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Continuous- and Discrete-time State-space Mode's

lug)1 — — [yk)1
[Uk]2 — — [yk]2

(explicit) continuous time-invariant  (explicit) discrete time-invariant
r = Ax+Bu Tpr1 = Axp+Buyg
y = Cx Yk = Cug
(explicit) discrete time-varying
Tpr1 = Apzrp+Brug

Yk = Crag



\Time Invariant model reduction idea'
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where n< N, A=WTAV, B=WTB, — (v

P=VvW?t isaprojector folV!'Vv =1,



‘ Error model (CT) I

The difference of the systems
= Ax + Bu 7 = Az + Bu
and
y=Cx

IS the error model, where:= y — 4

e =C,7 E(s) := H(s) — H(s) = Ce(sI — A.)™' B

{§A6£+Beu A

with

4 | B A
(A, B, Ce) :( il e (J})




Reduced Model via||E(s)||#, (CT)

J = |E(s)|ln, = tr (CcP.C)) = tr (B! Q.B.)
where gramian$’. and(). solve the Lyapunov equations

AP, +P. A +B.B' =0, Q.A.+A'Q.+ClI'C.=0

One can also partition
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Reduced Model via|| E(z)||«, (CT)

Solve partitioned equations for gramians
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J =t (BTQB +2BTY B + BTQB) = tr (CPCT —2CXCT + CPCT> ,



‘ Gradients (CT) I

Theorem 1.1(Wilson 70, but rederived several tin)es

ViJ =2QP+Y"X), V3T =2QB+Y"B), V.J=2CP-CX),

where
ATY + YA-CTC =0, ATQ+QA+CTC =0,
XTAT + ATXT + BBT =0, PAT + AP+ BB =0.

Imposing zero gradients yields non-minimal optimality diions



Tangential Interpolation I

Given(X, e R™*", R e R™™) and(X, € R™*"™, L e RP*")
Solve two Sylvester equations:
AV — VY, + BR =0,
WHA-S,Wh+L'C =0,

Define:

{A,B,C} = {(WTV)"'WT AV, WTV)"'WTB,CV},
If WTV IS invertible, this uniquely determines the projected ayst
{A,B,C}.
Can specifyn(m + p) parameters which is good for generic strictly
proper transfer functionBat,;,,, .



Tangential Interpolation I

Eigenvalues ok, and,, and columns oft and L specify the
Interpolation.

If realization is real then at most(m + p) real conditions due to
conjugate pairs.

For\ e R

k
[H(s) = H(s)] ) ri(s=A)"'=0(s =N rir =1

1=1

k
Ze’{(s — N UH(s)— H(s)]| = O(s = N, e, =1

where{ry,--- ,r,} are columns fronk, {¢,--- , ¢, } are columns from
L corresponding to the Jordan blocks.



Tangential Interpolation I

For\, A eC

k
[H(s) — H(s)] > (rai—1 + jrai)(s =X = O(s = M),

k
Z (foi1 + jlai)" (s — N THH(s) — H(s)] = O(s — \)*,

r{rz =0, riri+raro=1, 10y =0, (10, + 0305 =1,

where{ry,--- ,ror} are columns fronRR or {1, - - - , {2 } are columns
from L, corresponding each of the pair of Jordan blocks.
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‘ Stationary Points (CT)I

At stationary pointsd, B, C' and A, B, C are related via:

Theorem 1.2. At every stationary point of whereP andQ are
Invertible, we have the following identities

A A

A=wTAv, B=WTB, C=c0v, WTv =1,

wherelV := —YQ~!,V := XP~land X, Y, P andQ satisfy the
Sylvester equations

ATY +YA-CTC =0, ATQ+QA+CTC =0,
XTAT + ATXT + BBT =0, PAT+ AP+ BB =0.
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‘ Stationary Points (CT)I

Rewriting the Sylvester equations shows the relation wightangential
Interpolation equations:

Stationary point:
WTA+ (Q TAQ)™WT + (CQ1)C =0,
AV + V(PATP~ Y+ B(BTP™1) =0,

T.1. problem:
wrA-sIwh + LTC =0,
AV — V¥, + BR =0,
A= —X, = —, Implies tangential interpolation at the mirror images of

the poles ofFI(s). (independent of order of the poles)
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‘ Distinct Poles (CT)I

A

ASZ' — S\Z'Si, CSZ' — éz', t{{A — j\zt,{{, t,{{B = [A)H

1

Theorem 1.3. Let H(s) = 3.7, &b /(s — \;) have distinct first order

poles); where(\;, b;, &), i = 1,...,nis self-conjugate, and let\; not
be poles of (s). Then
1 R . .
§(VB~7)T3@ — [HT(_)"L) - HT(_)‘Z)]éz
1 ) ) o
L) = BTN BT
V) s = L HT ()~ A7) e
ds sS=—M\;
1 ~ R . .
tzH(vAj)TSJ = 3 A [sz(ij)TSJ t{{(véj)ch] L 7 Jy
2(\; — )\j)
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‘ Distinct Poles (CT)I

Corollary 1.4. If (V7)1 =0, (VsJ)! =0and
diag S~1(V ;J)*'S = 0thenV ;7 = 0 and the following tangential
Interpolation conditions are satisfied for a?lt,i =1,...,n:

(HT (=X) — H" (=A\)]éi =0, b [H"(=X) — H (=\:)] =0,

~rr d N
bi' — [H'(s) — H"(s)]| & =0. (1)
dS S——>\7;

Equivalently, in terms of the Taylor expansionfdfs) — H(s) :

A

[HY(5) = H'(s)]ei = O(s + Ay), b [H"(s) = H' (s)] = O(s + i),

bH[HT (s) — HT(s)]¢; = O(s + \i) %

This yieldsn(m + p) conditions.

Antoulas, Beattie, Gugercin; Bunse Gerstner et al.; VanrBioet al,
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\A Second Order Casa

Assume a real second order reduced model

—H
A cb cb
H(s) = —
)=t =
At every stationary point off :
cHe bH b
HT . S HHT . — _ HY ¥
(~Ne=—bor. BTHT(=N) =~ T,
d bHbct ¢
b — H' (s)cls—_r = —
ds (5)els=-x 4)\?

. b andc must be the dominant singular vectorsit (—\) and can be
eliminated from the optimization problem

Plot error|| E(s)||., as a function of interpolation point
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System poles and low order poles Contour plot of log(H2-error)
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System poles and low order poles Contour plot of log(H2—error)
5r x x : — \ ; \ \ \ \
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Higher Order Poles (CT)I

AS; = S;A;,, CS;=C;, THA=ATH, THB=BH, THS =1,.

Theorem 1.5. Let H(s) = ZZ  Ci(sI — A;)~'BF whereA; is a
Jordan block of sizé&; for );, and where-); is not a pole ofH (s) or
H(s). Then with

105\7;(8) = [(S"_)\i)ki_l (S—|—)\i> 1}, (A)fl(s) = QDS\Z(S)B,;H
63,(5) = |1 (s+A) ... (5+Ai>’%—1]T, éi(s) = Cips (s)
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T.1. for Higher Order Poles (CT) I

We do not have expressions f6f! (V ;7)* S; that are clean extensions
of the first order poles. We have:

Theorem 1.6. With usual assumptions. ¥ 37 = 0, V47 = 0 and
V i J = 0, then the following tangential interpolation conditionga
satisfied for =1,...,¢:

(HT (s) — HT (5)]¢;(s) = O(s +
bi()T[HT (s) — HT (s)] = O(s + \i)™,
bi(s)T[HT (s) — HT (s)]és(s) = O(s +
whereb! (s) := ¢/\Z(3)BZH and¢;(s) := CA’ngAz(s)

These conditions do not follow easily from earlier tangannterpolation
conditions of Vandendorpe et al.
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Algorithms for minimizing ||E(2)|/x,

Define(X,Y, P,Q) = F(A, B, C) where
ATYA-CTC =Y, ATQA+CTC =0,
AXTAT + BBT = X7, APAT +BBT =P
and then computel, B, C) = G(X,Y, P, Q) from
W:=-YQ 1, V:=XP1A=WTAV,B=WTB,C =CV,

The fixed point of A, B, C) = G(F(A, B, C)) are also stationary points
of | E(2)||~, and satisfy the interpolation conditions

Simpler forms offf (s) make more efficient algorithms
One can also define a CG-like method or a Newton-like method

see Antoulas,Sorenson; Beattie-Gugercin
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Theorem 1.7. Let H(s) = C(sl,, — A)~' B be a given stable-th
degree transfer function, then there always exists a stAbté degree
transfer functiond (s) = C(sIy — A)~'B with N > n, for which H (s)
IS a stationary point of thé{, error function.

Theorem 1.8. Let H(s) = C(sl, — A)~'B and

H(s) = C(sIy — A)~!B be stable and minimal transfer functions such
that H (s) is a stationary point of the error function

J = ||H(s) — H(s)||n,. Then every (sufficiently) nearby transfer
function H (s) is a stationary point of a nearby systeffx (s). The same
holds for every nondegenerate local minimum.
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H(s) (s —a)

H(s) = (0.255> — 0.55 + 9.25) /(s> + 75> + 195 + 9)

a 1

A=1[0 a e 1 0 g)
e d f
f=-5 g=.5, d=4ag, e=4a’g

are stable and satisfies the stationarity conditions.

H is also a local minimum of H — H ||,
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We have a completely general expression of the stationarity
conditions of thei, error function withZ in Jordan canonical form
and its relation to T.I.

Using first order form off (s) should be numerically sensitive if
minimum is near a higher order pole minimum.

For large scale problems, is this problem observed?

If not common are there important classes of problems wighdm
order pole minima?

Over-parameterization of, B, C in optimization< efficiency?
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\ Some reference'

H> model reduction admits for efficient optimization
Antoulas,Beattie,Gugercin

Stationary points of time-invariant case amounts to irdkon
Wilson; Antoulas,Beattie,Gugercin; Bunse Gerstner et al.
vDooren-Gallivan-Absil

Higher order case and T.l.-based projection methods
Gallivan,Vandendorpe,vDooren; vDooren-Gallivan-Absil

Extension to discrete time-varying systems
vDooren,Gallivan,Absil
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Time-varying case'

Trr1 = Apxp + Brug Tr+1 = ArZr + Brug
yr = Crpxk U = CipZg
e _ e e e
o G Thy1 = Apxy + BRug
€k ‘= Yk — Yk, S
e, =Crxy
e Ak e Bk e A
where A; := A , B = . , Cp = [Ck — Ck}
Ag By,
k—1
e e e . e e N (& _
xzo =0=z, = Z (I)k,i—l—le' Uq, k+1,4 — Ay ki (k > 1), k.k — I
i=ko
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The “stacked” error system response is- E'u and the cost function to
minimize are given by

E[13,, = T (o, ky) = tr(ETE) = tr(EE")

It follows that

kf—l—l
T (ko,kyp) i=tr > CEPECE =tr Z Bf. QiBg
k=ko+1 k=ko
where
A | Tar | | B A
pe =" e T+ [B;:f Bﬂ, P =0
Ay AT By
e | Ak Ci Cr C ¢ =0
k—1 — 121% Q% i T ékT [ k kj|7 Qi1 =
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Gradients are given by
Vi J =2QuArDly + Y, A Xy),
Vi, J =2(QrBr + Y, By,
Ve, J =2(CrPy — CrXk)
Updating rules and fixed point results are as before
Wi = YQ. ' Vi = Xi. P!
(A%, By, C) == (Wi ApVie, Wy B, CiVi).
whereX., Y., Pp, Q) satisfy Stein like recurrences
Xg+1 = AkaAlj; + BRBZ;, Xko =0
pkz—i—l = Akpkzzlg + Bkélza pkﬁo =0
Yio1 = ALV AT — CFCy,  Yi,41 =0
Q-1 = A} Qi Ay, + CECy, Qkf+1 =0
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