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Abstract—We present and study the stability and convergence, and order of convergence of
a numerical scheme used in geopbysics, namely, the stochastic version of a deterministic “implicit
leapfrog” scheme which has been developed for the approximation of the so-called barotropic vorticity
model. Two other schemes which might be useful in the context of geophysical applications are also
introduced and discussed. © 2003 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Much effort has been invested in studying numerical schemes for stochastic differential equations
of the form
dU = a(Uy) dt + b(Ut) dW4, (1.1)

where U; € RY, a is a function from R? into itself, W is a Wiener process on R™, and b is a
function from R? into R4*™,

For the so-called weak approximation of (1.1), in which the approximation of the expectation
of functions of U is considered, extensive work is due, for example, to Talay and his collaborators,
work relying on probabilistic methods more involved than those used in this article (see, e.g., [1-3]
and the references therein).

The question of strong approximation of (1.1), in which the approximation of sample paths
of U is desired, has also been much studied. See, for example, the paper by Mil’shtein [4] for a
scheme of order O(At), and that by Riimelin [5] for an investigation of Runge-Kutta schemes.

The authors are very grateful to C. Penland for bringing these issues to their attention and they acknowledge
very useful discussions with her and with P. Sardeshmukh. We are also indebted to A. Debussche for several
improvements on an earlier draft, and to S. Faure, who provided the numerical simulations of Section 6.
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Especially, see the text by Kloeden and Platen [6], and the companion volume by Kloeden, Platen
and Schurz [7], which are a systematic investigation of numerical schemes for (1.1) in both the
sense of Ité and of Stratonovich, the two stochastic calculi which are in applications by far the
most useful. Their methods are analytic and are applicable to proving the convergence of a wide
range of numerical schemes, and they derive a very general scheme [6, formula (12.6.2)] which,
for various choices of parameters, includes stochastic analogues of such deterministic schemes as
the explicit and implicit Euler schemes, the Crank-Nicholson scheme, and the leapfrog scheme.

In the geophysics community, an enormous amount of work has been spent in developing large,
complex numerical models of the oceans and atmosphere. The questions therefore arise: is it
possible to add stochastic numerical noise to these already existing models in such a way that it
is known to what the scheme converges (e.g., to the It6 or Stratonovich solution of some stochastic
differential equation), to what order they may be expected to converge, etc.? While we certainly
do not answer these complex questions here, we consider a simple “implicit leapfrog” scheme for
a barotropic model (supplied to us by C. Penland and P. Sardeshmukh}, and demonstrate one
way of adding stochastic noise to it so that these questions can be answered for the resulting
stochastic scheme (Section 3).

We also examine the derivatives of a and b which occur naturally in the above schemes, and
which can prove to be troublesome in certain applications in which these functions, especially b,
are given by physical parametrizations (i.e., by “tables”) and not by analytic expressions. We con-
sider how these derivatives can be replaced by finite differences derived from space-discretization
while still maintaining the existing rate of convergence (Section 4).

Last, we propose a stochastic analogue for the deterministic Adams-Bashforth scheme, using
methods similar to those of [6], as an attempt to produce alternate schemes which are higher
order in time (Section 5).

2. PRELIMINARY RESULTS

We consider a stochastic differential equation
dUt = Cl(t, Ut) dt+b(t,Ut)th, (21)

for U = (u1,...,uq) € R% where a: Rt x R* — R%, b: Rt x R? — R¥>*™, and W is a Wiener
process in R™ adapted to a filtration {F;}:>o.

We then have the It6 formula, which states that, if F : Rt x R¢ — ]R‘i, then F, = F(t,U,)
satisfies the stochastic differential equation

o°F

Ouiduk

OF o OF 1. ..
dFtZ —5{4—& (Ft)m‘*‘abJ(Ft)bk](Ft)

oF

dui

] dt + b9 (F) =——dW7; (2.2)

here we use the Einstein convention for repeated indices.

We use the following notations from [6]. A multi-index is a row vector & = (41, j2,...,7¢) (each
Ji € {0,1,...,m}) of length £ = ¢(a) € {0,1,...}. We define n(a) to be the number of entries
of a which are 0. For adapted, right-continuous functions f, and stopping times p, 7 such that
0< p <7 <T as., we define (where a— is o with its final component removed)

(), if £(a) =0,
I, [f(')]p,'r = .f; I —[f(')]P,S ds, if e(a) 21, jlf(cx) =0, (23)
Iy Tac[F (Ve AW, i £(0)) > 1, ey # 0.

We also define the operators
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and, if f € C*(R* x R%,R), where h > £(a) + n(a), we set

fo { £, if £(at) =0,

. . (2.5)
Lnf_,, if .Z(a) >1.

Here —a is a with its first component removed.

We note that if f(t,u) = u, then foy = a, f; = b7, etc. In what follows, unless explicitly
stated otherwise, we will assume that f is this identity function.

A set, A, of multi-indices is said to be a hierarchical set if 4 # @, sup,c4¥(a) < o0, and
—a € Awhenever a € A—{v}. We then define the remainder set B(A) of Aby B(A) = {a|a ¢ A
and —a € A}. We can now provide a stochastic Taylor expansion for U satisfying (2.1): if
f: Rt x R* - R, then, provided the derivatives and integrals exist,

U =Y Llfalp Ulor + Y, Talfal U)o (2.6)

a€A a€B(A)

where A is some hierarchical set.
Now, for y =0.5,1.0,1.5,..., we set
1

f(a) + n(a) < 2y or £la) =n(o) =7+ 5} . (2.7)

4, ={a
We call the stochastic Taylor expansion with A = A, the expansion to order ~.

3. A STOCHASTIC “IMPLICIT LEAPFROG” SCHEME

The barotropic vorticity model supplied to us by C. Penland and P. Sardeshmukh of the
National Oceanic and Atmospheric Administration in Boulder, Colorado (see [8]), takes the form

-g—i = -V () + 8 —réE - Vi, (3.1)
where ¢ = V2 + f = £+ f and v = k x Vo. Here, ¢ is the total vorticity, v is the velocity
vector, f is the Coriolis term, S is a (deterministic) forcing, r and & are constants, and ¢ is the
local vorticity.

The numerical scheme they provided for this uses spherical harmonics, and, writing F' for
-V - (v(), the equation becomes

2
e = Fr sy g - [HE 0] (32)

a2
Then the scheme has two steps. First, a leapfrog step:
Em(t+ At) = (T(t — At) + 2A8[FR () + ST(2)], (3.3)
followed by an implicit step:

Cr(t + At)

Grt+ At) = 2]
1+ 2At [r+n[(n(n+ 1))/a?] ]

(3.4)

If we simplify notation and write a; for F + S and ay for ~7& — kV4£, we see that this is just
an “implicit leapfrog” scheme

Y(t+ At) =Y (t — At) + 2Atay1 (¢, Y (1)),

Y (t+ At) = V(¢ + At) + 2Atas(t + At, Y (¢ + At)), (39)
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for the equation

dU(t) = [a1(t, U(2)) + aq(t, U(t))] dt. (3.6)
Therefore, we consider a stochastic differential equation of the form
dUt = (al(t, Ut) + a2(t, Ut)) dt + b(t, Ut) th . (37)

Note that we have simply added a general diffusion term to the deterministic differential equa-
tion (3.6).
We will consider the scheme

?n+2 =Y, + 2a1 (tn+ly Yn+1)At + Mn(Yn) + Mn+1(Yn+1)7

~ (3.8)
Yot2 = Yoy + 2a0(tny2, Yai2)AtL,
where
Mn(y) = b(tn, y) AW, + bV (tn, 9)I1,1),n- (3.9)
THEOREM 3.1. Suppose that the coeflicient functions f, satisfy
lfa(t’x)_fa(t)y)l §K|a:—y|, (310)
for all o € Ay, t € [0,T), and z,y € RY;
fea€CY  and  f4€Heg, (3.11)
for all @ € AU B(A1,); and
|fa(t, 2)] < K(1+ |z}), (3.12)
for all @ € A1oUB(A14),t € [0,T], and z € R¢. Choose At < 1 and set N = T/At, and
define t,, = nAt for n = 1,...,N. Suppose that some appropriate numerical scheme is used to
generate Y7 such that E[|U;, — Y1|? | Fo]'/2 < CAt. Then,
1/2
E sup U, —Yul? | Fo| <CAL (3.13)
0<n

4. SPACE DISCRETIZATION

It sometimes happens in applications that the functions ¢ and b may only be known empirically
(i-e., in tables) rather than analytically. In such cases, analytic derivatives of these functions can
be difficult to obtain. It is, therefore, useful to replace these derivatives by discrete approxima-
tions. As a first example, consider this modification of Mil’shtein’s scheme

Ty =+ 3009 (3,) AW+t (V) A
=1

(4.1)
2,41 (1 Kz (¥ ¢ gz ($
+ Z b " ( ) (b ” ( n+ Aze ) — bh (Yn)> L1.32)m0
Juizt= 1
where e’ is the vector (0,...,0,1,0,...,0) with 1 in the £** position, and we have chosen Az > 0.

We have also suppressed the dependence of a and b on time to simplify notation.
We then have the following theorem.

THEOREM 4.1. Suppose that a and b have the regularity required for M11 ‘shtein’s scheme to
converge to the solution U to order At. Then,

-

U,-Y,

E [ sup 2] "o (ma.x {At, AmAtl/z}) . (4.2)

0<n< N

Note that if we want to maintain the order of convergence of Mil’shtein’s scheme, we need that
Az = O(AtY?).
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5. A STOCHASTIC ADAMS-BASHFORTH SCHEME

The following is a stochastic version of a scheme which is very effective and commonly used
in computational fluid dynamics. The deterministic Adams-Bashforth scheme for the ordinary
differential equation ¢’ = F(¢) takes the form

Burt = bu+ SBF(a) = Fl6a-o)] CBY

This scheme is order At? in the deterministic case.
We consider the following stochastic Adams-Bashforth (SAB) scheme:

3 1 3
Yn+2 = Yn+1 -+ 5a(tn+1, Yn+1) e Ea(tn,Yn) At — 'iAtAn(tny Yn) -+ Bn(tn, Yn), (52)
in which
An(t,z) = Lla(t, ) AW? + L7 L7a(t, 2)1(j, jy)s (5.3)
where the random intervals are from time ¢, to t,41, and
B, (t,z) = ¥ (t,z) AW + LW (¢, z) 1o, + La(t,z)I(; 0
+ le bj2 (t, x)I(jl,jz) -+ LOle bjz (t, z)I(O,jl,h)

+ LI (t, @)1 (5, 0,4y + L7 LPa(t, 2) 15, 5,,0)
+ L L72b @, x)I(jlijst) + LI L7 L7 b (t,:L‘)I(

(5.4)

J1,92,93,34)7

where the random intervals are those from time ¢, to ¢,,2 minus those from time t, to £,41.
We then have the following theorem.

THEOREM 5.1. Suppose that the coefficient functions f, satisfy
[fa(t,z) — fa(t,y)| < K|z —yl, (5.5)
for all & € Az, t € [0,T), and z,y € RY;
foa€CH? and fo € Ha, (5.6)

for all @ € Az 0 U B(Az,0); and
|fa(t, z)] < K(1+|zl), (5.7)

for all & € Az U B(Az20), t € [0,T], and x € R%. Choose At < 1 and set N = T/At, and
define t, = nAt forn = 1,..., N. Suppose that some appropriate numerical scheme is used to

generate Y; such that E[|U;, — Y;|? | F]Y/? < CAt?. Then,

1/2

E| sup |U,, ~Yal*|Fo| <cCA (5.8)
0<n<N

6. NUMERICAL SIMULATION

The object of this section is to test numerically the accuracy of the scheme of Section § and
compare it to the theoretical result above (i.e., O(At?) accuracy) and to the accuracy of the Euler
and Mil'shtein schemes (respectively, O(At'/?) and O(At)). All the numerical results below are
consistent with the theoretical ones.



1228

B. D. EwaLD aND R. TEMaM

b] T T T T T T T P

_____________________ slope = 1/2
-1+ -~ B
_2—. -
Y T T slope=1

log(error)
&

T i
_7 b
_8 -
~— SAB
-9 — - Euler .
-~ Milshtein
-10 1 1 —_ ) i 1 { 1
-6.4 -6.2 -6 -5.8 -5.6 -5.4 -5.2 -5 -4.8 4.6
log(time step)
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(b) Stochastic equation (6.2).

Figure 1. Results obtained with the stochastic equations (6.1) and (6.2).
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We consider the following equations:

1
dX, = 50X, dt + 0/ X? ~ 1dW,, (6.1)

with @ = 1 and Xy = 10, and
dX, = #%sinh X; cosh® X; dt + B cosh® X, dWj, (6.2)
with # = 1/10 and Xo = 1/2. These have the exact solutions
X; = cosh(aW; + arccosh Xj) | (6.3)

and
X = arctanh(SW, + tanh Xy), (6.4)

respectively. These can be easily verified using It6’s formula and are just two of many possible
examples listed in [6).

We computed approximate solutions Y,, using the Euler and Mil’shtein schemes and the SAB
scheme from Section 3. Then we computed the following error:

e = \/IE ( sup | X, — Yn|2>. (6.5)
0<n<N

To obtain the mean value needed, we used 500 trajectories.

In the figures, the order of each scheme is given by the slope of the corresponding line. So we
can see that the orders are 1/2 for Euler, 1 for Mil’shtein, and 2 for the SAB of Section 3.

Note that for the SAB scheme, the stochastic integral I(g ; 1y (which is difficult to generate) was
approximated by a normal law. The results tend to show that this does not affect the accuracy
(at least in these two cases). We will try to improve this point, which seems to raise interesting
probabilistic questions, as already mentioned in the Introduction.
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