Héer(/\/l). More generally, the ¢;, ¢}, ¢/ will denote various positive constants.
Inequality (2.10) implies that ||U]| = (U, U))*/? is indeed a norm on V.

Let us recall that we can express the diagnostic variables w and p in terms of
the prognostic variables u,v and p. For each U = (u,v,p) € V, we can determine

uniquely w = w(U) from (2.1d):
w(U) = w(z, z,t) = —/ ug(z, 2, 1) d2’, (2.11)
0

since w(x,0) = 0, w being odd in z. Furthermore, writing that, by periodicity and
antisymmetry, w(z, —L3/2,t) = fw(x, L3/2,t) = 0, we also have

Ls/2
/ ug(z,2',t)dz’ = 0. (2.12)
~L3/2

As for the pressure, we obtain from (2.1d),

p(x, 2,t) = ps(z,t) — / p(z, 2’ t)d7, (2.13)
0

where ps = p(x,0,t) is the surface pressure. Thus, we can uniquely determine the
pressure p in terms of p up to ps.

We then derive the variational formulation of problem (2.1a)—(2.1e). For that
purpose, we consider a test function U = (@, ,p) € V and we multiply (2.1a),
(2.1b) and (2.1e), respectively by 4, and kp, where the constant x (which was
already introduced in (2.7) and (2.8)) will be chosen later. We add the resulting
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1 equations and integrate over M. We use (2.1c) and (2.1d) for the term involving p,
and we arrive at:
d ~ - - 1 - - -
3 &(U,U)H+a(U,U)+b(U,U,U)+Ee(U,U):(F,U)H, YU eV. (2.14)

Here, we have set

a(U,0) = vy((u, @) + v (v, 0)) + kv ((p, p)),

e(U,U) = % /M(uf; — o) dM + % /M(pzb — kN?wp) dM,

~ out out o’ ot
4 _ ~ -
b(U,U*U) /M (u—&r + w(U)—az )u dM + /M <u—ax + w(U)—az ) v dM

We now choose x = 1/N? and it can easily be seen that:

a:V xV — R is bilinear, continuous,
e:V xV — R is bilinear, continuous,
a+ e is coercive, a(U,U) + e(U,U) > 1||U||?,VU € V,¢1 > 0, (2.15)
b is trilinear, continuous from V' x V5 x V into R,
5 and from V x V x V5 into R,

where V5 is the space VN(HZ,,(M))? (which is closed in (HZ,,(M))?). Furthermore,

per
b(U,U, Ut = —b(U, U, U),

o (2.16)
7 WU, U,U) =0,

when U, U,U* € V with U or Ut in Va. We also have the following (see [10-12]):

Lemma 2.1. There exists a constant co > 0 such that, for all U € V, UeVyand

Utev:
(U, U%, D) < eof UL NUIN2 0% D120
+ e[ UNTHY 2083210 21T 2. (2.17)
9 Alternatively, we can introduce the linear and bilinear operators A, B, ¥ from
V into V', defined by
(AU,U) = (U, ), YU, U eV,
(EU,U) = e(U,U), YU, U eV,
11 (B(U,U),U% =b(U,U,U*), YUUEeV,UteVs,



1st Reading

February 5, 2007 16:50 WSPC/176-AA 00094

11

13

15

17

19

21

23

25

27

6 B. Ewald, M. Petcu & R. Temam

and we then write (2.14) as a functional differential equation:

CZ—ZJ + AU + B(U,U) + EU = F, (2.18)

which we supplement with the initial condition
U(0) = Up. (2.19)

The usual terminology in PDEs and fluid mechanics is to call weak solutions, the
solutions of (2.18)—(2.19) which belong to L>°(0,t1; H) N L*(0,t1;V),Vt1 > 0, and
strong solutions, the solutions belonging to L>(0,t1; V) N L2(0,t1;V2),Vt; > 0. It
was shown (see [17] and the references therein) that, for the incompressible Navier—
Stokes equations in space dimension two, (2.18) and (2.19) possess a unique strong
solution defined for all time (with suitable hypotheses on the data). Concerning the
weak solutions, existence for all time has been shown (see, e.g., [10,11,17]), but,
unlike the Navier—Stokes, the uniqueness of the two-dimensional weak solutions has
not been proven. Instead, we have a result of existence and uniqueness of (semi)
weak solutions which we now recall.

Theorem 2.2. Given Uy € H, with Uyy = 0Uy/0z € L*(M)3, and F €
L>®(R,; H) with Fy = 0F/0z € L™ (R, ; L2(M)?)), there exists a unique solution
of (2.18) — (2.19), defined for all t > 0 and satisfying:

U eC([0,t1]; H)N L*(0,t1; V), Yt >0,
U. € C([0,t1]; L2(M)*) N L2(0,t1; HY(M)?), Vi1 > 0.

As indicated before, this unpublished result of Ziane will be included in [13].
However, we show below in Sec. 3 a result slightly more general than Theorem 2.2.

Remark 2.3. Before we proceed, we would like to explain how Eq. (2.18) relates
to the initial equations (2.1a)—(2.1e). For that purpose, we introduce the orthogonal
projector P from L?(M)3 onto H. It is easy to see that if U = (u, v, p) € L2(M)3,
then

PU = (u —u,v, p), (2.20)
where u is the average
1 L3/2
u(r) = — u(z,2")dz’. (2.21)
Ls J_ 1,2

The domain D(A) of A in H is the same as the space denoted V5 before, and for
U e D(A),

AU = — (1, A(u — @), v, Av, kv, Ap).

Hence, with w = w(U) and p = p(U), defined as explained in (2.11)—(2.13), the sec-
ond and third components of Eq. (2.18) are the same as (2.1b) and (2.1e), whereas
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the first component of (2.18) expresses the fact that the projection P of Eq. (2.1a)
is satisfied:

P (3u ou ou 1 1 dp

at " "or Yoz Ro' E%):P(VUAU—'_FU). (2.22)

Alternatively,

ou ou ou 1 1 9p

Do Py Aut F,+ o, 2.23

6t+u8x+w82 RoU+R08x vl t Fu+ ¢ (2:23)
where ¢ = ¢(z,t) € (I—P)(L*(M)3). According to (2.13), p is not fully determined
by the knowledge of p, as ps = ps(z,t) remains unknown. Hence, by changing p
(that is, ps), we can in fact choose ¢ = 0 in (2.23) and rewrite this equation as

ou ou ou 1 Lo [  , ., 10
ot "o T T R Roow 0 pl) dz+ coxl* T vohu+t By (224)

Here, ps = ps(x,t) is defined up to a function of ¢ which could be determined if we
impose, e.g., f_Lz£22 ps(x,t) de = 0. Furthermore, once u, v, p, w are determined by
Egs. (2.18), (2.19) and (2.11), Eq. (2.24) precisely determines p; = ps(z,t). This
remark will be useful in the understanding of the component of the white noise on

the orthogonal of H in L?(M)3, that is (I — P)(L*(M)3); see Remark 3.4.

3. The Stochastic Primitive Equations

Our aim is now to consider the stochastic version of Theorem 2.2. We denote by
(Q, F,P) a probability space® with expectation E. The process W = W (t,w),t > 0,
w € Q, is an H-valued stochastic process defined on the probability space (for
instance, a Wiener process, cf. [5]), subject to the following regularity in space and
time: for P-a.e. w € §,

W(,w) € C(Ry; V), (3.1)
and
0
aW(-,w) €C(R4; V). (3.2)

Furthermore, the mapping w +— W(:,w) is measurable with respect to the Borel
measures generated by the corresponding spaces.

We also have a filtration {F;},- , that is, the F; are o-subalgebras of A which
increase in ¢ and are right-continuous in ¢. The Wiener process W will be adapted to
the filtration, and the initial condition Uy must be measurable with respect to Fy.

2In this article, Q2 denotes the probability space and not the angular velocity of the earth, as is
usual in geophysical fluid mechanics.
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8 B. Ewald, M. Petcu & R. Temam

We are now interested in solving the Ito differential equation:
dU = —(AU + B(U,U) + EU — F)dt + dW, (3.3)
or, in short, with obvious notations,
dU = =N (U)dt + dW, (3.4)
with
U(0) = Up. (3.5)

For that purpose, we will perform the change of unknown function U = U — W.
In this way, the white noise dW/dt disappears and the equation for U is a statistical
equation, that is an equation similar to (2.18) with the probabilistic parameter w;
namely

C;—[t]+A[7+B(W, U)+B(U,W)+B({U,U)+BW,W)+EU=F, (3.6)
with
U(0) = Uy = Uy — W(0), (3.7)
and
F=—(AW + EW) + F. (3.8)

The resolution of (3.6)—(3.8) will be similar to that of (2.18), (2.19), provided we
assume enough regularity on W. In fact, the only difference between (2.18) and
(3.3) is the occurrence of the terms (linear in U) B(W,U) and B(U,W).

Due to (3.8) and the hypotheses (3.1)-(3.2) on W, we can prove the following
lemma:

Lemma 3.1.
Up € H, Uy € L2 (M)3, (3.9)
F,F, € L®(R.; V). (3.10)

Proof. For (3.9) and due to (3.7), it suffices to notice that W (0) € H and W,(0) €
L2 (M)3.

For (3.10), due to (3.8), it suffices to show that each of the following terms
separately belong to L>°(R;; L?(M)?), as well as their derivatives in z: AW, EW,
B(W,W). The result follows promptly for AW and AW, (for the latter, it suffices
to observe that AW, is in L>(R; L?(M)?3)). The result is also easy for EW and
(EW),. The lemma is proven. m|

Having established the properties of F and V), we now show the existence and
uniqueness of solutions of (3.6)—(3.8) which will imply the main result, the existence
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and uniqueness of solutions of (3.3)—(3.5). Note also that, when W = 0, Eqgs. (3.6)—
(3.8) are the same as (3.3)—(3.5) and (2.18)-(2.19) so that, in fact, the following
theorem is a generalization of Theorem 2.2.

Theorem 3.2. There exists a unique solution U of (3.6)(3.8) such that

U and Uy € C([0,t1]); H)NL2(0,t1; V), Vi, > 0. (3.11)

Proof. For the existence of solutions, the proof of this theorem as well as that
of Theorem 2.2 is based on the obtention of formal a priori estimates which are
established by assuming enough regularity on U.
(a) We start with the a priori estimates concerning U and continue in point (b)
with the a priori estimates concerning Uy .
We take the scalar product of (3.6) with U in the duality between V and V'
and, taking (2.16) into account we find:
1d, - ~ - ~ ~ ~ - -
5 3 |Ula = a(U,0) + b(U, W, U) + bW, W,U) + e(U,U) = (F,U)u
We now take into account the coercivity of a 4 e (see (2.15)) and this yields:
5 dt|U|H +al[U1P < |[E[v U]+ 5T, W, 0)| + [b(W, W, T)|.
Since

b(ﬁ,W,ﬁ):/ ﬂa—W-UdM+/ oW -UdM,
M M 32

the first term of b(U, W, U) can be estimated as:
8W
M 833

ow

il | 27 o
N ™

dx

IN

NU|ps < ¢
L2

U1a|U|l

Tam|
L2 (M)

IN

C1 7 ~
ZNOIZ + W IO L2 )

where the ¢} continue to denote various positive constants.
The second term of b(U, W, U) is estimated as follows:

ow ~
‘/ UdM' < Juw( )|L2(M)' 5 ' |U|a(m)
(M)
3/2 3W 1/2 3W 1/2 1/2
|0 5 5 U5
2
C1 77112 ’ 8W 8W
< hilad
2 NUIE + e |- 5 1%
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We have now to estimate b(W, W, U) as follows:

Ib(WW,ﬁ)|=’/ uba—W-ﬁd/\/H—/ wba—W-ﬁd/\/l}

< cﬁl|ub|L4

ox

] Olos + |1
L2

oW N
] 0]
Z | e

IN

SIIW T2 1T )12
C1 7 ~12/3
S0P + w015,

N

1 where W = (u°,0°, ).
Taking into account all the above estimates, we find:

d -~ - N
3 SO + cll01 < 0T + g2, (312)

where g1 and g are the following functions:

2 2

ow
e + e |WP,

0z

g1 =g1(t) = ¢4 oz

2

L2
g2 = g2(t) = W I*> + | F[3,,.
We classically derive from (3.12) that

The norms of U in L>®(0,t1; H) and L(0,t1;V)

.1
5 are bounded in terms of the data, Vt; > 0. (3.13)

(b) We now continue with the a priori estimates concerning U.. For that purpose,
we differentiate (2.1a), (2.1b) and (2.1e) with respect to z and then multiply these
equations by uz,wy and kpy respectively, and integrate over M. By adding the
resulting equations, we find (compare to (3.6)):

1d -~ - - .

EE|UZ|%,+a(Uz,UZ)+e(Uz, L) +0(W,,U,U,)
+0(U, W, U.) +b(U.,W,U.) +b(U.,U,U.)
+b(Wzv Wa 02) + b(Wa Wzv UZ) = ( ~Za 02)H

Using (2.10), (2.15) (coercivity of a + ¢), (2.16), and the Schwarz inequality, we

find:
Ld ~ o2 - - T - >
§E|UZ|H +al|UL|]° < col Fe|v |UL || + [6(W,, U, Uz)| + [b(U, W2, U.)|
+ [b(0=, W, T.)| + [b(U-, U, U.)| + [b(W-, W, U.)]

+ b(W, W, T,)|. (3.14)



1st Reading

February 5, 2007 16:50 WSPC/176-AA 00094

Stochastic Solutions of the 2D PEs of the Ocean and Atmosphere 11

We can now estimate the trilinear terms from the right-hand side of (3.14) as
follows:

o|b(W.,U,U. |_V baU UdM+w‘9

aUal/\/l‘

‘/ uiﬁzﬁzd./\/l—/ u;ﬁZUZdM‘
M M

IN

0’7/ |WZ||UI||UZ|dM+c’7/ W, [0 [2dM
M M

IN

kW |1a|Uslr2|Us|ps + k| Walr2|U.[74
1/2 7 7
hl| W | Us| 2] U | 2 PNTNY2 + cy|We| 120 12| T2 |
+ 14/3 2/3
E”UZHQ+610HW2||4/3|U03| 2|0, |72 P W 2.0 2.

A

\ /\

1 We then estimate the following term:

o|0(U, W,,U.)| = ‘/Maayz -UZdM+/M w(U)aasz U, dU|. (3.15)

The first term of (3.15) can be bounded in the following way:

ow. - ) i ) )
‘/ i -Usz‘</ (] - [Woa | - 002 M <[] pa| W | 12|
MmOz M
i o
< UL NT M2 W] - T2 T ) 2
C1 o~ ~ 2/3 ~
< E||UZH2+CI13|U|}{ T3 W ||*/3]T. 273

The second term of (3.15) requires a different treatment for the integrals in the
vertical and, respectively, the horizontal direction:

U U)YW..U. dM‘ | (O)|pee |Wez|£2|U- |12 da

Ll ~ ~
< iy [ 0011 W 122
0
< s |Usl 2 a) Wz | L2 || Uzl p2 | Lo
< elUsl Lz W | U-]]
C1 ~
< Ellell2 + AU IW. 12

3 Here and below, L2 is L*(0, L1) and L2 is L*(—Lss, L3/2). We also used the fact
that in dimension one, we have the Sobolev embedding H! C L2°, which implies:

5 Ulpee(r2) < c|Ulmrey < || U]
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The third and fourth trilinear functional forms from the right-hand side of (3.14)
are now estimated as f0110WS'

o [b(T.,W,U, |_‘/ i UdU+/ wzaaw U. dM
M

< CIW |L2|U |2 1T + efT | 2 [ W2 2 W | /2[00 T 2
IIU I + sl W 32|02 32 + cto| O 157 (W2 707 W 2/

4/3 2/3
+ oo | U 2 W22 W 1230 2.,

and
000 = | [ aﬁ_U.ﬁsz+/wﬁ_U.ﬁsz|
<C/21|U |L2|0 |L2||0 |
< SN2 + o[ U 320
We also find:
o [b(W., W, U, |_}/ baW UdM+/ za(;w U, dM

< / W, | W [T dM
< | W |2 [ W |52 | W |2 0L 22 T /2
+c24|w |2 (W 2V 0. 2 O ) 2
HU 12 + chs (Wl 152 (W 1250+ W 22) | W23 035

I /\

4/3 2/3
<3 |\U|\2+c25<|W|/|W|/ WL RDIWLP2 (1 + (0. %)

The last trilinear form in (3.12) is estimated as follows, using again a different
treatment for the vertical and horizontal directions:

/ba UdM+/ b‘Wz-ffzd/w

< / | (W | O] M + / 0P| e (W | 2|0 2 d

o bW, W.,U)| =

1/2 1/2
< he| WIS IW M2 W[ T 1221 )|/ 2
+ e | Wl L2ty | Wzl L2y [|Uz] 22 |
2/3 7
< 12HU 12 + chs | W32 W22 | W |3 (1 + 0. 3)
+ cho [ W[ W2 |12

1 Gathering all the above estimates, we find:

d - . .
EIUJ# +al|Ua* < ga()|Ux172 + ga(t),
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where
g3(t) = LW V3101 155 + (Walda + (O3 | T12/3 W ]|/
WL 2o W P72 + W 32 W R IWL 2% + 103
W IWI W},
and

94(t) = S{IE S + WLl V2T, 135 + [T IO *5 + O )2
WL W22 4 (W [ 2 (W 5 W 1273 4 (W52 w273 w7
+IWIP W%}

From the assumption on F' and W (see Lemma 3.1) and the previous estimates
on U, we know that g5 and g4 belong to L'(0,t;), for every t; > 0, and that we can
bound the norms of these functions in L'(0,#;) in terms of the data. Hence, using
the Gronwall lemma, we find

The norms of Uy in L>(0,t1; H) and

1
L?(0,t1; V) are bounded in terms of the data, ¥t;. (3.16)

(¢c) Existence of solutions

Using the Galerkin method based on the suitable Fourier series expansions (in V/
and H), and repeating the calculations leading to (3.13) and (3.16), we classically
obtain a solution U of (3.6)(3.8) such that

U and Uy e L¥(0,t; H)NL*0,t1;V), Vi1 > 0.

Passing then from L*°(0,¢1; H) to C([0, t1]; H) as stated in (3.11) can be made using

classical techniques (see e.g. [15,17]).

(d) To conclude the proof of Theorem 3.2, we need to show the uniqueness of U.
For that purpose, let U; and Uy be two solutions of (3.6)(3.8) and let U =

U, — Us. Subtracting the corresponding equations (3.6)(3.7) from each other, we

find

W+ AU +B(W,U)+ B(U, W) +

B(Uh,U) + B(U,U) + EU =0,
U(0) = 0.

(3.17)

We take the scalar product of (3.17) with U, and use (2.15)~(2.17). We find

2
SN0 + el = b0, W+ 0,0)

oWty o
< o | 2O 01,01 410
L2
ow +0:) [ |oow + o) ||
+ Uz + Us ~11/2)1 75
x’ e e A




1st Reading

February 5, 2007 16:50 WSPC/176-AA 00094

11

13

15

17

19

14 B. Ewald, M. Petcu € R. Temam

2

c1 o~ oW + U ~
< oy + e |2 A
" O(W + Us) O(W + Us) 1.
0z 0z
H
Hence,
_ 2 _ _
di o~o _ ) 10W+Us) O(W + Us) OW +Ua) (| | 72
ol < hASAR RV . .
dtlU|H = ox Lo + 0z Lo 0z Ul (3.18)

By the properties of W and U, the function ¢ — ||W (t)+ Us(t)]| is integrable. Then,
(3.18), U(0) = 0 and the Gronwall lemma imply that U(t) =0, V¢ > 0.
Theorem 3.2 is thus proved and, as we have mentioned, this gives also a proof

of Theorem 2.2. O

We now conclude by restating Theorem 3.2.2 in terms of U for Egs. (3.3) and
(3.5), and this is the main result of this article, namely the existence and uniqueness
of solution of the 2D Primitive Equations with an additive white noise.

Theorem 3.3. We consider the probability space (2, F,P) and the process W =
W (t,w) satisfying the hypotheses (3.1) and (3.2). We are given Uy € H with Uy, =
OUy/0z € L2(M)3 and F € L (R ; H) with Fy = 0F/0z € L= (R, ; L>(M)3?).

Then, there exists a unique solution U of (3.3)~(3.5) (the 2D Primitive Equations
with an additive white noise), such that

U and Uy € C([0,t1]; H) N L*(0,t1; V), Vi, > 0. (3.19)

Remark 3.4. This remark concerns the interpretation of (3.3). First, we observe,
from the stochastic point of view, that (3.3) and (3.5) amount to the following,

Ut) =Uy— /0 [AU(s)+ B(U(s),U(s))+ EU(s) — F(s)] ds +/0 AW (s), (3.20)

where the last integral is an Ito integral. From the PDE point of view, (3.20) is valid
in V’, for every t (or in H if the solution U enjoys additional regularity properties).
Hence, as in (2.22)-(2.24), the first component of (3.20) is equivalent in H (M)
(or L*(M) with more regularity), to:

oo [ 2t Ly, Lo,
Y 0 u@x w@z Rov Ro 0x s

— /t(uUAu—f—Fu)ds—k/t dW (s) + ¢, (3.21)
0 Jo

with ¢ = ¢(x,t); as for (2.24) we can assume that ¢ = 0, by changing p,. Also
there is no component of ps related to the underlined Ito integral if W is chosen
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as in (3.1) and (3.2). If we replace V by H~1(M)3 for the hypotheses on W, in
particular, if instead of (3.1) and (3.2), we assume that

ow
0z
then p (9ps/0x) will contain a contribution from the white noise (the Ito integral)
and we have (since (I — P)u = 0):

W(,w), (,w) ECRy; H Y (M)?), P-ae we, (3.22)

Ips PT Ou ou 1 1 [0 )
8—_(I P)/O {uax—i—waz 75! Ro/o 8mp(x,z,s)dz+uvAu+Fu ds

+ /0 AW (s). (3.23)
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