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The Problem.

e Model Reduction
— Rational Interpolation — SISO, MIMO
— Tangential Interpolation — MIMO

e Algorithms
— Generalized Krylov Spaces and Projections

— Approximations — approximate solution of linear systems

e What is the effect of approximations on solutions?
— after the fact analysis of projector/reduced order model
— algorithm design to control error

— convergence analysis of series of reduced order models
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\MII\/IO Model Reduction '

Approximate a givem x m rational matrix with state dimensiaN
T(s):=C(sE—A)"'B
by anothep x m rational matrix with state dimension< N

A A A A

T(s) :=C(sE— A)™'B

A projection formulation yields
{E,A,B,CY={Z*EV,Z*AV,Z*B,CV},

using N x n projection matrice/, Z with Z*Z2 = V*V = I,,.



Generalized Krylov Spacej

Let z(s) be am x 1 polynomial vector around. € C

x(s) = Z?:_ol Ti(s — )« X = { To T1 ... Tpoq }

The N x n generalized Krylov matrix is:

K (Aas Bay X) = | Ba,ABo ... A7'B, |

whereA, := (A — aFE)"'F andB, := (A — aF)"!B.

The associated generalized Krylov subspace is:

K (Ag, Bay X) := Im {K}, (A, Ba, X)}.




Tangential Interpolation I

Thm [GVVO04] If « is not a pole of'(s) or T(s) then

A

K (Ag, B, X) C Im(V) = (T(s) _ T(s)) (s) = O(s — )"

which is aright tangential interpolatiooondition.

One can also impose left tangential interpolation condgio



Tangential Interpolation I

Can be generalized to mulitple points with higher order maisie
Simpler than MIMO rational interpolation conditions
applies to systems with many inputs and outputs (B.g= C' = Iyn)

flexibility of choices of dominant pointsnd directions



Projection Backward Error I

e System > ={F, A, B,C} (known)
e EXxact projections V- andZ+ (not known)
o True ROM:X = {Z+EVy, Z: AV, Z5B, CVr} (not known)
e Computed projectionsV¢- andZ~ (known)
e Computed ROMX ¢ = {Z:EVe, Z5AVe, ZEB, CVe} (known)
e > does not interpolat®
Find (nearby?) system that the computed projection intates
o ¥, ={E,,A4,,B,,C,} (known)
o 3, = {Z5E, Ve, ZE AV, ZEB,, CyVe } (known)

e Proximity of 3, and¥¢; andy, and¥ used to assess error.
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ROM Backward Error I

e X ={F, A, B,C} (known)

o >, ={FE,, Ay, Bp,Cp} (known)

e Yo ={Z5EVe, Z5AVe, Z5B, CVe} (known)

o 3, ={ZLE,\Vo, 25 A Ve, Z5 By, CyVe} (known)
e 3¢ does not interpolatE

e Y, interpolate,

Require additionally that

A

3, =Yc

e Beattie and Gugercin (2006) used this form and give an dlgarfor
Rational Interpolation for distinct points.

e not always possible — requires contraints on algorithm

e Petrov-Galerkin condition
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‘ Sylvester Equationﬂ

AK — FKJ,—BX =0
Partition K = [ ki ... kn }

(A —aF)k; = Bxry — k1 = Baxg
(A—aE)ks — Eky = Bxy — ky=(A—aFE) 'Ek; + Baxy
— ko= (A—aFE) 'EB,zo + Bax1

(A= aBE)ky, — Eky_y = Ban_1 — kn=Y Al7'Bow,_j.
j=1

e Sylvester equation interms O, F/, B) not (A., B.)

e System parameters and interpolation parameters separated
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Sylvester Equations Normalization'

AK —-EK —-J,—BX = 0
AKT'WTS) - E(KT ") (TJ.S)—BXS = 0
AKG—-EKF-BX = 0

Generalized eigenvaluelgt(AG — F’) are the interpolation points.
S = T~ is a convenient normalization.
K =QR = KT andS = R yields
AQ — EQJ, — BX =0
For triangularT’, Q is essentially unique but mardy, F, X triples yield a
Sylvester equation it solves.

TriangularG, F' relate to recurrence-based algorithms, e.g., inversatioer,
Arnoldi etc.
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Inner Residual and Sylvester Residug'

Algorithm 1 (dangerous form)

1. Computek; by solving with toleranceé

(A —aFE)k; = Bxg+my, |my]] <96

2. Fori = 2 ton, compute iteratively; by solving with toleranceé
(A — OéE)]Cz — BZCi_l + ki—l + m;, Hmz” S )

3. FactorK = QR to getK = Q orthonormal (i.eI’ = R and
S =R1)
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Inner Residual and Sylvester Residue'

This yields

M
MR
)
?

AK — KJ, — BX
AK — KJ,+ BX
[M]]

MR

VAN VAN | |

e For this choice ok = QR, |[MR™|| >> | M]|.

e Which do we want to control/monitor? Why?
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Inner Residual and Sylvester Residue'

Algorithm 2 (less dangerous form — merge with Gram-Schmidt)

1. Computek; by solving with toleranceé
(A—aE)ky = Bxg+mq, |[mi]| <6, |ki] =1

2. Fori = 2 ton, compute iteratively:; by solving with toleranceé
(A — aE)k; }:k@fwm,umﬁg5

where
ki Lk, j=1,...;i—1, |k =1

3. UpdateX andJ with J;;, j=1,...,i—1
This yieldsAK — KJ + BX = M with | M| ~ ¢ .
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‘Appropriate Sylvester Equation for Arnoldi I

Compute SISO single-point RI via Arnoldi on
(Ao, Ba) = ((A—aE) 'E, (A — aFE)~1b) yields

AV,,G — EV,,F —bei =0

G = HaJO—Fﬂele{
F = oG+ Jy

For these7 and F', det(\G — F') = 0 for A = a with alg(«) = m and
geo(a) = 1.
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Sylvester Residual and Backward Error'

{E,A B,CY={ZEV,,Z*AV,, Z*B,CV,}.

Consider a one-sided approach, is not subject to a Sylvester equation
andV,, is an orthonormal basis that satisfies

AV, G — EV,F — BX = R;.

A 4 andAg that yield a0 residual solve the Sylvester equation satisfy

AaV,G — AV F' = —R;.

VXV, =1, — Ay =RAVandAg = RgV,;

RAG — RpF = —R;
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Sylvester Residual and Backward Error'

Forms of error dictate residual of interest
Ap=0, Rp=0, Ry=—-R,G!

e Algorithm 2 has correct residual control, since the norgsion has
madeG = 1, i.e.,

with || M| ~ 6 .
o A,=Z(A—RsG V"V, =A— Z*RsG™"
e backward ROM erroriZ*Rs = 0

e consistent with Beattie and Gugercin particular case.
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Sylvester Residual and Backward Error'

e Ap=0, Rp=0, R4y=RG!
o Ap = Ay, R:RE, R:RA, R:R(G—F)_l

e Weighted ErrorRg = ygR, Ra =7aR, R = R(yaG —ypF)™!
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\ General Two-sided Backward Error.

Given orthonormal/,, and Z,, defining the reduced order model

{E,A B,CY={Z*EV,,Z*AV,, Z*B,CV,}

find perturbatio{ Ag, A4, Ap, Ac} such that

AaV,Gy — AV, F, — ApX
G Z*Ay— F*Z*Ap — Y*Ac

Work in a coordinate system defined by unitdry and(). where such

that

QvVn —

Iy,
0

and .72,
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\ General Two-sided Backward Error.

In new coordinate system, the reduced order model is sirhcation:

QW o
[
-
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\ General Two-sided Backward Error.

A Ais
Az Aao

Defining

11 &ie

Q:A4Q;, = , QzABQ, =

AcQy, = [ C1 Co i|7 —R.Q, = [ Rs R4 } and —Q:R, =

yields

AL A || 1, R I B A R B
11 12 G,U— 11 12 Fv— 1 X
Az1 Aaa 0 Ear Eaa 0 B2
| ] oo | e
11 21 G 11 €21 P 1

] 12 ASQ__O_ _5f2 552__0_ _Cék
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\ General Two-sided Backward Error.

811 FU B Bl X _
Ea1 B

Gi[Au AlQ}_Fz*[gll 512}_Y*[C1 C2}:[R3

and we can setlos = E99 = 0.

We have

A11
A2

Gy —

R2 and R4 equations independenk; and Rs; equations coupled.

A21Gy —EnFy, — B2 X = Ry
GoA12 —F;E2—-Y"Co = Ry
A11Gy —EnFy —Bi X = R
G A1 —F;E1—-YCi = R3

24
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\ General Two-sided Backward Error.

- A3 | At
o F Xt e | =B o vt || e | =
| By ] | G2 ]
and
- vec(A1r)
I®G, —I®F, —-1®X" 0 vec(&11) | | wec(la)
G —-F,®I1 0 -Y*"®I vec(Bi1) B vec(R3)
| vec(C1) |

e underdetermined and properties of systéms, F,, X) and(G., F.,Y)
give ranks

e can find minimal solution, i.e., “nearest” system

e backward ROM error requires,, R, = 0 andV,7 R. = 0.
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5 Preconditioned RAND model Tol=1.E-5 Maxiter=10 Lambda=1

10 T T T T T T T T
x - Algl
O Alg2
¢+ Alglorig
_ K(Ri)
10" b

10°

10

Relative errors of the residual

10’10 ! ! ! ! ! ! ! !

1 2 3 4 5 6 7 8 9 10
Column index of residual

Algl

24 23 23 23 24 25 25 25 25 2

Alg2

12 12 13 15 17 19 20 22 23 2
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Frequency Response
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Preconditioned CD model Tol=1.E-5 Maxiter=10 Lambda=1e+03

10 T T T T T T T T
x - Algl
30 O Alg2
107 e
¢+ Alglorig
K(Ri)
1025 |
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o
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Column index of residual

Algl

28 24 29 28 26 29 29 26

28 2

Alg2
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100 10
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Frequency Response (1,1)

10

Preconditioned CD model

x 10 Tol=1.E-5 Maxiter=10 Lambda=1000
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Frequency Response (2,1)
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Frequency Response (1,2)

Preconditioned CD model Tol=1.E-5 Maxiter=10 Lambda=1000
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Frequency Response (2,2)
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\ Conclusion'

sufficient conditions for backward error depend(6h,, F,,, X) and
(G:, F.,Y)

can add constraints to backward error form, e.g., earliersaded
forms are consistent with these equations

more constraints might allow control in algorithm

can find “nearest” system based on minimal norm solutions
useful in analyzing algorithms (?)

useful in defining algorithms (?)

structure in Sylvester residual (?)

Insight into sensitivitly (?)
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