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Introduction

Develop a library to find an optimum of a real-valued function f on
a Riemannian manifold, i.e.,

min f(x),x € M.

Many libraries exist, e.g. ManOpt [BMAS14].
@ Reliable computational time
@ Interfaces for various languages users

@ Can be built in other packages
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Introduction

C++ Package

Available on http://www.math.fsu.edu/~whuang2/ROPTLIB
@ C++ is a popular and object-oriented programming language

o Not difficult to maintain
@ Built in other packages
@ Reliable computational time

@ Use standard linear algebra packages, BLAS and LAPACK
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Framework

Problem

Framework

The framework partly inspires by ManOpt [BMAS14] and GenRTR
[ABGO7], and include four parts:

@ Solvers: State-of-the-art algorithms

@ Space: Storing elements on manifolds, tangent vectors and
linear operators

@ Manifold: Operations of manifolds

@ Problem: Cost function, gradient, etc.
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Framework

Inheritance

Base class Salary Courses
i S
Print() Print()

@ Multiple base classes — a derived class
@ Make it easy to maintain the code
@ Overwrite a function, e.g. Print()
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Solvers
Space
Manifold
Problem

Framework

Solvers

Table: Riemannian algorithms in the package

Riemannian trust-region Newton (RTRNewton) ABGO7
Riemannian trust-region symmetric rank-one update (RTRSR1) HAG15
Limited-memory RTRSR1 (LRTRSR1) HAG15
Riemannian trust-region steepest descent (RTRSD) AMS08
Riemannian line-search Newton (RNewton) AMS08
Riemannian Broyden family (RBroydenFamily) HGA14
Riemannian BFGS (RWRBFGS and RBFGS) [RW12, HGA14]

Limited-memory RBFGS (LRBFGS) [HGA14]

Riemannian conjugate gradients (RCG) [NW06, AMS08, SI13]
Riemannian steepest descent (RSD) [AMSO08]
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Solvers

Framework =

Solvers

@ Line search based methods
o X1 = Ry (k)
¢ Line search algorithm is used to find a step size tj
o Different algorithms use different search direction 7
@ Trust region based methods
@ Approximately solve the local model
Nk = argming, cp f(xk) + g(grad f(xc), n) + 3&(Bxn, ) and
accept or reject Xx+1 = Ry, (1x) based on the quality of the
approximation
o By is the Hessian approximation
@ Different algorithms use different Hessian approximation
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Solvers
Space

Framework

Solvers

RNewton RBroydenFamily
RWRBFGS RBFGS

LRBFGS RCG  RSD

Solvers

RTRSR1 RTRNewton
LRTRSR1 RTRSD

Figure: Relationships among classes of solvers in the package. Arrows are
from base class to derived class.
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Solvers

Framework =

ce
nifold

Solvers

RNewton RBroydenFamily
RWRBFGS RBFGS

Stop Criterion S o

Input Solvers

Output

""""" RTRSR1 RTRNewton
SolversTR:

LRTRSR1 RTRSD

Figure: Relationships among classes of solvers in the package. Arrows are
from base class to derived class.
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Solvers

Framework =

e
nifold

Solvers

RNewton RBroydenFamily
RWRBFGS RBFGS
LRBFGS RCG

RSD

Line search
Armijo
Weak Wolfe
Strong Wolfe

Solvers

RTRSR1 RTRNewton
LRTRSR1 RTRSD

SolversTRs

Figure: Relationships among classes of solvers in the package. Arrows are
from base class to derived class.
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Solvers

Framework =

ce
nifold

Solvers

RNewton RBroydenFamily
RWRBFGS RBFGS
LRBFGS RCG

RSD

Trust region

truncate CG Solvers

RTRSR1 RTRNewton
LRTRSR1 RTRSD

SolversTRs

Figure: Relationships among classes of solvers in the package. Arrows are
from base class to derived class.
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Solvers
Space
Framework

ce
nifold

Solvers

RNewton RBroydenFamily
RWRBFGS RBFGS

- LRBFGS RCG RSD
Obtain search
direction Solvers
Obtain Hessian| .
approximation SolversTR- 5:?;1;;1 l;?ilitc)wwn

Figure: Relationships among classes of solvers in the package. Arrows are
from base class to derived class.
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Solvers
Space
Manifold
Problem

Framework

@ Copy-on-Write strategy is used
>> A = randn (1000, 1000);

>> tic; B =A; toc %% 0.000006 seconds
>> tic; B(1,1) = 1; toc %% 0.006373 seconds.

@ Elements on Product of manifolds

¢ Consecutive memory
o Spatial locality

@ Shared memory

Memory of z € M

| x |x related temp data |
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Solvers

Framework

EucVariable EucVector

SharedSpace .
oredopace StieVariable StieVector

SmartSpace —»FElement
ObliqueVariable
ObliqueVector

LowRankVariable
LowRankVector

LinearOPE ProductElement

Figure: Relationships among classes of variables and tangent vectors in
the package. Arrows are from base class to derived class.
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Framework

EucVariable EucVector

SharedSpace StieVariable StieVector

SmartSpace —»Element
ObliqueVariable
ObliqueVector

LowRankVariable

LowRankVector
New and delete space Copy on write | N ereereeeenes

Print out

LinearOPE ProductElement

Figure: Relationships among classes of variables and tangent vectors in
the package. Arrows are from base class to derived class.
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Solvers
Space
Manifold
Problem

Framework

EucVariable EucVector
StieVariable StieVector

SharedSpace

SmartSpace —»FElement
ObliqueVariable
ObliqueVector

LowRankVariable
LowRankVector

LinearOPE ProductElement

Store z € M or n € T, M

Key = SharedSpace 1
Key 2—— SharedSpace 2

Figure: Relationships among classes of variables and tangent vectors in
the package. Arrows are from base class to derived class.
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Framework

EucVariable EucVector
StieVariable StieVector

SharedSpace

SmartSpace —»FElement
ObliqueVariable
ObliqueVector

LowRankVariable

LowRankVector
Store double array or Element whanee !

LinearOPE ProductElement

Figure: Relationships among classes of variables and tangent vectors in
the package. Arrows are from base class to derived class.
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Framework

EucVariable EucVector
StieVariable StieVector

SharedSpace

SmartSpace —FElement
ObliqueVariable
ObliqueVector
LowRankVariable
LowRankVector

LinearOPE ProductElement

Line operator on a tangent space |

Figure: Relationships among classes of variables and tangent vectors in
the package. Arrows are from base class to derived class.
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Solvers
Space
Manifold
Problem

Framework

EucVariable EucVector
StieVariable StieVector

SharedSpace

SmartSpace —FElement

ObliqueVariable

ObliqueVector
LinearOPE ProductElement LowRankVariable
|Element 1’Elen1ent 2’Element 3’ ......... | LO“TB’_%_I}_IFY_?CtOI

Figure: Relationships among classes of variables and tangent vectors in
the package. Arrows are from base class to derived class.
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Framework

Manifold
Problem

Define basic operations on Manifold
@ Metric

Retraction

Vector transport

Projection onto tangent space

Euclidean gradient to Riemannian gradient

¢ © ¢ ¢ ¢

Euclidean Hessian to Riemannian Hessian
@ etc

Provide functions to check correctness of operations.
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Solvers
Space
Framework Manifold
Problem

Euclidean phere
Stiefel )
Rotation

Manifold

Oblique

ProductManifold LowRank

Figure: Relationships among classes of Manifolds in the package. Arrows
are from base class to derived class.
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Solvers
Space
Manifold
Problem

Framework

Domain
Cost function|
Problem | Gradient
Hessian
Correctness

@ Define cost function, gradient and action of Hessian

@ Convert Euclidean gradient and action of Euclidean Hessian to
Riemannian gradient and action of Riemannian Hessian

@ Check correctness of gradient and action of Hessian
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Solvers
Space

Framework HE
Manifold

Problem

Elastic shape problem
Weight low rank problem
Soft ICA problem

The Brockett problem
Sparse PCA problem

Problent

MexProblem

@ "MexProblem” is the bridge between C++ and Matlab

@ |t converts function handles of Matlab to C++ functions
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Installation

Matlab Environment el

Installation

Only Matlab environment is shown.
@ Set up the mex environment properly. Follow the webpage:
www.mathworks. com/support/compilers/R2014b/index.html
@ Run "GenerateMyMex.m"

@ Use "MyMex.m" to compile code

>> GenerateMyMex

Generate MyMex.m file ...
>> MyMex TestStieBrockett
Building with 'g++—4.7".
MEX completed successfully.
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Installation

Matlab Environment Examples

Interface of Matlab

@ Run “MyMex DriverMexProb” to obtain the driver
“DriverMexProb" for Matlab

@ "“DriverMexProb"” is wrapped by the matlab script
“DriverOPT.m"
@ "DriverOPT.m" can be called by

[Xf,fv,gfv,gf0,iter ,nf,ng,nR,nV,nVp,nH, time ,FS,GFS,TS] =
DriverOPT (fh, gfh ,Hh, SolverParams , ManiParams ,HasHHR, initialX)
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Installation

Matlab Environment Examples

An Example

@ The Brockett cost function: Minimize
trace(X T BXD) (1)

such that x € St(p, n), where B € R™", B =BT,
D = diag(p1, 2, .-, ptp) and p1 > po > ... > pip.
@ The columns of a global minimizer, X*¢;, are eigenvectors for

the p smallest eigenvalues, \;, ordered so that Ay <--- < A,
[AMSO08, £4.8].
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Matlab Environment

Interface of Matlab

Installation
Examples

function output
5;

testBrockett ()

n = p = 2; size of the Stiefel manifold
B = randn(n, n); B=B + B’; % data matrix
D = sparse(diag(p : —1 : 1)); % data matrix
fhandle = @(x)f(x, B, D); % cost function handle
gfhandle = @(x)gf(x, B, D); % gradient
Hesshandle = @(x, eta)Hess(x, eta, B, D); % Hessian
SolverParams . method = 'RSD’; % Use RSD solver
ManiParams.name = ’'Stiefel ’; % Domain is the Stiefel manifold
ManiParams.n = n; % assign size to manifold parameter
ManiParams.p = p; % assign size to manifold parameter
initial X .main = orth(randn(n, p)); % initial iterate
% call the driver
output = DriverOPT (fhandle, gfhandle, Hesshandle, SolverParams, ManiParams, initialX);
end
function [output, x] = f(x, B, D)
x.BUD = B * x.main * D;
output = x.main(:)’' * x.BUD(:);
end
function [output, x] = gf(x, B, D)
output.main = 2 *x x.BUD;
end
function [output, x] = Hess(x, eta, B, D)
output.main = 2 % B * eta.main * D;
end
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Installation

Matlab Environment Examples

An Example

@ Summation of three Brockett cost functions: Minimize

trace(Xy’ BiX1Dy) + trace(Xy BaXoDs) + trace(X3 BsX3Ds)
2)

such that (X1, Xa, X3) € St(p, n) x St(p, n) x St(g, m), where

B1,By e R™" B3 e R™™ By =B, B,=B], B3 =Bj,

Dy = diag(pi1, 2, - - - s fp)s i1 > pr2 > .o 2> pup,

D, = diag(v1,12,...,Vp), V1 > 12 > ... > Up,

Ds; = diag(01,02,...,04),and 01 > 02> ... >0

q-
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Installation

Matlab Environment Examples

Future Work

@ Interface with ManOpt
@ More manifolds
@ Interfaces for other languages, e.g., python

@ Automatic differentiation
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Examples

Matlab Environment
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