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Continuous- and Discrete-time State-space Models

xk ∈ RN , N >> m, p

[uk]1 −→
[uk]2 −→

...
[uk]m−→

−→ [yk]1
−→ [yk]2

...
−→ [yk]p

(explicit) continuous time-invariant






ẋ = Ax+Bu

y = Cx

(explicit) discrete time-invariant






xk+1 = Axk+Buk

yk = Cxk

(explicit) discrete time-varying






xk+1 = Akxk+Bkuk

yk = Ckxk
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Time invariant model reduction idea

A B

C

N

N

m

p

Â B̂

Ĉ

n

n m

p

=⇒

where n≪ N , Â = W TAV , B̂ = W TB, Ĉ = CV

P = VW T is a projector forW TV = In
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Error model (CT)

The difference of the systems






ẋ = Ax+Bu

y = Cx
and







˙̂x = Âx̂+ B̂u

ŷ = Ĉx̂

is the error model, wheree := y − ŷ






˙̃x = Aex̃+Beu

e = Cex̃
E(s) := H(s) − Ĥ(s) = Ce(sI −Ae)

−1Be

with

(Ae, Be, Ce) :=









A

Â



 ,





B

B̂



 ,
[

C −Ĉ
]



 ,

4



Reduced Model via‖E(s)‖H2
(CT)

J = ‖E(s)‖H2
= tr

(

CePeC
T
e

)

= tr
(

BT
e QeBe

)

where gramiansPe andQe solve the Lyapunov equations

AePe + PeA
T
e +BeB

T
e = 0, QeAe +AT

e Qe + CT
e Ce = 0

One can also partition

Pe :=





P X

XT P̂



 , Qe :=





Q Y

Y T Q̂





5



Reduced Model via‖E(z)‖H2
(CT)

Solve partitioned equations for gramians




A

Â









P X

XT P̂



+





P X

XT P̂









AT

ÂT



+





B

B̂





[

BT B̂T

]

= 0,

and




AT

ÂT









Q Y

Y T Q̂



+





Q Y

Y T Q̂









A

Â



+





CT

−ĈT





[

C −Ĉ
]

= 0.

J = tr
(

BTQB + 2BTY B̂ + B̂T Q̂B̂
)

= tr
(

CPCT − 2CXĈT + ĈP̂ ĈT
)

,
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Gradients (CT)

Theorem 1.1(Wilson 70, but rederived several times).

∇ÂJ = 2(Q̂P̂ + Y TX), ∇B̂J = 2(Q̂B̂ + Y TB), ∇ĈJ = 2(ĈP̂ − CX),

where

ATY + Y Â− CT Ĉ = 0, ÂT Q̂+ Q̂Â+ ĈT Ĉ = 0,

XTAT + ÂTXT + B̂BT = 0, P̂ ÂT + ÂP̂ + B̂B̂T = 0.

Imposing zero gradients yields non-minimal optimality conditions
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Tangential Interpolation

Given(Σσ ∈ Rn×n, R ∈ Rm×n) and(Σµ ∈ Rn×n, L ∈ Rp×n)

Solve two Sylvester equations:

AV − V Σσ +BR = 0,

W TA− ΣT
µW

T + LTC = 0,

Define:

{Â, B̂, Ĉ} := {(W TV )−1W TAV, (W TV )−1W TB,CV },

If W TV is invertible, this uniquely determines the projected system

{Â, B̂, Ĉ}.

Can specifyn(m+ p) parameters which is good for generic strictly

proper transfer functionsRatn
pm.
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Tangential Interpolation

Eigenvalues ofΣσ andΣµ and columns ofR andL specify the

interpolation.

If realization is real then at mostn(m+ p) real conditions due to

conjugate pairs.

Forλ ∈ R

[H(s) − Ĥ(s)]
k

∑

i=1

ri(s− λ)i−1 = O(s− λ)k, rT
1 r1 = 1

k
∑

i=1

ℓTi (s− λ)i−1[H(s) − Ĥ(s)] = O(s− λ)k, ℓT1 ℓ1 = 1

where{r1, · · · , rk} are columns fromR, {ℓ1, · · · , ℓk} are columns from

L corresponding to the Jordan blocks.
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Tangential Interpolation

Forλ, λ̄ ∈ C

[H(s) − Ĥ(s)]

k
∑

i=1

(r2i−1 + jr2i)(s− λ)i−1 = O(s− λ)k,

k
∑

i=1

(ℓ2i−1 + jℓ2i)
T (s− λ)i−1[H(s) − Ĥ(s)] = O(s− λ)k,

rT
1 r2 = 0, rT

1 r1 + rT
2 r2 = 1, ℓT1 ℓ2 = 0, ℓT1 ℓ1 + ℓT2 ℓ2 = 1.

where{r1, · · · , r2k} are columns fromR or {ℓ1, · · · , ℓ2k} are columns

fromL, corresponding each of the pair of Jordan blocks.

10



Stationary Points (CT)

At stationary pointsA,B,C andÂ, B̂, Ĉ are related via:

Theorem 1.2. At every stationary point ofJ whereP̂ andQ̂ are

invertible, we have the following identities

Â = W TAV, B̂ = W TB, Ĉ = CV, W TV = In

whereW := −Y Q̂−1, V := XP̂−1 andX , Y , P̂ andQ̂ satisfy the

Sylvester equations

ATY + Y Â− CT Ĉ = 0, ÂT Q̂+ Q̂Â+ ĈT Ĉ = 0,

XTAT + ÂTXT + B̂BT = 0, P̂ ÂT + ÂP̂ + B̂B̂T = 0.
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Stationary Points (CT)

Rewriting the Sylvester equations shows the relation with the tangential
interpolation equations:

Stationary point:

W TA+ (Q̂−1ÂQ̂)TW T + (ĈQ̂−1)C = 0,

AV + V (P̂ ÂT P̂−1) +B(B̂T P̂−1) = 0,

T.I. problem:

W TA− ΣT
µW

T + LTC = 0,

AV − V Σσ +BR = 0,

Â = −Σσ = −Σµ implies tangential interpolation at the mirror images of
the poles ofĤ(s). (independent of order of the poles)
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Distinct Poles (CT)

Âsi = λ̂isi, Ĉsi = ĉi, tHi Â = λ̂it
H
i , tHi B̂ = b̂Hi .

Theorem 1.3. Let Ĥ(s) =
∑n

i=1
ĉib̂

H
i /(s− λ̂i) have distinct first order

polesλ̂i where(λ̂i, b̂i, ĉi), i = 1, . . . , n is self-conjugate, and let−λ̂i not

be poles ofH(s). Then

1

2
(∇B̂J )T si = [HT (−λ̂i) − ĤT (−λ̂i)]ĉi

1

2
tHi (∇ĈJ )T = b̂Hi [HT (−λ̂i) − ĤT (−λ̂i)]

1

2
tHi (∇ÂJ )T si = b̂Hi

d

ds
[HT (s) − ĤT (s)]

∣

∣

∣

s=−λ̂i

ĉi

1

2
tHi (∇ÂJ )T sj =

1

2(λ̂i − λ̂j)
[b̂Hi (∇B̂J )T sj − tHi (∇ĈJ )T ĉj ], i 6= j,
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Distinct Poles (CT)

Corollary 1.4. If (∇B̂J )T = 0, (∇ĈJ )T = 0 and

diag S−1(∇ÂJ )TS = 0 then∇ÂJ = 0 and the following tangential

interpolation conditions are satisfied for allλ̂i, i = 1, . . . , n :

[HT (−λ̂i) − ĤT (−λ̂i)]ĉi = 0, b̂Hi [HT (−λ̂i) − ĤT (−λ̂i)] = 0,

b̂Hi
d

ds
[HT (s) − ĤT (s)]

∣

∣

∣

s=−λ̂i

ĉi = 0. (1)

Equivalently, in terms of the Taylor expansion ofH(s) − Ĥ(s) :

[HT (s) − ĤT (s)]ĉi = O(s+ λ̂i), b̂Hi [HT (s) − ĤT (s)] = O(s+ λ̂i),

b̂Hi [HT (s) − ĤT (s)]ĉi = O(s+ λ̂i)
2.

This yieldsn(m+ p) conditions.

Antoulas, Beattie, Gugercin; Bunse Gerstner et al.; Van Dooren et al,
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A Second Order Case

Assume a real second order reduced model

Ĥ(s) =
cbH

s− λ
+

cb
H

s− λ

At every stationary point ofJ :

HT (−λ)c = −b
cHc

2λ
, bHHT (−λ) = −cH

bHb

2λ
,

bH
d

ds
HT (s)c|s=−λ = −

bHbcHc

4λ2
.

∴ b andc must be the dominant singular vectors ofHT (−λ) and can be

eliminated from the optimization problem

Plot error‖E(s)‖H2
as a function of interpolation pointλ
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Higher Order Poles (CT)

ÂSi = SiÂi, ĈSi = Ĉi, TH
i Â = ÂiT

H
i , TH

i B̂ = B̂H
i , TH

i Si = Ik.

Theorem 1.5. Let Ĥ(s) =
∑ℓ

i=1
Ĉi(sI − Âi)

−1B̂H
i whereÂi is a

Jordan block of sizeki for λ̂i, and where−λ̂i is not a pole ofH(s) or
Ĥ(s). Then with

ψ
λ̂i

(s) :=
h

(s+ λ̂i)
ki−1 . . . (s+ λ̂i) 1

i

, b̂
H

i (s) := ψ
λ̂i

(s)B̂H

i

φ
λ̂i

(s) :=
h

1 (s+ λ̂i) . . . (s+ λ̂i)
ki−1

iT

, ĉi(s) := Ĉiφλ̂i
(s)

we have

1

2
(∇B̂J )TSiφλ̂i

(s) = [HT (s) − ĤT (s)]ĉi(s) +O(s+ λ̂i)
ki ,

1

2
ψ

λ̂i
(s)TH

i (∇ĈJ )T = b̂Hi (s)[HT (s) − ĤT (s)] +O(s+ λ̂i)
ki
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T.I. for Higher Order Poles (CT)

We do not have expressions forTH
i (∇ÂJ )TSj that are clean extensions

of the first order poles. We have:

Theorem 1.6. With usual assumptions. if∇B̂J = 0, ∇ĈJ = 0 and

∇ÂJ = 0, then the following tangential interpolation conditions are

satisfied fori = 1, . . . , ℓ:

[HT (s) − ĤT (s)]ĉi(s) = O(s+ λ̂i)
ki ,

b̂i(s)
H [HT (s) − ĤT (s)] = O(s+ λ̂i)

ki ,

b̂i(s)
H [HT (s) − ĤT (s)]ĉi(s) = O(s+ λ̂i)

2ki ,

whereb̂Hi (s) := ψ
λ̂i

(s)B̂H
i and ĉi(s) := Ĉiφλ̂i

(s).

These conditions do not follow easily from earlier tangential interpolation

conditions of Vandendorpe et al.
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Algorithms for minimizing ‖E(z)‖H2

Define(X,Y, P̂ , Q̂) = F (Â, B̂, Ĉ) where

ATY Â− CT Ĉ = Y, ÂT Q̂Â+ ĈT Ĉ = Q̂,

ÂXTAT + B̂BT = XT , ÂP̂ ÂT + B̂B̂T = P̂

and then compute(Â, B̂, Ĉ) = G(X,Y, P̂ , Q̂) from

W := −Y Q̂−1, V := XP̂−1 Â = W TAV , B̂ = W TB, Ĉ = CV ,

The fixed point of(Â, B̂, Ĉ) = G(F (Â, B̂, Ĉ)) are also stationary points

of ‖E(z)‖H2
and satisfy the interpolation conditions

Simpler forms ofĤ(s) make more efficient algorithms

One can also define a CG-like method or a Newton-like method

see Antoulas,Sorenson; Beattie-Gugercin
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Theorem 1.7. Let Ĥ(s) = Ĉ(sIn − Â)−1B̂ be a given stablen-th

degree transfer function, then there always exists a stableN -th degree

transfer functionH(s) = C(sIN −A)−1B withN > n, for whichĤ(s)

is a stationary point of theH2 error function.

Theorem 1.8. Let Ĥ(s) = Ĉ(sIn − Â)−1B̂ and

H(s) = C(sIN −A)−1B be stable and minimal transfer functions such

that Ĥ(s) is a stationary point of the error function

J = ‖H(s) − Ĥ(s)‖H2
. Then every (sufficiently) nearby transfer

functionĤ∆(s) is a stationary point of a nearby systemH∆(s). The same

holds for every nondegenerate local minimum.

21



Ĥ(s) = 1/(s− a)2, a = −1

Â =





a 1

0 a



 , B̂ =





0

1



 , Ĉ =
(

1 0
)

H(s) = (0.25s2 − 0.5s+ 9.25)/(s3 + 7s2 + 19s+ 9)

A =









a 1 d

0 a e

e d f









, B =









0

1

g









, C =
(

1 0 g
)

f = −5, g = .5, d = 4ag, e = 4a2g

are stable and satisfies the stationarity conditions.

Ĥ is also a local minimum of‖H − Ĥ‖H2
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• We have a completely general expression of the stationarity

conditions of theH2 error function withĤ in Jordan canonical form

and its relation to T.I.

• Using first order form ofĤ(s) should be numerically sensitive if

minimum is near a higher order pole minimum.

• For large scale problems, is this problem observed?

• If not common are there important classes of problems with higher

order pole minima?

• Over-parameterization of̂A, B̂, Ĉ in optimization⇔ efficiency?

23



Some references

• H2 model reduction admits for efficient optimization

Antoulas,Beattie,Gugercin

• Stationary points of time-invariant case amounts to interpolation

Wilson; Antoulas,Beattie,Gugercin; Bunse Gerstner et al.;

vDooren-Gallivan-Absil

• Higher order case and T.I.-based projection methods

Gallivan,Vandendorpe,vDooren; vDooren-Gallivan-Absil

• Extension to discrete time-varying systems

vDooren,Gallivan,Absil
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Time-varying case







xk+1 = Akxk +Bkuk

yk = Ckxk







x̂k+1 = Âkx̂k + B̂kuk

ŷk = Ĉkx̂k

ek := yk − ŷk, E :=







xe
k+1 = Ae

kx
e
k +Be

kuk

ek = Ce
kx

e
k

where Ae
k :=





Ak

Âk



 , Be
k =





Bk

B̂k



 , Ce
k =

[

Ck − Ĉk

]

xe
k0

= 0 ⇒ xe
k =

k−1
∑

i=k0

Φe
k,i+1B

e
i ui, Φe

k+1,i = Ae
kΦe

k,i (k ≥ i), Φe
k,k = I
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The “stacked” error system response isẽ = Eũ and the cost function to

minimize are given by

‖E‖2
H2

:= J (k0, kf ) := tr(ETE) = tr(EET )

It follows that

J (k0, kf ) := tr

kf +1
∑

k=k0+1

Ce
kP

e
kC

eT

k = tr

kf
∑

k=k0

BeT

k Qe
kB

e
k

where

P e
k+1 =





Ak

Âk



P e
k





AT
k

ÂT
k



+





Bk

B̂k





[

BT
k B̂T

k

]

, P e
k0

= 0

Qe
k−1 =





AT
k

ÂT
k



Qe
k





Ak

Âk



+





CT
k

ĈT
k





[

Ck Ĉk

]

, Qe
kf +1 = 0
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Gradients are given by

∇Âk
J = 2(Q̂kÂkP̂k + Y T

k AkXk),

∇B̂k
J = 2(Q̂kB̂k + Y T

k Bk),

∇Ĉk
J = 2(ĈkP̂k − CkXk)

Updating rules and fixed point results are as before

Wk := YkQ̂
−1

k , Vk = XkP̂
−1

k

(Ae
k, B

e
k, C

e
k) := (W T

k AkVk,W
T
k Bk, CkVk).

whereXk, Yk, P̃k, Q̃k satisfy Stein like recurrences

Xk+1 = AkXkÂ
T
k +BkB̂

T
k , Xk0

= 0

P̂k+1 = ÂkP̂kÂ
T
k + B̂kB̂

T
k , P̂k0

= 0

Yk−1 = AT
k YkÂ

T
k − CT

k Ĉk, Ykf +1 = 0

Q̂k−1 = ÂT
kQkÂk + ĈT

k Ĉk, Q̂kf +1 = 0
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