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Introduction

Hilbert’s Fifth Problem (1900)

How far Lie’s concept of continuous groups of transformations is
approachable in our investigations without the assumption of the
differentiability of the functions

Which lost a bit in translation. It asks:

Hilbert’s Fifth Problem (1900)

Is every (finite-dimensional) locally Euclidean topological group
necessarily a Lie group?

David Hilbert
(Picture from 1912 postcard)
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Introduction

Hilbert’s Fifth problem was generalized, in 1940, by Paul A. Smith:

Hilbert-Smith Conjecture (1940s)

If G is a locally compact group which acts effectively on a manifold as a
(topological) transformation group, then is G a Lie group?

Which he proved is equivalent to asking:

Hilbert-Smith Conjecture

Does there exist an effective action of a p-adic group on a manifold?

Paul Althaus Smith (1900-1980)

”was tall and thin,

with lots of hair early gone white,

making him seem much older than he was.”

(from Sherman Stein, one of Smith’s students)

photo courtesy of University Archives, Columbia University in the City of New York (for $20)
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Definitions and Notation

Definition: p-adic group

For a given prime number p, the p-adic group is an abelian group
of the form Ap := lim←−{Zpk , φk+1

k } where Zpk := Z/pkZ, and

φk+1
k : Zpk+1 → Zpk are p-fold group homomorphisms. Let τ ∈ Ap

denote an element topologically generating Ap.

If a group, G with identity element e, acts on a space X then

Definition: Effective Action

We say G acts effectively on the space X if and only if for every
g ∈ G \ {e}, there exists a point x ∈ X such that g(x) 6= x .

Definition: Free Action (a.k.a. Strongly Effective Action)

We say G acts freely on the space X if and only if for every
g ∈ G \ {e} and for every point x ∈ X , we have g(x) 6= x .
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Partial Solutions

There are affirmative solutions to the Hilbert-Smith conjecture for
Ap acting on a manifold M, when

dim M = 2 (L.E.J. Brouwer 1919, separately B. Kerékjártó)

dim M = 3 (J. Pardon 2011)

The group Ap acts by diffeomorphisms (Bochner-Montgomery
1946)

The group Ap acts by Lipschitz homeomorphisms
(S̆c̆epin-Repovs̆ 1997), et al.

LEJ Brouwer Bela Kerékjártó

(voutsadakis.com) (history.mcs.st-and.ac.uk)John Pardon

(paw.princeton.edu)
Salomon Bochner Deane Montgomery Evengy S̆c̆epin and Dus̆an Repovs̆

(pictures from history.mcs.st-and.ac.uk) (from Jed Keesling and www.pef.uni-lj.si)
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dim M = 3 (J. Pardon 2011)

The group Ap acts by diffeomorphisms (Bochner-Montgomery
1946)

The group Ap acts by Lipschitz homeomorphisms
(S̆c̆epin-Repovs̆ 1997), et al.

LEJ Brouwer Bela Kerékjártó
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Features of the quotient space

If the p-adic group, Ap, acted effectively on an n-dimensional
manifold M, then:

dimZ M/Ap 6= dim(M) (P.A. Smith 1940)

dimZ M/Ap = 2 + dim(M) (C.T. Yang 1960)

The quotient space M/Ap cannot be dimensionally full-valued
(Raymond-Williams 1963)

Paul Althaus Smith
photo of P.A. Smith courtesy of University Archives, (hey for $20 I’m going to use it more than once)
Columbia University in the City of New York

(math.upenn.edu)Frank Raymond Robert Fones Williams
(math.lsa.umich.edu) (ma.utexas.edu)

A proof of the last can be found in A. N. Dranishnikov’s
”On free actions of zero-dimensional compact groups” (1988).

A. N. Dranishnikov
(math.ufl.edu)
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My results

Theorem (Keesling, Maissen, Wilson)

For each prime p, there is only one free action by Ap on the space
of irrational numbers.

Theorem (Keesling, Maissen, Wilson)

The Hilbert-Smith conjecture is equivalent to asserting that the
unique p-adic group action on the space of irrational numbers
cannot be extended to a manifold compactification.

James Keesling David C. Wilson ME
(photos curtesy of math.ufl.edu) (photo curtesy of ME)
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Peano Continua

Definition

A space X is called a Peano continuum if it is a connected, locally
connected, compact metric space.

From the characterization of the arc, Peano continua are also
commonly referred to as continuous curves.

Theorem (Bing 1949)

Every Peano continuum is partitionable.

R. H. Bing
(history.mcs.st-and.ac.uk)
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Equivariant Partitions

Theorem (Maissen)

If a p-adic group, Ap, acts effectively on a Peano continuum, X ,
then for every ε > 0, there is an equivariant partition of X with
mesh less than ε.

Which follows from the fact that X/Ap is a Peano continuum, thus
you can partition the quotient space X/Ap, and

Lemma (Maissen)

Let X and Y be Peano continua. If f : X → Y is a perfect, light
open map and U ⊂ Y is open, with the property that Ū is
compact and locally connected, then f −1(Ū) is also compact and
locally connected.
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To construct an equivariant Menger Curve

The motivation for this work is towards the Hilbert Smith
conjecture. With that in mind, let us assume the following for the
remainder of this talk:

X is a Peano continuum,

X cannot be locally separated by any 1-dimensional set, and

the p-adic group, Ap, acts freely on X .

Theorem (Maissen)

For any point x ∈ X , there is a Menger curve, µ1 ⊂ X , such that
x ∈ µ1 and µ1 is invariant under the free Ap-action on X .

For fun, I will construct such a Menger curve out of p-adic solenoids.
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Menger Curve

Menger Curve µ1

(a.k.a. Menger Sponge)
(image from mathworld.wolfram.com)

Karl Menger

(en.wikipedia.org)
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solenoids

Definition: p-adic solenoid

A p-adic solenoid is a continuum of the form: Σp := lim←−{S
1, φn+1

n }
where each φn+1

n : S1 → S1 is a p-to-1 covering map.

(Dyadic Solenoid)
(taken from en.wikipedia.org)
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Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.

(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.

(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.

(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.

(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.
(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.

(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.
(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.

(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.
(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.
(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.
(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.
(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks

Given any pair of points x , y ∈ X , there is an arc, J ⊂ X , from x
to y such that:

Ap{x , y} ∩ J \ {x , y} = ∅.
(The interior of the arc avoids the orbits of the endpoints)

(Ap \ {e})(J \ {x , y}) ∩ J = ∅.
(The interior of the arc avoids its own orbits as well)

Theorem(Maissen)

Between any pair of points x , y ∈ X , there is an arc, J, in X such
that the restriction of quotient map π|J is an embedding except
possibly at the end points x and y .

For a given choice of the point x ∈ X , let us see what the full orbit
of the arc J ⊂ X from x to y ∈ X looks like, depending upon our
choice of the point y .

James Maissen Peano continua under p-adic actions



Building Blocks: Z := Ap(J) ⊂ X

Taking y not in the orbit of x

produces a Cantor set of arcs

Taking y /∈ Ap(x) we obtain a sub-space Z ⊂ X

with
Z ∼= Ap × [0, 1].

Ap × [0, 1] ∼= Z ⊂ X

?

πq
π(x)

q
π(y)

[0, 1] ∼= π(Z ) ⊂ X/Ap

qx qyq
τ2(x) q

τ2(y)
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Building Blocks: Z := Ap(J) ⊂ X

Taking y equal to x

produces a Cantor set of circles

Taking y = x and choosing a non-degenerate arc J, we obtain a
sub-space Z ⊂ X

with Z ∼= Ap × S1.

qx = y

S1 × Ap
∼= Z ⊂ X

?

qτ(x)

qτ2(x)

qτ3(x)

qπ(x) = π(y) S1 ∼= π(Z ) ⊂ X/Ap
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Building Blocks: Z := Ap(J) ⊂ X

Taking y equal to τ(x)

produces a solenoid

If τ ∈ Ap generates Ap, then by taking y = τ(x) we obtain an
invariant sub-space Z ⊂ X

with Z ∼= Σp the p-adic solenoid.

r
π(x) = π(y)

S1 ∼= π(Z ) ⊂ X/Ap

Σp
∼= Z ⊂ X

?

π

p xp y
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Building Blocks: Z := Ap(J) ⊂ X

y equal to τpk
(x)

produces pk solenoids

Take y = τpk
(x). We obtain an invariant sub-space Z ⊂ X

with
Z ∼= Zpk × Σp, pk disjoint copies of the p-adic solenoid.

r
π(x) = π(τ2(x)) = π(y)

S1 ∼= π(Z ) ⊂ X/A2

Σ2

∼= τ 2Σ2

τΣ2

Z2 × Σ2
∼=

Z ⊂ X

?π

p x
p
τ(x)

p y
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Properties of solenoids

A p-adic solenoid, Σp, has the following properties:

dim(Σp) = 1

Σp is compact and connected.

Σp has uncountably many composants, all of which are dense.

Σp perforce has the disjoint arc property.

Σp is NOT locally connected.
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Characterization of the Menger Curve, µ1

The Menger curve was characterized by R. D. Anderson (1958).

Later, M. Bestvina (1988) gave a different, equivalent,
characterization for the Menger curve, µ1:

Richard Davis Anderson

Mladen Bestvina

(maa.org)

(en.wikipedia.org)

dim(µ1) = 1.

µ1 is compact and connected.

µ1 has the disjoint arc property.

µ1 *IS* locally connected.
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The construction: the view from the quotient space X/Ap
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Comparing Menger Curve actions: the respective orbit spaces

My action on µ1 Dranishnikov’s actionr
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