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The Problem

• Model Reduction

– Rational Interpolation – SISO, MIMO

– Tangential Interpolation – MIMO

• Algorithms

– Generalized Krylov Spaces and Projections

– Approximations – approximate solution of linear systems

• What is the effect of approximations on solutions?

– after the fact analysis of projector/reduced order model

– algorithm design to control error

– convergence analysis of series of reduced order models
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MIMO Model Reduction

Approximate a givenp × m rational matrix with state dimensionN

T (s) := C(sE − A)−1B

by anotherp × m rational matrix with state dimensionn ≪ N

T̂ (s) := Ĉ(sÊ − Â)−1B̂

.

A projection formulation yields

{Ê, Â, B̂, Ĉ} = {Z∗EV, Z∗AV, Z∗B, CV },

usingN × n projection matricesV, Z with Z∗Z = V ∗V = In.
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Generalized Krylov Spaces

Let x(s) be am × 1 polynomial vector aroundα ∈ C

x(s) :=
∑n−1

i=0
xi(s − α)i ↔ X :=

[

x0 x1 . . . xn−1

]

.

TheN × n generalized Krylov matrix is:

Kn (Aα, Bα, X) :=
[

Bα, AαBα . . . An−1

α Bα

]











x0 . . . xn−1

...
...

x0











.

whereAα := (A − αE)−1E andBα := (A − αE)−1B.

The associated generalized Krylov subspace is:

Kn (Aα, Bα, X) := Im {Kk (Aα, Bα, X)} .
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Tangential Interpolation

Thm [GVV04] If α is not a pole ofT (s) or T̂ (s) then

Kn (Aα, Bα, X) ⊂ Im(V ) ⇒
(

T̂ (s) − T (s)
)

x(s) = O(s − α)n

which is aright tangential interpolationcondition.

One can also impose left tangential interpolation conditions

yT (s)
(

T̂ (s) − T (s)
)

= O(s − µ)n

and two-sided interpolation conditions

yT (s)
(

T̂ (s) − T (s)
)

x(s) = O(s − ν)n.
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Tangential Interpolation

• Can be generalized to mulitple points with higher order moments

• Simpler than MIMO rational interpolation conditions

• applies to systems with many inputs and outputs (e.g.B = C = IN )

• flexibility of choices of dominant pointsand directions
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Projection Backward Error

• System :Σ = {E, A, B, C} (known)

• Exact projections :VT andZT (not known)

• True ROM:Σ̂T = {Z∗

T EVT , Z∗

T AVT , Z∗

T B, CVT } (not known)

• Computed projections :VC andZC (known)

• Computed ROM:̂ΣC = {Z∗

CEVC , Z∗

CAVC , Z∗

CB, CVC} (known)

• Σ̂C does not interpolateΣ

Find (nearby?) system that the computed projection interpolates

• Σp = {Ep, Ap, Bp, Cp} (known)

• Σ̂p = {Z∗

CEpVC , Z∗

CApVC , Z∗

CBp, CpVC} (known)

• Proximity of Σ̂p andΣ̂C ; andΣp andΣ used to assess error.
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ROM Backward Error

• Σ = {E, A, B,C} (known)

• Σp = {Ep, Ap, Bp, Cp} (known)

• Σ̂C = {Z∗

CEVC , Z∗

CAVC , Z∗

CB,CVC} (known)

• Σ̂p = {Z∗

CEpVC , Z∗

CApVC , Z∗

CBp, CpVC} (known)

• Σ̂C does not interpolateΣ

• Σ̂p interpolatesΣp

Require additionally that

Σ̂p = Σ̂C

• Beattie and Gugercin (2006) used this form and give an algorithm for

Rational Interpolation for distinct points.

• not always possible – requires contraints on algorithm

• Petrov-Galerkin condition
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Sylvester Equations

AK − EKJα − BX = 0

PartitionK =
[

k1 . . . kn

]

(A − αE)k1 = Bx0 → k1 = Bαx0

(A − αE)k2 − Ek1 = Bx1 → k2 = (A − αE)−1Ek1 + Bαx1

→ k2 = (A − αE)−1EBαx0 + Bαx1

...

(A − αE)kn − Ekn−1 = Bxn−1 → kn =
n

∑

j=1

Aj−1

α Bαxn−j .

• Sylvester equation in terms of(A, E, B) not (Aα, Bα)

• system parameters and interpolation parameters separated
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Sylvester Equations Normalization

AK − EK − Jα − BX = 0

A(KT−1)(TS) − E(KT−1)(TJαS) − BXS = 0

AK̄G − EK̄F − BX̄ = 0

• Generalized eigenvaluesdet(λG − F ) are the interpolation points.

• S = T−1 is a convenient normalization.

• K = QR = K̄T andS = R−1 yields

AQ − EQJ̄α − BX̄ = 0

• For triangularT , Q is essentially unique but manyG,F, X̄ triples yield a

Sylvester equation it solves.

• TriangularG, F relate to recurrence-based algorithms, e.g., inverse iteration,

Arnoldi etc.
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Inner Residual and Sylvester Residual

Algorithm 1 (dangerous form)

1. Computek1 by solving with toleranceδ

(A − αE)k1 = Bx0 + m1, ‖m1‖ ≤ δ

2. Fori = 2 to n, compute iterativelyki by solving with toleranceδ

(A − αE)ki = Bxi−1 + ki−1 + mi, ‖mi‖ ≤ δ

3. FactorK = QR to getK̄ = Q orthonormal (i.e.T = R and

S = R−1)
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Inner Residual and Sylvester Residual

This yields

AK − KJα − BX = M

AK̄ − K̄J̄α + BX̄ = MR−1

‖M‖ ≤ δ

‖MR−1‖ ≤ ?

• For this choice ofK = QR, ‖MR−1‖ >> ‖M‖.

• Which do we want to control/monitor? Why?
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Inner Residual and Sylvester Residual

Algorithm 2 (less dangerous form – merge with Gram-Schmidt)

1. Computēk1 by solving with toleranceδ

(A − αE)k̄1 = Bx̄0 + m̄1, ‖m̄1‖ ≤ δ, ‖k̄1‖ = 1

2. Fori = 2 to n, compute iterativelȳki by solving with toleranceδ

(A − αE)k̄i = Bx̄i−1 −
i−1
∑

j=1

k̄j J̄j,i + m̄i, ‖m̄i‖ ≤ δ

where

k̄i ⊥ k̄j , j = 1, . . . , i − 1, ‖k̄i‖ = 1

3. UpdateX̄ andJ̄ with J̄j,i, j = 1, . . . , i − 1

This yieldsAK̄ − K̄J̄ + BX̄ = M̄ with ‖M̄‖ ≈ δ .
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Appropriate Sylvester Equation for Arnoldi

Compute SISO single-point RI via Arnoldi on

(Aα, Bα) = ((A − αE)−1E, (A − αE)−1b) yields

AVmG − EVmF − beT
1

= 0

G = HαJ0 + βe1e
T
1

F = αG + J0

For theseG andF , det(λG − F ) = 0 for λ = α with alg(α) = m and

geo(α) = 1.
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Sylvester Residual and Backward Error

{Ê, Â, B̂, Ĉ} = {Z∗

nEVn, Z∗

nAVn, Z∗

nB, CVn}.

Consider a one-sided approach,Zn is not subject to a Sylvester equation

andVn is an orthonormal basis that satisfies

AVnG − EVnF − BX = Rs.

∆A and∆E that yield a0 residual solve the Sylvester equation satisfy

∆AVnG − ∆EVnF = −Rs.

V ∗

n Vn = In → ∆A = RAV ∗

n and∆E = REV ∗

n

RAG − REF = −Rs
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Sylvester Residual and Backward Error

Forms of error dictate residual of interest

∆E = 0, RE = 0, RA = −RsG
−1

• Algorithm 2 has correct residual control, since the normalization has

madeG = I, i.e.,

AK̄ − K̄J̄ + BX̄ = M̄

with ‖M̄‖ ≈ δ .

• Âp = Z∗

n(A − RSG−1V ∗

n )Vn = Â − Z∗

nRSG−1

• backward ROM error ifZ∗

nRS = 0

• consistent with Beattie and Gugercin particular case.
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Sylvester Residual and Backward Error

• ∆E = 0, RE = 0, RA = RG−1

• ∆E = ∆A, R̄ = RE , R̄ = RA, R̄ = R(G − F )−1

• Weighted Error.RE = γER̄, RA = γAR̄, R̄ = R(γAG− γEF )−1
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General Two-sided Backward Error

Given orthonormalVn andZn defining the reduced order model

{Ê, Â, B̂, Ĉ} = {Z∗

nEVn, Z∗

nAVn, Z∗

nB, CVn}

find perturbation{∆E , ∆A, ∆B, ∆C} such that

∆AVnGv − ∆EVnFv − ∆BX = −Rv

G∗

zZ
∗

n∆A − F ∗

z Z∗

n∆E − Y ∗∆C = −Rz

Work in a coordinate system defined by unitaryQv andQz where such

that

QvVn =





In

0



 and QzZn =





In

0



 .
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General Two-sided Backward Error

In new coordinate system, the reduced order model is simply truncation:

Â = A11

Ê = E11

B̂ = B1

Ĉ = C1
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General Two-sided Backward Error

Defining

Qz∆AQ∗

v =

2

4

A11 A12

A21 A22

3

5 , Qz∆EQ∗

v =

2

4

E11 E12

E21 E22

3

5 , Qz∆B =

2

4

B1

B2

3

5 ,

∆CQ∗

v =
h

C1 C2

i

, −RzQ∗

v =
h

R3 R4

i

and −QzRv =

2

4

R1

R2

3

5 ,

yields
2

4

A11 A12

A21 A22

3

5

2

4

In

0

3

5 Gv−

2

4

E11 E12

E21 E22

3

5

2

4

In

0

3

5 Fv−

2

4

B1

B2

3

5 X =

2

4

R1

R2

3

5

2

4

A∗

11 A∗

21

A∗

12 A∗

22

3

5

2

4

In

0

3

5 Gz−

2

4

E∗

11 E∗

21

E∗

12 E∗

22

3

5

2

4

In

0

3

5 Fz−

2

4

C∗

1

C∗

2

3

5 Y =

2

4

R∗

3

R∗

4

3

5
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General Two-sided Backward Error

We have
2

4

A11

A21

3

5 Gv −

2

4

E11

E21

3

5 Fv −

2

4

B1

B2

3

5 X =

2

4

R1

R2

3

5

G∗

z

h

A11 A12

i

− F ∗

z

h

E11 E12

i

− Y ∗

h

C1 C2

i

=
h

R3 R4

i

.

and we can setA22 = E22 = 0.

R2 andR4 equations independent.R1 andR3 equations coupled.

A21Gv − E21Fv − B2X = R2

G∗

zA12 − F ∗

z E12 − Y ∗C2 = R4

A11Gv − E11Fv − B1X = R1

G∗

zA11 − F ∗

z E11 − Y ∗C1 = R3

24



General Two-sided Backward Error

h

G∗

v −F ∗

v −X∗

i

2

6

6

4
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21
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21

B∗

2

3

7

7

5

= R∗
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h

G∗

z −F ∗

z −Y ∗

i

2

6
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4

A12

E12

C2

3

7

7

5

= R4,

and

2

4

I ⊗ G∗

v −I ⊗ F ∗

v −I ⊗ X∗ 0

G∗

z ⊗ I −F ∗

v ⊗ I 0 −Y ∗ ⊗ I

3

5

2

6

6

6

6

6

4

vec(A11)

vec(E11)

vec(B1)

vec(C1)

3

7

7

7

7

7

5

=

2

4

vec(R1)

vec(R3)

3

5 .

• underdetermined and properties of systems(Gv, Fv, X) and(Gz, Fz, Y )

give ranks

• can find minimal solution, i.e., “nearest” system

• backward ROM error requiresZ∗

nRv = 0 andV ∗

n Rz = 0.
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Conclusion

• sufficient conditions for backward error depend on(Gv, Fv, X) and

(Gz, Fz, Y )

• can add constraints to backward error form, e.g., earlier one-sided

forms are consistent with these equations

• more constraints might allow control in algorithm

• can find “nearest” system based on minimal norm solutions

• useful in analyzing algorithms (?)

• useful in defining algorithms (?)

• structure in Sylvester residual (?)

• insight into sensitivitiy (?)
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